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Interleaver Design for Turbo Codes
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Abstract—The performance of a Turbo code with short block  fact that if these two data sequences are less correlated, then the
length depends critically on the interleaver design. There are two performance of the iterative decoding algorithm improves.
major criteria in the design of an interleaver: the distance spec- The performance of Turbo codes at low BER is mainly dom-

trum of the code and the correlation between the information input . . . .
data and the soft output of each decoder corresponding to its parity 1"2t€d by the minimum effective free distanck, () [13], [16].

bits. This paper describes a new interleaver design for Turbo codes It has been shown [6] that the Turbo code asymptotic perfor-
with short block length based on these two criteria. A deterministic mance approaches thg,;,, asymptote. The noise floor that oc-
interleaver suitable for Turbo codes is also described. Simulation cuyrs at moderate to high signal-to-noise ratios (SNRs) is the re-
results compare the new interleaver design to different existing in- sult of smalld,;, [6]. The noise floor can be lowered by in-

terleavers. . . . . . .
_ creasing either the interleaver size dy,;,. Increasing inter-
COIdnedsex Terms—Concatenated codes, convolutional codes, turbo leaver block size ) can increasel;,. Increasingd,,;, can

be achieved (wheV is fixed) by appropriate choice of inter-
leaver. In our approach, maximiziml,;, is a goal in designing
|. INTRODUCTION the interleaver.

URBO codes [1] have an impressive near-Shannonlimit Performance evaluation of Turbo codes is usually based on
I error correcting performance. The superior performan e assumption that the receiver is a maximum Iikelihqod (ML)
of Turbo codes over convolutional codes is achieved only wh ﬁ\coder. However, Turbo codes actually use a suboptimal itera-

the length of the interleaver is very large, on the order of seveﬂi’le algorithm. A soft output decoding algorithm such as max-

thousand bits. For large block size interleavers, most randdfUm @ posterlorlprobabmty (MAP.) [7] IS used n the_ ltera-
}\_/e algorithm. The performance of iterative decoding improves

interleavers perform well. On the other hand, for some app the inf tion that i tt h decoder f the oth
cations, it is preferable to have a deterministic interleaver, o € Information that Is sent 1o each decocer from the other

reduce the hardware requirements for interleaving and deintdfcoders is less correlated with the input information data se-

leaving operations. One of the goals of this paper is to propo(iléence' H(_)kfellet al. [2] proppsed the IDS (_:riterion for de-
ning an interleaver. In the interleaver design proposed here,

a deterministic interleaver design to address this problem. dth fthe IDS criteri ith difi
short interleavers, the performance of the Turbo code with"§ recommend the use of the criterion with some moditi-

random interleaver degrades substantially up to a point whereci?é'ons_' L L .

bit error rate (BER) performance is worse than the BER perfoF TTe”'S termlngtlon (?f Turbo code; IS critical, _espemally vyhen
mance of convolutional codes with similar computational coni® |nterleaver_|s de5|gn§d to max_md,gin. I th|s problem is
plexity. For short block length interleavers, selection of the ifiotaddressedinthe design of the interleaver, it can lead to a very

terleaver has a significant effect on the performance of the Turﬁ@a" value_fordmin. begause of the emstencg of data sequences
{h no trellis termination and low output weight, resulting in a

code. In many applications, such as voice, delay is an import dation in th ; f the Turb de. Ref
issue in choosing the block size. For these applications, ther radation In the periormance ot the Turbo code. Reterences
—[10] have addressed this question.

a need to design short block size interleavers that demonst _ - ed as foll In Section Il d q
acceptable BER performance. Several authors have suggt;sée&edpap?r |s|organ|zeilas odows._bnd %cnon , fan hqmban d
interleaver designs for Turbo codes suitable for short block si gandom |ntgr eavers[11] are describe - Jurapproach s base
[2]-[5] on S-random interleavers. The IDS [2] criterion is also briefly

