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ABSTRACT. These are proved: (1) The union of two interpolation
sets for a regular commutative convolution measure algebra is not
necessarily an interpolation set. (2) There exists a regular com-
mutative convolution measure algebra for which interpolation sets
are not necessarily of spectral synthesis, while every singleton is a
Ditkin set. (3) For every nondiscrete LCA group G, there exist
compact interpolation sets for M(G) whose union is not an inter-
polation set. A tensor algebra method is used.

0. Introduction. An interpolation set (Helson set) for a commutative
Banach algebra .27 is a closed subset E of the maximal ideal space X of &/
such that every continuous function on E, vanishing at infinity, is the
restriction to E of a Gelfand transform f of some f€ /. Kérner [7] has
given examples of commutative Banach algebras &7 for which (i) the union
of two interpolation sets is not an interpolation set, and (ii) interpolation
sets E do not obey spectral synthesis, that is, for some f € 2/ with f zero on
E, there do not exist f, € &/ such that lim[| f,—f ] ,=0 and fn=0 in a
neighborhood of E. After a preliminary version of this was prepared, we
learned that Korner [18] has also constructed a Helson set for L1(Z) which
is not a set of spectral synthesis.

This note may be regarded as an extension of Korner’s results (in [7],
[8]) to convolution measure algebras. In view of the diversity of convolu-
tion measure algebras, the first two results are not surprising, since they
hold for general Banach algebras. The third result is perhaps more inter-
esting, in view of the Varopoulos-Drury Theorem which says the union of
two interpolation sets for L!(G) is an interpolation set ([2], [4], [14]).

This note is organized as follows: notation is in the remainder of this
section; the general method is outlined in §1. Results (1)-(3) are proved in
§§2—4 respectively.

We use the notation of Rudin [10]. The Gelfand and Fourier (-Stieltjes)
transform of f will be denoted (ambiguously) by f; which is meant will be
clear from context.
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CONVOLUTION MEASURE ALGEBRAS 513

1. The general method. We suppose that we have two commutative
Banach algebras B; and B, with maximal ideal spaces X; and X,. The
algebra o/ will be the closure Bi®B,, of B,®B, in the greatest cross
(projective) norm.

It is clear (cf. [15, p. 58]) that X=X, X X, is the maximal ideal space of
&/ and that o/” is regular on X if B, and B, are both regular. If K;,
K, < X, are compact interpolation sets for B; and ¢;: K;—X, is a homeo-
morphism such that there exist f;, f; € B, for which ;=1 on ¢;(K)), j=1,
2, then E;={(k, ¢;(k):k € K;}, j=1,2,- -, will be interpolation sets for
2/ because of the behavior in the first coordinate. The second coordinate
will provide the necessary ‘“bad” behavior.

Before proceeding, we need some facts about L'(0, 1), which is given
the convolution multiplication induced by x - y=max(x, y). (L*(0, 1) is
also known as the absolutely continuous functions of bounded variation.)
The first is well known [5].

ProposiTION 1.1. LY(0, 1) is a commutative Banach algebra with maxi-
mal ideal space (0, 1], f (x)=[i f(t) dt gives the Gelfand transform, and
df(x)/dx exists for almost all x.

PROPOSITION 1.2. If E< (0, 1] is closed, and f € L1(0, 1) has f(e)=0 for
all e € E, then there exist f, € L(0, 1) such that | f * f,— fl,—0 and f, is
zero in a neighborhood of E.

Comment. This proposition asserts that every closed set is a set of
spectral synthesis for L1(0, 1), in spite of the fact that L1(0, 1) consists of
almost everywhere differentiable functions; many examples of failure of
spectral synthesis use differentiation (e.g. {}} is not a set of synthesis for
C'(0, 1)); thus, Proposition 1.2 is slightly surprising.

The proof of Proposition 1.2 requires the following lemma.

LEmMmA 1.3. Iff(x)=0 for x € E, then [ | f(1)| dt=0.
Proor. If x, € E, and x, € E, we have lim x,=Xx,, then

= lim(f(xn) _f(xo))/(xn - XO)
so df|dt=0 almost everywhere on E, since { f:f € L'(0, 1)} is the set of
functions g on (0, 1] such that (a) dg/dt exists almost everywhere, (b)
{41dg/dt| < 00, and (c) g(x)= {3 (dg/dt) dt. Thus 0= [ ., |df]dt| dt={ 5| f (¢)| dt.
Q.E.D.

