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Error estimates are shown for some spatially discrete Galerkin finite element methods for a non-linear heat
equation. The approximation schemes studied are based on the introduction of the enthalpy as a new
dependent variable, and also on the application of the Kirchhoff transformation and on interpolation of the
non-linear coefficients into standard Lagrangian finite element spaces.

1. Introduction

In this paper we study semidiscrete finite element methods with interpolated
coefficients for the non-linear heat equation

c(wu,— V- (a@)Vu)=f(u), inQx(0,T),
u=0, on 8Q x (0, T,
u(-,0)=v, in Q, (1.1

where Q is a bounded polygonal domain in R? with d<3. For the spatial discre-
tization of (1.1) we shall consider standard piecewise polynomial Lagrangian finite
element spaces. Thus, we denote by S, the space of continuous functions on Q that
reduce to polynomials of degree<r—1 on each simplex of a triangulation of Q. We
seek approximate solutions to (1.1) in the subspace S, consisting of those functions in
S, that satisfy the boundary condition in (1.1). See Section 2 for the precise statements
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of our assumptions about the initial-boundary value problem (1.1) and the finite
element spaces to be studied.

Consider first the standard semidiscrete Galerkin finite element method of finding
u,: [0, T]—=8,, such that

(clun)s, > 1) +a()Vuy, Vy) = (f(w,), ) for xeSo,, 0<t<T,
up(0) = v4, (1.2)

where (-, ) denotes the usual inner product in L, () and v, € S, is an approximation
of v. In terms of the standard Lagrangian nodal basis {¢;} ", of S, this reads

C(U)U'+A(U)U=F(U), for0<t<T,
U=V,

where U=(U,) and V=(V)) are the vectors of nodal values of u, and v,, respectively,
and C(U) is the non-linear mass matrix with entries C(U);;=(c(Z, U, d)d:, ¢;).
Similarly, the non-linear stiffness matrix A(U) is given by A(U);=(a(Z,U,¢;)
V¢, V¢,) and the right-hand side F(U) by F(U);=(f(Z,U,¢,), ¢;).

From the point of view of actually computing the solution we note two difficulties:
(i) the system is not written in normal form Y'=f{(t, Y), and (ii) the above inner
products must be computed by numerical quadrature. The first difficulty can be
handled by a classical transformation of the dependent variable. With H(u)=
f¢'c(s)ds—the enthalpy—and G(u)=['a(s)ds—the Kirchhoff transformation—the
differential equation in the semidiscrete problem (1.2) can be written

(H (), x)+(VG(uy), V) =(f(ws), 2)-

For the numerical quadrature we shall replace the coefficients by their interpolants.
Thus, let I, be the operator which associates with each continuous function g its
interpolant I,g €S, defined by (I,9)(P)=g(P) for each of the nodes P that define the
degrees of freedom of S,. We are then led to consider the following interpolated
coefficient finite element method: find «,: [0, T]—S,, such that

(InH (up)s 1) +(VI,G (), V)= f(y), x), for xeSe,, 0<t<T,
u,(0)=v,. (1.3
Let {¢,}}", be the nodal basis of S,. Thus, the indices 1 <i< N, refer to the interior

nodes and the indices N, +1<i<M, refer to the boundary nodes. To compute u,
from (1.3) one has to solve the system of ordinary differential equations

Nn Nn ]
3 Wid )+ 3 GUNTG.V8)= ¥ UNGs ) J=1, - N,

where U, are the nodal values of u, and W;=H (U,), subject to the initial conditions
WO=H(V), j=1,...,N,.

Here we use the fact that, assuming the coefficient ¢ to be positive, the enthalpy is a
strictly increasing function, so that U;=H ~!(W,) is uniquely defined. Thus, one
actually computes an approximate enthalpy w,(t)=XN* W,(f)¢;€ S,,, from which the
temperature u,(t)=2X2, H ™ '(W,(t))¢;€ Sos can be retrieved. Clearly, one can com-
pute the standard mass and stiffness matrices (¢;, ¢;) and (V¢;, V¢,) once and for all
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and then solve this system iteratively by some standard time-stepping procedure. We
shall refrain from analysing this aspect of the problem.

In Section 4 below we estimate the L, and H* norms of the error in the approximate
solution u, given by (1.3). We first show, for r=3, d<3, the error estimate

) —u(e) | + ( f IV () —u(e) n’dz)m <CK™Y, for 0<t<T,
0

where |- || denotes the norm in L,(Q). Note that the mean square average of the
gradient of the error is of optimal order, whereas we have only been able to show a
suboptimal error estimate pointwise in time. For the special case where c=1 we
obtain, for r>3, d<3, a similar result, where again the L, norm of the error is one
order less than.optimal, pointwise in time, but where now the mean square average of
the error is shown to be of optimal order O(k"). The case r=2, d=1 is somewhat
particular and we obtain for general ¢ =c(u) an O(h?) error bound, pointwise in time.