There are two major criteria in the design of an interleaveqfscqssed' In Section 1ll, a tvvo-stébra_mdom mtgrleavgr de-
1) the distance spectrum properties (weight distribution) of 19N 1S preseqt_ed_. Our appr_oa_c_h requires k_nowmg Wh'ch pqu-
code, and 2) the correlation between the soft output of each 88ﬂ1|6\|$ are divisible by a_pr|m|t|v_e polynom|§1l; this questlo_n_|s_
coder corresponding to its parity bits and the information inp&pdressed n th_e Appendix. Section IV descnbes_a deterministic
data sequence. Criterion 2 is sometimes referred to as the i“;]lp_arleaver design based on.the results from Section lll. We con-
ative decoding suitability (IDS) criterion [2]. This is a measuré ude the paper by comparing the BER performance of Turbo

of the effectiveness of the iterative decoding algorithm and tﬁgdes utilizing our interleaver design to other interleavers.
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Fig. 1. Structure of a Tubo decoder.

that acts on the interleaved data sequence and restores it tohigsnext decoding step and corresponds to the weighted version

original order. The deinterleaving matrix is simply the transposs the parity bits. This information will be more effective in the

of the interleaving matrix 7). performance of iterative decoding if it is less correlated with the
A random interleaver is simply a random permutatiorFor  input data sequence (or interleaved input data sequence). There-

large values ofV, most random interleavers utilized in Turbdore, it is reasonable to use this as a criterion for designing the

codes perform well. However, as the interleaver block size déterleaver. For large block size interleavers, most random in-

creases, the performance of a Turbo code degrades substanti@igavers provide a low correlation betwedéi and input data

up to a point when its BER performance is worse than thagquenced,. The correlation coefficient;‘];,]} a,,+ 1S defined

of a convolutional code with similar computational complexityas the correlation betweg,ﬁlgl anddy, . It has been shown 2]

Thus, the design of short interleavers for Turbo codes is an imaw‘l/w .. can be analytically approximated by

portant problem [2]—[5]. ko e

An S-random interleaver (wheré = 1,2,3,...) is a —elli—kal if oo £k
“semirandom” interleaver constructed as follows. Each ran- f‘l/‘l P @exp y ks # ke (1)
domly selected integer is compared wiflpreviously selected k1Tt 0, if by = ko

random integers. If the difference between the current selection
andsS previous selections is smaller thanthe random integer Wherea andc are constants that depend on the encoder feedback

have been selected. Computer simulations have shown thaytput of the second decodeg;. ., is approximated by
S < /N/2, then this process converges [11] in a reasonable

time. This interleaver design assures that short cycle events are tvz,a = 3 twr.aP (I + 1 a) )
avoided. A short cycle event occurs when two bits are close to
each other both before and after interleaving. where the two terms in the righthand side of (2) correspond to

A new interleaver design was recently proposed based on the correlation coefficients betwed%? and the input data, i.e.,
performance of iterative decoding in Turbo codes [2]. Turb®andW* [2]. In our notation#. , represents the correlation
codes utilize an iterative decoding process based on the MAgefficient matrix and,. , represents one element of this
or other algorithms that can provide a soft output. At each dmatrix. '
coding step, some information related to the parity bits of one Similar correlation coefficients can be computed for the
decoder is fed into the other decoder together with the systedeinterleaver. The correlation matrix corresponding to de-in-
atic data sequence and the parity bits corresponding to that dmeaver,f’%va 4+ 1S the same as (2) except thatis replaced
coder. Fig. 1 shows this iterative decoding scheme. The inpuig P7'
to each decoder are the input data sequedicethe parity bits  ThenV,, is defined to be
y;. or yZ, and the logarithm of the likelihood ratio (LLR) asso-
ciated with the parity bits from the other decod®fj or W?2), 1 N B 2
which is used as priori information. All these inputs are uti- Vi, = N_1 Z (7?43 Sy, 7%; 7d) (3)
lized by the decoder to create three outputs corresponding to ko= ' '
the weighted version of these inputs. In Figdj represents the
weighted version of the input data sequenge Also d,, in the
same figure demonstrates the fact that the input data sequence is N
fed into the second decoder after interleaving. The input to each 72 = % Z 72 (4)

