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1 Introduction

Interval-Valued Intuitionistic Fuzzy Sets (IVIFSs; see, e.g., [2]) were introduced as extensions
of Intuitionistic Fuzzy Sets (IFSs; see [1,2]) by George Gargov (7.4.1947 — 9.11.1996) and the
author in [4]. A lot of operations, relations and operators were defined over them.
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In recent years, the interest in IVIFSs increased and now they are object of intensive research
and applications.

A of 2018, the author has started working actively over the development of the IVIFSs theory.
In [3], new operators from standard (first) modal type were introduced and some of their basic
properties were discussed.

In the present paper, using the notations from paper [3], we introduce a series of modal type
operators of second type over IVIFSs. They are analogues of the modal type operators of second
type over IFSs, discussed in [2].

2 Preliminaries

An IVIFS A over universe F is an object of the form:
A= {(r, Ma(2), Na(x)) | © € E},
where M4 (z) C [0,1] and N4(z) C [0, 1] are intervals and for all z € E:
sup Ma(z) 4+ sup Na(z) < 1.
For any two IVIFSs A and B the following relations hold:
ACB iff (Vxe E)(inf Ma(x) <inf Mp(z) & inf Ny(z) > inf Np(x)

& sup Ma(z) < sup Mp(z) & sup Na() > sup Np(x)),
A=B iff ACc B& B C A.

For any two IVIFSs A and B the following operations hold:

A = {(z, Na(z), Ma()) | v € E},
ANB = {(x,[min(inf M(x),inf Mp(z)), min(sup M4 (z),sup Mp(z))],
[max(inf Na(z),inf Ng(x)), max(sup Na(z),sup Ng(z))]) | x € E},
AUB = {(x,[max(inf Ma(x),inf Mp(z)), max(sup M4 (z)sup Mp(x))],
[min(inf N4 (z),inf Ng(z)), min(sup Na(z),sup Ng(x))]) | x € E}
A+ B = {(x,[inf Mas(z)+ inf Mp(x) —inf M4(z).inf Mp(x),
sup Ma(z) 4+ sup Mp(x) — sup Ma(x). sup Mp(x)],
[inf Na(z).inf Ng(x),sup Na(x).sup Ng(z)]) | z € E}

A.B = {(z,[inf Ms(x).inf Mp(x),sup M4(z).sup Mp(z)],
[inf Ng(x) + inf Np(x) — inf Na(z).inf Ng(x),
sup N4 (z) + sup Ng(x) — sup Na(x).sup Ng(z)]) | z € E}

AQB = {(z,[(inf Ma(x) + inf Mp(x))/2, (sup M4(z) + sup Mp(z))/2],
[(inf Na(z) + inf Np(z))/2, (sup Na(z)) +sup Np(x))/2] | x € E}



Operators of modal type are defined similarly to those, defined for IFSs:
0A= {{x,Ma(x),[inf Na(z),1 —sup M4(z)]) | x € E},
QA= {{z,[inf Ma(x),1 —sup Na(x)], Na(z)) | x € E},
D.(A) = {{(x,[inf Ms(z),sup Ma(x) + a.(1 —sup M4 (z) — sup Na(z))],
[inf Na(z),sup Na(z) + (1 — «).(1 — sup Ma(z) — sup Na(z))])
|z € E},
F,3(A) = {(z,[inf M4(z),sup Ma(x) + a.(1 —sup Ma(x) —sup Na(x))],
[inf Na(x),sup Na(x) + B.(1 —sup M4(z) —sup Na(z))])
|z € E}, fora+ <1,

Gap(A) = {(z,|a.inf My(z), a.sup Ma(x)], [B.inf Na(z), 5.sup Na(z)])
|z € EY},
H,p(A) = {(z,[o.inf M(x),.sup Ma(x)], [inf N4(z),sup Na(x)
+B8.(1 —sup Ma(x) —sup Na(x))]) | z € EY},
H; 5(A) = {(z,[a.inf Ma(z), . sup Ma(z)], [inf Na(x),sup Na(z)
+8.(1 — . sup Ma(x) — sup Na@)}) | # € E},
Jap(A) = {(z, [inf M4(z),sup Ma(z) + a.(1 — sup M4(z)
—sup Na(x))],[B.inf Na(z), 8.sup Na(z)]) | z € E},
ws(A) = {{z,[inf Ma(x),sup Ma(x) + a.(1 — sup M (z)
—B.sup Na(z))], [B.inf Na(z), B.sup Na(2))]) | = € E},
where o, 8 € [0, 1].
The level operators, defined over IVIFS A, are defined for «, 5 € [0,1] and o + 5 < 1 by:
P,s(A) = {(z, [max(a,inf M4(z)), max(c, sup Ma(x))],
[min(S, inf Na(x)), min(S3,sup Na(x))]) | z € E},
Qap(A) = {(z, [min(a, inf M4(z)), min(a, sup Ma(x))],
[max (3, inf N(x)), max(83,sup Na(z))]) | x € E}.

