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ABSTRACT The accuracy of classification and retrieval significantly depends on the metric used to compute
the similarity between samples. For preserving the geometric structure, the symmetric positive definite (SPD)
manifold is introduced into the metric learning problem. However, the SPD constraint is too strict to describe
the real data distribution. In this paper, we extend the intrinsic metric learning problem to semi-definite case,
by which the data distribution is better described for various classification tasks. First, we formulate the
metric learning as a minimization problem to the SPD manifold on subspace, which not only considers to
balance the information between inner classes and inter classes by an adaptive tradeoff parameter but also
improves the robustness by the low-rank subspaces presentation. Thus, it benefits to design a structure-
preserving algorithm on subspace by using the geodesic structure of the SPD subspace. To solve this model,
we develop an iterative strategy to update the intrinsic metric and the subspace structure, respectively.
Finally, we compare our proposed method with ten state-of-the-art methods on four data sets. The numerical
results validate that our method can significantly improve the description of the data distribution, and hence,
the performance of the image classification task.

INDEX TERMS Metric learning, subspace representation, low-rank optimization, structure preserving,

image classification.

I. INTRODUCTION

Metric, as a measure defined on a data set, plays a crucial role
in the description of data distribution. Deferent metrics can
offer different views of data. How to learn a suitable metric
to well describe the data distribution and further improve
the separability of the data becomes a fundamental issue in
machine learning [1], [2].

Metric learning aims to find a proper metric for a given
collection of pairs with similar/dissimilar samples [3]. It is
widely used in classification [4]-[6], image and 3D object
retrieval [7]-[9], face recognition [10]-[13], and person
re-identification tasks [14], [15], etc. From the geometric
viewpoint, metric learning can be divided into two categories:
linear and nonlinear metric learning. In linear metric learning
the metric is formulated by a globally linear mapping, while
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in nonlinear metric learning it is defined locally. The nonlin-
ear metric learning is often based on the linear metric learn-
ing, while the local linearization method [16] and the kernel
based method [17], [18] are two mainly used techniques in
nonlinear metric learning. Therefore, the linear metric learn-
ing is the cornerstone and will improve the performance of
the nonlinear metric case.

In past decades, several linear metric learning studies
have been developed. These include the Mahalanobis dis-
tance metric for clustering [19], the metric matrix parame-
terization method to learn a weighting diagonal matrix [20],
the Neighborhood Component Analysis (NCA) method in a
probabilistic framework [21], and the Large Margin Near-
est Neighbors (LMNN) method [22]. As in Support Vector
Machines (SVMs), LMNN proposes a margin criterion based
on hinge loss. Then, Der and Saul adopt the alternating itera-
tive method to solve it more efficiently [23].

2169-3536 © 2019 IEEE. Translations and content mining are permitted for academic research only.

68572

Personal use is also permitted, but republication/redistribution requires IEEE permission.

VOLUME 7, 2019

See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


https://orcid.org/0000-0001-9423-0146
https://orcid.org/0000-0002-7092-0596
https://orcid.org/0000-0002-2983-555X

L. Cai et al.: Intrinsic Metric Learning With Subspace Representation

IEEE Access

On the other hand, Shen et al. propose a dual method
to improve the computational efficiency [24]. Kunapuli and
Shavlik propose the mirror descent metric learning method
for online Mahalanobis distance learning [25]. Recently,
Nguyen and Baets solve the metric learning model by using
the difference of convex functions programming [28].

Focusing on the energy function, Davis et al. develop the
Information-Theoretic Metric Learning (ITML) method by
introducing an information measure [26]. ITML is important
because it introduces the LogDet divergence regularization
used in several other Mahalanobis distance learning meth-
ods [27]. Also, Nguyen et al. develop the Distance Metric
Learning through Maximization of the Jeffrey divergence
(DMLMYJ) between two distributions derived from local pair-
wise constraints [28]. Later, Gu et al. compare the Schatten
norm and the vector norm in metric learning [29], and Zhang
et al. design an FLS-SVM-ML algorithm by combining the
fuzzy least squares SVM and metric learning [30].

From the statistic viewpoint, Li et al. propose a maximum
margin criterion, in which an insightful rule for distribution
of data and a feature extraction method are established [31].
Liu et al. further discuss this criterion [32]. Later, Li et al.
develop a distributed approach to discriminative distance
metric learning [33]. Recently, Li and Chen propose a non-
parametric metric learning approach based on Gaussian pro-
cess (GP-Metric) and extend the bilinear similarity into a
non-parametric form [34].

Although the above-mentioned metric learning approaches
have shown excellent performance, they do not consider
the geometric structure of the set of all metrics, thus less
improvement in the accuracy and efficiency is achieved. To
solve these issue, Zadeh et al. revisit the metric learning
from the viewpoint of geometric mean on the manifold of
all positive definite matrices [35]. In this work, the best
linear metric is learned on the manifold of positive defi-
nite matrices, which ensures that the metric in each itera-
tion is positive definite. Reference [36] proposes an intrinsic
structure-preserving semi-supervised approach (ISSML) for
the linear metric learning, where a parameter is introduced
into the objective function to fit the data distribution between
inner and inter classes.