PROOF OF PROPOSITION 1.2. By using the lemma, we may conclude
that E=(;, E, where each E, is a finite union of mutually disjoint
intervals which are closed in (0, 1], that each E,, contains a neighborhood
of 0,

lim f |fldt =0,
Eﬂ

n—*
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514 C. C. GRAHAM [May

and that all the endpoints of all the intervals which make up each E,
belong to E.
Let £¢>0 be fixed, and choose n so large that

1 fE 11 < efa.

Now E,=(0, b,]U][a,, b1V - -Ulay, b;] where 0<b,;<a,<b, <<
a,<b.=1.

Choose numbers b}, b; and aj, a; such that a;<aj<a;, b;<b;<b;,
Ja 1 f1<el8k, f3: 1 f1<e[8k, j=1,2, -, k.

Let y(a, b) denote the characteristic function of [a, b], and set

k k
g=— 2@; — a)y(a}, ay) + — zl(b'; — by (b}, b))
J= =

(the second sum runs only to k—1 if b,=1). It is easy to see that §=0 on
0, b1V ]a;, bV - - -U[ay, b,] (last term is [af, 1] if by=1) and g=1 on
[67, as)U -+ +U[by_1, a;] U [by, 1] (the last term does not appear if b,=1).
Thus g is zero on a neighborhood of E,,.

Furthermore, a straightforward calculation shows |g x f— fl|<e. [In-
deed,

lges =11 =["tges—n1+[tgar—si4--.

We compute a sample term: between a, and b3,

f lgxf—fl = f
az’ az’

1@ afé)*f—f'

as — a,
b2” 1 be”
”
éj — x(ag, ax) x f +f If1
az’ a, — a2 a2’

bs” i b2” a2 be b2”
<[ [T
az’ az’ a2’ az 2

k 2¢e 2¢
! —fl=2> (& —3-) 2 <—+—=e.] ED.
lgvf—fI = ;(8k+8k r2) 1<+ Q

SO

2. Proof of result (1). Here the algebra o/ is the tensor product

=L(0, l)é)Ll(Z); that is, & is the set of integrable functions on (0,1) X Z.
The product on &/ is the tensor product, so the maximal ideal space of
o is (0, 11x T, where T is the circle group. It is obvious that o7 is a
commutative convolution measure algebra and that /", the set of Gel-
fand transforms of &7, is a regular algebra on (0, 1]x T.
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1973] CONVOLUTION MEASURE ALGEBRAS 515

Choice of E, and E,. Let x,=4%, and let {x;:j=2, 3, - - -} be an increasing
sequence in (0, 1) with lim x;=%. Let {y, € T};2, be an infinite set of dis-
tinct elements with one accumulation point y, and such that {y,};° is an
interpolation set for L1(Z). Define

E,={(x;y)j=12,---}, and
Ey = {(x1, y0} YV {(Xj40, 7)) = 2,3, -}
That E; and E, are interpolation sets follows from §1.

E; UE, is not an interpolation set: Functional analysis arguments show
that it will be enough to prove that for each integer N=1, 2, - - - there
exists f'€ C(E; UE,) such that if g€ .o/ and §=f on E, UE, then |g||=
(NI £l [10], where || f |l =sup, | f(x)I.

Fix N=1, and let f be a continuous function on E, UE, of supremum
norm one, and such that

) f(xy)=0; f(x0,y)=1 forj=2,4,6,---,2N.

Suppose g € &7 interpolates f.
Choose points x;<X;<x;,; (for j=2,3,---,2N+2) and let %,=0,
Xyn+a3=1. Then there exist gy, * - -, gon42 € & With

2N+2 ‘
3) g=>¢ and lgl, =S lgl,
1
and
G)) support g; < [X;, X;.4] X Z, j=1,+,2N42.

From (2) and (4) we conclude

X Z Xy =>8i(x, ) = 8i(xi41, ),
x = %= g;(x,y)=0.

)
Therefore if j is even and less than 2N, we have

0 =3(x;, ;) = &1(x4, i)+ g, i) + &;i(x;, )’j),

1 = (x4, yj) = §1(xy, )+ + gj(xl3yj) + &i1(xi41, V)5
SO

1= g;(x1, y)) + &i11(x501, ¥3) — £50x;, 3y)-
The last formula implies

=2 gl + g5l
or

(6) 3 = lgills + Igssally forj=2,4,6,---,2N.
From (6) and (3) we conclude that |g| ., =N/2.
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516 C. C. GRAHAM [May

REMARK. For CY([0, 1)) x C([0, 1)=«Z, it is easy to see that
{(A/n, 1[n):n=1,2, - - -}V{(0, 0)} and {(0, 1/n):n=1, 2, - - -} U{(0, 0)} are
interpolation sets whose union is not an interpolation set.