The standard interval valued intuitionistic fuzzy topological operators are defined over each
IVIFS A by:

C(A) = {(z, [supinf M (x), sup sup M(z)], [ilelginf NA(x),iglgsup Na(z)]) | = € E},

zeE z€FE

I(A) = {(x, [inf inf M 4(x), inf sup M ()], [supinf N4(z),supsup N4(z)]) | z € E}.
zeFE zel zcE z€FR

3 Main results

We describe standard interval-valued forms of some intuitionistic fuzzy modal-like operators of
second type, following [2], where their IFS-forms are given. We study some basis properties of
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the defined operators. Below, we formulate only these operator properties that are valid for the
currently discussed type of operators and are not valid for the next operator extensions.
Let the IVIFS

A = {(x, [inf M4(x),sup Ma(z)], [inf Na(x),sup Na(x)]) | x € E},

be given.
Now, we introduce the first two new IVIFS-operators of second type H and X as follows.

EA:{<m, mf]\/Q[A(:U)’sup]\;[A(x)}7{1anA§x)+1ysupNA2(x)+1 >|er}’

2 ’ 2 2 ’ 2
All of their properties are valid for their immediare extensions, that for a given real number
a € [0, 1] and IVIFS A have the forms:

AU {<x inf My(z) + 1 supMA(x)—i—l} | {ianA(x) sup N(z)] > o e E}

HoA = {{z,[ainf Ms(z), asup Ma(z)],
[ainf Na(x) +1 — a,asup Na(z) + 1 — al)|z € E},
M,A = {(z,[ainf Ma(z)+1—a,asup Ma(z) +1 — o],
[ainf Na(x), asup Na(z)])|z € E}.

Obviously, for every IVIFS A:
HosA = HA,

XA = XA.

Therefore, the new operators (H,, and X, are generalizations of the first ones.

The following assertions hold for the first two types of the next operators. We give the proof
of only one of them (Theorem 1 (b)), while the rest assertions are proved in the same manner.
Theorem 1. For every IVIFS A and for every « € [0, 1]:

(a) H,ACACK,A,
(b) ~H,—A = K, A,
(c) H.H,A C H,A,
d) X,X,ADX,A.
Proof. Let A be an IVIFS and o € [0, 1]. Then
-H,-A
= -, {(z, [inf M4(z),sup M4(z)], [inf Na(z),sup Na(z)]) | x € E}
= o {(z, [inf Na(x),sup Na(z)], [inf Ma(x),sup Ma(z)]) | x € E}
= —{(x, [vinf Ny (x), asup Na(2)], [oinf Ma(z) + 1 — o, asup Mu(z) + 1 — of)|z € E},
= {(z, [ainf M4(z) + 1 — a,asup My(x) + 1 — o] , [oinf Ny (z), asup Na(z)])|x € E}
= X,A. O
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Theorem 2. For every two IVIFSs A and B:
(a) H,(A+ B) C H, A+ H,B,
(b) MX,(A+B) 2 XA+ X,B,
(¢c) H,(A.B) D H,AH,B,
(d) X,(A.B) € X,A.X,B.

Moreover, the following assertions are also true.

Theorem 3. For every IVIFS A and for every two real numbers «, 5 € [0, 1]:
(a) H,HzA = HzHLA,
(b) X,XgA =XzX,A,
(c) X,HzA D HzX,A.
Theorem 4. For every IVIFS A and for every three real numbers «, 3, € [0, 1]:
(a) H,Ds(A) = Ds(H,A),
(b) H,Fps,(A) = Fps,(H,A), where 5+ v < 1,
(€) HaGpy(A) € Gpy(HaA),
(d) HoHsq(A) = Hgo(HaA),
(©) B.H; (A) = Hj_ (H,A),
() Haodsq(A) = Jo,(HaA),
(®) HaJs,(A) = J3,(HaA),
(h) XoDg(A) = Dy(K,A),
(i) XoFp(A) = Fp,(X,A), where § +~ <1,
() MaGpy(A) € Gpy(HaA),
(k) KXo Hpy(A) = Hgo (Ko A),
W) N, Hj;,(A) = Hj_ (K,4),
(M) B s (A) = Ty (HoA),

M) K,J5,(A) = J; (K,A).
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The second extension has the forms:
HasA = {(x, [ainf Ma(x), asup Ma(z)], [ainf Na(z) + B, asup Na(z) + ])|z € E},

XasA = {(x, [ainf M4s(z) + 5, asup Ma(x) + (], [ainf No(x), asup Na(x)])|z € E},

where «, 3, + 8 € [0, 1].
Obviously, for every IVIFS A:
BA=8BA50s,

XA =Ag5,05,
Aa = Aa,lfom
54, = KAq_a.