2

where

Tiar2 Tiar2 .
. N L w2 d W2 d,
decoder from the other decoder is used pgori information in 1 ko1 h2
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Vi, is defined in a similar way usinf;j%vz’d. The iterative de- other before interleaving will have a minimum distancesSof
coding suitability (IDS) measure is then defined as after interleaving. More specifically, for information input data

¢ andj, and permuted data(¢) and~(j), an.S-random inter-
leaver will guarantee that jf — j| < S, then|x(¢) — 7 (j)| > S.
However, this does not exclude the possibility thaf) = J,
which can degrade the performance of iterative decoding of
A low value of IDS is an indication that the correlation propJurbo codes for this particular bit. The larger the distance be-
erties betweeW' andd are equally spread along the data séweenj andx(j), the smaller the correlation between the infor-

N
1
IDS = o kz::l Vi, + V1) - (5)

quence of lengthV. An interleaver design based on the ID$nation input data sequence a¥i¢. We therefore introduce an

condition is proposed in [12].

additional measurez, which is defined to be the minimum per-

missible distance betwegrand«(j) forallj =1, 2, ..., N.

I1l. TwWO-STEP S-RANDOM INTERLEAVER DESIGN

Unlike [12], where the interleaver design is based just on the

A new interleaver design, a two-stéprandom interleaver, IDS criterion, our interleaver is designed in two stages. In the
is presented here. The goal is to increase the minimum efféést stage, we design an interleaver that satisfiesSttandom
tive free distanced,,, of the Turbo code while decreasing oCriterion together with thé, condition. In the second stage, we
at least not increasing the correlation properties between thelfy- t0 increase the minimum effective free distandg,;) of
formation input data sequence aig. Hokfelt et al.[2], [12] ~the Turbo code while considering thBS ;) constraint. The
introduced the IDS criterion to evaluate the correlation propef€sign is as follows. We begin by selecting some valuesior

ties. The two vectors for the computation of IDS in (5) are ver"i’/”d S2.

similar for most interleavers. Thus, it is sufficient to only use
one of them, i.e.}},. Instead, we can define a new criterion
based on decreasing the correlation coefficients for the third de-
coding step, i.e., the correlation coefficients between extrinsic
information from the second decoder and information input data
sequence. In this regard, the new correlation coefficient matrix,
'3y2 g IS defined as

X (I+ 3t aP + 5 P, aPly ) - (6)

Step 1) Each randomly selected integét) is compared

with the previous selections(j) to check that if
i — 7 < 51 then|n (i) — =(4)| > S1. We also insist
thatm must satisfy|z — 7 (¢)| > So.

Besides the above conditions, the lastail bits
used for trellis termination in the first decoder are
chosen to satisfyr(1) = N, and ifn(i) = N — k
with £ < m theni < N/2. This condition will
guarantee that trellis termination for the first decoder
is sufficient and there will not be any low weight
sequence at the output of the second decoder caused
by failure of trellis termination.

V’S‘ew) can now be computed in a similar way to (3) by using Step 2) Choose the maximum predetermined weight;

(6).1The new iterative decoding suitabiliy¥S;) is then defined
as

1 & (new)
DSy = 5o g::l (Ve +v7g). )

A small value forIDS; only guarantees that the correlation

properties are spread equally throughout the data sequence.

However, this criterion does not attempt to reduce the power
i O i a2 2 o2 2

of correlation coefficients, i.e(y w? 7%) and(7/Wfl7dk2) .

Therefore, we recommend the fo]llowing additional condition

as a second iterative decoding suitability criterion

1 N N 2 2
A2 ~12
DS = 555 D D <(7‘wa:dk2) + (7 0) )
ki=1ko=1
(8)

We then use the average of these two values as a new IDS crite-
rion, namely

IDS(new) = 5 (IDS; + IDSy). 9)

Minimizing (9) is then one of our goals in optimizing the inter-
leaver.

