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INTERNAL CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION
ON A BOUNDED DOMAIN

ROBERTO A. CAPISTRANO-FILHO!?, ADEMIR F. PAzOoTO! AND LIONEL ROSIER?

Abstract. This paper is concerned with the control properties of the Korteweg—de Vries (KdV)
equation posed on a bounded interval (0, L) with a distributed control. When the control region is an
arbitrary open subdomain (l1,[2), we prove the null controllability of the KdV equation by means of a
new Carleman inequality. As a consequence, we obtain a regional controllability result, which roughly
tells us that any target function arbitrarily chosen on (0,11) and null on (l2, L) is reachable. Finally,
when the control region is a neighborhood of the right endpoint, an exact controllability result in a
weighted L?-space is also established.
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1. INTRODUCTION

The Korteweg—de Vries (KdV) equation can be written
Ut + Ugza + Uz + vty =0,

where u = u(t,z) is a real-valued function of two real variables ¢t and x, and u; = du/0t, etc. The equation
was first derived by Boussinesq [3] and Korteweg—de Vries [13] as a model for the propagation of water waves
along a channel. The equation furnishes also a very useful approximation model in nonlinear studies whenever
one wishes to include and balance a weak nonlinearity and weak dispersive effects. In particular, the equation
is now commonly accepted as a mathematical model for the unidirectional propagation of small amplitude long
waves in nonlinear dispersive systems.

The KdV equation has been intensively studied from various aspects of mathematics, including the well-
posedness, the existence and stability of solitary waves, the integrability, the long-time behavior, etc. (see
e.g. [12,18]). The practical use of the KdV equation does not always involve the pure initial value problem.
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In numerical studies, one is often interested in using a finite interval (instead of the whole line) with three
boundary conditions.

Here, we shall be concerned with the control properties of KAV, the control acting through a forcing term f
incorporated in the equation:

Up + Uy + Uggy +uuy = f, £ €[0,T], v €[0,L], (1.1)

together with some boundary conditions. Our main purpose is to see whether one can force the solutions
of (1.1) to have certain desired properties by choosing an appropriate control input f. The focus here is on the
controllability issue:

Given an initial state uy and a terminal state uy in a certain space, can one find an appropriate control input
f so that equation (1.1) admits a solution u which equals ug at time t =0 and uy at time t =T %

If one can always find a control input f to guide the system described by (1.1) from any given initial state
uo to any given terminal state uy, then the system (1.1) is said to be ezactly controllable. If the system can be
driven, by means of a control f, from any state to the origin (i.e. u; = 0), then one says that system (1.1) is
null controllable.

The study of the controllability and stabilization of the KdV equation started with the works of Russell
and Zhang [25] for a system with periodic boundary conditions and an internal control. Since then, both the
controllability and the stabilization have been intensively studied. (We refer the reader to [24] for a survey of the
results up to 2009.) In particular, the exact boundary controllability of KdV on a finite domain was investigated
in e.g. [4-6,8,9,20,22,28]. Most of those works were concerned with the following system

{ut + Uy + Uggy + uty =0 in (0,7) x (0,L), (1.2)
u(t,O) = gl(t)’ u(tvL) = 92(t)’ um(tvL) = 93(t) in (O’T) '

in which the boundary data g1, g2, g3 can be chosen as control inputs. System (1.2) was first studied by Rosier [20]
considering only the control input g3 (i.e. g1 = g2 = 0). It was shown in [20] that the exact controllability of the
linearized system holds in L?(0, L) if, and only if, L does not belong to the following countable set of critical

lengths
27
N::{— k2+kl+l2:k,l€N*}. 1.3
V3" (3)

The analysis developed in [20] shows that when the linearized system is controllable, the same is true for the
nonlinear one. Note that the converse is false, as it was proved in [4-6] that the (nonlinear) KdV equation is
controllable even when L is a critical length. The existence of a discrete set of critical lengths for which the
exact controllability of the linearized equation fails was also noticed by Glass and Guerrero in [9] when g5 is
taken as control input (i.e. g1 = g3 = 0). Finally, it is worth mentioning the result by Rosier [22] and Glass and
Guerrero [8] for which ¢y is taken as control input (i.e. g2 = g3 = 0). They proved that system (1.2) is then null
controllable, but not exactly controllable, because of the strong smoothing effect.

As already noticed in [22,24], system (1.2) with only the left control input g; active behaves like a parabolic
system and is only null controllable. On the other hand, if one of the right controls g or gs is active, then the
system behaves like a hyperbolic system and is exactly controllable. The fact that we have so different control
properties according to the place where the control is active is related to the propagation to the left of the high
wavenumber exponential solutions of the linearized equation (see [22]).

By contrast, the mathematical theory pertaining to the study of the internal controllability in a bounded
domain is considerably less advanced. As far as we know, the null controllability problem for system (1.1) was
only addressed in [8] when the control acts in a neighborhood of the left endpoint. On the other hand, the exact
controllability results in [14,25] were obtained on a periodic domain.

The aim of this paper is to address the controllability issue for the KdV equation on a bounded domain with
a distributed control. Our first main result is a null controllability result valid for any localization of the control
region. Actually, a controllability to the trajectories is established.
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Theorem 1.1. Let w = (Iy,l3) with 0 < I < ly < L, and let T > 0. For ug € L*(0,L), let u €
C°([0,T]; L*(0, L)) N L2(0,T; H'(0, L)) denote the solution of

Uy + Uy + Wy + Ugge = 0 in (0,T) x (0, L),
a(t,0) = u(t,L) = g (t,L) = 0 in (0,T), (1.4)
(0, z) = uop(z) in (0,L).

Then there exists & > 0 such that for any ug € L*(0,L) satisfying |ug — 120||L2(0’L) < 0, there exists f €
L2((0,T) x w) such that the solution u € C°([0,T]; L*(0, L)) N L*(0,T, H*(0, L)) of

Ut + Uy + Uy + Ugae = Lo f(E,2) in (0,T) x (0,L),

u(t,0) =wu(t,L) = uy(t,L) =0 in (0,T), (1.5)
u(0,2) = up(x) in (0,L),

satisfies u(T,-) = a(T,-) in (0,L).
The null controllability is first established for a linearized system

ur + (u), + Upze = Lo f in (0,7)x (0,L),

u(t,0) =u(t,L) =u, (t,L) =0 in (0,7, (1.6)
u(0,z) = ug (x) in (0,L),

by following the classical duality approach (see [7,15]), which reduces the null controllability of (1.6) to an
observability inequality for the solutions of the adjoint system. To prove the observability inequality, we derive
a new Carleman estimate with an internal observation in (0,7") X (I1,l2) and use some interpolation arguments
inspired by those in [8], where the authors derived a similar result when the control acts on a neighborhood
on the left endpoint (that is, {; = 0). The null controllability is extended to the nonlinear system by applying
Kakutani fixed-point theorem.

The second problem we address is related to the exact internal controllability of system (1.1). As far as we
know, the same problem was studied only in [14,25] in a periodic domain T with a distributed control of the
form

f(t,2) = (Ch)(t.2) = g(x) (h(tw) -/ g(y)h(t,wdy) ,

where g € C°°(T) was such that {z € T; g(x) > 0} = w and [} g(x)dz = 1, and the function h was considered
as a new control input. Here, we shall consider the system

Ut + Up + Uz + Uzge = in (OaT) X (O,L),
u(t,0) =wu(t,L) = uy,(t,L) =0 in (0,7), (1.7)
u(0,x) = up(x) in (0,L).

As the smoothing effect is different from those in a periodic domain, the results in this paper turn out to be
very different from those in [14,25]. First, for a controllability result in L?(0, L), the control f has to be taken
in the space L2(0,7, H=1(0, L)). Actually, with any control f € L?(0,T, L?(0, L)), the solution of (1.7) starting
from ug = 0 at ¢t = 0 would remain in Hg(0,L) (see [8]). On the other hand, as for the boundary control, the
localization of the distributed control plays a role in the results.

When the control acts in a neighborhood of z = L, we obtain the exact controllability in the weighted Sobolev

space L2, defined as
T—
L 2
L?y 4 = {u € L%OC(O,L);/ ?(ﬂdw < oo} .

x

dx
L—x 0 — X
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More precisely, we shall obtain the following result:
Theorem 1.2. Let T > 0, w = (l1,l2) = (L — v, L) where 0 < v < L. Then, there exists 6 > 0 such that for

any uo, u1 € L2, da with
L—x
lluoll 12 ) <6 and ||ui| - o <9,

L—$d$ L—$d£
one can find a control input f € L2*(0,T; H-Y(0,L)) with supp(f) C (0,T) x w such that the solution u €
C°([0,T], L*(0, L)) N L*(0,T, HY(0, L)) of (1.7) satisfies u(T,.) = uy in (0,L) and u € C°([0,T], L*
L

%wdm)'
Furthermore, f € L%T_t)dt(O,T, L2(0,L)).
In the above result, we used the notation:
T
L%Tft)dt(O’Tv Lz(ov L)) = {f € Llloc(OvTv LQ(Oa L))v /0 Hf(tv )H?ﬂ(O,L)(T - t)dt < OO} :
Actually, we shall have to investigate the well-posedness of the linearization of (1.7) in the space L?, 4
—da

and the well-posedness of the (backward) adjoint system in the “dual space” L%L_ 2)dz To do this, we shall
follow some ideas borrowed from [10], where the well-posedness was investigated in the weighted space LQLL da-
The needed observability inequality is obtained by the standard compactness-uniqueness argument, some esti-
mate obtained by the multiplier method in [20] (this estimate gives at once the global Kato smoothing effect
and some energy estimate in Lidm(O,L), which explains in part the choice of the spaces in Thm. 1.2), and
some unique continuation property. The exact controllability is extended to the nonlinear system by using the
contraction mapping principle.