Nevertheless, the distribution of real data may not be fully
filled in the whole feature space. That is, features may be
located on a subspace of the feature space. On the other
hand, noise and outliers may influence the learned metric.
Therefore, it is important to design a more robust method for
linear metric learning with noise and outliers.

Fortunately, many effective approaches, especially the sub-
space based methods, have been proposed to reduce the
dimension of the feature space, as well as to improve the
robustness of learning algorithms [37]-[41]. They attempt to
find the underlying low dimension structure from the high
dimensional data, which realizes the effective description
and reduces the computation complexity. One fundamen-
tal method is Principal Component Analysis (PCA), which
seeks the subspace by maximizing the variance of projected
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samples [38]. It offers a common technique for dimension
reduction and feature representation. To improve the robust-
ness of PCA, Candegs et al. propose the Robust PCA (RPCA)
method, which decomposes the data into low-rank back-
ground and sparse noise parts, and hence greatly promotes
the robustness of data recovery [42]. Qiao et al. develop
an explicit nonlinear mapping for manifold learning [43].
Further, He et al. propose a Local Preserving Projection (LPP)
to find subspaces by preserving local structure of samples
[44]. Later, Zhang develops the Linear Discriminant Anal-
ysis (LDA) by considering the inner class and inter classes
information [39]. Li and Fu well realize the subspace discov-
ery by introducing the low-rank constraints [40], [41]. They
also apply this approach to balanced and unbalanced graphs
learning [45]. Recently, Ding and Fu improve it to multi-view
data analysis by collective low-rank subspace learning [46].

The subspace based methods well represent the features
for learning issues, but they do not fully consider the metric
factor in data representation. On the other hand, although the
LDA considers the inner class and inter classes information
with the basic idea to maximize the quotient of inter class
matrix and inner class matrix after projecting samples to low
dimensional space, the dimension of the projected space is
fixed. Recently, Bhutani et al. propose a low-rank variant
Low Rank Geometric Mean Metric Learning (LR-GMML)
method of the GMML [35] based on the subspace meth-
ods [56], which makes GMML scalable in a high dimen-
sional data sets. However, this work does not pay enough
attention to the noise distribution. Therefore, this paper
will synthesize the advantages of intrinsic metric learning,
subspace representation and noise sparsity to form a more
robust metric learning method. Our contributions are twofold
below.

1) Model: We extend our SPD metric learning model [36]
to the subspace SPD metric learning for better fitting the
real data distribution, which not only considers to balance
the information between inner class and inter classes by an
adaptive tradeoff parameter, but also improves the robustness
by the low rank subspaces representation and sparsity of
noise.

2) Algorithm: We propose an alternate structure preserving
algorithm. The algorithm benefits much from the geodesic
structure of positive-definite matrix group, which can trans-
fer an SPD constrained optimization problem to an uncon-
strained problem on an SPD sub-manifold.

The rest of this paper is organized as follows. In Section II,
after recalling the traditional metric learning model, we intro-
duce the low rank constraints to the model to represent
the optimal subspace for supervised metric learning. Then,
to solve the model, we propose an alternately iterative strat-
egy in Section III, where a structure preserving algorithm is
designed by using the manifold structure of positive definite
matrix group. In Section IV, we demonstrate the effectiveness
of our method, as well as compare it with ten state-of-the-
art methods for classification on four real data sets, including
ORL and Extended YaleB facial data sets, COIL-100 object
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data set [54], and USPS digit data set [55]. Finally, this paper
is concluded in Section V.

Il. THE PROPOSED MODEL
A. METRIC LEARNING MODEL ON MANIFOLD
Given a data set X = {xi,...,x,} with the label set Y =
V1, ...y}, where x; € R?, y; € £ = {c1,...,ck}. d is
the dimension of sample, #n is the number of samples, and K
is the number of class. Traditional supervised metric learning
is to seek the best Mahalanobis distance metric M, such that
samples are as close as possible in the same class and as far
as possible in different classes.

Denote the Mahalanobis distance between x; and x; by

D} = (xi — x)" M(xi — x), 1)

where M is a positive definite matrix (i.e. M > 0). Then,
a triplet set I' = {(x;, xj, x¢) : Dl.zj < Dizk} is used to
distinguish the relationship between samples, where x; and
x; are in the same class, i.e. y; = yj, and x;, x; are in different
classes, i.e. y; # yk.