The difficulty in this analysis stems from the way the interpolation is carried out
under the gradient in the second term on the left-hand side. We therefore consider also
the following method, where the coefficient a(u,) is interpolated directly: find u,:
[0, T]—S,, such that

(InH (up), ) +(T5a(w),)) Vi, V) =1, f(ws), 1), for yeSe,, 0<t<T,
uh(0)= v,,. (1.4)
In matrix form this reads

Nn My Np My
.-;1 Wid: ¢+ k‘; .-Zx a(U)U (¢, Vi, Vo)) = ; FUNS» &),

j-_—l, PR ’N'l’
WiO)=H(V)), j=1,...,N,,

and the above remark about solvability applies to this system as well. We analyse this
method in Section 3 and find that, provided that the initial approximation v, is chosen
as an elliptic projection of v, the L, norm of the error is of optimal order pointwise in
time for r>2. For the special case, where c(u)=1, we show an optimal order error
estimate without this restriction on v,.

Several authors have considered numerical quadrature in finite element methods.
The effect of quadrature in linear parabolic problems was analysed by Raviart:'°
Christie et al.® coined the term product approximation to refer to finite element
techniques based on interpolation. Douglas and Dupont® studied approximate pro-
blems of the type (1.4) with c(u)=1 and f(u)=0. In their work I, is allowed to be a
more general projection. Nie and Thomée?®, again with c(u)= 1, considered the middle
term in (1.4) in conjunction with the lumped mass method for the first term in a
piecewise linear, two-dimensional setting. Khalsa® analysed a finite element method
with product approximation for a semilinear parabolic problem with a cubic non-
linearity in one space dimension.

The present work was inspired by the papers of Cermak and Zlamal®> and
Borshukova and Konovski,! in which the method (1.3) was applied to various heat
conduction problems with and without phase change. These papers report on
numerical computations and contain no error analysis. Our analysis does not allow
phase change, i.e. we do not allow H(u) and G(u) to be non-smooth functions of u.
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Such a problem was, however, analysed by Elliott.° He assumed that H () has a jump
discontinuity and that G(u)=u and f={{(x, t). For a completely discrete version of (1.3),
using a piecewise linear finite element method for the spatial discretization, he
obtained an O(h'/2) estimate for the mean square average in time of the L, norm of
the error.

The product approximation for semilinear elliptic problems was analysed by Sanz-
Serna and Abia.!! Their analysis is based on inverse inequalities and a continuation
argument, an approach that we have adopted here, too.

2. Notation and preliminaries

In this section we state our general assumptions about the non-linear initial-
boundary value problem (1.1) and the finite element methods to be analysed. We also
collect some notation and preliminary results.

Let Q be a bounded polygonal domain in R? with d<3. We shall assume that the
coefficients c(u), a(u) and f(u) of (1.1) are smooth functions of ¥ e R and that c and g are
uniformly positive:

cu)2co>0, au)2a,>0 forall ueR. 2.1)

We further assume that (1.1) has a unique solution «, which is sufficiently smooth for
our purposes. Throughout this paper we thus make the somewhat unrealistic—but
commonplace—assumption that the solution of problem (1.1) is very smooth, in spite
of the polygonal character of the domain Q.

For the approximation of (1.1) we shall consider standard piecewise polynomial
Lagrangian finite element spaces. Thus, we assume that we have a quasi-uniform
family {,},>o of simplicial triangulations of Q with the parameter h being the
maximal diameter of any simplex K in 7,. Further, for some integer r > 2, we denote by
S, the space of continuous functions that reduce to polynomials of degree <r—1 on
each simplex K e1,, and we let Sy, = {x € S}: xlao =0}. Thus, we have S, = H!(Q) and
Sox < H3(Q).

We shall use the notation (*,-) and | || for the inner product and norm of L, = L,(Q)
and | ‘||, for the norms of the Sobolev spaces W} =W73(Q). For p=2 we write
H™=H"(Q)and | - ||,. These norms should be interpreted in the piecewise sense, when
applied to functions that are only piecewise differentiable with respect to z,. Further,
we write

t 1/p
ol L,(O.nX)=(I o)l idf) ,
°

with the usual modification for p= oo and where X could be any of the Banach spaces
mentioned above.

We define the interpolation operator I,: C(Q)—S, by the condition that (I,v)(P)=
v(P) for any of the nodes P that define the degrees of freedom of S,. From the theory
of finite elements we quote the following error estimate: for O<m<rand 1<p< oo we
have

1140 =0, p <CH ™| v, s 2.2
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if v belongs to C(Q) and W'(K) for all Kez,, (see, for instance, Reference 4,
Theorem 3.1.6).

We shall often need to be able to estimate high order norms of the error in terms of
lower order norms. This can be done by an inverse inequality argument, which we
state in the following lemma.

Lemma 1. Let 0<l<m<r, 1<q<p< . Then for y€S, and ve W', we have
X =0l m < Ch=tn=0-Tdl=E/P(|{ y 0|,  +h"" "0, ,). (23)
Proof. Using (2.2) and an inverse inequality (Reference 4, Theorem 3.2.6) we obtain
Ex—vlmp<lx—I0lm,+ 10— 0]m,
<Ch=m=D=T=@IP |y ~ Lol g + I 140 =0l
< Ch=n=0=Ldla)=I(f g~ ll, o+ | o=, 4)
+ 1 w—0lm,,
SCh-tm=O-l@ra-W@(|| x—vll; o+ ChH " [vll,.4)
+Ch"" ™ vl,,
which proves the lemma.