As we described earlie§-random interleavers avoid short
cycle events. This property guarantees that two bits close to each

for input data sequences and the minimum permis-
sible effective free distance of the codgiy, w,.,-
Find all input data sequences of length N and
weightw; < wqye; and their corresponding effec-
tive free distancel,, for the Turbo encoder with
an interleaver design based on step 1 such that
dw, < dimin, w... - All these input data sequences are
divisible before and after interleaving by the feed-
back polynomial (usually a primitive polynomial)
of the Turbo encoder. Consider the first input data
block of weightw; with nonzero elements in loca-
tions (i1, 42, . .., tw,) ANAduin wr < Ainin, way, -
Computel DS,y based on (9) for the original in-
terleaver designed in step 1. et 4; + 1 and find

the pair(j, =(j)). Interchange the interleaver pairs
(i1, w(¢1)) and(j, w(4)) to create a new interleaver,
i.e., (41, 7(y)) and (4, n(¢1)). Compute the new
IDS, IDS’(new), based on the new interleaver design.
If IDS’(neW) < IDS(uew), replace the interleaver
by the new one. Otherwise, s¢t = j + 1 and
continue. Repeat this operation for all input data se-
guences with a minimum weight ef; < wq.; and

dw, < dmin, w,.. . After completing this operation,
return to step 2 and find all input data sequences of
weightw; < wye; With dy, < dimin .., fOr the new
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interleaver. Continue this step until it converges and
there is no input data sequence of weight< wet

With dy,, £ dimin, wae - ObBVIOUSLY, if diin, w,., 1S

too large, the second step may never converge, and
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we haveN —a(i—j) > N—aN/(a+1) = N/(a+1)
S1.

Incaseii)we havé < N —(i—j) < S1,s0N -5,
1 — 3 < N — 1. However

v

IA

in this casedyin .., should be reduced.

An interleaver design proposed in [14] and [15] is based on
the joint S-random criteria and elimination of all error patterns
of weightw,. However, in practice, the joint optimization cri-
teria will not converge easily and, therefore, the valug ofiust
be reduced andv; restricted to only weight two inputs. For
weights larger than two, the convergence of the algorithm is a
problem because of the large number of possibilities. By sepa-
rating these two criteria into two steps, we can easily find the
appropriate interleaver satisfying each step separately. The two
steps in the two-stef-random interleaver design are indepen-
dent operations. The second step tries to increase the minimum
effective free distance of the code (based on the interleaver de-
sign in the first step) to a predetermined valdg;, ... ), while
attempting not to increase the correlation between the infor-
mation input data and the soft output of each decoder corre- case ii),aN — «(i — j) > o > S;. Secondp(t — j) —
sponding to its parity bits. Obviously, dmin, w,., iS Set to too (a—1)N > a(N-58)—(e—1)N =N —aS5; >
large a value, the second stage of the design may completely N — aN/(a+1) = N/(a+1) > 5;.
change the interleaver produced by the first step and produce ah) Let: € {1, ..., N}. Then|(: — 7(¢)) mod N| = |(«« —

N
a+1

N-—<N-

2=

SN-5

soaN — N < «at — j) € aN — a < aN, which means
(a(t — j) is trapped between two successive multiples of
N, namely(« — 1)N andaN. Therefore

|(w(é) — 7 (5)) mod N|
= |a(i — 7) mod N|

= min{aN — a(i — j), afi — j) — (¢ = 1)N }.