3. Proof of result (2). The result follows at once from:

THEOREM 3.1. Let &/ =L1(R2)(§>L1(0, 1). Then (i) &/ is a regular Banach
algebra with maximal ideal space X=R>x (0, 1].

(i) if x€ X, fe o, and f(x)=0, then there exist f, € o/ such that
lim|| f,, f—f1l.,=0 and f, =0 in a neighborhood of x.

(iii) There exists a compact arc E < X such that E is an interpolation set
for o and such that spectral synthesis fails for E.

Proor. (i) This follows at once from general considerations (see §l
and [14, p. 58]) and Proposition 1.1.

(ii) Letf=>7 g,Qh;€ 4 and x=(x, x,) have 0=1(x)=>° 2;(e)h;(x,),
and 2| f,=> llg;ll |14,]l. Fix £>0, and let N be so large that

S el Ikl < efs.

i>N

From 1.2 and the corresponding fact for L*(R?) [10, 2.6], we know that
there exists for each 6>0 g1, . 8NE Ll(R2) and El, <o hy € LY0, 1)
such that for j=1,---, N, |lg,—£;[ <9, ||A; —hl| <6, 8 —g,(xl) ina neigh-
borhood of x;, and &} =h,(x,) in a nelghborhood of x,. Then for 6>0
sufficiently small,

N
® h; _ng®’~zf" < ¢/8.
1

Now choose g € L(R?) and h € L'(R?) such that §=1 in a neighborhood
of x;,, h=1ina neighborhood of x,, and ||gl| =2, [|#]| £2. Then

k=>z 0k - (3 ai)e o

i>N

is zero in a neighborhood of (x;, x,) and

If =kl =

i ® h; — k“ = ¢/8 + £/8 + 4(¢/8) = 6¢/8 < e.
Before proving (iii) we prove

LEMMA 3.2. Let f€ o/. Then there exists a measurable set Z < (0, 1] of
zero measure such that af (x,y, 2)|0z exists for all (x, y, z) € R*x ((0, 11\Z),

and
fl
0
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Proor. To avoid confusion, denote df/dz by Df, and let £¢>0. Then
write f=>7 g;®h; where > |lg;| ;| =1 f1|+¢. Of course

F0 3, 2) =5 8,0, Whi2)

)
PR dh;
D = 7 X, — z
f ggx Dl ©
whenever this last expression makes sense. Now for each j=1, 2, - - - there

exists a measurable set Z,< (0, 1] of measure zero such that dfi,/dz exists
forall z¢ Z;. Set Z,=J2, Z;. For z ¢ Z,,

<> llgl .

Note that |3 > llg;ll |dh;/dz| dz=> |g;l| ;| =1 f|l+e¢, so that except for a
measurable set Z< (0, 1] of measure zero, the sum (3.1) converges for all
(x,y)e R*and z € (0, 1], z ¢ Z. This completes the proof of 3.2.

PROOF OF (iii). Let ¢:[4, 1]>R®* be a continuous function whose
image is a Helson (interpolation) set for A(R*)=L'(R*". That such
functions exist has been proved by Kahane [6] (see also McGehee [9]).

Let E={(x,y,z) € R®x (0, 1]:(x, y)=¢(2), 1=z=1}. Then E is an
interpolation set for 7.

To show that Eis not a set of spectral synthesis, we show that E supports
an element u of &/* which is not a “measure”, that is, the map fiou(f)
is not bounded in the spectral radius norm sup|f|= I £1l,. We then show
(Lemma 3.4) that if a subset F of the maximal ideal space of a (regular
commutative) Banach algebra & is both an interpolation set and a set of
spectral synthesis, then every element, v € #* which is supported on Fis a
measure.

G.1) 3 sup gx, ) <2 () (z)’ .

LemMA 3.3, E supports p € s7* such that f—u(f) is not bounded in the
norm || f |l o.

Proor. For fe o/, let Df (x, y, z) denote the partial derivative of f
with respect to the third variable. If f=3 g;&h;, then

Df(x, y7 Z) = z gj(x7 )’)h;(z)'
By 3.2, Df' (x, y, z) exists whenever z ¢ Z, a fixed (depending on f) set
of measure zero. For k € L*(0, 1), and f € o/, define S,(f) by

(32 S.0) = | Dwta) Dk d.
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518 C. C. GRAHAM [May
For f=> g,0h;, and | fll+e=2 lgl 1A, we see
1SN =D Ilg,-llflh,-kl dz = |kl (1fII + #).