When the control is acting far from the endpoint = L, i.e. in some interval w = (I3,l3) with 0 <y < ls < L,
then there is no chance to control exactly the state function on (I3, L) (see e.g. [22]). However, it is possible to
control the state function on (0,11), so that a “regional controllability” can be established:

Theorem 1.3. Let T > 0 and w = (I1,l2) with 0 < Iy < ly < L. Pick any numberl] € (I1,12). Then there exists
a number § > 0 such that for any ug,u; € L*(0, L) satisfying

l[uollL2(0,0) < 6, [u1llz20,0) <6,

one can find a control f € L*0,T,H(0,L)) with supp(f) C (0,T) X w such that the solution u €
C°([0,T7, L*(0, L)) N L2(0,T, H*(0, L)) of (1.7) satisfies

) /.
ut.a) =@ F e O 19
The proof of Theorem 1.3 combines Theorem 1.1, a boundary controllability result from [20], and the use of a
cutt-off function. The issue whether u may also be controlled in the interval (I},l2) is open. Note that, as for
the boundary control, the internal control gives a control of hyperbolic type in the left direction and a control
of parabolic type in the right direction.

The paper is outlined as follows. In Section 2, we review some linear estimates from [8,20] that will be
used thereafter. Section 3 is devoted to the proof of Theorems 1.1 and 1.3. It contains the proof of a new
Carleman estimate for the KdV equation with some internal observation (Prop. 3.1). In Section 4 we prove
the well-posedness of KdV in the weighted spaces Lﬁdm and L; g DY using semigroup theory, and derive

Theorem 1.2.
2. LINEAR ESTIMATES

We review a series of estimates for the system

up + () g + Ugze = f(t, ) in (0,7
u(t,0) =u(t,L) =uy(t,L) =0 in (0,T
u(0,x) = up(x) in (0,L

), (2.1)
)



1080 R.A. CAPISTRANO-FILHO ET AL.

and its adjoint system. Here f = f(¢,x) is a function which stands for the control of the system, and £ = £(¢, x)
is a given function.

2.1. The linearized KdV equation
o3 0

It was noticed in [20] that the operator A = —— — — with domain

or3 Ox
D(A) = {w € H3(O,L); w(0) = w(L) = wy(L) = 0} - LQ(O,L)

is the infinitesimal generator of a strongly continuous semigroup of contractions in L?(0, L). More precisely, the
following result was established in [20].

Proposition 2.1. Let ug € L?(0, L), £ =1 and f = 0. There ezists a unique (mild) solution u of (2.1) with
u € C([0,T]; L*(0,L)) N L*(0,T, H3 (0, L)). (2.2)
Moreover, there exist positive constants ¢c1 and co such that for all ug € L*(0, L)
lull 20,712 0,0 F 1t (5 O 20,7y < €t llwollp2o,1y - (2.3)
Juola0.) < 75 Wl oo,y + €2 e O o - (24)
If in addition ug € D(A), then (2.1) has a unique (classical) solution u in the class
u € C([0,T]; D(A)) N CY([0,T]; L*(0, L)). (2.5)

2.2. The modified KdV equation

We introduce a system related to the adjoint system to (2.1), namely

—vt — Vg — Vgza = f in (OvT) X (OaL)a
W(£,0) = v(t, L) = va(t,0) = 0 in (0.7, (2.6)
’U(jj7 37) =0 in (07 )7

for which we review some estimates borrowed from [8].
2.2.1. Energy Estimates
We introduce the following spaces
Xo = L*(0,T;H7*(0, L)), X1 :=L*(0,T; H3(0, L)),
Xo:=LY0,T; HY(0,L)), X;:=L*0,T;(H>nHZ)(0,L)), (2.7)
and
Yo == L*((0,T) x (0, L)) N C°([0,T]; H~'(0, L)),
Y; = L*(0,T; H*(0,L)) n C°([0,T]; H3(0, L)). (2.8)
The spaces X, X1, Xo, X}, Yo, and Y7 are equipped with their natural norms. For instance, the spaces Y, and
Y7 are equipped with the norms
||wHYO = ||wHL2((0,T)><(O,L)) + Hw”LOC(O,T;H*l(O,L))

and

Hw||Y1 = Hw||L2(o,T;H4(o,L)) + ||wHL°°(0,T;H3(O,L)) :
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For 6 € [0,1], we define the complex interpolation spaces (see [2] and [16])

Xo = (X0, X1)9), Xo = (X0, X1)jg) and Yy = (Yo, Y1)g).

Then,
Xy =L*0,T;H0,L)), Xi4=L"0,T;L*0,L)) (2.9)
and
Yi,4 = L*(0,T; H'(0, L)) N C°([0,T]; L*(0, L)). (2.10)
Furthermore,
X1 =L*(0,T) x (0,L)), Xy/2=L"0,T;H}(0,L)) (2.11)
and
Y2 = L*(0,T; H*(0,L)) N C°([0,T]; H'(0, L)). (2.12)

Proposition 2.2 ([8], Sect. 2.2.2). Let { € Y1 and f € X1 UX% = L*(0,T; H-1(0, L)) U L*(0,T; L*(0, L)).
Then the solution v of (2.6) belongs to Y1, and there exists some constant C' = C([[¢||y, ) > 0 such that
4

101l oo 0,7, 22(0,)) + V1 20,7500 (0,2) F 102 (5 L)l 20,7y < € (||§HY1/4> 11l 20,7551 (0,L)) (2.13)
and
loll g o1,250,00) + 1ol oo i 0,00y + 10a s Dl oy < € (Il ) Wl omzeony - (214)

More can be said when £ = 0. Consider the following system

—Vt — Ugaw = g in (0,7) x (0, L),
v(t,0) =v(t, L) =v,(t,0) =0 in (0,7), (2.15)
o(T,2) =0 in (0, L).

Proposition 2.3 ([8], Sect. 2.3.1). If g € X; U X1, then v € Y1, and there exists some constant C' > 0 such
that

[vlly, + llve (-, Dl gro,my < Cllgllx, (2.16)
and

[olly, + 1oz L)l 1 0.0y < Cll9ll %, - (2.17)

Proposition 2.4 ([8], Sect. 2.3.2). If g € X;,5U Xl/z, then v € Y12, and there exists some constant C' > 0
such that

0lly, ,, + e s D) as 0,0y + Ve (5 0l L2 0,y + Ve (5 D)l 20,0y < Clldllx, (2.18)

and
[olly, , + 0 (s D)l ars 0,0y + 022 (5 Ol L2 0,7y + NVaa (5 D)l L2 0,y < Cllgllx, , - (2.19)

3. NULL CONTROLLABILITY RESULTS

This section is devoted to the proof of Theorems 1.1 and 1.3.
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3.1. Null controllability of a linearized equation

We first consider the system

up + (Eu)y + Upzew = 1o f(t,2) in (0,7T) x (0, L),
u(t,0) =u(t,L) = uy,(t,L) =0 in (0,7), (3.1)
u(0, x) = ug(x) in (0, L),

where £ = £(t, ) is a given function in Y1, and w = (I1,12) C (0, L). Our aim is to prove the null controllability
of (3.1). To this end, we shall establish an observability inequality for the corresponding adjoint system

—vp — E(t, )y — Vggw = 0 in (0,7) x (0, L),
v(t,0) = v(t, L) = v,(t,0) =0 in (0,7), (3.2)
(T, x) = vp(x) in (0,L)

by using some Carleman inequality.

3.1.1. Carleman inequality with internal observation
Assume that w = (Iy,13) with
0<li<la<L.

Pick any function ¢ € C3([0, L]) with

¢ > 0in [0, L]; (3.3)

[Y'| >0, ¥ <0, and ¢ <0 in [0, L]\ w; (3.4)

¥'(0) < 0 and ¢/(L) > 0; (3.5)
min () =1P(l3) < max Y(z) =P(l1) =9P(2), max ¢(z) =1P(0) =P(L) (3.6)

z€[ly,l2] z€[ly,l2] z€[0,L]

$(0) < (i), (37)

for some I3 € (I1,12). A convenient function 4 is defined on [0, L] \ w as

B 51’3—1'2_1'+Cl lfo[O,ll],
¢($) - { —ex3 “+ ax + co if x € [l2vL]

with €, a, ¢1,co > 0 conveniently chosen. Note first that (1) = 1(l2) and ¥(0) = ¢(L) if, and only if,
a = (L — lg)_l(l% +1 — 6[% — 6[? + €L3), c1 = Cy — el? +al.

Then a > 0, ¢; — ¢z > 0 and the conditions (3.4) and (3.5) hold provided that 0 < ¢ < 1. The conditions (3.3)
and (3.7) hold for ¢3 > 1. Finally, the condition (3.6) is easy to satisfy.

Set b(z)
x
p(t,x) = =1 (3.8)
For f € L?(0,T;L?(0,L)) and qo € L?(0, L), let ¢ denote the solution of the system
Gt + Quaz = f, tE (OaT)a T e (OaL)a (39)
q(t,0) = q(t, L) = q.(t, L) = 0, t€(0,T), (3.10)
q(0,z) = qo(x), =z € (0,L). (3.11)

Then the following Carleman inequality holds.
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Proposition 3.1. Pick any T > 0. There exist two constants C > 0 and sy > 0 such that any f €
L?(0,T;L*(0,L)), any qo € L?(0, L) and any s > so, the solution q of (3.9)—(3.11) fulfills

T pL T
/O /O [590‘(]3030‘2+(590)5|QI|2+(8§0)5‘(]|2] ei2swdxdt—|—/0 [(S‘PMIZP"‘(SS@)S‘(];EF) 67254’0] |x=0+[3§0|qu|2€72&p] et dt
T L T
< C (/ / ‘f|26*25§0d1’dt +/ / [sw‘qu‘z + (880)3|q;1:|2 + (SQD)S‘(]F] ezswdxdt> (312)
0 Jo 0 Jw

Actually, we shall need a Carleman estimate for (3.2) with the potential £ € Y% . Let

¢t x) = p(t, L — x).