In our error analysis we shall also use a Ritz projection i, = ,(t) € Sy, of the exact
solution u of (1.1). For fixed t€[0, T], we define this to be the solution of the linear
problem

(a(u())V (i, (1) — u(®)), Vx) =0, for all yeSq,. 24

To discuss this definition (and for later reference) we consider the linear elliptic
problem

V- (aw)Vw)=g, in Qx(0, T),
w=0, ondQx(0,T).
We may define the solution operator T'= T(u(t)): L,(Q)—H Q) ~ H*(Q) (not to be
mistaken for the length of the time interval) by
(@u)VTg,Vy)=(g, 1) x€H(Q).

The corresponding approximate solution operator T, = T,(u(t)): L,(Q)—S,, is given
by

@)VT,g,V)=(g. 1), 1€Sos 2.5)

In order to be able to perform the duality argument of standard error analysis, we
need to assume that Q is such that

1Tgll,<Cligll, geL,(), (2.6)
so that
I(T,—T)gll,<Chligll, geL,(Q), 27

It is well known that this holds, for instance, for convex polygonal domains (see
Theorem 3.2.1.2 of Reference 7 and its proof).
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In our next lemma we collect some error estimates and maximum norm bounds
for ii,.

Lemna 2. There is a constant C= C(u) such that for 0<t< T we have
I Di@,—w (@, <Ch ™', for j,1=0,1, (2.8)

and '
” D{ah(t) "l.aosca fOl’j=0, 1 (29)

Proof. With the Ritz projection operator R,= R, (u(t)): H}(Q)—S,, defined by
(a(u(®))V(R,w—w), Vx)=0, for all yeSq, (2.10)

we have @i, = R,u. The case j=0 of (2.8) now follows from the standard error analysis
for linear elliptic problems with variable coefficients. The case j=1 follows in a
straightforward way after differentiation of (2.4) with respect to time,

@V (i, ,—u,), VY)+(a,V(ii,—u), Vx)=0, for all yeS,,, (2.11)

where we have written a for a(u) and g, for a(u),=a'(u)u,. We refer to Reference 13
(Lemmas 2 and 3 in Chapter 5) for the details.
For the proof of (2.9) we shall use the maximum norm stability of R,,
IRyWllo,  <Cog(1/R)) liwllo, o> (2.12)

where F=1 if r=2, =0 otherwise, (cf. (5.9) in Reference 12). (Although the results of
Reference 12 are formulated for a model problem with constant coefficients, the
authors remark that their methods work in our more general situation, as well.) Let
p=1i,—u. An application of (2.12) with w=u(t)—x, x € S,, arbitrary, shows

(&) o, o < Ch"(log(1/h)), 2.13)

so that, by Lemma 1, || p(t}|l;, , < C and the case j=0 of (2.9) follows.
Next we note that (2.11) can be written

(av(ah. T ut)’ VX) + (av(%P), VX) - (apv<%)3 VJ{) =0.
This means that i, ,— R,u, + Ry((a,/a)p)=n is an element of S,,, which satisfies
(aVn, Vx)=<apV(%>, vx), for all xS, 2.14)

By the same token as for it, = R,u, we have | R,u(t)|l;, - <C. By (2.12) and (2.13), we
next obtain

uR,.(%p)(t)uo,wscaog(l/h»f %p(t)ﬂ <CH(logl1/h)”,

0, ®

which implies || R,((a,/a)p) (1)1, - <C in view of an inverse inequality.
Finally, setting y=# in (2.14), we obtain

In@®,<C

apV(g)uscu )|
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and an inverse inequality and (2.8) show
)1, - <CH42<C.

Since &, ,= R,u,— R,((a,/a) p)+ 1, this proves the remaining case j=1 of (2.9) and the
proof of the lemma is complete.

3. Analysis of the second method
In this section we shall analyse the following interpolated coefficient finite element
method for the non-linear heat equation (1.1): find u,: [0, T]—S,, such that
(IH up)e, X)+((Tna(up))Vuy, V) =1, f(uy), x), for x€Sop, 0<t<T,
u,,(0)=v,,. (3.1)

We shall show an error estimate, which is of optimal order, provided that the initial
approximation is chosen as the Ritz projection #i,=1,(0) of v defined in Section 2.

Theorem 1. Let u, and u be the solutions of (3.1) and (1.1), respectively, and assume that
v, =D, =1i),(0). Then there are positive numbers hy=hy(u, T) and C=C(u, T) such that,
Jor h<hy, we have

lun(®) —u@® ]l + Al uy(@)—u(@) |, <Ch", for 0<t<T.

In the proof of Theorem 1 we shall follow the standard method of splitting the error
into two parts,

e=u, —u=u,— i)+ (i, —u)

where 4, is the Ritz projection of u defined in Section 2. In Lemma 2 we found that i,
—u satisfies the desired error estimate and so it remains to estimate 8 =u, —i,. This
will be done in the following lemma. The proof of the theorem will then be completed
by means of a continuation argument.

