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Intertemporal Population Ethics: Critical-Level Utilitarian Principles

1. Introduction

The evaluation of public policies often requires the comparison of possible states of the
world with different populations. For example, the design of social security systems, re-
source use, and birth-control policies all involve different populations and population sizes.
These variable-population issues arise naturally in an intertemporal context. Consequently,
fundamental ethical issues must be addressed in order to deal with them.

Despite the importance and relevance of these issues, the theoretical foundations of
social evaluation with variable populations have received little attention in the literature.
This paper introduces a model that provides a theoretical framework for the requisite
ethical investigation.

Welfarist population ethics is concerned with principles that use information about
the well-being (utilities) of the individuals who are alive in alternative states of affairs to
make social evaluations.! In most cases, these principles are employed ‘timelessly’, based
on individual lifetime utilities, but without taking into account intertemporal a,spects;2
sometimes, however, utilities experienced in a single period are used.? We adopt the
standard normalization that individual neutrality is represented by a lifetime-utility level
of zero.t An individual life is worth living if and only if lifetime utility is positive (see
Section 2 for a discussion).

The most commonly used welfarist principles are Classical Utilitarianism and Average
Utilitarianism whose value functions are total utility and average utility. Other principles
have been proposed as well,® and one family that concerns us specifically is Critical-
Level Utilitarianism and its generalized versions (Blackorby and Donaldson [1984]). These
principles contain a parameter—the critical level of utility. The value function for Critical-
Level Utilitarianism is obtained by subtracting the critical level from the lifetime utility
of each individual alive in a state and adding the resulting numbers.

The critical level is easily interpreted: if the addition of another individual to an ex-

isting population does not affect its members’ utilities, the change is a social improvement

1 See Blackorby and Donaldson [1984] and Sen [1991]. Dasgupta [1988] presents a principle that does not
produce orderings of alternative states. In this paper, we ignore the well-being of sentient non-humans, but
refer readers who are interested in the ethics of animal exploitation to Blackorby and Donaldson (1992b].

2 gee Blackorby and Donaldson [1984, 1991] and Bossert [1990a,b].

3 See Broome (1992a,b,c], Cowen [1989] and Hurka [1983].

4 Any number will do, but zero is standard in the population literature. See Broome ]1992a,b,c],
Dasgupta [1988], Parfit {1976, 1982, 1984], and Sikora [1978]. ’

5 See Hurka [1983] and Ng [1986].



if the added person’s well-being exceeds the critical level and a social deterioration if the
added utility is below the critical level. Sikora [1978] argues that the critical level should be
zero and uses an axiom he calls the Pareto plus principle which requires it, but Blackorby
and Donaldson [1984] argue that it should be positive. Parfit [1982] suggests an interval
of critical levels: an addition to the population, ceteris paribus, is a social improvement if
and only if the added individual’s utility exceeds the highest critical level, and it is a social
deterioration if and only if the added utility is less than the lowest critical level, resulting
in an incomplete ranking of social states (see Blackorby, Bossert, and Donaldson [1995b]).

A principle implies the repugnant conclusion (Parfit (1976, 1982, 1984]) if any state in
which each member of the population enjoys a life above neutrality is declared inferior to a
state in which each member of a sufficiently large population lives a life that is above, but
arbitrarily close to, neutrality. Such principles may recommend creating a large population
even if the result is mass poverty. Classical Utilitarianism is an example of such a rule.
Imagine a social change in which a million babies are born, live barely happy lives that last
a single minute, and die.8 Assuming that no one else is affected, in utility terms, by the
addition of the babies, Classical Utilitarianism declares the change good. This results in
a lower average utility. The change can be repeated any number of times, moving average
utility toward the level of well-being of the babies, and each change counts as a social
improvement. It is this property that leads to the repugnant conclusion. Principles such
as Average (Generalized) Utilitarianism and Critical-Level (Generalized) Utilitarianism
with a positive critical level avoid the repugnant conclusion.

Because the Pareto plus principle forces the critical level to zero, it can only be
imposed if one is willing to accept the repugnant conclusion. Although it is possible to
provide plausible arguments in favor of the Pareto plus principle, any view (such as our
own) which considers the repugnant conclusion ethically unacceptable requires its rejection.