Corollary 3.2. Let § € Yi. Then there exist some positive constants 5o = 5o(T, |[¢|ly,) and C = C(T,[[¢]]y, )
1 1
such that for all s > 3 and all vy € L*(0, L), the solution v of (3.2) fulfills

T L
// [s@|vas|® + (5@)% 02| + (53)°|v[*Je**Pdadt
o Jo
T ~
SC/ /[S¢|vm\2—|—(s¢)3|vw\2—|—(5(,5)5|v|2]e_2wdxdt. (3.13)
0 Jw

Proof of Proposition 3.1. We first assume that ¢o € D(A) and that f € C([0,7];D(A)), so that ¢ €
C([0,T); D(A))NC*([0,T]; L*(0, L)). This will be sufficient to legitimate the following computations. The general
case (qo € L*(0,L) and f € L?(0,T; L%*(0, L))) follows by density. Indeed, if we set

p(t,x) == v/(t, l‘g)e_‘“‘”(t’ls‘)q(t7 x)

then p solves (3.9)—(3.11) with go replaced by 0, and f replaced by

- 1 L —s
F=pltlg)e?M f 4 <§sot<t, ) 2 (8 13) — seu(t. 1)V (2, ls)> e by,

so that (with different constants C')

T oL
| [ Placale2eedaat < ClplRaorm 0. < OB 02200 < € (Wm0 + ol

Since
H‘IH2L2(0,T,H1(0,L)) <C (HfH%P(O,T,L%O,L)) + H‘IOH%%O,L))
we conclude that we can pass to the limit in each term in (3.12), if we take a sequence {(q(, f™)}n>0 in
D(A) x C([0,T], D(A)) such that ¢} — qo in L*(0,L) and f™ — f in L?(0,T, L*(0, L)).
Assume from now on that ¢ € D(A) and that f € C([0,T]; D(A)). Let ¢ denote the solution of (3.9)-(3.11),

and let u = e*¥q, w = e~ *? L(e*Pu), where
L=0,+0>. (3.14)

Straightforward computations show that

w = Mu = us + Ugze + 38QzUzz + (3524p§ + 3$<pm) Uy + (s3<pi + 352g0x<pm + s (pr + gomm)) u. (3.15)
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Let M; and My denote the formal self-adjoint and skew-adjoint parts of the operator M. We readily obtain
that

Miu := 38 (Pallyy + Paztiz) + [s (ot + Poza) + 534,02] u, (3.16)
Mot := Uy + Ugpy + 35° (goiuz + PoPaalt) . (3.17)

On the other hand
|wl|* = [|Myul|* + || Maul[? + 2 (Myu, Mau) (3.18)

where (u,v) = fOTfOL uvdzdt and ||w||? = (w,w). From now on, for the sake of simplicity, we write [[ u (resp.

fu|§) instead of fOTfOL u(t, r)dzdt (resp. fOTu(t,x)|£:0dt). The proof of the Carleman inequality follows the
same pattern as in [17,23]. The first step provides an exact computation of the scalar product (Mju, Mau),
whereas the second step gives the estimates obtained thanks to the pseudoconvexity conditions (3.3)—(3.7).

Step 1. Exact computation of the scalar product in (3.18).
Write

2(Myu, Mau) = 2 //[s(apt + Prza) + 53<p330]uM2u +2 // 35(Prtizy + Qratiy)Mou =: I + Is.

Let
o = (o1 + Pana) + 52050, (3.19)

Using (3.17), we decompose I into

I, = // 2cuty + // 20Ul gy + 352 // 20u( 02Uy + PrPrztt).

Integrating by parts with respect to ¢ or x, noticing that uj,—g = v|y—1 = Uz|,—1 = 0, and that u;—¢ = ujy—7 =0
by (3.3), we obtain that

I = —//Oztu2 +(3 //amui — //cuwmu2 - /aui|§) — 352 //goiaztﬁ
_//(at + Qs +352¢§%)u2+3//awu§ — /au§|§. (3.20)

I =2 // 35(@30“3030 + @xmux)(ut + Ugza + 382(()034-“3’: + ‘Pw@xw"”»

Next, we compute

Performing integrations by parts, we obtain successively

2//(@36“3036 +(pxacux)ut = // ‘Pwtuiv

L
2//(@30“3036 + (pxacux)uxmc =-3 // ‘wauix + // @436”?5 + / ((pxuiz - ‘meui + QWxxuxxux) |07
and

2//(‘)035’&3535 + Prols) (‘Piux +<px90xacu) =-3 // @i‘pxacui + // [((pi(pm)m - ((pxtpim)m] u? + /(piui’é

Thus
12 = —9s // @mmugz + // [_2783@i@mm + SS(QOIt + 304‘%)] ui

+// 95 [(P2as) ,, — (Paella),] u® + / [35 (pauZ, — @ast? + 2000ttatins) + 95°03u2] [ (3:21)
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Gathering together (3.20) and (3.21), we infer that
2(0ru Maw) = [ [ [ (a1 + as + 35363 00) +95° (ins),., — (o), )] o2
+ // [Boe — 27502 pan + 38 (Put + Paz)] Uz — 9s // Paallng
+/ [3spzuZ, 4+ (95°03 — 38¢uus — @) UZ + 2000 Upliyy] |§

Step 2. Estimation of each term in (3.22).
The estimates are given in a series of claims.

Claim 3.3. There exist some constants s; > 0 and Cy > 1 such that for all s > s1, we have

T
w

1085

(3.22)

] (at trma32520) 95 (Pne),, — (aita) )] w2 = 07 [[ (5970 - / [ ere.

From (3.19), we see that the term in s° in the brackets reads

5.2 ( 3) _ 5 4 _ 5 (@)
—35%p;, (‘Pz)x = =950 Paz = —9s m

We infer from (3.4) that for some k1 > 0 and all s > 0
—95%0p00n 2 k1(sp)” () € (0,T) x ([0, L] \ w).
On the other hand, we have for some ks > 0 and all s > 0

|04t‘ + |aacaf:ac‘ + |953 ((‘pi@xw)xm - (‘Pm‘ﬁix)zﬂ S "{253()04 (t,.T) € (OvT) X (OvL)v
|352<piozx| < ka(sp)® (t,z) € (0,T) X w.

Claim 3.3 follows then for all s > s; with s; large enough and some Cy > 1.

Claim 3.4. There exist some constants so > 0 and Cy > 1 such that for all s > s5, we have

T
// [3043; — 275302 + 35(Put + np4x)] u? > C{l //(Sw)?’ui — Cz/ /(54;0)3“?3
0 Jw
Indeed, the term in s® in the brackets is found to be
188620 > kals9)® (La) € (0,T) x ([0,L]\ w)
for some k3 > 0 and all s > 0, by (3.4). On the other hand, we have for some x4 > 0 and all s > 0

|6S((ptx + 90490)‘ S K43302 (t,l’) S (OvT) X (OaL)a
1185302 s | < Ka(s0)®  (t,2) € (0,T) x w.

Claim 3.4 follows for all s > sy with s, large enough and some Cs > 1.

Claim 3.5. There exist some constants s3 > 0 and C3 > 1 such that for all s > s3, we have

T
—9s // wxxuiz > C’gl // sgpuix — 03/ / sgouim.
0 Jw

Claim 3.5 is clear, for 9" < 0 on [0, L] \ w.

(3.23)

(3.24)
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Claim 3.6. There exist some constants s4 > 0 and C4 > 1 such that for all s > s4, we have

/ [35903:7132535 + (933@?5 — 38Qrax — Oé) ui + 2(pxacuxuxx] |g

T
- 6471/0 [(swiz)\xzo + (spuly) |,y + (8%31&5)\%:0} dt.

Since g |,—r, = 0 and
[(95°¢3 — Bsaee — @) u3] |, _o = [(85°¢% — 5 (01 + 4puae)) w2] g
we obtain with (3.5) for s > s4 with s4 large enough,

[(983(,0% — 35()03:3’:36 - Ot) ui] |g = k5 |:(3(p)3 Ui:| |z=0

and

3sp,ul & > ke ([sgouiw] lw=0 T [SSOUZx] \sz)

for some constant ks, kg > 0. Finally

128000 Uatizg|s=0| < % [spula] g + #7 [s003] g

for some constant r7 > 0. Since sp(t,0) < (sp)3(¢,0) for s > 1, Claim 3.6 follows.
We infer from Claims 3.3, 3.4, 3.5, and 3.6 that for some positive constants sg, C' and all s > sg

T
// [(50)° |uf + (50)3[ua? + 50|t |?] +/O [(swgz)‘wzo + (S@uix)lx:L + (33¢3u§)‘w=0} dt

<c<ﬁﬁﬂ+A%waW+w@%m%M¢%ﬁQ~<w®

O

Replacing u by e~ *?¢ yields (3.12).

Proof of Corollary 3.2. Note first that for £ € Y% and vy € L%(0, L), one can prove that (3.2) has a unique
solution v € Yi , by using the contraction mapping principle for the integral equation. Corollary 3.2 follows from
Proposition 3.1 by taking go(x) = vr(L — ), q(t,z) = v(T —t,L —x), and f(t,z) = —&(T —t,L — 2)qx(t, z),
assuming first that £ € Y1 N L*>(Q) (so that f € L?(Q)). Indeed, with u = e~*¢q,

w=e PL(e*u) = —&T —t, L — x)(ug + spzu),
so that
T pL
// w[2dadt < o// 6T — 1.1 — ) (Jua > + |speul?) dadt
0J0

T
< [ N6 =Dy (Il e+ lsgotl o) o

T rL 2
S
< OH&H%M(O,T,L’A’(O,L)) / / |:U32£ + in + m (u2 + Ui):| dz. (326)
0J0

Combining (3.25) with (3.26), picking s > 1, and replacing again u by e *?v(T — ¢, L — x) yields (3.13). The
result for £ € Yi follows by density. O
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3.1.2. Internal observation

We go back to the adjoint system (3.2). Our next goal is to remove the terms v,, and v, from the r.h.s. of
(3.13). In addition to the weight ¢(t, x) = t(Tft)w( x), we introduce the functions

o1 __¥(0) sy L . _ ¥(ls)
P(t) = ) Ifen[g?z]?/’(f) BRI and @(t) = ) xgﬁlflm(/)(x) 0T (3.27)
where we used (3.6). By (3.7), we have
blt) < 30(0), tE(O.T) (3.25)

Lemma 3.7. Let 0 < [y < ly < L, € € Y%, and So be as in Corollary 3.2. Then there exists a constant
C = C(T, ||¢|ly,) > 0 such that for any s > 39 and any vy € L*(0, L), the solution v of (3.2) satisfies
1

T
/Q {(s@)°10* + (s¢)°|vz|* + 5@lvae|? } e >*Pdadt < 01810/0 (282G |[u(t, )| 72 At (3.29)

where Q@ = (0,T) x (0,L) and w = (I1,12) C (0,L).

