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INTERPOLATION BETWEEN H? SPACES: THE REAL METHOD
BY
C. FEFFERMAN, N. M. RIVIERE AND Y. SAGHER

ABSTRACT. The interpolation spaces in the Lions-Peetre method between
H? spaces, 0 < p <o, are calculated.

0. Introduction. The intermediate spaces between H ! and L*, and hence
between H'® and le, 1< p, <o, in the real method, have been calculated in
[2]. In this note we calculate the intermediate spaces between H? and L™ in the
real method, for p < 1. The method used in [2] fails hopelessly in this case, and
more sophisticated ideas (developed in [1]) have to be employed. We prove
) (H0, L®)g = HP*?  where %=1—p'-2,0<0< 1,0<q <o

0

where H?'7 is defined as follows:

[ eHPT itf ::11:1°"|¢,*/|=/+€Lp'i

with & a sufficiently regular function, and [¢ £ O.

The interesting case is of course p = g. There is however no added diffi-
culty in considering the general case. For p > 1, H?*? = L?* and so, we get the
result of [2]. Using reiteration we get of course

1 1-60 6
—_—= —t—,0<0< , 00,
? Pl +P1 6 10<q$

Q) (Hﬂo:qo’ leql)a.q - HP.q, -
It is interesting to note that when p, <1< p, we cannot pass to the dual spaces.
The dual of I-Ipo, by < 1, is a certain Hélder space, and it has been shown by
Stein and Zygmund in [4), that the interpolation spaces between Hélder and
'Lebesgue spaces are not Lebesgue spaces (as we would get for certain values of
0 if we take formally the dual of (2)). The reason we cannot pass to the dual is

of course that Hpo.qo

» P9 <1, is not a Banach space.

We shall use freely in this note, results from interpolation theory and from
the Fefferman-Stein theory of H? spaces. The reader can consult [2] for a brief
outline of the relevant results of interpolation theory, and (1] for those of H?

spaces.
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76 C. FEFFERMAN, N. M. RIVIERE AND Y. SAGHER

L. Interpolation of H? and L™, In this section we first set down the basic
decomposition of a H? function into *‘good’’ and *‘bad’’ parts. Our main tool is
the characterization of H? as a space of distributions on R" given in [1], which
we now review. Fix a smooth function ¥ on R" satisfying

= 1+ PN
Ml |aE~ Jou 14

dx < oo

LA
Ix*

for some large N, and f ¢(x)dx = 1, For a distribution f on R", set f *x) =
sup, . o [¥,* ()| where ¢l (y)=t "y (y/t), and say that [ € H? if f* € LP, It is
shown in [1] that the H? classes so defined do not depend on the choice of ¥,
and are isomorphic to the usual H? classes. Moreover, the *‘grand’’ maximal
function
@)= s sup 16, 4O
Nellyst |x-yl<10
belongs to L? if { € H?, and we have the inequality ||f"||p < C"/“HP Finally,
the Schwartz class S is dense in H?, 0< p < o,
Now fix py < p < oo,

Lemma A. Let f € S and a >0 be given. Then { may be written as the sum
of two functions g and b which satisfy

b 14
lgllo < Cas Nl H° LS Jip ey T

Proof. (Compare with the proof of Lemma 11 in [11.) Set @ ={f*(x)> a}. The
proof of the Whitney extension theorem [3] exhibits a collection {Q’-§ of cubes and
a family {¢j¥ of smooth functions on R”, with the properties

(1) Q is the disjoint union of the {Qj}.

(1) Xg= 2¢' and each 95 > 0.

2 dlstance (R" Q, Q ) ~ diameter (Q )= d Let x; be the center of Q
and y; a point in R" -Q sausfymg Iy -x; | < 10d Thus f (y )< a.

(2 ) ¢ is supported in the cube Q expanded by the factor 6/ 5, say. Also
¢,(x)>c> 0 for x € Q’

" ||<9°¢ /9x%, < C, Chy -lal for each multi-index a.

Denote by Q the cube Q expanded by a factor of 2. Now [={- XR"-0+
2’./ qS’ Ve shall define g = / Xgpn_g * P ¢ .y where P; (%) is the unique
polynomial of degree < N (large, to be p1cked later) satxsfymg

J; . (x - xi)aP].(x)qS].(x) dx = J;z . (x - {ci)a/ ()¢ (x)dx, for |a| <N.
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INTERPOLATION BETWEEN H? SPACES: THE REAL METHOD m

First of all, we claim that | P,-" Low(Q}) < Ca. To prove this, we may first translate
and dilate R" so that

x; = center (0 ,.) =0 and
dj = diameter (Qj) =1.

Next, let 7 ,+++, 7, be an orthonormal base for the Hilbert space of polynomials
of degree < N with norm

IPI? = [, 1PGI%6 () d.

An elementary argument shows that the coefficients of the 171 are bounded above
by a “constant’’ depending only on N and n. Therefore ®/(x)=7 ;= %),y = %)
satisfies [|®|| N S C with C depending only on N, n, so that

l f [ (I () dx| = 07 = 1y )] < C1*(y) < Ca.
Rn

On the other hand,

L
=T ([, om0 )7,

which implies that ||P Il LN(Q~ )< Ca, as claimed.
Now for the * good funcnon g we have

el <17 Gax (] + ): |P ()] (x)

< Cag (x) < Ca + Cay, = Ca,
SXpng” ; a¢’(x)" Xpn_g Xq

i’e' “g“oo S Ca'
It remains to determine the H°® “‘norm’’ of the *‘bad’’ function b = [ - 8=
b (/(x) P. (x))(ﬁ (x)=2 b (x). To do so, we fix ¥ as above, and undertake to

study b (x), i.e. to esnmate

¢)) - fR ) ¢(" - y) () - P ) () dy|.