Then, the supervised linear metric learning problem [22] is
modeled by

: 2 2
Al}l;% zr:(Dij — Dj). (2)

To better balance the influences of the inner-class
and inter-class data, we introduce an adaptive parameter
y = 1/(1 + D7) into the objective function, where D is
the mean distance of the data set D [36]. Then, the model is
rewritten by

. 2 2
min ;(D,j — yD). 3)
To reduce the computational complexity, we only calculate

the distances of k nearest neighbors in the same class for each
sample. Therefore, the energy function is translated into

n

. 2 2
pin D w0 —pDh @
L], K=

where 7;; and y;; are two indicative functions defined by

]1
nlj = O’
]7
yU = O’

Let Y = (yij)uxn» H = (Mij)nxn» € be a column vector with
all elements 1, and E; be a column vector with all elements
0 except the ith element 1. Then the energy function is further
simplified by

x; and x; are neighbors in the same class

otherwise

Yi =Yj,
Yi # Yj-

min Z CyDy. 5)

where Cjj = (E] (ee” — Y)e) nj — yET He(1 — yj)).
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Further, we rewrite the objective function by matrix form
and the model is translated to

/rwnir(l) 20X (D — O)XTM), (6)

where D. = diag(Ce) and C = (Cjj)pxn. For more detail
deduction, we refer to [36].

To enhance the generalization ability, inspired by [47]
we introduce a locally topological structure of data to (6)
in [36]. Although it improves the robustness, there are still
some shortages: 1) The metric matrix M is always assumed
to be positive definite, but the distribution of data may not
be fully filled in the whole feature space in real cases, and
2) the computation of the distances of the nearest neighbors
is time-consuming. Therefore, we should find a more efficient
way to improve the robustness. Fortunately, subspace based
methods have been proposed from another way to reduce
the dimension of the feature space, as well as to improve
the robustness of learning algorithms. They always assume
that the samples may be located on a subspace of the feature
space and offer a way to improve the robustness for feature
representation. Therefore, we can improve the robustness of
metric learning by a more robust feature representation.

B. METRIC LEARNING MODEL ON SUB-MANIFOLD

In subspace learning, one efficient way is the sparse low
rank self-representation [40]. That is, all samples can almost
be linearly represented by few samples in the data set
X = XZ + E, where Z is an n x n coefficient matrix and
E is the noise. From another viewpoint, samples used to
represent the whole data set X span a subspace. Therefore,
we reformulate the metric learning problem on subspace by

min _t(XZ(D. — C)ZTXTM) + v - 1(Z) + 1| E||2.1
M>0,Z,E
st. X=XZ+E

where r(Z) is the rank of Z, i and A are two balance param-
eters, and || - |l2,1 is the /»;; norm, which can model the
group-wise regularity of noise [37], [48]. In fact, the second
and third terms provide a way to settle the above issues by
considering the metric learning on such subspace. That is,
we can introduce the low rank self-representation for the data
set X, and then consider the metric learning on the projected
samples.

The rank of Z can be approximated by its nuclear norm.
Then, the objective function can be rewritten as

min t(XZ(De — OZ'X"M) + plZl|x + A El2.1
M>0,Z,E

st. X=XZ+FE @)

where || - ||« is the nuclear norm of the matrix. The first term
represents the weighted difference of inner-class distances
and inter-class distances on the subspace determined by Z
when Z is fixed. Minimizing the second term assumes that the
dimension of subspace is as low as possible, while the third
term means that XZ well represents the data set X . Therefore,
this model well balances the robustness and the description
of data distribution.
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lIl. ITERATIVE STRATEGY AND ALGORITHMS
In this section, we propose an iterative strategy to solve the
model (7). The detail is described as follows.

There are two kinds of independent variables in (7): the
metric M > 0 and the variables of low rank self represen-
tations Z and E. Hence a common solving strategy is the
alternate iteration. Concretely, the model can be solved by
iteratively minimizing two subproblems below.

S1) For current fixed Z and E, we update M by solving the
following minimization problem.

min tr(XZ(D. — C)ZT X" M). (8)
M=0

S2) For current fixed M, we update Z and E by solving the
following minimization problem.

mint(XZ(De — OOZ' X M) + il Z |1« + MIEll2,1
st. X=XZ+E ©

For the subproblem S1), we can adopt the same intrinsic
steep descent method on the positive definite matrix group
‘P(d) in [36]. Only we need to modify is to replace the data
set X in [36] by XZ k That is, the iterative format for solving
M by the geodesic structure of P(d) can be defined by

M*H = [MA]7 exp(—aGMM) M3, (10)

where « is the optimal step, and G(M*) is the gradient of the
objective function (8) at M*. It is calculated by

GM*) = [M*12xZ%(D, — O)Z XTIM* =2, (11)

The detailed deduction can be found in [36] and we use the
symmetry of XZX(D, — C)ZF Txr.

For solving the subproblem S2) easier, we introduce a slack
variable V with respect to Z, and then the model (9) equals to

min 1(Z(De — OZ"X M X + wlIVls + AE,
st. X=XZ+E Z=V (12)

Then, by using the augmented Lagrange method, the model
is translated into

min t1(Z(De — OZ"X M X + wlIV s + AE.