Lemma 3. In addition to the assumptions of Theorem 1, assume that, for some t, with
0<t,<T, we have

el oLy + Nel Lo,y SH ™A (3.2)
Then it follows that

lellz ;L) +hlelr ©:my+ el ,0,;0,)<CH,
where C=C(u, T) does not depend on t,.

Proof. Let us first note that, by the inverse inequality argument of Lemma 1, and since
r22 and d <3, the hypothesis (3.2) implies
hellL o,;w-9y<C, lelr ©;m-n<C

and
lellr,0.ew7-y<Cs  llelL,0,,;w1<C,

so that, in particular, since u is smooth,

Nnllz .07 9<Cs NugllL_go,e;w:5<C (3.3)
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and
Ny, ol Ly, iy S G Nty el g0, w9 <C. (34

Using these bounds we shall next show that

Ll L o, : 10 <Cs (3.5
lau) il 0.,;17 < Cs (3.6)
WH @a) )l y0,0,:00 < Cs (3.7)
lalus)e | 0,0, S C. (3.8)

For the proof of (3.5) we let |a|=r and apply Holder’s inequality to the formula

D"f(u,,)=‘=z1 y ;_ f®u,)Du, . .. Dby, (3.9

which, since ||u,ll._,,;2.)<C by (3.3), implies

1 By=a

B,#0
where Z{ 1/g;=1/2. Now note that—eclementwise—any rth order derivative of u, is
identically zero and that factors D?/u, with |B;|=r—1 can occur at most twice in any
of the products in equation (3.9)}—in fact, they occur twice only if r = 2. Thus, we may
take g;=2 or 4 if |§;]=r—1 and g;= o otherwise and (3.5) follows in view of the
bounds in (3.3).

For (3.7) we have in a similar manner

D" f(un) II<CZ Y IDPullo,, - - - 1D%ullo g (3.10)

DaH(uh)r = Z Dﬂouh, erc(uh)

Bo+tp=a
181 . .
= Y Y Dfeu,, Y cwu)D*u,...D"y,
Bo+B=ai=0 5,88
B,#0

so that

I D*H (up) | Ly0.0,:L0 S C - Y ID%ouy, 100t

oﬁ)=‘1

X | D% u,l 01,2, - - - ID* L 00,200 (3.11)

where I, 1/q;=1/2 and (3.7) follows by the same argument as above. The bounds (3.6)
and (3.8) are proved in the same way as (3.5) and (3.7).

Next we shall bound 8 =u,—ii,. Consider first the case r>2. Using (3.1), (2.4) and
the weak form of equation (1.1), we have, for xeS,, and O0<t<t,,

(c(up)8,, x)+(au)VO, V)= ((I,— 1 )f(uy), X)+ (f(u) —f (), 1)
—(Ua—1)YH (up)es x) = ((cup) = c(u))ug, x) = (c(up) (i, — 4y), X)
—(((I,—Ia(u,))Vuy, Vx)—((a(u,)— a())Vii,, V)

7
= 3 Ry 0+ ¥, (R V), (3.1
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where I denotes the identity operator and with the obvious definitions of the terms R,.
Taking y=40,, we obtain

1d 3 d Z
(c(u,,)B,, 01)+Ea(a(uk)ve, V0)=‘Zl (R;, 01)'*'&‘;6 (R; Vo)

- i (R;,;, V&) +(Rg, VO),
i<6

where Rg=1/2a(u,), V8. Integration with respect to t, using (2.1) and the fact that
8(0)=0, yields

t 5 t 7
f 168.12dt+[[8IF<C Y | IR} [6,11dr+C 26 IR 1161y
0 i=1 Jo i=
t
+Cf (IRe. I + 1R, I+ 1RO}, dr,
0
so that, after trivial estimates and a simple kick-back argument,
5 7
16,12, 0,9+ 100} _0..m<C l; | RillZ. 0500+ C .26 IR NE 0.1,

+Cj (IRg, I+ IR, I+ Rg )10}, dr.
/]

Here we have to bound the various terms on the right-hand side. To begin with, using
(2.2), (3.5) and (3.7), we have

IRy N 2,062, S CAT I f W)l 0,0 S CH',
IR3 1l 2,060, < Ch™I| H(up) ll L 0,6,y S CH".

Next, since u, is bounded by (3.3), using (2.8) we obtain

1Rzl 0620+ I Rall 002y S Clun—ullL,0,5L0
SC(lay=ull L0, 100,062,
SCh"+ Cl 8l L 0,1

and
NRsH L 0.6, <Cllidy . —ullL 0,1, <Ch".

To obtain bounds of R¢ and R¢ , we note that, by (3.3) and (3.4) and since r >3, u, and
u, , are bounded in L, (0, t; W) and L,(0, t; W), respectively. We find

I Re !l L 0,6 < MUy —Datp) L ..l Vil L 052.)