Thus S, € &7* and || S, =kl - IffEO in a neighborhood of E, then
Df=0 in a neighborhood of E, so S, is concentrated on E.
Note that (3.2) implies that

(3.3) Sl ® h) = J tzh(z)k(z) dz  (heIX0,1)).

It is easy to see that there exist k € L®(0, 1) such that fi»S,(f) is not
| /| o-bounded. [Indeed, let ko(z)=cos(1/(1—z)), and
h,(2) = (1 — 2y 2cos(1/(1 — 2)), ifm(l —2)= 2n+ 1),
=0, otherwise.
A straightforward integration shows sup{Ih;(z)I :nz1,z€ (0, 1)} is
bounded, and a second integration shows |{ 4,k, dz| is not bounded. Now
let f,=1®h, and apply (3.3).] Q.E.D.

The next lemma seems to be known, though we are unable to give a
reference.

LEMMA 3.4, Let # be a regular commutative Banach algebra with
identity and maximal ideal space X . Suppose F< X is both an interpolation
set and a set of spectral synthesis, and that v € #* is supported by F. Then
for some constant C< o,

[»()| £ Csup{| f(x)|:x € F}
forall fe #.

ProOF. For fe #, and g e #, with g zero everywhere on F, there
exist g, € #, §,=0 in a neighborhood of F, and | g—g,—0. Then

Wf + g) = limy(f + g,) = im((f) + #(g,)) = »(f) + lim 0

since » is supported by F. Thus
(34 (NI = llvll inf {Ilf + gl:4(F) = {0}}.

Since F is an interpolation set and # is regular, there is a constant C’
such that, for all fe 4,

(3.5) inf{]| f + gl :4(F) = {0}} = C’sup{|f(x)|:x € F}.

Putting (3.5) and (3.4) together, and setting C=||v|C’, we obtain the
desired inequality. Q.E.D.
This completes the proof of Theorem 3.1(ii).
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REMARKS. (a) By using L}(Z*) instead of L!(R?), we can construct
a “Kronecker” set for &' =L'(Z*)&L'(0, 1) which is not a set of spectral
synthesis. The algebra .7’ will also be regular and symmetric on its
maximal ideal space T= x [0, 1]. The set to be constructed will be

E={((e", e, -, x):} Sx = §)

(b) It is easy to see that if &7 "= L1(R?) L'(R) (where the second factor
is given the multiplication x-y=max(x, y), then the conclusion of
Theorem 1 holds for /', and that &/’ is strongly homogeneous (in the
terminology of [9]) with respect to the group ® of homeomorphisms of R?
which are of the form ¢(x, y, z)=(f(x, y), g(z)) where f:R*—R, and
g:R—R are affine.

(c) The method of the proof of Theorem 3.1 shows that

E={xxt=x={

is not a set of spectral synthesis for B=L!(0, 1) L1(0, 1). Thus, very simple
sets fail, in general, to be sets of synthesis for the tensor product B. Com-
pare [15].

4. Proof of result (3). We will (eventually) use the same computation
used to establish result (1). The tensor method is somewhat obscured by
the technical details. We first set forth the method, and then establish the
necessary properties. i

Suppose we have distinct characters y,, y,, - - € G such that every
bounded function on {y,;};° may be obtained as the restriction of the
Fourier (-Stieltjes) transform of a discrete measure on G to {y;};". Suppose
also that p,, p,, - * - are distinct projections of M(G) onto L-subalgebras
of M(G) such that if » is a discrete measure, then p;y=v for all j, and such
that if 4 € M(G), then

po=p = p+ 2 (p;— pralps
(4.1) o
lull =l = puell + 2 i(p; — pyeidl

j=1
#=0 implies p;(u)Z0; and such that each p; is multiplicative. (We shall
construct the p; by using Raikov systems [3].)

Let x;(u)=J v, d(p;n) and p;(w)={ 7, d(p;.,ps). Then y; and p; are con-
tinuous multiplicative linear functionals on M(G), and they are pairwise
distinct. It is now easy to show that if £, is the closure of {p;} and E, the
closure of {y,} in the maximal ideal space of M(G), then E, and E, are
interpolation sets for M(G), and their union is not, since any u € M(G)
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with

(4'2) /2(X2]) = 1’ /2(P2J) = 0 fOI'j = 1, Tty N

must have norm N. Just apply (4.2) and the definition of y; and p; to
obtain

1 =J7:’ d(ps; — Pojrp = ((p2; — Pz;+1)/‘)A()’j)

SO [[(pa;—paji)ull Z1. Now (4.1) implies [jul| = N.