+ (LT (X —XZ — E)) + (LY (Z — V)
+ 21X = XZ = El[} +1Z = VII}). (13)

where L and L, are two Lagrange multipliers, o0 > 0 is a
penalty parameter, and || - || is the Frobenius norm.
Using the same strategy, the minimization problem (13)
can be solved by iterating the following three steps.
S2-1) For current fixed Z¥ and E*, we update the V4+! by
solving

. T, 7k _ 9 ok un2
H%}HMIIVII*—Hr(Lz(Z V))+5IIZ Vig. (14)
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To solve (14), we adopt the singular value threshold-
ing (SVT) technique [49]. That is,

L
v = szt + 2, (15)

where S; (+) is the shrinkage thresholding operator.

$2-2) For current fixed V¥*! and EX, we update Z**+! by
solving

min tr(Z(De Oz xTM**1x)
+ w(LT(X = XZ — EY) + ] (z — viThy)
+ 20X = XZ = EIF +1Z = VE ).
(16)
From the KKT condition, we have

0=2x"M"*"xzD.—C)—X"L + L,
+o(—XT"X +X"XZ + XTEF + Z — vk, a7)

Then, we can solve Z¥*! by a fast algorithm in [50].
S2-3) For current fixed Z¥*+!, we update EX*! by solving

min A|E]l2,1 + (LT (X — XZ" — E))
o
+5IX — Xz E2. (18)

The minimization problem (18) can be solved by the
method in [51]. Concretely,

10i1l — a
Ecy=] pon & lel=e (19)

0, otherwise,

where O = X — Xzt 4 %, Q; is the i-th column of Q, and
A
o = o
Finally, it should be pointed out that the Lagrange multi-

pliers L1, L, and o are updated by

LI = Lf + o*(x — xZF+! — ERTD, (20)
LAY = [k 4 gk(zht — yktt, 21)

and
" = min(po*, omay)- (22)

Then, we obtain the algorithm for metric learning via the
subspace representation and summarize it as Algorithm 1.

IV. EXPERIMENTAL RESULTS

To demonstrate the effectiveness of the proposed robust met-
ric learning algorithm, in this section, we compare it with ten
state-of-the-art methods for classification on four real data
sets, including ORL [52] and Extended YaleB [53] facial data
sets, COIL-100 object data set [54], and USPS digit data
set [55]. All programs are written in Matlab 2013a and run by
PC with Intel(R) Core(TM) i7-7500U CPU and 32GB RAM.
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Algorithm 1 Metric Learning Algorithm

Require: Data matrix X, parameters u, A, p = 1.3 and
Omax = 1010,

Ensure: M*, Z*, and E*.

1: Initialize M = Id, Z2° = 0, E® = 0, 0% = 0.1 > 0,

e=1073,

2: while Error > ¢ or k < maxIteration do

3 Calculate the gradient G(M ky by (11);

4:  Calculate the optimal stepsize « by inexact line search.
s MM = [MK]2 exp(—aGM*)[MF]2.
6
7
8
9

Update V4! by (15) with Z* fixed.
Update Z**! by solving (17) with VX! and E* fixed.
Update EXT1 by (19) with Z*¥*+! fixed.
Update the multipliers LS and L5+! by
Ll}:H — Lllc +O.k(X — xZk+1 _ Ek+l),
L2+1 — lec +Gk(zk+1 _ Vk+1),
10:  Update o¥*! = min(po*, omax)
11:  Calculate the Error*™! by Eq. (13) at M**1, vk+1,
Zk+1 and Ek+l,
122 Setk <k + 1.
13: end while
14: Output: M* = M*, 7* = Z* and E* = EF.

FIGURE 1. Representative samples from (a) COIL-100, (b) ORL,
(c) extended YaleB, and (d) USPS.

A. DATASETS AND COMPARED METHODS

We compare our method with ten state-of-the-art methods on
four widely used data sets. Fig. 1 shows some representative
images in four data sets while Table 1 shows the attributes of
the data sets.

Fig. 1(a) shows the representative samples of the COIL-
100 object data set. This data set contains 100 objects. All
images of one object were taken 5 degrees apart because the
object is imaged on a rotated turntable, and hence each object
has 72 images. The size of each image is 32 x 32 pixels with
256 grey levels per pixel. Thus, the original dimension of each
image is 1024. The bottom low shows the image with 10%
salt & pepper noise.
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TABLE 1. Attributes of four data sets.

Data set Type Classes  Samples  Dimension
ORL Face 40 400 1024
Extended YaleB Face 38 2414 1024
COIL-100 Object 100 7200 1024
USPS Digit 10 1000 256

Fig. 1(b) shows the representative samples of the ORL
facial data set. This data set contains 400 images with
40 classes acquired under different lighting conditions. All
images in data sets are cropped and resized to the size of
32 x 32. Thus, the original dimension of each image is 1024.
The bottom row shows the image with 10% Gaussian noise.