We provide a characterization of Critical-Level Generalized Utilitarian rules in an
intertemporal framework. Our approach is welfarist in the sense that our assumptions (in
particular, the strong Pareto principle) imply that the individual lifetzme utilities achieved
in possible states of the world are the only determinants of the social ranking. We pro-
pose an axiom called independence of the utilities of the dead. It allows an evaluator in
the present to ignore the utilities of individuals whose lives are over in the states to be
compared; lifetime utilities of individuals that continue into the present in at least one of
these states are permitted to influence the social ranking.? This axiom permits history to

matter to some extent. This is desirable because rules that are based only on present and

6 This example was suggested by Amartya Sen.
7 In a different framework, Hammend [1988] uses a similar axiom called independence of long dead
ancestors. Suitably reformulated, it is sufficient to prove the results of the present paper.

future utilities lead to the repugnant conclusion if a plausible intertemporal consistency
requirement is satisfied (Blackorby, Bossert, and Donaldson [1995a]).

History-dependent principles are able to distinguish between an individual dying just
before the period in which the evaluation is made and an individual not being born at
all. Independence of the utilities of the dead allows this important distinction to be made,
thereby permitting ethically attractive social decision rules.

The only rules that satisfy independence of the utilities of the dead and our addi-
tional (standard) fixed-population assumptions are the Critical-Level Generalized Utili-
tarian rules. Because these principles escape the repugnant conclusion when the critical
level is positive, this provides a strong argument in their favour.

The strong Pareto condition rules out social discounting of future utilities. Because
Pareto indifference (which is implied by strong Pareto) is an essential component of wel-
farism,B it follows that, in our model, social discounting is not welfarist. There is a good
reason for discounting the well-being of future generations if their existence is uncertain,
of course, but that consideration does not apply to our model (in which all outcomes are

certain).

2. An Intertemporal Framework

In this section, we present a general model for intertemporal social evaluation with a
variable population. Lifetime utilities, birth dates and lengths of life vary across states.
Lifetime utilities represent individual well-being and may depend on such ‘prudential val-
ues’ as accomplishment, health, autonomy, liberty, understanding, pleasure, and personal
relations in addition to consumption (Griffin [1986]).

The set of positive (nonnegative) integers is denoted by Z44+ (Z4). Forn € Z44,
R™ is Euclidean n-space; the superscript is omitted in RL

X = {z,u,...} is the set of social states of affairs, N = N(z) is the set of individuals
alive in state , and n = n(z) is the number alive in z. If person i is alive in x, st = 5i(z)
is the period just before he or she is born and I* = Li(z) is his or her lifetime. Given this,
person 1 is alive in periods (s" +1,... ,s' 4+ 11). No person can live more than L € Z44
periods.

The lifetime utility enjoyed by individual ¢ in state z, i € N(z), is u' = Ut(z)
and [/’(z) > U'(y) means that person is life in state z is belter than in state y, all

8 In social-choice theory, wellarism is a consequence of three axioms: Parelo indifference, unlimited
domain, and independence of irrelevant allernatives. For a discussion, see Blackorby and Donaldson
[1984] and Blackorby, Donaldson, and Weymark [1984].



things considered.? Lifetime utilities are normalized so that a lifetime-utility level of zero
(U'(z) = 0) represents neutrality. For an individual, a life, taken as a whole, is worth
living if and only if lifetime utility is above neutrality. A fully informed individual whose
lifetime-utility level is negative prefers not to have any of his or her experiences (that is, to
be permanently unconscious). Because people who do not exist cannot have preferences,
it does not make sense to say that an individual who is not alive gains by existing with
a positive utility level. In this paper, we do not assume that the existence of a person at
neutrality is socially equivalent to nonexistence. We note, as well, that killing a person
who is above neutrality reduces his or her lifetime utility; it does not change populati.lon
s1ze.

We assume that lifetime utilities are numerically measurable and interpersonally fully
comparable in order to allow for the largest possible class of social orderings.!0

The set of individuals alive in state z, together with birth dates, lifetimes and lifetime
utilities, can be written as an aelternative

A:{NjwﬂﬂanN}=Au):{NuL“f&LH@LU%ﬂ”mmn}. (2.1)

The set A of admissible alternatives consists of all alternatives 4 in which (i) N is finite,
and (i) s' € Z,, I e {I,...,L},_ u' € R. In addition, A includes the null alternative Ag,
the alternative in which no one is alive. Because of our welfarist approach, we assume
that a single ordering of A is sufficient to order X given A(x) for all z in X. The general
definition of A corresponds to an unlimited domain assumption commonly used in social-
choice theory.

3. Social Evaluation With Lifetime Utilities

To describe welfarist social evaluations in an intertemporal framework, the following nota-
tion is used: {4, A, ...} are alternatives, {N,N,...} are the corresponding sets of named
individuals alive in the states, {7, ,...} are the numbers of people alive, and @' and @’
are the lifetime utilities of 7 € N, j € N. In addition, R denotes the social ordering of the

9 Lifetime utilities are experienced by individuals who are able to rank states which involve different
lifetimes. Although it is not necessary for our analysis, it. is possible to regard lifetime utilities as functions
of the uti]itie; experienced in each period of life. Thus, for person i, we can define a set of lifetime utility
functions {U}, : R" — R | 1< I <L}, sothat u' = Uf(ul, ;... ul,, ) where uf is person is utility
in period t. This formulation does not require individual utility functions to be separable—per-period
utilities may depend on present, past, and anticipated experiences and consumption.