Proof. We follow the same approach as in [8]. From (3.13) and (3.27)-(3.28), we first obtain
/ {23002 + 2% v, |2 + 5@|vaa|?} e 2P dudt
Q
T 5 = 3
< C/ / {s"gb" w]? + 33 |va)? + scﬁ\vm|2} e 2Pdaxdt =: C(Ip + I + I2). (3.30)
0 Jw
Since ¢ and ¢ do not depend on x, we clearly have that

T
Bt [ G ot (331)

and .
B<s oo fult, ) e . (3:32)
0

Using interpolation in the Sobolev spaces H*(w) (s > 0), we obtain for some positive constants Ki, K

3/8 5/8
1ot M a1y < K ol Mers o 00 a0, (3.33)
and
3/4 1/4
0t ) a2y < Kz ol Mgrera o TG G (3.34)

Replacing (3.33) and (3.34) in (3.31) and (3.32), respectively, yields

T
<3 —25p 3/4 5/4
e R mad LS OB (3.35)

and

T
L 250 1/2
B<Cs [ e Jult )l o)) d (3.36)
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Next, an application of Young inequality in (3.35) and (3.36) gives
T
L<cs / Fro 206 12t R G |[ut, )| Hara (o, 10 ) 175, At
0

T T
< C.s® / (B2 L)V |y (t, [ 2,y dt + es 2 / =227 |[u(t, ) Fys a0y dt

and

T
953 —3s3 52T 1/2
B<Cs [ et dioeb i R ¥ ot} Iole 12 df

T T
< Ces™® / e OP B G|t )72,y dE + es / e 22670 lu(t, ) [37s5 0 AL,

for any € > 0. Note that
6 4 s(8¢p—18¢) .51/5 2 10 ’ s(6p—8p) x31 2
o o® [ G EDGS ot )Tyt < €510 [ O IDG uft ) o
Gathering together (3.30) and (3.37)—(3.39), we obtain

/ {23002 + 8223 vg |2 + 5@|vas|?} e 2P dudt
Q

T T
< Cslo/o e 2B B |y (t, )72 () dt+2es*2/0 e 252070 |[u(t, )| Fresa o) At

It remains to estimate the integral term

T
965 «— 2
/0 e=2259 [[u(t, )25 oy

This is done by a bootstrap argument based on the smoothing effect of the KdV equation.
Let vy (t, x) := 01(t)v(t, x) with
1
-1

01(t) = exp(—s¢)¢

Then vy satisfies the system

—V1t — Vigzz = f1:= {010z — Opv in (Oa T) (O L)a
v1(t,0) =v1(t, L) = v1(t,0) =0 in (0,7,
v (T,z) =0 in (0,L).

3

Now, observe that, since v, (¢,0) = 0, £ € L>(0,T, L?(0, L)) and |01;] < Csp2 exp(—sp), we have

T
111720 0,0) < CHszLoc(o,T,m(o,L))/o 6_2347”’(}35”%00(0’[/)(%—1—0/ ~2%525% o] 2 dadt

< C/ {20 + s|vg|® + s Hugs|? } e 2P dadt
Q

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

for some constant C' > 0 and all s > sg. Moreover, by Proposition 2.4, v1 € Y} /5. Then, interpolating between

L?(0,T; H*(0,L)) and L>(0,T; H*(0, L)), we infer that v; € L*(0,T; H3/2(0, L)) and

o1l Lao,rsm372(0,)) < C 1l 20,7y x 0,1)) -

(3.43)
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Let va(t, x) := O2(t)v(t, x) with

o

b2 = exp(—sp)p
Then vo satisfies system (3.41) with f; replaced by
fo 1= 0207 w1, — 02407 M01.

Observe that
|0207"| + |02:07| < Cs.

On the other hand, since & € L*(0,T; Hz(0,L)) and vi, € L*(0,T; Hz(0,L)) by (3.43), we infer that vy, €
L%(0,T; H'/3(0, L)). Indeed, the product of two functions in H%(O, L) belongs to H*(0, L) for any s < 1/2, and
in particular to H3 (0, L). (This fact is proved for H2(R) in Theorem 8.3.1 of [11], and a similar result can be
deduced for Hz (0, L) by using a classical extension argument.) Thus, we obtain

||f2HL2(o,T;H1/3(o7L)) <Cs H’U1||L4(O,T;H3/2(07L)) : (3.44)
Interpolating between (2.16) and (2.18), we have that vy € L2(0,T; H7/3(0, L)) N L>=(0,T; H*/3(0, L)) with

[v2ll 20,7177 0, L))z 0,7:m8730,1)) < C W2l L2 0,7,m1720,1) - (3.45)

Finally, let vg := 03(¢)v(t, z) with

03(t) = exp(~s)5 ¢
Then vs satisfies system (3.41) with f; replaced by

f3 1= €030 M vay — 03405 s

Again
0565 "| + |0:05 | < Cs.

Interpolating again between (2.16) and (2.18), we have that
lvsll 2o, m5/3 0,2)) 0L (0,7585/30,0)) < C | f3ll 20,75 82/5(0,1) - (3.46)
Since £ € Y1, we have that § € L3(0,T; H3 (0, L)). On the other hand, by (3.45),
vy € L2 (O,T; H4/3(0,L)) nL>® (o,T; H1/3(0,L)) :

It follows that wvo, € LG(O,T,Hé(O,L)). Since Hé(O,L) is an algebra, we conclude that &ve, €
L2(0,T, H3 (0, L)). Therefore

/3l L2 0,75m2/30,)) < € 2l 20,1775 0, L)) L (0,147 (0, L)) - (3.47)

Thus we infer from (3.42)—(3.47) that for some constants Cp,C2 > 0 and all s > s

2
[[vs HL?(O,T;Hs/S(o,L)) < Cis'|f1] |2L2((0,T) x(0,L))

< Cg/ {507 v + 8°|va|? 4 8%|ve[*} e~ 2P dadt. (3.48)
Q
Hence, replacing v = exp(—scﬁ)@*%v in (3.48) yields for some constant C3 > 0

T
/0 %67 [o(t, )| 3ps/a( At < Css® /Q {(s9)°v]? + (50)°|val? + sluse |2} >4 dadt. (3.49)
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Then, picking € = 1/(4C3) in (3.40) results in
T
/ngbe%@ {s4¢4\v\2 + 82¢2\vz|2 + "Ua:z|2} dadt < 04310/ es(6¢778¢)¢31 H'U(t’ ')||2L2(w) dt
0

for all s > 3y and some positive constant Cy = C4 (T, ||¢]]y, )- O
4

We are in a position to prove the null controllability of system (3.1).

Theorem 3.8. LetT' > 0. Then for any & € Yy,4 and any ug € L2(0,L), one can find a control f € L?((0,T) x
w) such that the solution u of (3.1) fulfills u(T,-) = 0.

Proof. Scaling in (3.2) by v and (L — z)v, integrating over (0, L) and adding the two resulting equations, we
obtain

3

L L
v2(L,t) + 5 / vidr = / (1+ L — z)évvyda. (3.50)
0 0

1d [F 1
Y AL —anPde -
sat J, (1+ z)v z+ 5

We estimate the term in the r.h.s. of (3.50) as

L
/ (1+ L —z)évvedz| < |[(1+ L — z)¢]| L (0,0) vzl 200, IVl 220, 1)
0

1 1
< §\|Ux\|2L2(o,L) + 5(1 + L)€l 2 0.0 0] Z 20,1y
1
< §‘|Ux‘|2L2(0,L) + CD)EN 0,001 20,1 (3.51)
where C'(L) > 0. Combining (3.50)—(3.51) and using Gronwall lemma, we obtain

e [[0(0)[z20,2) + sl 2207220, < O Wellzz0mm0an)llorllzz.r) (3.52)

for some constant a(L, I1€]] 20,7, (0,1))) > 0 which is nondecreasing in its second variable. Replacing v(t) by
v(0) and vy by v(7) for T/3 < 7 < 2T/3 in (3.52), and integrating over T € (T/3,2T/3), we obtain that

2T

3 ~ 3
10(0)[F2(0,2) < TC(L»HEHLQ(O,T,Hl(o,L)))/T [lo(T)IZ2 (0, pydr- (3.53)

3

Combining (3.53) with Lemma 3.7 for a fixed value of s > §g, we derive the following observability inequality

L T
/O \U(O,x)|2dx§C*/0 [t )72 ) It (3.54)

where C, = C.(T, L, [[]ly,,,) > 0 is nondecreasing in its last variable. Using (3.54), we can deduce the existence

of a function f € L?((0,T) x w) as in Theorem 3.8 proceeding as follows.
On L%(0, L), we define the norm

lvr|l g = ||”||L2((0,T)xw)v

where v is the solution of (3.2) associated with vp. The fact that || - ||p is a norm comes from (3.54) applied on
t,T)for0<t<T.
Let B denote the completion of L?(0, L) with respect to the above norm. We define a functional J on B by

1 L
J(vr) == 3 Hvﬂﬁ3 +/O v(0, z)ug(x)dz.
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From (3.54) we infer that .J is well defined and continuous on B. As it is strictly convex and coercive, it admits
a unique minimum v7}, characterized by the Euler-Lagrange equation

T L
/ / v wdzdt +/ w(0, x)up(x)dz = 0, Ywr € B, (3.55)
0 Jw 0

where w (resp. v*) denotes the solution of (3.2) associated with wr € B (resp. vi € B). Define f € L*((0,T) xw)
by
FR— (3.56)

and let u denote the solution of (3.1) associated with ug and f. Multiplying (3.1) by w(t, z) and integrating by

)
parts, we obtain for all wr € L%(0, L)

L L T
/ u(T, v)wpde = / uo(x)w(0, x)dx +/ / v*wdzdt = 0, (3.57)
0 0 0 Jw

where the second equality follows from (3.55). Therefore u(T,-) = 0. Finally, letting wr = v} in (3.55) and

using (3.54), we obtain
T L
//|f\2d:cdt§0*/ lug(2)|?da. (3.58)
0 Jw 0

O

3.2. Null controllability of the nonlinear equation
In this section we prove Theorem 1.1. This is done by using a fixed-point argument.