Fig. 1(c) shows the representative samples of the Extended
YaleB facial data set. This data set contains a total
of 2414 images, including 64 frontal pose images of 38 dif-
ferent subjects. The variability between images of the same
person is mainly due to different lighting conditions. The
images are automatically centered by using optical flow and
then converted to vectors. All images in data sets are cropped
and resized to the size of 32 x 32. Thus, the original dimension
of each image is 1024.

Fig. 1(d) shows the representative samples of the USPS
data set. This data set is one of the standard data sets for
handwritten digit recognition. It contains 9298 images with
the digits from 0 to 9, which have been normalized to size of
16 x 16. Thus, the original dimension of each image is 256.

To validate the abilities of classification and dimension
reduction, we compare our method with ten state-of-the-art
metric learning methods (ITML [26], LMNN [22], DMLMJ
[28], LR-GMML [56], LDA [39], LPP [44], LSDA [57]
and SRRS [41]) and two baseline methods (Euclidean met-
ric (EU) and PCA). For fair comparison, we only adopt the
k-NN classifier under the learned metrics, because the ability
of classification depends on the classifiers. Also, we use
the recognition error rate to evaluate the performance of all
compared methods. The recognition error rate is defined as

Yo fx) # Vi

n

The recognition error rate =

where 7 is the number of samples, f (x;) is the prediction label
of the sample, and y; is the real label of the sample.

B. NUMERICAL RESULTS AND DISCUSSION
1) COIL-100 OBJECT DATA SET
For COIL-100 object data set, the first 20 classes are selected
as the subset of samples. Then, we randomly select 10 images
in each class as the training samples and the rest as the testing
samples. We repeat this process 20 times. Further, to validate
the robustness of algorithms, we randomly add the salt &
pepper noise from 10% to 50% on the data, respectively. The
bottom of Fig. 1(a) shows the images with 10% salt & pepper
noise. Then, the numerical results are displayed in Table 2
and Figs. 2-5.

Also, we adopt the area under ROC curve (AUC) and F'1-
measure as the evaluation metric, we report AUCs and F'1s
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TABLE 2. The recognition error rates (Average + Std) on COIL-100 data set with different percentages of salt & pepper noise.

Method 0% 10% 20% 30% 40% 50% Average
EU 10.18+0.86(1024)  50.624+2.19(1024)  73.13+1.05(1024)  80.51£1.19(1024) 83.89£1.45(1024) 87.13£0.94(1024) 64.24
ITML 7.91£1.24(1024)  30.88£3.82(1024)  52.55+2.76(1024)  65.86+2.11(1024)  75.00+2.51(1024)  82.51+£2.40(1024) 52.45
LMNN 8.58+0.98(1024)  30.56£2.42(1024) 40.53£2.90(1024) 51.6642.78(1024) 63.69+2.84(1024)  75.25+2.84(1024) 45.05
DMLMJ 8.02£1.35(43) 25.124+1.84(1024)  35.70+0.96(1024)  47.25+1.80(1024)  58.44£1.22(1024) 69.86+1.77(1024) 40.73
LR-GMML  10.17£1.10(156) 24.08+1.62(18) 34.9241.78(18) 46.601+2.23(18) 57.36+1.80(18) 69.77+£2.77(18) 40.48
PCA 9.1610.90(35) 20.2342.20(11) 33.8942.31(8) 53.66+2.64(7) 70.25£2.71(5) 82.91£1.98(4) 45.02
LDA 13.5741.19(19) 28.8241.93(19) 40.1412.58(19) 51.5242.02(19) 62.67+1.65(19) 72.4241.74(19) 44.86
LPP 14.15+1.61(22) 28.77£1.19(21) 41.00+1.51(21) 52.68+1.53(22) 62.65+1.23(22) 72.7611.60(20) 45.34
LSDA 14.1941.43(30) 27.15+1.48(21) 38.46+1.91(21) 50.16+1.56(19) 60.67£1.39(21) 71.73+1.68(19) 43.73
SRRS 8.82+1.09(26) 12.314£1.0931) 20.16+1.10(52) 35.13+2.02(10) 52.6542.38(5) 66.17+2.59(4) 32.54
Ours 7.55+1.10(25) 11.794+1.03(31) 29.44+1.59(44) 45.35+1.18(54) 61.99+1.15(56) 29.03

10— T . .

recognition error rate (%)

30 40

10 20 50
percentage of sall & pepper noise (%)

FIGURE 2. Averaged error rates of classification on COIL-100 data set
with different percentages of salt & pepper noise.

in Table 3. For the multi-classification task, we divide it into
CIZ( (K is the number of class) binary-classification tasks
to calculate the mean of AUCs and Fls. F1 is defined as
follows:

TP R TP _2xPxR
T TP+ FP’~ ~ TP+ FN’ P+R

where P, TP, FN, R, FP and TN represent precision, the true
positive, the false negative, recall, the false positive and the
true negative, respectively.