10 Other information assumptions could be used but would restrict the class of possible orderings. For
discussions of information assumptions in social-choice theory, see Blackorby, Donaldson, and Weymark
[]l;s%}. Bossert [1991], d’Aspremont and Gevers [1977], Hammond [1979], Roberts [1980a,b], and Sen [1974,

alternatives in A, and 4 R A means that A is socially at least as good as A. The strict
preference and indifference relations corresponding to 1 are P and M
We assume that R satisfies the strong Pareto condition.

Strong Pareto: For all A, A € A with N = N=n:
(i) if, foralli € N, @' = ', then A and A are socially indifferent (A I E},
(it) if, for alli € N, @ > 4' with at least one strict inequality, then A is socially preferred
to A (AP A).
Strong Pareto implies Pareto indifference ((i) in the definition), a condition that plays
a critical role in this paper. It ensures that social evaluations are based on individuals’
assessments of their own lives—lifetime utilities.
Strong Pareto is an axiom that applies to fixed populations only. To link alternatives

with populations of the same size but with different individuals alive in each, we require
the ordering R to treat people anonymously, paying no attention to their identities.

Anonymity: For all E,/’f € A with a = #, if there exists a bijection m : N — N such
that 5 = ™0 [P = [*0) and @’ = 4™ foralli € N, then A and A are socially indifferent
(A1 A).

In addition, we assume that the fixed-population orderings implied by R are contin-

uous.

Continuity: For all N # 0, the restriction of the ordering R to {A € A| N = N} is

continuous in lifetime utilities.

Strong Pareto, anonymity, and continuity allow us to ﬁud a value functlon for the
ordering R. For any 4 and A in A, there exist alternatives Aand A in Awith N =N
and N’ = N such that each person has the same lifetime utility and length of life but is
born in period 1 (s* = 0). Pareto indifference implies AIA and AT A'. Tt follows that the
social ranking of A and A is the same as the social ranking of A and A'. Thus, for social
evaluation, we can confine attention to alternatives in which everyone is born in period
one. Strong Pareto also implies that the ordering R is independent of lengths of life. It
follows that R is [ully welfarist; it depends on lifetime utilities only.

For alternatives with a given number of people n € £, 4, we can represent the fixed-
population orderings by the continuous, increasing, and symmetric social-evaluation func-
tions {W" : R" — R | n € Z;,}. The representative utility v is defined to be that level
of lifetime utility which, if enjoyed by everyone, is socially indifferent to the actual utility

vector ({¢'}jen). Thus, _
W"(vly) = W ({«'Yien), (3.1)

11 pis defined by A P A — A /& A and not A RA; I is defined by A I A—ARAand ARA



where 1, = (1,...,1) € R". Given continuity and increasingness, (3.1) can be solved
uniquely for v, and we write
v =T ({W}icn). (3:2)
The function T : R® — R is continuous and ordinally equivalent to W" for alln € Z4 .
The family of functions {T!,T2,...} (or {W!, W2 ...}) is not sufficient to rank states
with different population sizes. By Theorem 2.1 of Blackorby and Donaldson [1984], there
exists a social value function W : Z,, x R — R, increasing in its second argument, such
that x is socially at least as good as y if and only if

W (n(a:), raz) ({U‘ff)},emz))) > W(n(y), T“(”’({U‘{y)};euty))) (3.3)

whenever n(z) and n(y) are positive. Therefore R can be represented by W; that is, for
all A and Ain A\ {4y},

ARA — W(r,0) > W(n,b), (3.4)

where 7 (71) is population size in A (A\) and © (0) is representative utility in A (A).

For any A € A\ {Ap}, consider another alternative with one additional person in
which the utilities of those alive in both states are the same, person for person.!? The
critical level ¢ is that lifetime-utility level which, if enjoyed by the additional person, results
in social indifference. That is, for any A € A\ {4y},

W(n ¥ 1,"r"+*({u*},-eN,c)) - PV(n,T"({ui]‘-eN)). (3.5)

If ac € R exists such that (3.5) is satisfied, the solution is unique because T"+! is
increasing. Therefore, we write

e=C"({w'}ien), (3.6)
where {C!,C?,...} is a family of eritical-level functions for the principle in question.
Because we assume strong Pareto, critical levels—if they exist—cannot depend on the
birth date of the added individual.