<Ch'|lallL_o.cun 4l 0. W) SCH,
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by (3.6), and
j IRe, I N10% At <V Re, o N 1,0, 10N L 00551
0

U y—Da) 0,62 VurllL 052,
+ 1y —Da() ) L 0,6, Viir, el 00,5 L. 181 1,008
< Ch (lla(up) |l L0,1m a0, w1)
+ [lau) 0.5y N ttn, e | 10,6 wi N Ol L0,
SCH 0] L0.cuy SCH" +C |01 0.0y
by (3.8) and (3.6). To estimate R, and R, , we shall use the bounds of @, and &, , in
(2.9). First we obtain
IR L 0,60, lalun) —al) L 0600 Vil L 0,5L.)
SCllup—ull oLy SCUa—ullL 0,60+ 1001 0L,
SCH +Cl0l L L,
where, for some fe {0, t],

1 4

161} 0.Ly=10@) = J.

0

ad;llellzdtSZJ:!lell 6,1lde
K200 1,060l 200,625
since 6(0)=0. Thus, for any ¢ > 0, we can select € such that
IR 0,62, SCH* +C 813,050 +e10.12 011,
Similarly,
[[ 10 101, 4 < VR He 1

< (W) — a@), N L0, L) | Vs L 0.1
+ha(w)—al e o)W Vi L o L_,)) 181,05
< Clllup— ull 1,065 1) + 1 tth s — %l £, 0,15 L)1 O Ly 1)
< C(181 1,002, + 18 —ull Ly, 1)
A 000 Ly0,15 Ly + Wit e— el £,0,0:2,)) 101 100,15 1y
< Ch" + CI0} 0,611 + 100 F 0,05 1)
Finally, from (3.4) it follows that

t
j (Rell 101y dr < Cllup 0,6 )801 L 0,681 1O L 0,001
(]

S CI101 0,0y +elB1F 0cn-
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Summing up, choosing ¢ appropriately, we now have

1003 0,0+ 1813062, < CR* +Cl013 001, for O<t<t,
which, by Grénwall’s inequality, shows

161% o.c.mm+ 1047 0,051, < CHY.

Together with the appropriate estimates of i, — u from Lemma 2 this proves the case
r > 2 of the lemma.

If r = 2 (and d = 3), then (3.3) and (3.4) no longer imply W7, bounds for u, and u, ,.
But, on the other hand, (2.1) now implies that I,a(u,) = a, > 0 and we shall use the
following variant of equation (3.12):

()00, 1)+ (1,a(,) VO,V ) = (1 — D) f (up), 1) + (f (up) — f (u), )
= (I, = D) H (uy)y, 2) — () — D)ty X) — (c(an) (@4, — ), 1)
— (I, — Da(u,)) Vi, V) — (@) — a@) Vi, Vy). (3.13)

Thus, all terms involving a(u,) can now be estimated using the maximum norm
bounds of @, and #, , in Lemma 2. This completes the proof.

Proof of Theorem 1. Let t¥ be the largest t, such that (3.2) holds. It is obvious that
t¥ > 0.If t¥ < T, then by Lemma 3 we can find h, > 0 such that, for h < h,, we have

1,
flellr L)+ el L0080, < Ch' < Eh’ e,

in contradiction to the maximality of . Thus t¥ = T and the proof is complete.

In Theorem 1 we assumed that v, = 7, in order to be able to prove an O(h") error
estimate for [6,/(1,0.,z,)» Which was needed because of the non-linearity in the
coefficient c(u)}—recall how the bound (3.7) was used in estimating the term R; in the
proof of Lemma 3. (Clearly, it is sufficient to choose v, in such a way that v, — 5,1,
= | 8(0)||, is of superconvergent order O(h’).) In our next result we shall assume that ¢
does not depend on u—for simplicity we take c(u) = 1—and we shall prove an error
estimate without any such restriction on v,.

Theorem 2. Let c(u) = 1 and let u, and u be the solutions of (3.1) and (1.1), respectively,
and assume that

fv,—vl| < CH. (3.14)
Then there are positive numbers hy = hy(u, T) and C = C(u, T) such that, for h < hy, we
have

un(@)—u@ll + hlluy() —ue)ll, < CH, for 0<t<T

By the above continuation argument the theorem will follow once we have proved the
following lemma.

Lemma 4. In addition to the assumptions of Theorem 2, assume that, for some t, with
0 <ty <T, we have

lellL oL, S B YA (3.15)
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Then it follows that
lellL ;L) + el ©.;n < CH,
where C = C(u, T) does not depend on t,.

Proof. Our assumption (3.15) implies that the bounds in (3.3), (3.5) and (3.6) hold.
Considering first the case of 7 > 2, we take y = 8 in equation (3.12) to obtain

(6,,6) +(a(u)) VO,VO) = (R, + R, + Ry, 8) + (Rs + R,, VE),
now that Ry = R, = 0. Hence, by (2.1),

d 7
d—t(IIBIIZ)JrlIBIIf <C Z IR; I +1613,

1:34

so that, after integration with respect to ¢,

;
16()1* < 16(0)11* + Z IR 0,622

J¥34
< Ch2'+C”9“L2(0,I;LZ)’ for 0<t< L,
where we have used the fact that
160 = llog—0ull < loy—vll + 15, —v] < CH,

by (3.14) and (2.8), and simple modifications of the bounds of the terms R; derived in
the proof of Lemma 3. Now an application of Grénwall’s inequality shows

) <Ch, for 0<t<y,,
and, by an inverse inequality, it hence follows that
| 6(e)ll, <Ch™?}, for O0<t<t,.