3.2.1. Proof of Theorem 1.1
Consider v and @ fulfilling system (1.5) and (1.4), respectively. Then ¢ = u — @ satisfies

G+ @+ (5 4 19)s + Geas = 1o f(t,2) in (0,T) x (0, L),
q(t,0) = q(t,L) = qu(t,L) =0 in (0,7), (3.59)
q(0,z) = go(x) == ug(z) — uo(z) in (0, L).

The objective is to find f such that the solution ¢ of (3.59) satisfies

Given € € Y1 and qo = ug — g € L?(0, L), we consider the control problem

at + Gz + (£Q)a + Guaa = 1o f(t,z) in (0,7) x (0, L), (3.60)
q(t,0) =q(t,L) = ¢»(t, L) =0 in (0,7, (3.61)
q(0,2) = qo(z) in (0,L). (3.62)

Proceeding as in the proof of Theorem 3.8, we can establish the following estimate

HqH%m(o,T,L?(o,L)) + H%H%?(o,T,L?(O,L)) < C(T, L, [|¢llvy,4) (HQOH%'Z(O,L) + HfH%?((O,T)xw)) (3.63)
We introduce the space
E:=C°([0,T]; L*(0, L)) N L*(0,T; H'(0, L)) " H'(0,T; H*(0, L))

endowed with its natural norm
”ZHE = HZHY1/4 + HZHHl(O,T,H*?(O,L))-
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We consider in L2((0,7) x (0, L)) the following set
B:={z€E; ||z|p < 1}.

B is compact in L?((0,7T) x (0, L)), by Aubin-Lions’s lemma. We will limit ourselves to controls f fulfilling the
condition

112207y %) < Ceellaoll 20,1 (3.64)
where C, := C.(T, L, |[ul]y, , + 1). We associate with any z € B the set
P(z):={qe B; 3f e L*(0,T) x w) such that f satisfies (3.64) and
q solves (3.60)-(3.62) with { =u+ £ and ¢(T,-) =0} .

By Theorem 3.8, (3.58) and (3.63), we see that if [|go[| 72(o 1, is sufficiently small, then P(z) is nonempty for all
z € B. We shall use the following version of Kakutani fixed point theorem (see e.g. [27], Thm. 9.B):

Theorem 3.9. Let F be a locally convex space, let B C F and let P : B — 28, Assume that

(1) B is a nonempty, compact, convezx set;

(2) P(z) is a nonempty, closed, convex set for all z € B;

(3) The set-valued map P : B — 28 is upper-semicontinuous; i.e., for every closed subset A of F, P™1(A) =
{z € B; P(z)NA+# @} is closed.

Then P has a fized point, i.e., there exists z € B such that z € P(z).
Let us check that Theorem 3.9 can be applied to P and
F=L*(0,T) x (0, L)).

The convexity of B and P(z) for all z € B is clear. Thus (1) is satisfied. For (2), it remains to check that P(z)
is closed in F for all z € B. Pick any z € B and a sequence {qk}keN in P(z) which converges in F towards

some function ¢ € B. For each k, we can pick some control function f* € L%((0,T) x w) fulfilling (3.64) such
that (3.60)-(3.62) are satisfied with { = @ + 5 and ¢"(T,-) = 0. Extracting subsequences if needed, we may
assume that as k — oo

¥ — f in L?((0,T) x w) weakly, (3.65)
¢" —q in L?(0,T; H*(0, L)) N H'(0,T; H (0, L)) weakly, (3.66)

By (3.66), the boundedness of quHLoc(O,T,L2(0’L)) and Aubin-Lions’s lemma, {¢*}1cy is relatively compact in
C°([0,T), H=*(0, L)). Extracting a subsequence if needed, we may assume that

q" — ¢ strongly in C°([0,T]), H'(0,L)).

In particular, ¢(0,z) = go(z) and ¢(T,x) = 0. On the other hand, we infer from (3.66) that
&q" — €qin L*((0,T) x (0, L)) weakly.

Therefore, (£¢%). — (£9). in D'((0,T) x (0, L)). Finally, it is clear that

HfH%Q((O,T)Xw) < C*HQOH%?(O,L)

and that ¢ satisfies (3.60) with § = @+ Z and ¢(7,-) = 0. Thus ¢ € P(z) and P(z) is closed. Now, let us check
(3). To prove that P is upper-semicontinuous, consider any closed subset A of F' and any sequence {zk} keN in
B such that

2P e P7Y(A), Vk>0, (3.67)
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and
&~z in F (3.68)

for some z € B. We aim to prove that z € P~1(A). By (3.67), we can pick a sequence {qk}keN in B with

q* € P(2¥)N A for all k, and a sequence {f’“}keN in L2((0,7T) x w) such that
ko ok 2\ k k .
@ +q; + ((ﬂ—i— 7) q ) + ¢y = 1o f"(t,x) in (0,7) x (0, L),
3.69
(6,0 = ¢F(t, L) = ¢5(t L) = 0 in (0,7), (369
q*(0,2) = qo(x) in (0,L),
¢ (T,z) =0, in (0,L), (3.70)
and
2
kaHL?((o,T)Xw) < (. ||QO||i2(0,L) . (3.71)

From (3.71) and the fact that z*, ¢* € B, extracting subsequences if needed, we may assume that as k — oo,

fF— f in L?((0,T) x w) weakly,

q* —q in L?(0,T; HY(0, L)) N HY(0,T; H=2(0, L)) weakly,
q* —q in C°([0,T], H~1(0, L)) strongly,
¢® — ¢ in F strongly,

k

z¥ — z in F strongly,

where f € L%((0,T) x w) and q € B. Again, q(0,z) = qo(z) and ¢(T,z) = 0. We also see that (3.61) and (3.64)
are satisfied. It remains to check that

@+ ¢z + ((a + %) q)w + Qraa = 1o f(t, ). (3.72)

Observe that the only nontrivial convergence in (3.69) is that of the nonlinear term (2¥¢*),. Note first that

szquL2(O,T,L2(O,L)) < |\Zk|\Loo(o,T,m(o,L))quHLz(o,T,Loc(o,L)) <C,

so that, extracting a subsequence, one can assume that z¥¢* — f weakly in L2((0,T) x (0,L)). To prove that
f = zq, it is sufficient to observe that for any ¢ € D(Q),

T ,L T L
// quknpdxdta// zqpdxdt,
0Jo 0Jo

for z¥ — z and ¢*p — qp in F. Thus
kg% — zq in L?((0,T) x (0, L)) weakly.

It follows that (z%¢*), — (2q). in D'((0,T) x (0, L)). Therefore, (3.72) holds and ¢ € P(z). On the other hand,
q € A, since ¢* — ¢ in F and A is closed. We conclude that z € P71(A), and hence P~(A) is closed.

It follows from Theorem 3.9 that there exists ¢ € B with ¢ € P(gq); that is, we have found a control
f € L?((0,T) x w) such that the solution of (3.59) satisfies ¢(T',-) = 0 in (0, L). The proof of Theorem 1.1 is
complete.

With Theorem 1.1 at hand, one can prove Theorem 1.3 about the regional controllability.
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3.3. Proof of Theorem 1.3

By Theorem 1.1, if § is small enough one can find a control input f € L?(0,7/2,L?(0, L)) with supp(f) C
(0,T) x w such that the solution of (1.7) satisfies u(7'/2,.) = 0 in (0, L). Pick any number I} € (I},l2) with
5 ¢ N. (This is possible, the set N being discrete.) By ([20], Thm. 1.3), if § is small enough one can pick a
function h € L?(T/2,T) such that the solution y € C°([T/2,T], L*(0,15)) N L*>(T/2, T, H*(0,1,)) of the system

Yt + Yzwz + Yo T YYo =0 in (T/QvT) X (07 l/2)’
y(t, 0) = y(t, ll2) =0, ym(tv ll2) = h(t) in (T/QvT)v
y(T/2,2) =0 in (0,1%)

satisfies y(T, ) = uy(z) for 0 < x < I},. We pick a function p € C°°([0, L]) such that
1 ifx <l
M@):{o it o> bt
and set for T/2 <t <T
o) = { O s
Note that, for T/2 <t < T, u + Uggs + Uy + uu, = f with
F =0l =1y + (eaay + 3pacys + 3pales + pay) + phay®.
Since |\y|\‘i4(0’T’L4(O,l,2)) < C’HszN(O’T’LQ(O,L))HyH%Q(O,T,Hl(O,L)), it is clear that f € L2(0,7, H (0, L)) with
supp(f) C (0,T)x (1, l2). Furthermore, u € C([0,T], L*(0, L))NL*(0, T, H*(0, L)) solves (1.7) and satisfies (1.8).
4. EXACT CONTROLLABILITY RESULTS

Pick any function p € C*°(0, L) with

0 if 0<z<L-—uv,
M@:{1 it L-%<z<lL, (4.1)
for some v € (0, L).
This section is devoted to the investigation of the exact controllability of the system
Ut + Uy + ULy + Ugzw = f = (p(x)h), in (0,T) x (0, L),
u(t,0) = u(t,L) = uy(t,L) =0 in (0,7), (4.2)
u(0,z) = uo(x) in (0,L).