Table 2 shows the recognition error ratios of classification
task for all methods in the different noise levels. The number
in the bracket is the dimension of reduced feature space. We
have the following three observations. 1) All learned metrics
improve the performance of classification. It is validated from
the results of ITML and LMNN. Their performance is better
than the EU-based method under the learned metric in the
original feature space with dimension of 1024. 2) The dimen-
sion reduction also contributes to improve the classification
performance. It is demonstrated from the comparison results
between EU method and all dimension reduction based meth-
ods. 3) Our proposed method outperforms listed state-of-the-
art methods under different salt & pepper noise in aspects of
accuracy and robustness, as shown in Fig. 2.

Table 3 shows AUCs and Fls for all methods on
COIL-100 data set. We can find that our method outperforms
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FIGURE 3. Averaged error rates of classification of seven methods on
COIL-100 data set with different percentages of salt & pepper noise and
dimensions of feature space. (a) 0%. (b) 10%. (c) 20%. (d) 30%. (e) 40%.
() 50%.

the other state-of-the-art methods under different evaluation
metrics.

Fig. 3 shows the relationship between the recognition error
ratios and dimension of the learned feature space. We have
selected six methods to compare with our proposed method,
since some methods are less efficient without dimension
reduction. At the same time, we only display the EU curves
to be baselines. Our proposed method almost obtains the best
subspace representation for the samples.

To show the distributions under the corresponding metrics,
we project all learned features to two dimensional spaces
by PCA and display them in Fig. 4. Visually, the separa-
bility of data are all improved in different degrees under
different learned metrics, where different colors represent
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TABLE 3. AUCs and F1s for all methods on COIL-100 data set with different percentages of salt & pepper noise.

Method 0% 10% 20% 30% 40% 50% Average
AUC F1 AUC 1 AUC F1 AUC F1 AUC F1 AUC F1 AUC F1

EU 0.898 0.896 0.494 0462 0.269 0.223 0.195 0.138 0.161 0.098 0.129 0.069 0.358 0.314
ITML 0921 0919 0.689 0.661 0.487 0.448 0348 0305 0224 0.169 0.182 0.128 0475 0.438
LMNN 0914 0913 0.692 0.677 0.598 0.585 0.488 0.471 0364 0341 0239 0207 0549 0.532
DMLMJ 0920 0919 0.749 0.738 0.643 0.628 0.528 0506 0416 0.392 0301 0279 0593 0577
LR-GMML 0.899 0.897 0.760 0.752 0.644 0.634 0534 0.521 0424 0408 0306 0290 0595 0.584
PCA 0.908 0.907 0.798 0.790 0.661 0.648 0.463 0.439 0.298 0.284 0.171 0.155 0.550 0.537
LDA 0.864 0.860 0.712 0.695 0.599 0.578 0.485 0460 0373 0349 0.276 0.258 0.551 0.533
LPP 0.859 0.854 0.712 0.690 0.594 0.565 0474 0440 0372 0336 0274 0249 0548 0.522
LSDA 0.858 0.854 0.729 0.713 0.615 0.595 0498 0473 0393 0369 0.283 0269 0.563 0.546
SRRS 0912 0910 0.877 0.875 0.798 0.793 0.649 0.640 0474 0462 0.338 0327 0.645 0.668
Ours 0.927 0926 0.882 0.880 0.820 0.817 0.705 0.700 0.545 0.537 0.380 0.372 0.710 0.705

F
%%

L

(®

(b)

® ()

FIGURE 4. Data set visualization of ten methods on two dimensional feature spaces without noise on COIL-100 data set. Different colors represent
different classes with ten classes. (a) EU. (b) ITML. (c) LMNN. (d) DMLMJ. (e) PCA. (f) LDA. (g) LPP. (h) LSDA. (i) SRRS. (j) Ours.

TABLE 4. The recognition error rates ( Average + Std) on ORL data set with different training samples.

Training samples 3 4 5 6 Average
EU 23.20£2.49(1024)  17.754+2.14(1024)  13.88+2.32(1024)  10.69+2.67(1024) 16.38
ITML 17.05+4.11(1024)  12.2744.16(1024)  8.45+3.74(1024) 6.441+3.42(1024) 11.05
LMNN 14.98£1.68(1024)  12.00+3.71(1024)  8.95+2.75(1024) 6.91£2.12(1024) 10.71
DMLMIJ 13.70+£2.74(36) 9.3142.87(44) 6.08+1.81(46) 4.5042.11(50) 8.40
LR-GMML 12.20+1.71(36) 8.2742.17(36) 5.30+1.76(37) 4.00£1.83(38) 7.44
PCA 23.20£2.56(119) 17.7542.20(159) 13.82£2.37(198) 10.69+£2.74(239) 16.37
LDA 15.64+2.27(39) 10.54+2.37(39) 7.35+1.87(39) 5.63£1.87(39) 9.79
LPP 13.39£1.82(39) 9.2941.58(39) 6.75+1.69(39) 5.34£1.78(39) 8.69
LSDA 13.50£1.95(39) 8.96£2.05(49) 6.55+1.78(41) 5.47£1.75(42) 8.62
SRRS 12.69+1.77(119) 8.0241.68(159) 6.381+1.36(60) 4.58+2.01(68) 7.92
Ours 10.57+£1.85(119) 6.58+2.24(159) 5.33£1.69(199) 3.47+1.27(239) 6.49

different classes. The results of EU and PCA are the same
because the final projections are the same. Further, the sepa-
rability of data by our projection is the best.