We assume that there exists a critical level ¢y for the null alternative Ap; that is, Ay
is indifferent to the alternative where one person is alive with lifetime utility cp. Again,
because of strong Pareto, cg is independent of the birth date of this person. This is a
very weak assumption. Given continuity, nonexistence of ¢y would imply either that a
society with one person alive is always better than a society with nobody alive, no matter

how miserable this one individual might be, or that a one-person society is always worse

12 ppis hypothetical situation is examined to shed light on different ethical judgments. It is important to
realize that utilities are assumed to capture all aspects of individual well-being, including the ‘externalities’
of friendship, family life, crowding, crime, and so on.

than the situation represented by Ay, no matter how well off the single person is. Those
nonsensical consequences are ruled out by assuming the existence of a critical level for the
null alternative. It should be noted that the existence of critical levels for alternatives
other than Ay is not assumed for our results—existence of those critical levels follows from
the existence of ¢y and our axioms.

For each social state and each person alive in it, the evaluator knows the date at which
the individual is born. Should the social value function depend on that information? If it
does not, social discounting is ruled out. If it does, discounting of future lifetime utilities
is permitted. The first of these positions is a consequence of Pareto indifference. For
any alternative A € A, consider another alternative which is identical except that each
person’s life begins in another period. Because individual lifetime utilities are the same,
Pareto indifference forces social indifference.!3

A possible objection to this argument is the claim that any individual’s birth date is
fixed. Although it is true that a person cannot be born at a completely arbitrary time,
because the duration of pregnancy is not fixed, his or her birth date may vary over several
months.!* This possibility is sufficient, given Pareto indifference, to rule out discounting.

It is possible, however, to modify our framework by assuming fixed birth dates. In
this case, a strengthening of anonymity that rules out the relevance of birth dates in social
evaluations could be used, together with a domain assumption that guarantees, for each
alternative A, the existence of another alternative such that the number of people alive is
equal to the number of people in A, individual lifetime utilities are the same, and birth
dates are arbitrary. Because the exposition of our results is simplified in the unlimited

domain framework, we have chosen to use it in this paper.

4. Population Principles

The most commonly used principles are extensions of fixed-population (Generalized) Util-
itarian rules to societies with a variable population. Fixed-population Utilitarianism is

described by the representative-utility functions
; 1 :
v="T"({u'}tien) =;Zu'. (4.1)
iEN
average utility. Utilitarianism can be generalized by writing
) 1 .
v="T"({u'}ien) —g“(—Zg(u‘)) (4.2)

n
iEN

13 Cowen [1992]) and Hammond [1988] use Pareto indifference to argue against social discounting.
14 gimilarly, although it is unlikely, the date of conception may vary because spermatozoa may survive
for some time.



where g : R +—— R is increasing and continuous. Without loss of generality, g can be
chosen so that g(0) = 0. If ¢ is (strictly) concave, the resulting rule represents (strict)
inequality aversion.
Classical Utilitarianism ranks states according to the total utilities of those alive in
them, and
W(n,v)2no=> o (4.3)
EN
where = means ‘is ordinally equivalent to’. Classicel Generalized Utilitarianism uses trans-
formed utilities, with ’
Wi(n,v) = ng(v) = Zg (4.4)
iEN
Average Utilitarianism uses average utilities to compare states, and Average Gener-

alized Utilitarianism uses representative utilities. In both cases,
Win,v) = v. (4.5)

Blackorby and Donaldson [1984, 1991] and Hurka [1982] provide discussions of Average
Utilitarianism, and generalized averaging rules are considered in Blackorby and Donaldson
[1984] and Bossert [1990a,b].

In an atemporal model, Blackorby and Donaldson [1984] propose two families of
principles based on Utilitarianism and Generalized Utilitarianism. In the former case,
Critical-Level Utilitarianism, the value function is

Wi(n,v) = n[v = ar] = Z [ui - cx], (4.6)

iEN
where o € R is the critical utility level. Critical-Level Utilitarianism is a different principle
for each value of a.1® Critical-Level Generalized Utilitarianism uses transformed utilities,

and

W(n,v) 2 ng(v) - gle)] = 3 [o(u) - g(a)]. (4.7)

IEN
When « is positive, these principles avoid the repugnant conclusion (Parfit [1976,
1982, 1984]) which is implied by Classical Utilitarianism and its generalized counterpart.
Principles that imply the repugnant conclusion declare any state with a representative
utility above neutrality inferior to another state with a representative utility above but
arbitrarily close to neutrality and a suitably large population. Although critical-level
principles allow representative utilities just above the critical level with a large enough

15 14 is possible to normalize utilities so that neutrality is represented by a utility level of —a. In that
case, the value function is the sum of normalized utilities; the social ordering is, of course, unchanged.
This makes it clear that the standard normalization of zero for neutrality is essential in order to write the
Classical Utilitarian value function as (4.3).

population size to substitute for higher representative utilities and smaller populations,
this should not prove to be ethically unattractive as long as the critical level is chosen so
that new lives above it are regarded as desirable. As Sen [1991] remarks, “a scenario in
which more people enjoy a utility level. .. [above a]. .. must be seen as a better outcome”. In
addition, for representative utilities above «, increasing « ‘sharpens’ the tradeoff between
representative utility and population size (see Blackorby and Donaldson [1984, 1991, 1992a]
for discussions).