More precisely, we aim to find a control input h € L?(0,T; L?(0, L)) (actually, with (p(z)h(t,z)), in some space

of functions) to guide the system described by (4.2) in the time interval [0,7] from any (small) given initial

state ug in L?, g, O any (small) given terminal state uy in the same space. We first consider the linearized
L—x

system, and next proceed to the nonlinear one. The results involve some weighted Sobolev spaces.
4.1. The linear system

For any measurable function w : (0, L) — (0,+00) (not necessarily in L'(0, L)), we introduce the weighted
L2%-space

L
0
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It is a Hilbert space when endowed with the scalar product

(uv ’U)Li;(z)dz

L
= / u(z)v(x)w(z)de.
0

We first prove the well-posedness of the linear system associated with (4.2), namely

Up + Uy + Ugge = 0 in (0,7) x (0, L),
u(t,0) = u(t,L) = uy(t,L) =0 in (0,7, (4.3)
u(0, x) = ug(x) in (0, L),

in both the spaces Lﬁdw and Lidz, following [10] where the well-posedness was established in LQLde. We
L—x —x

need the following result.
Theorem 4.1 (see [10]). Let W C V C H be three Hilbert spaces with continuous and dense embeddings. Let
a(v,w) be a bilinear form defined on V x W that satisfies the following properties:
(i) (Continuity)

a(v,w) < M||vl|v||wllw, YveV, Ywe W. (4.4)
(ii) (Coercivity)

a(w,w) > ml|w||}, YweW. (4.5)

Then for all f € V' (the dual space of V'), there exists v € V such that
a(v,w) = f(w) Yw € W. (4.6)

Assume that, in addition to (i) and (ii), a(v,w) satisfies:
(iii) (Regularity) for all g € H, any solution v € V of

a(v,w) = (g’w)H Vw € I/Vv (47)

belongs to W. Then equation (4.7) has a unique solution v =v(g) € W. Let D(A) :=={v(g); g€ Hf CW C H
and set Av := —g for v € D(A). (Note that there is a unique g € H satisfying (4.7).) Then A is a mazimal
dissipative operator, and hence it generates a continuous semigroup of contractions (etA)tZO m H.

4.2. Well-posedness in L2

xdx

Theorem 4.2. Let Aju = —Uypy — Uy, with domain

zdx> zdx*

D(Ay) = {u € H*(0,L) N H{(0,L); Ugwe € L2q,, us(L) =0} C L2
Then Ay generates a strongly continuous semigroup in Lidx,

Proof. Let
H=12 V =H}0,L), W={weH0,L), wyy € L224,},

zdx)

be endowed with the respective norms

lulle = IVaull2,n),  vllv = lvallz20.2),  wllw = [lewss||z2(0,2)-

Clearly, V C H with a continuous (dense) embedding between two Hilbert spaces. On the other hand, we claim
that

llwg|lp2 < Cllzwss|| L2 Yw € W. (4.8)
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Indeed, we note first that we have for w € 7 := C*°([0, L]) N H3(0, L) and p € R

L L L L
0< / (2Wyy + pwy)?de = / (w2, + 2prw W,y + pPw?)de = / w2 dz+ (p° — p) / w?dx 4+ pLw?(L).
0 0 0 0
Taking p = 1/2 results in
L L
/ wrdr < 4/ r*w? dx + 2L |w,(L)|*. (4.9)
0 0

The estimate (4.9) is also true for any w € W, since 7 is dense in W. Let us prove (4.8) by contradiction.
If (4.8) is false, then there exists a sequence {w"™},>0 in W such that

1= lwy|lr2 = nllzwy, |2 Vn = 0.
Extracting subsequences, we may assume that

w" — w in H}(0, L) weakly
zw?, — 0 in L?*(0, L) strongly
and hence zw,, = 0, which gives w(z) = c1x + c2. Since w € H}(0,L), we infer that w = 0. Since w" is

bounded in H?(L/2, L), extracting subsequences we may also assume that w” (L) converges in R. We infer then
from (4.9) that w™ is a Cauchy sequence in H}(0, L), so that

w™ —w in H}(0, L) strongly,

and hence ||wy||p2 = limy, oo ||w?||L2 = 1. This contradicts the fact that w = 0. The proof of (4.8) is achieved.
Thus || - ||w is a norm in W, which is clearly a Hilbert space, and W C V with continuous (dense) embedding.
Let

L
a(v,w) = / Vg [(2W) 3 + 2w]de, veV, weW.
0
Let us check that (i), (ii), and (iii) in Theorem 4.1 hold. For v € V and w € W,

a(v, w)] < lJoall2llewss + 2w, + w2
< loallze (lzweal 22 + Ol wyllz)
< Cllelly |lwllw

where we used Poincaré inequality and (4.8). This proves that the bilinear form a is well defined and continuous
on V x W. For (ii), we first pick any w € 7 to obtain

By Poincaré inequality
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and hence

L2 L
a(w,w) > <§ - —2> / wdz.
2 2 0

This shows the coercivity when L < /3. When L > 7+/3, we have to consider, instead of a, the bilinear form
ax(v,w) := a(v,w) + A(v,w)g for A > 1. Indeed, we have by Cauchy—Schwarz inequality and Hardy inequality

1 _1
lwllZ: < llz2wl|z2]lo™2w||L2
< VI|jwlllle™ wl| e
< ellwz||Z2 + Cellwll;

and hence

3 ¢ C.
ostwow) 2 (3= )l + (3= 5 ) hulf

Therefore, if € < 3 and A > C./2, then a) is a continuous bilinear form which is coercive.
Let us have a look at the regularity issue. For given g € H, let v € V' be such that

CL)\(U,U)) = (ng)H Yw S VVa
i.e.
L L L
/ Vg ((2W) gy + zw)da + )\/ v(z)w(z)xde :/ g(z)w(z)xda.
0 0 0
Picking any w € D(0, L) results in
(x(Vzgz + Vs + A0), W)pr D = (Tg, W) D Yw € D(0, L),

and hence
Vezzr + Uz + AU =g in D'(0, L).

Since v € H}(0,L) and g € L2, we have that v € H3(e, L) for all € € (0,L) and vyq, € L2,

xda?

w €T and € € (0, L), and scaling in (4.12) by zw yields

L L
/ Ve (2W) 2z + 2W)AT + [Vgr (zW) — v (zw),]|E = / (g — \)zwdz.

Letting ¢ — 0 and comparing with (4.10), we obtain

— L (L)w, (L) = lim (evaa(e)w(e) — va(e)(w(e) + ewy(€))).

£—

2

Since Vpza € L7 qps

we obtain successively for some constant C' > 0 and all € € (0, L)

2

L 3 I
[Vgz(€) — Vg (L) < (/ J;vxm|2dx> (/ J;_ldx> < Clloge]|

vz ()| < C.

(4.10)

(4.11)

(4.12)

. Picking any

(4.13)

(4.14)

(4.15)

We infer from (4.14) that v € H?(0, L), and hence v € W. Furthermore, letting e — 0 in (4.13) and using (4.14)—
(4.15) yields v, (L) = 0, since w, (L) was arbitrary. We conclude that v € D(A;). Conversely, it is clear that
the operator A; — A maps D(A;) into H, and actually onto H from the above computations. Hence A; — A

generates a strongly semigroup of contractions in H.

O



1098 R.A. CAPISTRANO-FILHO ET AL.

4.3. Well-posedness in L%L_m),ldm
Theorem 4.3. Let Ayu = —Uypy — Uy, with domain
D(As) = {u € H*(0,L) N HL(0,L); Uppy € L;dx and u,(L) =0} C L;dx.
Then Ay generates a strongly continuous semigroup in Lidx,
L—x

Proof. We will use Hille-Yosida theorem, and (partially) Theorem 4.1. Let

H=L*, .. V:{ueHg(o,L), ug € L? 4 dm}, W = HZ(0,L), (4.16)

L—=z (L—x)2
be endowed respectively with the norms
1 _
lullr = (L = 2)"2ullgz, lully = [|(L =) s o Nullw = [ueallzz. (4.17)

From [10], we know that V' endowed with || - ||y is a Hilbert space, and that

(L —2) 2ul|ge < %H(L—:ﬂ)*lquLz Yu €V, (4.18)
and hence
Loy P2,
Jull < (/O T (a:)dx) <2iilully  veev, (4.19)
Thus V' C H with continuous embedding. From Poincaré inequality, we have that || - |[|w is a norm on W

equivalent to the H2—norm. On the other hand, from Hardy inequality
L ’U2 L
/ ——dx < C’/ vidr Vv e HY(0,L) with v(L) = 0, (4.20)
o (L—x)? 0

we have that
[ollv < Cllvllw  YveW. (4.21)

Thus W C V with continuous embedding. It is easily seen that D(0, L) is dense in H, V, and W. Let

L
w w
a(v,w)—/o {vz <L—x>m+sz——x]dw (v,w) €V x W.

Then

L
W Wy w w
< - 2 2 d
v, w) < /0 v (L—.Z‘+ (L—x)2+ (L—ac)3+L—as> o

Vg ) Wy

ol
L—x|;. L—=x 2 (L — x)?
< Clpllv|lw|lw

by (4.18), (4.19), and (4.21). This shows that a is well defined and continuous. Let us look at the coercivity of
a. Pick any w € D(0, L). Then

L
Wy Wy w w
= 2 2
a(w, w) /0 wx<L—x+ (L—x)2+ (L—x)3+L—x)dx

3 L wg L w? 1 L w?
5/0 <L—w>2d$‘3/o <L—w>4d””‘§/o TSk

1 1k w? 1 1k w?
> - T i -
= 6/0 (L—w)zdx 2/0 (L—w)zdx

Vg

L—z

Vg

L2+HL_$

< wee |2

+|w|m)

L2 L2
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where we used (4.18) for the last line. Note that, using Cauchy—Schwarz inequality and (4.18), we have that

2

IN

[Ca e N (L B

2L
3

w
L—z

L2

A

< ——||w||u||lw||lv
< ellull? + 2 w2 (4.22)
S € Vv 9€ H- .