Together with the appropriate bounds of &, — u from Lemma 2, this proves the desired
result for r > 2. The proof for the case r =2 is based on equation (3.13). This
completes the proof.

4. Analysis of the first method

We shall now estimate the error in the approximation u, given by the semidiscrete
problem: find u,: [0, T] — S,, such that
(IaH (), X) + (VI G(wy), V) = (1S (), for ye€Sey 0<t<T,
uy(0) = v,. (4.1)

We have the following result.

Theorem 3. Let r > 3 and let u, and u be the solutions of (4.1) and (1.1), respectively, and
assume that

lo,—vll +hl)lv,~vll, < CH~ L 4.2)
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Then there are positive numbers hy = hy(u, T) and C = C(u, T) such that, for h < hy, we
have

t 1/2
up(e) —u(e) | + hlluy(e)—ule) I, + ( j llup(7) = u(@) 3 dt) < Ch™4,
0

for 0<et<gT.

Note that the above L, (0, T; H' ) error bound is of optimal order, whereas the other
bounds are less than optimal. The theorem will follow as before from the following
lemma.

Lemma 5. In addition to the assumptions of Theorem 3, assume that, for some t, with
0<t, <T, we have

lelL ey SH 7Y, 4.3)

lellLyo.ny SH 71714 (4.4)
and

lellLy,e,:L,) S HT2714, (4.5)

Then it follows that, for h < h,,

lelr oy + el L,o.my < CH ™! (4.6)

and
lelr o.:an+ el Lo,y < CH 73, 4.7

where hy = h,(u, T) and C = C(u, T') do not depend on t.

Proof. In the same way as in our previous proofs the assumption (4.3) can be used to
show that (remember that r > 3 and d < 3)

hliuglle ©,:wy < C,
R4 Nyl 0,002 < C,
Nl e 0wy < C

and
lunll L 0,05 < C. 4.8)

Similarly, (4.4) leads to
Nunll Ly, w0y < C,
Nt ll Ly0.0,; 70 < C
and (4.5) implies
b fun 0wy <G
B g N Ly0,0,: w572 < C,

hllu, z”L,(o LWeH S <C
h3/ " uh.l " Lz(o"x ) < C

-
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From these bounds it follows that

NS | 20,07 + 1 GW) Il 0,00 + NH @) y0,0,:m < G, 4.9)
R Hu L 0,18 < Cs (4.10)
h? || H (), ll 0,08 < C. (@.11)

For example, for r = 3—the most complicated case—we have, in view of (3.10) and
since |[uyllL_,:,;L,) < C by (4.8),

@l z0.0,:m%) < CUutn Il 20,00 Noaal Ly0,0,; w2

+ N lF 0., wn N tta Dl g0, w1)) <C
and

h H@) Y Lgo,e1%) < Ch{luall 20,0 wy Nnll Lo wy + Tl wy) < C.
Similarly, in view of (3.11),
B2 | H (), W y00,0,:%) = B2 lle@lun l 2y0,0,: )
< Ch¥ (Mol 0,02 CHti ey sy Nt ey w2y + Nt E 0urs wty)
+ et 0t ) Nonl Lo, w2y F ot e 0,0 ) Nn E 0,
+ Wt 10,0, w2 Ntn 0,0 1)) < C.

Similar arguments apply for r > 4.
We are now ready for the proof of the error estimates. With 8 = u, — 4, as before,
we now have

(c(u) 0y, x) + @@,V 6, V) = (I — DS (wy), 1) + (f (n) —S (), )
—((Iy— D H(uy), 1) — (cus) — c@)uy, 1) — (cus) (@, — ), X)
= (V1. — )G (), V) — (a(up) — au)) Vii,, V)

5 7
= L R+ X (RuV), (4.12)

for xe Sy, and 0 < ¢ < t, . Note that, except for the sixth term on the right-hand side,
this equation is the same as (3.12). We begin with the proof of (4.7). To that end we
take.y = 0, in (4.12) to obtain

5

()6 0+ 3 5 (@) VO,V6) = 3 (R, 00+ (Re, V8) + 1-(R5,V6)

i=1
—(R4,,,V0) +(Rg, V),

where Ry = 1/2a(u,), V0. Arguing similarly to the proof of Lemma 3, but applying an
inverse inequality to the sixth term, we have

(1

t S
fo (AR RS TIGTHES CHG(O)llf+CL<.; IR +h"|lell>l!9,!ldt
+ ClIR, () 18}, + CIR, (O 6(O),

t
+CL (IR7.1 + I Rg ) 101}, dz,
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so that, after trivial estimates and a simple kick-back argument,
1002050+ 1013 0.cany < ClIOO)IZ+C ii IR %, 0,6L)
+Ch™ 2| Rg 1} 0,62,y + CI R 11} 0,52,
+C£ IRyl uouldr+C£ IRl 161, d.