5. History-Dependent Population Principles

When population decisions are made in period ¢, all feasible states have a common history,
but the lifetime utilities of some individuals are not fixed. If person i is alive in period
t — 1, then there may be states, available to decision makers at time ¢, in which person
i’s life is extended to period t and beyond, and other states in which ¢ dies at the end of
period ¢ — 1. If decisions in period ¢ are made on the basis of present and future per-period
utilities only, any per-period principle that is consistent with the overall ordering R must
produce the repugnant conclusion. This is the case because the only principles satisfying
such a consistency condition and our other axioms are the Generalized Classical Utilitarian
rules—see Blackorby, Bossert, and Donaldson [1995a] for details.

The source of the problem is that, if the past is ignored in ranking states of the world
in period t, it is impossible to distinguish between a person dying just before period ¢ and
a person not being born in period ¢. Therefore, in order to avoid these difficulties, history
has to matter to some extent. On the other hand, one might not want to take into account
the utilities of individuals whose lives are over in all states of the world to be compared.

This can be accomplished by identifying, for each alternative A € A4, the set of
individuals who do not live beyond period ¢t — 1,

D(A)={ieN|s'+1I <t} (5.1)

These individuals are the dead in period t. In addition, we identify the set of individuals

who are born before period (, which is
B(A)={ieN|s'+1<t}. (5.2)

Suppose that, in any Lwo alternatives, the same individuals are born and die before period
¢ and have the same birth dates, lengths of life, and lifetime utilities. Independence of the
atilities of the dead requires that, if these individuals are removed from the alternatives in

question, the social ranking is unchanged. The axiom that uses this construction is



Independence of the Utilities of the Dead: For all 4, A€ A and all t € Z44, if
Bi(A) = Dy(A) = Di(A) = By(A) =: A, (5:3)

(5°, 0, @) = (éi,ii,ﬁi) for all i € A, and the alternatives A, and A, are constructed by
removing all individuals in A, from A and A, then

ARA— A, RA, and ARA — A RA, (5.4)

Independence of the utilities of the dead is a very weak axiom. It only applies to the
comparison of alternatives where all individuals who are born before period t die before
period t, and have the same birth dates, lifetimes, and lifetime utilities in both alternatives.
Our domain assumption ensures that this axiom is sufficient to prove our results.

When independence of the utilities of the dead is combined with strong Pareto,
anonymity and continuity, additive separability of the fixed-population functions {1"}
and {W"} results. We consider A", the subset of A in which each alternative has n people
alive.

Lemma 1: Strong Pareto, Anonymity, Continuity, and Independence of the Utilities of
the Dead imply that, for alln > 3, T is additively separable and can be written as

T ({u'}ien) =97 (%ZQ’(Uio (5.5)

iEN

where g : R +—— R is continuous and increasing and g(0) = 0.

Proof: For n > 3, consider any A, Ac A with N=N = {1,...,n} =: N in which
{Ei,i_i,ﬁi) = (.§i,f‘,z}‘) for all i € N* where § # N* C 'N. Because [ (the maximal possible
lifetime) and n are finite, there exists Le Z,y such that &+ = &+ < Lforallie N.
Now consider the alternatives A4 and A’ which differ from A and A in that everyone
in N\ N*is born in petiod L + 1 (3" = " = L for all i € N \ N*). Then
— -

By, () =Dy, (A)= Dy, (&) =Bp, () =4

L+1 L+1 =N (5.6)

I+1
By Pareto Indifference, A and A are socially indifferent and A and A are socially indif-
ferent, and, therefore,

ARA—— A RA and ARA— ARA. (5.7)

Removing all individuals in N* from A’ and A results in the alternatives A" and A" which
are ranked in the same way as A and A by Independence of the Utilities of the Dead.
We then consider the alternatives A" and A" which are identical to A" and A" except

that each person’s date of birth is the same as in A and A (3" = §" = & = & for all