If we pick € € (0,1/3), we infer that for all w € D(0, L)

1 €
afw.w) + g llolly > (= 5) ol > Clull (4.23)

The result is also true for any w € W, by density. This shows that the continuous bilinear form
ax(v,w) = a(v,w) + A(v,w)y
is coercive for A > L/6. Let g € H be given. By Theorem 4.1, there is at least one solution v € V' of
ax(v,w) = (g,w)ng Yw e W. (4.24)
Pick such a solution v € V, and let us prove that v € D(Az). Picking any w € D(0, L) in (4.24) yields
Vggw + Ve + A0 =g in D'(0, L). (4.25)

As g € L*(0,L) and v € H*(0, L), we have that v,,, € L*(0,L), and v € H?(0, L). Pick finally w of the form
w(z) = 22(L — z)*w(z), where w € C°°([0, L]) is arbitrary chosen. Note that w € W and that w/(L — z) €
H(0,L)NnC*([0, L]). Multiplying in (4.25) by w/(L —z) and integrating over (0, L), we obtain after comparing
with (4.24)

0=—v, <L1f a:>$ 5 = —v. ((22L — 32*)w + 2*(L — 2)w,) |§ = v.(L)L*W(L).

As wW(L) can be chosen arbitrarily, we conclude that v, (L) = 0. Using (4.20) twice, we infer that v, + v € H,
and hence vgze = g — (vy +Av) € H. Therefore v € D(Az). Thus, for A > L/6 we have that Ao —\ : D(A2) — H
is onto. Let us check that Ay — X is also dissipative in H. Pick any w € D(Az). Then we obtain after some
integrations by parts that

3 (1 w? Eoow? 1 E w? w2(0)

A =—— — —d ——dax+ = de — —=

(Azw, w)a 2/0 L - 1) “3/0 L -2 “2/0 L-22" " 2r
and 2(0)

1 ¢ wi (0
(Aaw = w)r < —(g = Dl - 2 <0

for e < 1/3 and A = L/(18¢). We conclude that A — A is maximal dissipative for A > L/6, and thus it generates
a strongly continuous semigroup of contractions in H by Hille-Yosida theorem. O

A global Kato smoothing effect as in [10,20] can as well be derived.

Proposition 4.4. Let H and V be as in (4.16)—(4.17), and let T > 0 be given. Then there exists some constant
C = C(L,T) such that for any ug € H, the solution u(t) = e'42uqy of (4.3) satisfies

]|z 0,1, 1) + l|ul|2(0,7,v) < Clluol|a- (4.26)
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Proof. We proceed as in [10]. First, we notice that D(Az) is dense in H, so that it is sufficient to prove the
result when ug € D(Az). Note that the estimate ||u|| o, 7,7y < Clluo||# is a consequence of classical semigroup
theory. Assume ug € D(Asz), so that uy = Asu in the classical sense. Taking the inner product in H with u
yields

L
(uy )i = —a(u,u) < =Culff; + — 18e [l
where we used (4.23). An integration over (0,7") completes the proof of the estimate of ||ul|z2(0,7,v)- O

4.4. Non-homogeneous system

In this section we consider the nonhomogeneous system

Ut + Uy + Uggr = f(t x) (OaT) X (Oa L)a (427)
u(t,0) =u(t,L) = uy(t,L) =0 in (0,7), (4.28)
u(0,2) =wup in (0,L) (4.29)

We need to prove the existence of a solution u € C([0,7],L2,,) N L*(0,T,H*(0,L)) when solely f €
L2(0,T,H=1(0, L)).

2. and f € L*(0,T;H-Y(0,L)). Then there exists a unique solution u €
)N L2(0, T, H(0, L)) to (4.27)~(4.29). Furthermore, there is some constant C > 0 such that

Proposition 4.5. Let ug € L2

+1fllz2 01 (0,1))- (4.30)

Proof. Assume first that ug € D(A;) and f € C°([0,T],D(A;)) to legitimate the following computations.
Multiplying each term in (4.27) by zu and integrating over (0,7) x (0, L) where 0 < 7 < T yields

1 L 9 1 L 9 3 T L 9 1 T L 9 T rL
= z|u(r, x)|*de — = z|uo(x)]*de + = |up|“dadt — = |u|*dadt = rufdadt.  (4.31)
2 Jo 2 Jo 2 JoJo 2 Jo Jo 00

(., .>H—1,Hé denoting the duality pairing between H~1(0, L) and H}(0, L), we have that for all € > 0

T L T T oL T
// xufdacdt:/ (f,zu)g—1 g1 < E// uidxdt—I—C’E/ 1 F11%-:dt. (4.32)
0Jo 0 ° =2 J)oJo 0

For 0 < & < L?, the last term in the Lh.s. of (4.31) is decomposed as

1 T oL
5// lu|?dzdt = // lu|?dxdt + = // |u|?dzdt =: I + I.
0J0

ullzoe o,z L2, ) + lullL20.0,m81(0.1)) < C(l|uol| L2

xdx

We claim that

e T pL

I < —// g |2 dadt, (4.33)
2 JoJo
1 T pL )

I < —// z|u|*dzdt. 4.34)
2ve Jo Jo | (

For (4.33), since u(0,t) = 0 we have that for (¢,2) € (0,T) x (0, )

va ) va
lu(z,t)| < / luglde < e* / g |*da
0 0

1
2
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VE va
/ lul?dx < 5/ g |*da
0 0

which gives (4.33) after integrating over ¢ € (0, 7). (4.34) is obvious.
Gathering together (4.31)-(4.34), we obtain for 0 < e < L?

1 L ) 3 T oL )
= zlu(t,z)|*de+ | = —¢ |ug|“dadt
2 Jo 2 0o
1 /L
§§/ o) + // 2yl dxdt+C/ 112 dt.
0

Picking € € (0,min(L?,3/2)) and applying Gronwall’s lemma, we obtain

and hence

H“Hioo(o,T,LiM) + HuwH2L2(O,T,L2(O,L)) < C(T)(HUOH%M + Hf”ii’(o,T,H—l(O,L)))’

This gives (4.30) for ug € D(A;) and f € C°([0,T],D(A1)). A density argument allows us to construct a

)
solution u € C([0,T],L3,,) N L*(0,T, H'(0,L)) of (4.27)-(4.29) satisfying (4.30) for ug € L2, and f €
L2(0,T,H~1(0, L)). The uniqueness follows from classical semigroup theory. O

Our goal now is to obtain a similar result in the spaces H and V introduced in (4.16)—(4.17). To do that, we
limit ourselves to the situation when f = (p(z)h), with h € L?(0,T, L?(0,L)).

Proposition 4.6. Let ug € H and h € L*(0,T,L*(0,L)), and set f := (p(x)h),, where p € C*°([0, L)) is as
n (4.1). Then there exists a unique solution u € C([0,T], H)N L2(0,T,V) to (4.27)—(4.29). Furthermore, there
is some constant C' > 0 such that

|wllzoe0,7,m) + [ullL2(0,7,v) < C(HUOHH + HhHL2(0,T,L2(0,L)))~ (4.35)

Proof. Assume that ug € D(Az) and h € C§°((0,T) x (0,L)), so that f € C*([0,T], H). Taking the inner
product of u; — Asu — f = 0 with u in H yields

(u, ) = —au,u) + (f,u)m < Cl\ul\v+ = I\HI\H+(f, u)H, (4.36)

where we used (4.23) with some € € (0,1/3). Then

|(fiw)u| = |/ xdx

u
< 2 —_—

x
— T
< ClIAll 2 [fullv,

4

)

L2

where we used (4.18) in the last line. Thus, we have that

C
() a] < Sllulli + C[IR]IZ:
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which, when combined with (4.36), gives after integration over (0,7) for 0 <7 < T

T T T L
HU(T)H%JrC/O ul Bt < [Juo[3, + C" (/ Hunidw/o/o |h2dwdt>.

An application of Gronwall’s lemma yields (4.35) for ug € D(Az2) and h € C5°((0,T) x (0,L)). A density
argument allows us to construct a solution u € C([0,7], H) N L%(0,T,V) of (4.27)—(4.29) satisfying (4.35) for
up € H and h € L%(0,T, L?(0,L)). The uniqueness follows from classical semigroup theory. O

4.5. Controllability of the linearized system

We turn our attention to the control properties of the linear system

Ut + Ugge + Us = [ = (p(ac)h)x, (437)
u(t,0) = u(t, L) = uy,(t, L) = 0, (4.38)
(0, z) = up(x). (4.39)

Theorem 4.7. Let T > 0, v € (0,L) and p(x) as in (4.1). Then there exists a continuous linear operator
I L%dm — L*(0,T,L*0,L)) N L%T_t)dt(O,T,Hl(O,L)) such that for any ug,u; € L%dm, the solution u
of (4.37)-(4.39) with h = I'(u1) satisfies uw(T, z) = ui(x) in (0, L).

Note that the forcing term f = (p(z)h), is actually a function in L%T_t)dt(O,T, L?(0, L)) supported in (0,T) x
(L—v,L).

Proof. By using Proposition 4.6, we can assume that ug = 0 without loss of generality. We use the Hilbert
Uniqueness Method (see e.g. [15]). Introduce the adjoint system

— Ut — Vgge — Vg = 0, (440)
v(t,0) = v(t, L) = v,(t,0) = 0, (4.41)
(T, x) = vp(x). (4.42)

If up = 0, vr € D(0,L), and h € D((0,T) x (0,L)), then multiplying in (4.37) by v and integrating over

(0,7) f (0, L) gives
/OL u(T, z)vr(z)de = /OT/OL(p(J;)h)xvdxdt =— /OT/OL p(z)hvgdzdt.

The usual change of variables x — L — z, t — T — t, combined with Proposition 4.5, gives

HUHLOC(O’T’L?L_E)M) +llvll2oraion) < Cllorllez, -

By a density argument, we obtain that for all h € L?(0,T,L?(0,L)) and all vy € L%fo)dz,

T
:—/0 (h, p(z)vy) r2dt,

<U(T7 ')7 ,UT>L2L+mdm’L(2wa)dw
where u and v denote the solutions of (4.37)-(4.39) and (4.40)—(4.42), respectively, and (-,-) 2 L L de-
Tipde’ (Fre)de
notes the duality pairing between L2L . and L%fo) az+ We have to prove the following observability inequality

(L—z)dz

T prL
2. <C /0 /O (@), |ddt (4.43)
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or, equivalently, letting w(t,z) = v(T —t,L — x),

lwol72 < C// L — 2)w, |[*dadt (4.44)

where w solves
Wi + Wegy + Wz =0,
w(t,0) = w(t,L) = w,(t,L) =0, (4.45)
w(0, ) = wo(x).