For the first nine terms on the right-hand side we apply the same arguments as in the
proof of Lemma 3. In view of (4.2), (4.9) and (4.11) these terms are thus bounded by

Ch>~* 4+ Cl01E 050 +EN101F 0y +EN0 1 0.1,

For the last term we use u, , = @, , + 6, and Lemma 2 to obtain
T
I IRs ! 164y dr < Clldi, M1 0,620 101,050
0

+Cll0, )| 0,61 101 L0, wiy 1Ol 0,511
< Cl01F 0.0+ CH™ 18,1l 0,60 101 L 0.11)
< Cl0I 06m +elOl 0cnn+el00 0L,
for h small. Here we have also used the fact that
100 L0, w1y < CR™2 10| L 0,7y < Ch™42- ChT=1 714 < Ch'4,
by an inverse inequality and (4.4). Thus, altogether we now have
16:12,0,6:,) + 100F 0.0y S CH "4+ )10}, 0,00y for O<i<iy,
which by Gronwall’s inequality and Lemma 2 proves (4.7).
We now turn to the proof of (4.6). Taking y = 8 in (4.12) we have

3 2 (C)8,6) + () V0, 6) = (Iy = 1)), ) + (/p) ~ S )

_ad?((lh —1)H(w), 0) + (I, — I)H(u3), 6,) — ((c(u3) — c(w)) i, 6)
—(clu) (@, — ), 0)— (V (I, — )G (uy), VO — ((a(u,) — a(w)) Viz,, V)

+3(c)0,6)
= (Ry + Ry + Ry + Ry, 6)+ (Rg + R, VO) + (R, 0)— (R, 6) + (R, 0),

where Ry = —(I,—I)H(u,) and Ry = 1/2c(u,),0 and the other terms are the same as
above. By simple estimates and integration with respect to ¢ we obtain

2 7
||9||12._,(0,1;L2) + | olli,(o,z;m) < Cl60))* + C< _zx + ‘Z‘) [ R; ”lz,,(o,z;Lz)
& <

1
+ CIR3 1 0.6+ C I Rs 0,611 0l 0,61,y + CJ IRyl 116] d1.
[}
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By (4.2) and in view of (4.8) and (4.9), the first five terms on the right-hand side can be
bounded by

Ch* ™2+ Cl61%,0.6:1,

just as in the proof of Lemma 3. Also, from (4.9) it follows that
I R6 N Ly00,6:1) € CH | Glup) i1y0,e:8m < CH L

For the seventh term we have

Clluy—ullz, 060,80, we)

<
< C0NL 0.0+ 1 —ull,001,)
S CH +C |0l ,0,61,)-

| Rl L,00,e:2,)

Further, using (4.10) we have
1IR3 0,60, S CHNH WL _,c0m € CH ™!
and, by (4.9) and the already proven error bound (4.7),
IR lzy0,0:20) 10l 2y0,0:2,) < CH I H @il 1,0, i 1 06l 10,1 2,)
<CH-Ch~%=Ch¥" 2

For the last term we write u, , = 4, + ¢, to obtain
t
f IRl 1011dz < CllulL, 0,6:)001F 0,52,
0

+ Clled Ly, 100,060 1Ol 0,62
< Cl01L, 0.6+ ChRY* 101 0,68 180 L0, 51,
S Cl0N 0.1, +EN01F 0,600+ 1012 0.1,
for h small. Here we also used the fact that
fed o) 10 L,0.00,) < CR 210000 ws),
SCh™2.Ch 9|0 L 0,H1

< ChY™ |01 ,0,0:1)»

by (4.7), Sobolev’s inequality and an inverse inequality. Summing up, we now have

104} ..+ 101,001 S CH* 2+ Cli0lIL, 0151, for O<t<t,,

and (4.6) follows, which completes the proof of the lemma.

In the previous theorem we have presented a suboptimal order estimate for the L,
norm of the error. Naturally, one might ask about the possibility of obtaining an
estimate of optimal order of accuracy. We shall give a positive answer in two cases.
The first is the case where c(u) = 1 and r>3, d<3 and the error is measured in the
L,(0, T; L,) norm. The other is the case of r=2, d=1, where we obtain a bound in the
L, (0, T} L,) norm for general ¢=c(u).



Non-linear Heat Equation 121

Theorem 4. Let c(w) = 1 and r = 3, d < 3 and let u,, and u be the solutions of (4.1) and
(1.1), respectively, and assume that

lon—vil < CH. 4.13)

Then there are positive numbers hy = hy(u, T) and C = C(u, T) such that, for h < hy, we
have

h luy(t) —u(e) ) +<f' lu(z) — u(z) H’d1>m <CH, for 0<t<T
[}

The theorem follows as before from the following lemma.

Lemma 6. In addition to the assumptions of Theorem 4, assume that, for some t, with
0 <t, £7T, we have

lelz L, < h ™14, (4.14)

NellLy0.e,;2, <B4 4.15)
Then it follows that, for h < h,,

lelz @1y < CH™Y, (4.16)

lellz,@,:,:L,) < CH, 4.17)

where hy = hy(u,T) and C = C(u, T) do not depend on t,.

Proof. Just as in the proof of Lemma 5 for r > 3, d < 3 we find that the bounds (4.8)
and (4.9) follow from the assumptions (4.14) and (4.15). Moreover, the error bound
(4.16) was already proved in Lemma 5.