We now show how to obtain y; and p,.

For the y,’s this has been done by Varopoulos [17]. We indicate his
method. It will be enough to choose the y,’s such that every function on
{y,;}i° which takes only the values 41 may be approximated to within one-
third by a character in G. When G contains an element of infinite order
which generates a discrete subgroup, then an easy computation shows
(j)y=7; will do. If G contains an independent set {y,} which generates a
discrete subgroup of G, then {y;};* will do. If G contains a perfect Kron-
ecker set, K, then the y; may be constructed inductively: divide K into six
perfect nonempty subsets and choose y, such that y, is approximately
constant on each subset and y,(K) (nearly) contains all sixth roots of unity.
Divide each of the six sets obtained for y, into six perfect subsets, and
choose vy, such that y, is (approximately) constant on each of the thirty-
six subsets and such that y, maps each of the first six sets (approximately)
onto the sixth roots of unity, etc.

We now construct the p;’s. We have two cases: (i) G contains a perfect
totally disconnected metrizable compact Kronecker set F; (ii) G contains a
perfect totally disconnected metrizable compact set F of type K, p=2.

For both cases we fix x, € F, and choose closed-open subsets F; of F
such that F;2 F,2- -« ; F)\F,,, is perfect, N F;={x}.

Also, for both cases we let R;, j=1,2, -, be the Raikov (regular)
system [3] generated by F;, and p; be the projection of M(G) onto the L-
subalgebra of measures concentrated on sets in R;. Then [3] p,, p,, - * - have
all of the required properties, except that they might not be distinct.

In case (i), the argument is straightforward: if u is a continuous nonzero
measure on F;\F;,,, then x4 has zero mass on every translate of sums of
F;, with itself so p;,,u=0 and p;us0; see [10], [12] for details.

In case (ii), the situation is more complicated, owing to the fact that the
section arguments used in [10], [12] do not always apply (directly, at any
rate) because of the finite order of the group.

We first prove:

LEMMA 4.1. Let AUB be a compact, totally disconnected metrizable
subset of an LCAG G of type K, with ANB= &, and A, B both closed in G.
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Then the closed subgroups H, K generated by A, B respectively meet only at
the identity.

PrOOF. We may suppose that G= D, and that the group generated by
AUB is dense in G.

Suppose there is a net y* (« € /) such that y*= >z, nix] where xj € 4,
and y=lim y* exists and is in K. We must show y=0.

Since G=D,, we may assume 1=nj<q for all j, and all «. For m=
1,2,---,q, let I,={a:>; nf=m(qg)}. If some I,,, for 1 =m<gq, is cofinal
in I, let ye D, be equal to exp(2mig?) on A and 1 on B. Then
lim,es, (v, y)=(y, y)=exp(2mimg=')#1 so y ¢ K. Thus, only I, is co-
final in 1.

Since AUB is totally disconnected, we can repeat the preceding argu-
ment for any of the many proper closed-open subsets 4'< A: if I,=
{a:{> n}:x] € A’y=m(q)}, then only I, is cofinal. Thus, if y is any character
on H, then ()*, y)—1,so y=0. Q.E.D.

COROLLARY. [If x € G, then HN(K+x) is one point.

Proor. If u, ve HN(K+x), then u=h=k+x, so x € H+K=H®K.
Also if v=h"=k'+x € HN(K+x), then x=h—k=h—k’, so h=HK, k=
k' and u=v. Q.E.D.

We now prove that the projections p; are distinct. Let p; (j=1,2, ")
denote the projection of M(G) onto the algebra supported by the Raikov
system generated by the closure of the group K; generated by F;. Then
PiP;=p;p;=p;, since the Raikov system giving rise to p; contains that giving
rise to p,. Thus, to show p;#p;.,, it will be sufficient to find a measure u
with p;u=u and pj.,u=0.

Let u be any continuous measure concentrated on F;\F;,;. Then the
preceding corollary (with A=F\F,,;, and B=F;,;) implies that
|ul(K;.1+x)=0for all x € G and K, 2 F;_,. By the definition of a Raikov
system, we see that p,u=u and p;,,u=0. Q.E.D.
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