10

. —1 ~
i € N). Pareto Indifference implies that these alternatives are indifferent to A~ and A"

respectively, and we get
—i

ARA— A"RA" and ARA— A"RA (5.8)

which is equivalent to

T @) 2 T ) e Y (@ e ) 2 T (1) iemne)  (5.9)

and

™., 2" > T, ... a") «— Tm({ﬁ'}seN\N-) e ({ﬁ{}ieN\N')w (5.10)

where m := [N\ N*|. This implies that, in T", N\ N* is separable from its complement
and, therefore, that every subset of variables is separable from its complement. Gorman'’s
[1968] theorem on overlapping separable sets (see also Blackorby, Primont, and Russell
(1978])'6 implies additive separability, which results in

Tt ut) = F"(Zg:;(u")) (5.11)
1EN

where F™ and each g, are continuous and increasing. Symmetry of T implies that each

g% can be chosen to be independent of i, and, writing g. = g;, we can choose g,(0) =0

by a normalization. (5.9) and (5.10) imply that gy, and, therefore, £, can be chosen to

be independent of n. Because T"(u,...,u) = u forall u € R,

.t :g*‘(%Zg(u')) (5.12)

ieN
where g := g, for all n. Anonymity implies (5.5). W

An interesting fixed-population result follows from Lemma 1. Independence of the
utilities of the dead and our other axioms imply that fixed-population orderings must be
consistent with additively separable social-evaluation functions.!”

Theorem 1 establishes that critical levels must exist for all A in A and, in addition,
must be equal to ¢g (the critical level for the null alternative, the existence of which we
assume) for all A in A. Note that this implies, in particular, that critical levels cannot
depend on the size of the existing population. We call the common critical level a, and show
that Critical-Level Generalized Utilitarianism is the only family of population principles

satisfying independence of the utilities of the dead and our other axioms.

16 The version of Gorman’s theorem that is relevant here is stated in the appendix.
17 Gee also d’Aspremont and Gevers [1977) for a separability axiom with respect to ‘unconcerned
individuals’.
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Theorem 1: The ordering R salisfies Strong Pareto, Anonymity, Continuity, and Inde-
pendence of the Ulilities of the Dead if and only if, for all A, Ae A\ {44},

ARA 3 [ota) - gle)] 2 3 [o(a) - g(e)]. (5.13)
ieN ieN

where g : R —— R is continuous and increasing, g(0) = 0 and @ € R, and if A or A is
Ay, the appropriate sum in (5.13) is replaced with zero.

Proof: To argue necessity, we first establish the existence of the critical-level functions
{C" | n € Z44}, and show that, for all n € Z44 and all (ul,...,u") € R",
Cu',...,u") = ¢ =i a. (5.14)

To do this, consider any A € A in which N = {l,...,n}. Let I € Z,4 be such that
¢+ < I foralli € N, and create the alternative A’ € A by adding an n + jat
born in period L+1(s" = L) with lifetime utility ™! = a. In period L+1,

person

BZ“(A’) £ D'L-H(A') =D; ,(A) = BE+1(A) =475, = {1,...,n}, (5.15)
the original n individuals. When these people are removed from A’ and A, the alternatives
A" and Ay result. Only person n + 1 is alive in A", and Ay is the null alternative.

Independence of the Utilities of the Dead implies that
A'RA«—— A"RAy and ARA «— AyRA". (5.16)

Because the only person alive in A” has a lifetime utility of a = ¢y, we have A" I Ag, and
therefore, (5.16) implies A' I A. This means that « is the critical level for A; that is, C™
exists for all n € Z44 and (5.14) is satisfied for all n € Z44 and all (ul,...,u") € R™.
Anonymity and Strong Pareto imply that, for any alternative A € A\ {Ag},

C"({u'}ien) = e (5.17)

Now consider any two alternatives 4 and A in A\ {Ay} such that # > 3 and, without
loss of generality, i > . The alternative A with |N'| = 7 is created by adding (7 — @)
individuals to A, each with a lifetime utility of a. Because  is the critical utility level,

A1A, (5.18)
and
ARA«—ARA and ARA—— A RA. (5.19)
12

Applying Lemma 1, we have

ARA—— ARA

iEN eN

— 3 g@) 2 3 gl) + (3 - A)g(e) G
i€EN ieN

-3 [g(ﬁ') - g(a)] =y, [g(u ) - y(cr)]
ieN IEF/

and
AR — Y [ol) — gle] 2 3 [ofa) - o(e0)], (5.21)
el ieN

which implies (5.13).

Lemma 1 applies only to alternatives with three or more people, but it is easily
extended to n = 2,1. For any alternative A4 in A% (n = 2), the addition of a third person
with a lifetime utility equal to the critical level o transforms A into A' € A® with social
indifference. It follows that the results of Lemma 1 must apply to the case n = 2, and,
trivially, to n = 1 as well. Because cg = e, the result extends to Ag.