Finally, to test the sensitivity of the model parameters,
we validate the parameters in a large range. Concretely,
we select 1 from 102 to 10° and A from 103 to 10°. The results
are shown in Fig. 5. The recognition error ratio is not sensitive
to the model parameters and hence the model is robustness.

2) ORL AND EXTENDED YALEB FACIAL DATA SETS

To further validate the efficiency, we conduct the classifica-
tion tasks on the ORL and Extended YaleB facial data sets.
In experiments, we further consider the change of classifi-
cation performance with the number of training samples on
these two data sets.
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First, we randomly select 3, 4, 5 and 6 images in each
class as the training samples and the rest as testing samples.
We repeat this process 20 times, and record the recognition
error ratios with their standard variations by all methods,
respectively. The results are displayed in Table 4 and Fig. 6.

From Table 4, we obtain the following facts. 1) All learned
metrics improve the classification performance. It is validated
from the results of ITML and LMNN. Their performance is
better than the EU-based method under the learned metric
in the original feature space. 2) The dimension reduction
also contributes to improve the performance of classification.
It is demonstrated from the comparison results between EU
method and all dimension reduction based methods. Espe-
cially, compared with PCA, our proposed method has a large
improvement even the dimensions of feature spaces are close.
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FIGURE 6. Averaged error rates of classification on ORL data set with
different training samples.

3) The recognition error ratio of each method decreases with
the increment of the training samples. On the other hand,
at the same number of training samples, our proposed method
significantly outperforms all other methods. Further, our pro-
posed method obtains more promotion in the case of small
training samples.

To further validate the robustness of the proposed method,
we randomly add the Gaussian noise from 10%—50% on the
data. In each noisy case, we randomly select 5 images in
each class as training samples and the rest as testing samples,
and repeat this process 20 times. Then, we obtain the results
shown in Table 5 and Fig. 7.

Table 5 shows that the above three facts still hold in
the noisy cases. Further, Fig. 7(a) shows the relationships
between recognition error ratios and dimension of the learned
feature space in the case of 50% Gaussian noise. In this figure,
we also exclude the ITML and LMNN methods because
they do not reduce the dimension of feature space. At the
same time, we only display the EU curves to be baselines.
It is seen that our proposed method almost obtains the best
subspace representation for the samples. On the other hand,
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from Fig. 7(b), we conclude that recognition error ratios
increase with increment of the noise, while our proposed
method obtain the best performance in all noisy cases.
Further, the above process is repeated on the Extended
YaleB facial data set. We randomly select 10, 20, 30 and
40 images in each class as training samples and the rest as
testing samples. We repeat this process 20 times again, and
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TABLE 5. The recognition error rates (Average + Std) on ORL data set with different percentages of Gaussian noise.

Noise 10% 20% 30% 40% 50%
EU 18.63+2.42(1024)  20.13+2.36(1024)  22.884+3.02(1024)  28.454+2.61(1024)  38.1543.53(1024)
ITML 11.55+£4.98(1024)  14.284+4.95(1024)  14.93£5.16(1024)  22.45+4.77(1024)  30.1044.12(1024)
LMNN 10.60+1.85(1024)  13.854+2.35(1024)  17.2343.15(1024)  23.2343.08(1024)  28.00£5.82(1024)
DMLMIJ 9.60£2.75(56) 10.63£2.67(38) 13.20£3.16(39) 19.40£3.05(36) 29.23+4.13(48)
LR-GMML 9.78+1.99(36) 11.40+2.51(37) 14.98+2.93(37) 19.52£3.30(37) 29.051+4.10(38)
PCA 18.38+2.63(36) 20.13+£2.42(199) 22.50+3.30(39) 26.50+3.00(35) 32.754+3.10(31)
LDA 12.60£2.05(39) 15.55£2.96(39) 19.40£3.08(39) 24.80£3.98(39) 35.63£3.48(39)
LPP 9.82+1.66(39) 12.53+1.78(40) 16.02+2.02(39) 18.65+2.08(39) 28.571+2.76(39)
LSDA 9.78+1.87(40) 12.05+2.31(41) 15.631+1.89(41) 18.68+1.96(40) 28.451+3.10(42)
SRRS 9.24£2.56(117) 10.35£2.79(119) 12.7943.01(88) 16.48+2.59(69) 24.52+2.35(63)
Ours 7.63+1.88(199) 9.03+1.76(125) 9.18+1.62(120) 14.1542.16(97) 22.02+1.82(65)

TABLE 6. The recognition error rates (Average + Std) on extended YaleB data set with different training samples.