Again we show both terms are S;. Since we are in

inferior design. This possibility will be illustrated later by sim-
ulation.
It is shown in [13] that the feedback polynomials for the re-

1)i 4+ 8 mod N|. Sincex — 1 dividesN, andf3 = |(a —
1)/2], the last expression is at leds$ty — 1)/2| = S,.
Q.E.D.

cursive systematic convolutional encoder of Turbo codes shouldro maximize the constants; andS», the number should

be chosen to be primitive polynomials. When used for Turlige close toy/N. Then S; is also about/N. The following
codes, primitive polynomials exhibit better distance SpeCtrUg]lementary consideration shows that one cannot achieve
properties. The Appendix describes how to find all input date, ~ /N: Assume thats; = +/N. Then thev/N values
sequences of weight..; that are divisible by a primitive poly- (1), ..., #(v/N) have pairwise distance +/N. Therefore,
nomial. This information is required for the second step in oie “palls” with radiusy’V /2 cover they/ Nv/N = N numbers
approach. {1, ..., N} completely. Thus, Theorem 1 yields a solution
whereS; is already optimal.

In some applications, such as wireless systems in Rayleigh
fading channels, it has been suggested that an additional inter-
Eaver be incorporated either before the first encoder or in the
path of the systematic data sequence, or alternatively over the
entire data sequence (both the systematic data and the parity
bits) in order to improve the performance of the system[17]. The
deterministic interleaver proposed here can be used for these ap-
plications without adding too much complexity to the system.

It should be noted that there are other deterministic interleaver
. . N . designs such as those provided in [18] and [19] that perform
{1, ..., N} byn(i) = i + 3, wherer(i) is to be interpreted better than random interleavers. It would be of interest in future

as the number (i) € {1, ..., N} thatis congruent tevi + 3 . - S
modulo. Sinceged(cr, N) = 1,  is indeed a permutation. If _research to compare our approach with existing deterministic

> . . interleaver designs including those mentioned above.
a~! denotes the inverse of mod N, thenm=1(j) = a=1(j — 9 g

B) is the inverse permutation to
a) Note thatS; < «andS; < |[N/(a+ 1)]. Leti andj

IV. DETERMINISTIC INTERLEAVER DESIGN

The following theorem describes a deterministic interleav
based on step 1 in the previous section.

Theorem 1: Let« andV be relatively prime natural numbers
such thatx— 1 dividesN, and letS; = min{«, |N/{(a+1)]},
S2 = |(a—1)/2]. Thenthere is a permutatianc .S x such that
a) if |(z — j) mod N| < S; andi # j then|n(¢) — #«(5)) mod
N| > Sy, and b) for alli, |(i — 7(4)) mod N| > Ss.

Proof: Letg = |(«—1)/2| and definer: {1,..., N} —

V. SIMULATION RESULTS AND CONCLUSION

be elements of1, ..., N} with¢ # j and|(¢ — j) mod This section provides simulation results for the BER perfor-
N| € S1. Then either )1 < ¢ —j < S;orii) 1 £ mance of Turbo codes using the new interleaver design and
N—(i—j) <55 comparisons witls-random and random interleavers. The con-

In case i) we havé{n (i) — n(j)) mod N| = |a(é — stituent encoders are recursive systematic convolutional codes
j)mod N| = min{a(i — j), N — a¢ — j)}, and we with memorym = 3 and with feedback and feedforward gen-
will show both terms are= S;. In fact, sincet — j > 1, erator polynomial$15),c; and(17).c;, respectively. The trellis
a(t—j) > o > S1. Also, since—j < 51 < N/(w+1), termination is applied only to the first encoder.
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Fig. 2. Performance of Turbo code for different interleavers of size 192 bg]gd gPSPifg%rr:r;?nce of Turbo code for different interleavers of size 1024 bits

and BPSK signal.

1E-01 BER performance. If we choose a random instance of these
1E02 %, designs, it may perform worse than tBerandom or two-step
1.E-03 TS —— Random S-random interleaver design. However, if we choose the best

g 1.E-04 \\\\ ~ S-random resulting interleaver among them, its performance can be as
1.E-05 3 —2step S-random |  good as the two-stef-random interleaver design. For the in-
1.E-06 terleavers of length 192 and 400 bits, the best interleavers found
1.E-07

by Hokfelt's approach can perform as well as the two-step
S-random interleavers that were used in examples 1 and 2.
For the last example, the signal is quaternary phase-shift
Fig. 3. Performance of Turbo code for different interleavers of size 400 pkeying (QPSK) with a code rate of 1/2. Equal number of
and BPSK signal. parity bits are punctured from both encoders. The code block
length is 1024. Fig. 4 compares the BER performance of a