Sufficiency is easily checked. B

Theorem 1 permits us to describe all the principles that order X, the set of social
states. For any two states  and y in X with associated alternatives A(z) and A(y), = is
socially at least as good as y if and only if

Y [o0iE@) ~s@] 2 3 [oUw) - gte)]- (5:22)
ieN(z) €N(y)

If N(z) or N(y) is empty, the appropriate sum is replaced with zero. If the fixed-population
principles are utilitarian, then the function g must be linear, and (5.22) becomes

> [Uf(l)—O]E > [U‘(y)—a], (5.23)
IEN(z) iEN(y)

the Critical-Level Utilitarian family.
The Critical-Level Generalized Utilitarian principles induce orderings from the van-

tage point of period ¢. Define the ordering f by

ARA— Y fe-g@]z Y [s)-e@)] (520)

i€\ [Di(A)nD(A)] €N\ [DI(ANDi(A)] i



For all A and A with a common history, Iy and R are the same. Note that the past does
matter, because the lifetime utility of everybody who is alive at ¢ in A or A is taken into
account.

The repugnant conclusion occurs with these principles when o < 0, but not when

W(n,v) 2y

iEN

is positive and increasing in n when v > @, and negative and decreasing in n when v < a.

a > 0 because

9(v) - g(a)] (5.25)

9(w) —g(a)] =n

Therefore, any state with representative utility below « is socially inferior to any state with
v above &, no matter what the (non-zero) population sizes are. This result is summarized
in

Corollary 1: The ordering R satisfies Strong Pareto, Anonymity, Continuity, and Inde-
pendence of the Ulilities of the Dead, and avoids the Repugnant Conclusion if and only if
R is represented by a member of the Critical-Level Generalized Utilitarian family (5.22)

and the critical level of lifetime utility, «, is greater than zero.

It is possible to argue in favor of setting the critical level equal to zero (the Pareto-
Plus principle). Theorem 1 implies that, in conjunction with our axioms, Classical Gen-
eralized Utilitarianism results. However, as Corollary 1 indicates, this position requires
acceptance of the repugnant conclusion. Because we consider the repugnant conclusion
ethically unattractive, we recommend a positive value for a.

There are, of course, principles such as Average Utilitarianism that do not imply the
repugnant conclusion and cannot be written as (5.22). The reason that such principles do
not appear in Corollary 1 is that they do not satisfy independence of the utilities of the
dead—the inclusion or exclusion of the utilities of Cleopatra and Socrates in averages can
make a difference to social rankings in the present.

As long as the critical lifetime-utility level a is not equal to zero, Critical-Level Gen-
eralized Utilitarianism distinguishes between killing someone and preventing his or her
existence. With a positive @, this principle recommends that individuals whose lifetime-
utility levels would be below @ not be born, other things equal. This means that some
lives that are above neutrality should be prevented if the lifetime utilities experienced are
low. Once an individual has been born, however, all positive utility levels have value, and
strong Pareto ensures that reducing an individual’s lifetime utility in any way (without
changing the utilities of others) is socially undesirable.

Another effect of a positive « is that weight is given to individual lives. For example,
suppose that states 2 and y differ for persons 1 and 2 only. In z, person 1 enjoys a lifetime
utility of 100, and person 2 is not alive. In y, both people are alive with lifetirife utilities
of 50 each. Classical Utilitarianism (o = 0) declares z and y to be socially indifferent, but
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Critical-Level Utilitarianism with « > 0 prefers & to y: weight is given to the fact that
one person experiences the lifetime utility of 100.

Hammond [1988] investigates a contingent-states model and uses an axiom that is
similar to independence of the utilities of the dead. He suggests that a particular inter-
pretation of Classical Utilitarianism avoids the repugnant conclusion if parents care about
the well-being of their children.

6. An Application

Suppose resources can be allocated to a birth-control program and that Critical-Level
Utilitarianism is employed to determine the optimal expenditure level. There are two
periods and a single resource. In each period, the total amount available of the resource is
w. In period one, the population (which, for simplicity, we treat as a continuous variable
in this section) is fixed at # > 0. Expenditures on birth control in the first period affect
the population size in the second period. Without any birth control expenditures, the
population in period two is @i, and to reduce the population in period two to n € (0,7),
the expenditure needed is y(i2 — n) where ¥ > 0 is a parameter.

Individuals live for one period, all individuals in the society have the same increasing
and strongly concavel8 utility function, and person ¢’s utility is U/(z') where z* is his or
her consumption. Note that, hecause the utility function is the same for each person and
strongly concave, Critical-Level Utilitarianism requires consumption to be equal within
each generation. Therefore, in period one each person consumes z, and in period two each
person consumes w/n. We assume that w is large enough so that each person can enjoy a
utility level above the critical level a.