Since c(u) = 1, the error equation (4.12) now becomes
(6, x) + (@) V6, V) = (1, — 1) f (), x) + (S () —f (), x)
= (@, — u, ) — (V(I,— )G (uy), V) — (a(uy) — a(u)) Vu,, V)

3 5
= 3 (Su0+ ¥ (5,72 4.19)

for yeSo,and 0 < t < t,. Note that we have, for later convenience, replaced a(y,) in
the second term on the left by a(u), which implies a modification of the fifth term on
the right.

To prepare for the proof of (4.17) we recall the operators T and T, defined in Section
2.1t is well known that 7, is a self-adjoint, positive semidefinite bounded operator on
L,(Q), which is positive definite on S,,. We shall use the equivalence of norms

6T = 1 Tyxllys  x€Som (4.20)
which immediately follows from (2.5) in view of the positivity and boundedness of a(u).
After these preparations we now set x = T, 6 in (4.19). We have

1d 3 5
25 CTO+101 = 3 (S, Ti0)+ 3 (S.VT:0)+(S6.6),

where Sg = 1/2T, ,0. By integration and simple estimates, using (4.20) and the
boundedness of T,, we obtain
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I 7000, .m0+ 1011 0,62 < CII0(0)||2+CZ (S.,T;ﬁ)dT

+C Z L (Si,VT,,G)dt+CL(SG,0)dt.

i=4

In view of (4.13) the first term on the right is bounded by Ch?. Next we have

Z j (5., T, 0)dr < ij (S, T )" (6,T,0)2 de
<C.=Zl L IS0 1781, de

3
<C izl I Sillz 0,62, W TaOll 0,01

< Ch" +&||01E,0,6:0)+ C I T IE 0,00
because
K8y WL 0,6, < CR IS (W) I Ly0,0,11 < CI,
82 0L, 0,6L) < Cliug~ullL,0,6,) € CH + Cll8l L 0.1:1,)
I S3lL,0,6L,) S CH,
by (2.2), (4.9), (2.8) and (4.18). Further

f;(s4,vr,,e)dr = —f; (V1= 1)G(w,), VT,0)dz
= — f; (V{I,—I)G(w,), V(T, - T)8)dz
+ f 0 ((1,—)G(u,), ATO)dx
< L I, — DG, 1(Ty—T)01, &t
" L (L, —1)G(u,) | (701, de

t
<CH f G, 161l dt < CH" | Gun)ll,0,6:m 1Ol 0,15 2,)
0

< Ch¥ + 013,00,

where we have used (2.2), (2.7), (2.6) and (4.9).
Next we use u, = #, + 6 to write

J“ (S5,VT,0)dt = J‘ ((a(u,) — a(u)) Vii,, VT, 0)dz
0 0

+ J" ((a(u,) — a(w)) VO,V T, 0) dr,
0
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where, by (2.9) and (2.8),
t
j ((a(uy) — a)) Vity,, VT,0)dt < Cllell L0, 2,) Nl L0, 1: wiy | TaOllL,0,0:1)
0

< C(N0liL 0,61+ Wit —ullz, 0,6 L) N Tabl Ly0,0 1)
< Ch¥ + ¢ 9"12.,(0,:;1.,) + CI 1,013 ,0.6,11)»

and, by virtue of Lemma 1 and (4.15) and in view of the restrictions on r and d,

t
f (a(uy) — a@) VO,V T,0)dr < CllellL 0,100,080 | TubllL 0,607
0
S Ch@2r=18. Ch= 101 ;0,60 N TwO Nl L 0,087
< Ch'™ 101 0,60y | ThO L 0,0;
<ell0i} o0yt el TuO i 0.0m)
for h small. For the last term we have

4 1 t 1 t
j(s(,,o)dr:—J (6, T,,,,e)dr=—j (@wVT,0,VT, 0)d
0 2Jo 2}

= - %J‘ (a(u),VT,, 0, VT,,O)dt
0

< CIT,001 0,15

by (2.5) and by differentiation of (2.5) with respect to time.
Together these estimates show

I TW00} 0.y + 1013060, < CH* + CI TWOlE,0m1y OSESEY,
and Gronwall’s lemma yields
I Twb 13 0,00 + 1011200, 1,) < CHY,

which proves (4.17). The lemma is proved.

The case r=2, d=1 is somewhat special, because of the well-known fact that the
interpolation operator I, then coincides with the standard Ritz projection R}:
H3(Q)— Sy, defined by

(V(RYw—w), VY)=0, xe&Sou

(see, for instance, p. 80 of Reference 13). In the error equation (4.12) we therefore have
(R, Vx)=0, so that (4.12) is identical to equation (3.12) in the proof of Lemma 3 with
the corresponding term removed. Repeating the appropriate steps of the proof of
Theorem 1, with the term (R¢, V) removed, we therefore find that the second order
convergence of the second method carries over to the present case. We thus have:

Theorem 5. Let r=2, d=1 and u, and u be the solutions of (4.1) and (1.1), respectively,
and assume that v,=1, =#,(0). Then there are positive numbers ho=ho(u, T) and
C=C(u, T) such that, for h<h,, we have

lup(t)—u() || + Bl uy () — u(®)l|, <Ch?, for 0<t<T.
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