Training samples 10 20 30 40 Average
EU 46.254+0.31(1024)  30.77£0.69(1024)  21.384+0.56(1024)  17.38+0.34(1024) 28.95
ITML 24.53£0.79(1024)  13.544+1.46(1024)  9.14+1.39(1024) 7.36£0.78(1024) 13.64
LMNN 20.75£1.78(1024)  10.83+0.86(1024)  7.04+£0.59(1024) 5.55+0.56(1024) 11.04
DMLMIJ 12.01£1.26(99) 6.29+0.88(130) 4.1540.70(159) 3.174£0.49(1024) 6.41
LR-GMML 11.1240.56(484) 14.5540.86(766) 13.62+0.67(883) 10.6941.10(903) 12.50
PCA 46.24+0.31(376) 30.77+£0.71(710) 21.37+£0.58(797) 17.38+0.37(888) 28.94
LDA 12.03£1.16(37) 8.87£0.83(37) 13.64£0.96(37) 4.0840.66(37) 9.66
LPP 11.25+1.26(76) 7.23£0.65(162) 7.43£0.76(231) 2.02+0.41(226) 6.98
LSDA 11.2241.05(299) 10.29£0.86(93) 10.44£0.70(593) 3.99+0.57(151) 8.99
SRRS 9.0240.89(340) 5.7240.68(759) 3.32£0.35(340) 2.37+0.45(1024) 5.11
Ours 7.81+0.95(379) 4.27+0.49(391) 2.1940.40(452) 1.31+0.33(619) 3.90
. . . -EUI TABLE 7. The recognition error rates (Average + Std) on USPS data set.
= * = E—r\r;ﬂrbw Method Recognition Error Rate
"G-;m- I DML EU 10.17£0.86(1024)
= 4 TOLR-GMML ITML 9.12+1.21(1024)
b —Fca LMNN 8.66£1.13(1024)
S =t H — DA DMLMIJ 14.65£1.30(93)
= PP LR-GMML 8.94+0.99(49)
T BlLsCA PCA 9.91£0.97(29)
St Bl SRRS LDA 52.12:£2.64(9)
= I Ours LPP 50.11£3.47(14)
E=ly LSDA 46.3942.97(143)
=il SRRS 9.54-£0.84(50)
3 OUR 8.41+0.89(50)
LS

3 i
training samples

FIGURE 8. Averaged error rates of classification on extended yaleB data
set with different training samples.

record the recognition error ratios with their standard varia-
tions by all methods, respectively. The results are displayed
in Table 6 and Fig. 8.

Fig. 8 reveals the same phenomenon with the results on
ORL data set, but the performance of PCA on this data
set is not well like it on ORL data set. On the other hand,
the performances of SRRS and our method are close, but our
method is still better than all other methods in the same size
of training samples.

3) USPS DIGITAL DATA SET

Finally, we compare all methods for the image retrieval
task on USPS digital data set. Here, we only use the first
100 images for each number to be subset. Then, we randomly
select 30 images in each class as training samples and the
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FIGURE 9. Averaged error rates on USPS data set.

rest as testing samples. We also repeat this process 20 times.
By applying nine methods on them, we obtain the results and
display them in Table 7 and Figs. 9 and 10.

From Table 7, we see that 1) All learned metrics improve
the performance of retrieval. It is validated from the results
of ITML and LMNN. The performances are better than the
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FIGURE 11. Convergence curves of our proposed method on four data
sets. (a) ORL. (b) Extended YaleB. (c) COIL-100. (d) USPS.

EU-based method under the learned metric in the original
feature space with dimension of 256; 2) The dimension reduc-
tion also contributes to improve the performance of retrieval.
It is demonstrated from the comparison results between EU
method and all dimension reduction based methods; and
3) Our proposed method still outperforms the rest state-of-
the-art methods.

Fig. 9 shows the relationship between the recognition error
ratios and the dimension of the learned feature space. Here,
we only display the PCA, SRRS and our method with the EU
baselines. It is seen that our proposed method almost obtains
the best subspace representation for the samples.

To intuitively display the results, we portrait the image
retrieval results in Fig. 10. Our proposed method finds the
most similar images by using the learned metric.

VOLUME 7, 2019

Finally, we give the convergence analysis by the numerical
experiments. Fig. 11 shows the convergence curves of our
proposed method on four data sets without noise. It is seen
that our proposed method has a fast convergence rate.

V. CONCLUSION

In this paper, we have proposed a robust intrinsic met-
ric learning method based on the subspace representation
for samples. Concretely, we formulate the metric learning
problem as a minimization problem on the SPD manifold.
To extend this model to the semi-definite cases, we introduce
the robust subspace representation to our geodesic preserving
metric learning method by applying the low-rank and sparse
representations. To solve this model, we develop an iterative
strategy to update the metric and the subspace structure,
respectively. In the step of updating the metric, we construct a
structure-preserving algorithm. Finally, the numerical results
validate that our method can significantly improve the perfor-
mance of image classification, even under high noise.
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