The budget constraint for period one is

nz+ vy —n) <w. (6.1)

Using Critical-Level Utilitarianism with a positive critical level a, we obtain the maxi-

mization problem
max {ﬁ[U(z} - a] +n [U(f) - a}} subject to (6.1). (6.2)
(zm) n

We assume that o is large enough so that the optimal period-two population for the

case v = 0 is less than 7; our assumptions imply that it is positive.1? Given this, (6.2) has

a unique interior solution (¥,7%) for all values of 4 in an interval [0,7) with ¥ > 0. Because

18 Gee Diewert, Avriel, and Zang [1981].

19 When v = 0, Critical-Level Utilitarianism requires that the optimal period-two population solve the
pure population problem subject to the constraint n < n. Given our assumptions, the optimal population
is positive (Blackorby and Donaldson [1984]). .
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U is strongly concave, so is the objective function in (6.2), and therefore the first-order
conditions are sufficient for a solution. Using standard comparative-statics techniques, we
obtain the results

on oz o
a >0, = <0, and e < 0. (6.3)

The response of ¥ to a change in -y cannot be signed.

If the cost of birth control increases (represented by an increase in v), the optimal
amount spent on birth control in period one falls, thereby increasing the population in
period two. This, in turn, leads to a decrease in per-capita consumption in period two.
There are two opposite influences on consumption in period one which are analogous to
income and substitution effects, and the overall effect cannot be signed in general.

If the critical level « increases, it is better to have a smaller population (given that
resources are fixed) and, therefore, the amount spent on birth control in period one in-
creases, The amount of the resource available for consumption in period one decreases as

a consequence.

7. Conclusion

Blackorby and Donaldson [1984] derive the Critical-Level Generalized Utilitarian principles
from an axiom that produces additive separability of the fixed-population social-evaluation
functions—the population substitution principle—and an axiom that requires the critical
levels to be independent of existing utilities—the critical-level population principle. In an
intertemporal setting, independence of the utilities of the dead is sufficient to substitute
for both of these axioms. This leads to an alternative characterization of Critical-Level
Generalized Utilitarianism. '

The critical level of lifetime utility is an important ethical parameter. Broome
[1992a,b] argues that it must be small enough so that lives that are well worth living
are not prevented and large enough to avoid approximating the repugnant conclusion.20
Blackorby, Bossert, and Donaldson [1995b] propose that an interval of critical levels could
be chosen, with one state declared to be better than another if and only if it is better,
according to Critical-Level Generalized Utilitarianism, for all critical levels in the interval.
This is consistent with a suggestion of Parfit [1982], and it results in an incomplete ranking
of social states.

We suggest, in closing, that the Critical-Level Generalized Utilitarian principles may
prove to be useful in a wide variety of circumstances. They provide a way to formulate the
tradeoff between the well-being of present and future generations when population sizes

differ. And their greatest strength is they can handle problems where population size is

20 population issues are also discussed in Broome [1991, 1992¢].
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endogenous, such as population control programs, health expenditures on pre-natal care,

and foreign aid or development programs that have population-growth consequences.

APPENDIX: Gorman’s Overlapping Theorem

Let F : R"™ — R be a continuous and increasing function. Let { = {1,...,n} be the
index set for the arguments of F. Let I™ C I be such that § # 7 # I. Furthermore, let
X" be the subvector of X € R" corresponding to [".

For a continuous and increasing function F : R" +— R, the set of variables [" is
(strictly) separable in F from its complement if and only if there exist continuous and
increasing functions F7 : R —— R and F¥: A" x RIT— R such that

F(X)=FY(F"(X"), X"

for all X € R, where I°:= I\ I" and A" = {Y e R|3X" e Rl 5 ¥ = F"(X")}.
The following is the version of the overlapping theorem which is relevant for our

purposes (Gorman [1968] actually proves a stronger result):

Theorem: If I" and I* are nopempty and (strictly) separable in F' from their respective
complements in I, and I" 0I5, "\ I*, I\ I" are nonemply, then there exist continuous
and increasing functions F! : RN R, F*: Rl s R, F3: RIPI R, and
FO: Am® x RUYl— R such that

F(X) = FO(FY(XY) + FY(X?) + F3(X%),X°)

forall X € R®, where IV := I'\I*, I? := I'N\I°, I := I°\I", I := I\({"UI"), and A™* :=
(Yer|3Ix e RV X2 e R, X3 e RVl 3 Y = FYXY) + F2(X?) + F3(X?)}.
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