In all the examples, the number of iterations (using the |O%3ndom interleaver with a deterministic interleaver described in
arithmic version of the BCJR algorithm [7]) is 18. For the firspection IV with design parametefs, 51, 52) = (33, 30, 16), -
two examples, the signal is binary phase-shift keying (BPSI’Qﬁ'th ;3 the same a$,. The performance of this deterministic
with a code rate of 1/3. In the first example, the interleavdpterleaver is slightly worse than that of a random interleaver.
block size is 192. The BER performance of the new interleavePwever, the interleaving and deinterleaving operations can be
design is compared witl§-random and random interleaverscarried out algebraically in the receiver and transmitter, thus
For the new interleaver, two interleavers with design parami&ducing storage requirements.

ters(S1, S2, dimin, waw » Waet) = (9, 3, 20, 4) and (9, 3, 24, 4)

are chosen. For th&-random interleaver, the value 6fis 9. APPENDIX |

From Fig. 2, it can be concluded that the new interleaver de- PoLYNOMIALS DIVISIBLE BY A PRIMITIVE POLYNOMIAL

i i h h her i | low BER. . . o
sign performs muc better than other interleavers at ow Let R = GF(2)[X] be the ring of polynomials with binary
It is also obvious that the error floor for Turbo codes is much ~_. " A .
coefficients, and lep(X) € R be a primitive irreducible poly-

lower with the new interlearver design because of the Iargﬁcr)mial of degreen > 1. We wish to determine all the polyno-
value ofd,,,;;,. This figure also shows that choosing a very Iargreﬁials F(X) € R which. have low weight and are divisible by
value fordmi‘?’ wae €8N degrade the performance of the .Turb;g(X). (The weight of a polynomial is the number of nonzero
code. For this particular example, the two-stgpandom in- terms)

terleaver withdoin .., = 20 performs better than that with Cho.ose a zerav of p(X). Thena generate<iF(2™) as a
@inin, wo, = 24. The appropriate maximum value #Bgin, v field. Sincep(X) is primitive, by definition the minimah > 0
depends on the length of the interleaver and itis usually obtaingfl, .~ — 1 is » = 2™ — 1. Note that the nonzero elements of
by trial and simulations. Fig. 3 compares the BER performangeF(zm) are precisely the zeros of the polynomiak™ — 1.

of the two-ste-random interleaver design wisrrandom and Sincep(X) is irreducible, a polynomiaf(X) € R is divis-
random interleavers with a block size of 400. For the new intgg;1e by p(X) if and only if f(a) = 0. If 4, j € N satisfyi = j
leaver, the design parameters é&fg, _527 Drnin, wae, s Weet) = (mod n), thena’ = af, henceX® + X7 is divisible byp(X).
(14, 6, 26, 4) and for theS-random interleavef = 14. The | et T, be the set of polynomial&’ + X7 € Rwith0 < < j,
two-step S-random interleaver has much better BER perfoi-= ; (mod n). More generally, lefly;, (k = 2, 3, ...) be the

mance than thé-random interleaver at low BER and results isum of & disjoint (i.e., all monomials are distinct) terms from
alower error floor for Turbo codes. In practice, because the cars.

relation properties of the input data and the parity information Let A be the Hamming single-error-correcting code with
are decreasing exponentially, it is sufficient to choose a smgénerator polynomial( X ), and letA,, be the set of codewords
value for.Ss. of H of weightw, written in the usual way as polynomials of

We have also compared the two-stépandom interleaver degree< n corresponding to residue classesfif(X" — 1).
with Hokfelt's interleaver design. Hokfelt's approach results iflote thatA; is empty unless = 3 or 0(mod 4), i.e., A1, As,
many interleavers for each run of the algorithm with different;, Ag, ... are empty.

02 04 06 08 1 12 14 16
Eb/No, dB
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