From [20], we know that for any ¢ € C*°([0,T] x [0, L])

T oL 2 L 2 L 9
- // (@t + Gzoe + ¢z) w_dwdt"‘/ <qw_> (T, x)dx —/ (qw—> (0, z)dx
0 Jo 2 0 2 o 2
T oL T 2
+§// qzwidde/ <q%> (t,0)dt = 0.
2 0Jo 0 2

We pick q(t,x) = (T — t)b(x), where b € C°°([0, L]) is nondecreasing and satisfies

_Jaxif 0<z<rv/4,
b(x)—{1 if v/2<z<L.

with v € (0, L). This yields

\|wo|\L2m<CLy/ b(a)ud (2)da

C(T,L,v (// w d:rdt—l—// 2dxdt> (4.46)

T rs
[wol|72 _SC// widadt (4.47)
xdx 0 0

fails, then one can find a sequence {w§} C L2, such that

If the estimate

T %
1:|\wg\|§2d >n// |w?|?dadt, (4.48)

where w™ denotes the solution of (4.45) with wg replaced by wg. By (4.30) and (4.48), {w™} is bounded in
L?(0,T,H'(0, L)), hence also in H'(0,T, H=2(0, L)) by (4.45). Extracting a subsequence, we have by Aubin—
Lions’s lemma that w™ converges strongly in L?(0, T, L?(0, L)). Thus, using (4.46) and (4.48), we see that w@ is
a Cauchy sequence in L2, and hence it converges strongly in this space. Let wy denote its limit in L2, and
let w denote the corresponding solution of (4.45). Then

xda?

[lwollrz, =1,

xdx

w" — w in L2(0, T, H'(0,L)).

But w? — 0in L2(0,T, L?(0,v/2)) by (4.48). Thus w, = 0in (0,T) x (0,/2), and hence w(t,x) = g(t) (for some
function g) in (0,7") x (0,v/2). Since w satisfies (4.45), we infer from w(¢,0) = 0 that w = 01in (0,T") x (0,v/2),
and also in (0,7) x (0, L) by Holmgren’s theorem. This would imply that w(0,z) = 0, in contradiction with
|[wol|zz, = 1. Therefore (4.47) is proved, and (4.44) follows at once.
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We are in a position to apply H.U.M. Let A(vr) = (L —z) tu(T,.) € L%sz)dm, where u solves (4.37)—(4.39)

with h = —p(z)v,. Then A : L%Lfm)dz — L%sz)dm is clearly continuous. On the other hand, from (4.43)

T
2 2
(A@wr)or) o = (T, )ovr) e, ga :/0 lo(@)val Bedt 2 CllorlZs,

(L—z)dz = z)da

and it follows that the map vy — A(vr) is invertible in L, 4.
Define the map I": L?, , — L*(0,T,L*(0,L)) by I'(u1) = h := —p(x)v,, where v is the solution of (4.40)~
L—x
(4.42) with vr = A7 ((L — x)"'uy). I is continuous from L?, , to L*(0,T,L*(0,L)), and the solution u
L—x
of (4.37)-(4.39) with ug = 0 and h = I'(uy) satisfies u(T,.) = wu;. To prove that I' is also continuous from
L?, ,, into L%T_t)dt(o, T,H'(0,L)), it is sufficient to prove the following estimate
L—x

T
[ @l = e < cllorliz,

x)da

for the solutions of (4.40)—(4.42) or, alternatively, the estimate

T
l[w] |32 tdt < C||wo|? - 4.49)
H L—rd—r
0 2as

for the solutions of (4.45). By Proposition 4.5,

T
| ol 0.t < Clhuoli, (4.50)

This yields for wy € L?(0, L)
T
| ol .t < Cluol (451)

Assume now that wy € D(A), and let vy = Awg = —wo gze — Wo,. Denote by w (resp. u) the solution of (4.45)
issuing from wy (resp. ug). Then

Aw = —Wype — wy = u € L*(0,T, Hy (0, L)),

and we infer that w € L?(0,T, H*(0,L)). By interpolation, this gives that w € L2(0,7T, H?*(0,L)) if wy €
H}(0, L), with an estimate of the form

T
| ol .0t < Clluol iy (4.52)

The different constants C' in (4.50)—(4.52) may be taken independent of T" for 0 < T' < Ty. Thus, using Fubini’s
theorem, we obtain

T T T T
Aswwﬂ%%=4<lIM@%M%MSCAWm@m@&SCWMQM

This completes the proof of (4.49) and of Theorem 4.7. O
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4.6. Exact controllability of the nonlinear system

Our aim is to prove the local exact controllability in L?, of system (4.2). Note that the solutions of (4.2)
L—x

can be written as
U =ur + uy + us,

where uy, is the solution of (4.3) with initial data ug € L?, , , u1 is solution of
L—x

Ut + ULy + UL gge = f = (p(l’ h)z in (O,T) X (Oa L)a
ul(t, 0) = ul(t, L) = uLx(t, L) =0 in (0, T), (453)
u1(0,2) =0 in (0,L)

with h = h(t,x) € L?(0,T; L?(0, L)), and us is solution of
U2t + U2 + U2, zxx = g(t7 l’) in (Oa T) X (07 L)7
ug(t,0) = ua(t, L) = uz»(t, L) =0 in (0,7, (4.54)
uz(0,z) =0 in (0, L),

with g = g(t, ) = —uuy.
The following result is concerned with the solutions of the non-homogeneous system (4.54).

Proposition 4.8.
(i) Let H and V be as in (4.16)(4.17) If u,v € L?(0,T;V), then uv, € L*(0,T; H). Furthermore, the map

(u,v) € L*(0,T;V)* = wv, € L'(0,T; H)
is continuous and there exists a constant ¢ > 0 such that

HuvIHLl(O,T;H) <c H“HL?(O,T;V) HUHL’Z(O,T;V) : (4.55)
(ii) For g € LY(0,T; H), the mild solution u of (4.54) given by Duhamel formula satisfies
uy € C([0,T]; H)N L*(0,T;V) =: G

and we have the estimate
[uz||Loo (0,7, 1) + l[wallL2(0,7,v) < CllgllLro,1,m)- (4.56)

Proof. For u,v € V, we have

Vg

VL —zx

This gives (i). For (ii), we first assume that g € C'([0,T], H), so that uz € C'([0,T], H) N C°([0,T], D(A2)).
Taking the inner product of us; = Asug + g with uy in H yields

< Cllullv]lv]]v.

luvellpz  <|lul|z~
+——dx

T—x L2

(uz,e,u2)ir < —Cllualf} + C'||us| |3 + (9, u2) 1 (4.57)
where C,C’ denote some positive constants. Integrating over (0,7') and using the classical estimate
l[uzllze 0.1,y < CllgllLr(0,7,m)

coming from semigroup theory, we obtain (ii) when g € C'([0, 7], H). The general case (g € L*(0,T, H)) follows
by density. O
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Let ©1(h) := uy and O3(g) := ug, where u; (resp. uz) denotes the solution of (4.53) (resp. (4.54)). Then O :
L?(0,T;L*(0,L)) — G and O, : L1(0,T; Li;dx) — G are well-defined continuous operators, by Propositions 4.6
and 4.8. ’

Using Proposition 4.8 and the contraction mapping principle, one can prove as in [10, 19, 20] the existence
and uniqueness of a solution u € G of (4.2) when the initial data uo and the forcing term h are small enough.
As the proof is similar to those of Theorem 4.9, it will be omitted.

We are in a position to prove the main result of Section 4, namely the (local) exact controllability of sys-
tem (4.2).

Theorem 4.9. Let T > 0. Then there exists 6 > 0 such that for any ug, uy € LLdm satisfying ||uol| 2 ) <
L—zx dax

T—

9, lurll 2 . <0, one can find a control function h € L?(0,T;L*(0,L)) such that the solution u € G of (4.2)

dx

L—x

satisfies u(T,-) = wuy in (0,L).

As in the linear case, the forcing term f = (p(x)h), is actually a function in L%T_t)dt((), T, L?(0, L)) supported
in (0,7) x (L—v,L).

Proof. To prove this result, we apply the contraction mapping principle, following closely [20]. Let F denote
the nonlinear map
F:L*0,T;V) -G,
defined by
F(u)=up + 06010 (ur —ur(T,-) + Ox(uug)(T, ) — O2(uuy),
where uy, is the solution of (4.3) with initial data ug € LLdy, ©; and O3 are defined as above, and I’ is as in
L da
Theorem 4.7.
Remark that if u is a fixed point of F, then w is a solution of (4.2) with the control h = I'(ugr — ur(T,-) +
Oz (uug)(T,+)), and it satisfies
u(T,-) = ur,
as desired. In order to prove the existence of a fixed point of F, we apply the Banach fixed-point theorem to
the restriction of F to some closed ball B(0, R) in L?(0,T;V).

(i) F is contractive. Pick any u,@ € B(0, R). Using (4.35) and (4.55)—(4.56), we deduce that for some constant
C, independent of u, i, and R, we have

(| F(u) — f(a)HL’Z(o,T;V) <2CR|lu— aHLQ(O,T;V) : (4.58)
Hence, F is contractive if R satisfies
1
— 4.
R < Yok (4.59)

where C' is the constant in (4.58).

(ii) F maps B(0, R) into itself. Using Proposition 4.4 and the continuity of the operators I', ©1, and 6, we
infer the existence of a constant C’ > 0 such that for any v € B(0, R), we have

1F )l 12070y < C” <||UO||L2 Lt lur2 T R2> .
T—=z°" ="

Thus, taking R satisfying (4.59) and R < 1/(2C") and assuming that [|ugl| 2 . and luz]| 2 . are small
Tz d= T—d

enough, we obtain that the operator F maps B(0, R) into itself. Therefore the map F has a fixed point in
B(0, R) by the Banach fixed-point Theorem. The proof of Theorem 4.9 is complete. O
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