We can take i supported in |z| < 1.

We can assume x, = 0.

Case 1. x € Q’ and ¢ < d Then for ®(z) = !/l(z)cﬁ (x - tz) we may check
that [|0%0/dx”| < C., and smce ® is supported in Izl <1, [|®fly < C which

implies
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78 C. FEFFERMAN, N. M. RIVIERE AND Y. SAGHER

=@, * /()] < Cf* ().

" J;z" lﬁ(x:y) /(y)¢:].(y)dy

Since
o [ ) Fe
<IP A (22| | <cescr,
y
we have

e J;g” l'0(15_),)(“") - Pye ) dy| < Cr*(x).

Case 2. x¢€ Q;‘ and ¢>d,. Then for ®(z) = lﬁ(diz/t)t,bj(x - djz) we have
again ||®|| N < C by calculations similar to the ones we did not do in Case 1. So

e Ln'p(it-_z 108 dy| < a7 " fR n://("’y 1008 () dy

<
- t

=@, * [(x)] < Cf*(),

7

and since

77 [ ()P0

<IP) &y (S52)8,

L. <CasCf¥(),
L (dy)

00, %k
L7 wenH
we have again

< Cf*(x),

e, V(Z2)16)- P Ve 0)

t

From Cases 1 and 2 we see that b;(x)s Cf"(x) for x € Q:‘

Case 3. x ¢ Q;‘. We consider only the case ¢ > %|x| > d;, since otherwise
the integrand in (1) vanishes identically. Regarding x and ¢ as fixed, and let-
ting y vary, we may use Taylor‘s formula to write

;/1(? ) = [Polynomial of degree <N in y] + R(y),

where the remainder term R(y) satisfies the estimates |07 R(y)/dy”| <
cd: 171/ 1N+ so
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lt"‘ J; LY (f:—y) (f(y) - P,.(y))dzi(y) dy

=" I [Polynomial of degree <N in y] (f(y) - P ’.(y))¢i(y)dy
Rn

+7 [ RO = P50 ) dy
= IA + Bl-

Now A = 0, by virtue of our choice of P ;+ To estimate B, we set o(z) =

R(yi - diz)cﬁ ,.(y = dfz). The function ®(z) is supported in {|z| < 20}, and our
estimates for the derivatives of R(y) and ¢ j(y) show that [07®(z)/9z”| <
C,y(d’./l x |)N+1 which implies i@l < C(dl./I:cI)N"1 . Therefore,

o RO dy gldi"’ [, ROV G ) dy

= 1®, * iy )] < C@/1sDN ¥y ) < Cald /DN,
]

On the other hand, since || P].“ L)) < Ca, we again have, trivially,

d \N+!
< Cal L ,
= \lA
d N+1
5Ca<—l) .
|=|

lz-" ., R0 )y

so that

|B| =

= fR" Ry(fG) =P ].(y))¢ ,.(y) dy

Now from Cases 1-3, we know that

b;(x) <C¥x) if x€ Q;'.‘,
<Cald/lx - x DN*! it x¢ 07,

Consequently, for p, <1,

(N+1)p
)P0 *(,.)70 ko 9; °
f (5*(x) dx<cf (f*&) %dx + Ca f S - dx.
Rn 7 - Q* R”
]

_Q’; % - xl.l

If N is picked so large that (N + 1) by > n» then the last integral on the right is
CapolQil, which is already dominated by the first integral on the right. Thus
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80 C. FEFFERMAN, N. M. RIVIERE AND Y. SAGHER

[ GHN 0dx < C [ (F*6)70 dx.
rR® 7 Q’;

Now it is easy to piece our estimates for b; together into an estimate for b*. For,
b= 2,-",-’ so b < Eib;, so that (61?0 < E}.(b;)po (recall that p, < 1), which
implies

[RGORETE N MOEIE
Rﬂ ’ Rﬂ

* pO _ * Po
<c T [ r@ac [ (;XQ,;(::)>([ (70 s,
]

The geometry of the Whitney cubes is such that Eing(x) < an(x), so that at
i
last,

f n (b+(x))p° dx<C fa (f*(x))po dx=C f{/">a} (/*(x»po

Thus ||b||pg0 <Cliy *> a}(/* (x))?%x, as claimed. The proof of Lemma A is com-
plete. Q E.D.
We can now prove the theorem announced:

Theorem 1. For 0<p, <1, 0<0<1, 0<g<eo
W0, L®)g = HP*? where 1/p= (1= 0)/p,.

Proof. Let f € H?'9, Denote by | / * the nonincreasing rearrangement of f*
Fix ¢t >0, and take in Lemma A, a=/ 7*(°%), We then have

Ky /i B0 L <18 og + el

1/5,

"b‘“HPO s¢ <f{f*(x)>/*(tp°)} (f () dx) SCO'O (r () " ds !

so that
Q/Po dt

[ G 20T Lec[r -"q<f‘ (s »"°ds> -
/v
=C f: ~fa/v0 <f:) (T*(s))po ds> %o %’—

By Hardy’s inequality (if ¢ > p,) or by a modification of it (for g <p,, see (2)
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fo e, e [ A L c e,

Further

00 00 d
[7u=0g) e 2 <c [T Ea-opope &
<C- [T Laclr , 0

so that (f;o (9K, /»th/t)l/q < C“/*“Lp’q. We have shown

14
b, 0 00’
HP2Cc(H O L )e,q'

The inverse inclusion is trivial:

Consider the sublinear operator T: [ — /"’ We have T: L®— L™ and T: H°°
— L?°, Therefore T: (H"°, L®)g, — (L7, L®)g = P, Thatis f €
W, L )9. implies / € LP? and f € H?4, The proof is complete.
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