The following assertions hold for the new operators.
Theorem 5. For every IVIFS A and for every «, 5, + 8 € [0, 1]:

(a) ~H, 574 =KX, 34,
(b) ~X,3—A =H,3A.
Theorem 6. For every IFS A and for every «, 3,v,d € [0, 1] such that o + 5,y + 6 € [0, 1]:
Ha X, A C X, ;8. 5A.
Now, we introduce the third extension of the above operators. They have the forms:
Bas,A = {{x, [ainf M4(x), asup M4 (z)], [Binf Na(z) + v, Bsup Na(z) +v])|x € E},

Mo p4A = {(x, [ainf M(x) 4+ v,asup Ma(z) + ], [Binf Na(x), Bsup Na(z)])|x € E},

where «, 5,7 € [0, 1] and max(a, §) + v < 1.
Obviously, for every IVIFS A:

.....

.....

BAe = BAgai-a,
KA, = KA 1_a,
BAas = BAgas,
A5 = KA as.

The following assertions hold for the new operators.
Theorem 7. For every IVIFS A and for every «, 5,7 € [0, 1], for which max(c, 8) + v < 1:

(a) _'Ea,ﬁ,'yﬁA = B,a,’yAa

(b) _‘04757'7_|A = Hz]ﬂ,a7,yA.
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Theorem 8. For every two IVIFSs A and B and for every «, 3,7 € [0, 1], for which max(«, §) +
v< L

(@) Bos,(ANB) = B, s,ANBas,B
(b) Mo p,(ANB) = MapssANNap,B,

() Huop,(AUB) =H,5,AUHB.z5,B
(d) Xop,(AUB)=X,5,AUX, 3,8

(€) Mo, (AGB) = H, 5., AGH

a,B,y aﬂv

) X,p,(4AQB) =X, 5,AQK, 3. B
Theorem 9. For every IVIFS A and for every «, 3, € [0, 1], for which max(«a, ) + v < 1:

@) Hap,C(A) = C(HapnA),

(b) 04:/37"/0(14) = C(mﬁ»'YA)?

(c) 04757“/[(14) = [<a76,7A>7

(d) a,ﬁ,vI(A) = I(%BWA)‘

A natural extension of the last two operators (B, 5, and X, 3 ,) is the operator
®o5464 = {{z, [ainf Ma(2) + 7, asup Ma(z) + 7],

[Binf N(z) + 6, Bsup Na(z) + 0])|z € E},

where o, 8,7, 9 € [0,1] and max(a, 5) +v+ 9 < 1.
It is the fourth type of operators from the current type.
Obviously, for every IVIFS A:

''''''

------

HA, =0A4,001-a,
XA, =04, 01 a0,
BA.s = ®A,.00p5,
XA,s =A44450-
BAss, = ®A4,50-,
XAy g, =844 50-
The following assertions hold for the new operator.
Theorem 10. For every IFS A and for every a, 3,7, 6 € [0, 1], for which
max(a, B) +v+d <1
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(@) —®yp,67A=1[95,5,4,
(b) #5450 cnoA) = ®loc se.antqy,p0454,
(c) ®oprs0AD OB, 5454,
(d) ®, 54504 C OO 5,54
Theorem 11. For every two IFSs A and B and for every «, 3,7, 6 € [0, 1], for which
max(o, ) +v+d <1
(@) ®,p,5(ANB)=19,5,sANMO, 3,58,
(b) ®,p,5(AUB)=09],5,;AU0, 358,
(c) ®,5,5(AQB) =[9],3,5;AQ[®], 5 5B.

In a series of papers (see, e.g., [5,6]), Gokhan Cuvalcioglu introduced other operators from
the second type, but having different forms. The author supposes that he will give for them
interval-valued interpretations and for this reason, here the author will not discuss them.
Theorem 12: For every IVIFS A and for every «, 3,7, 6 € [0, 1], for which

max(a, f) +v+06 < 1:
@) [®o5,6C(A) =C(®ap,64),
(b) 8o 5,61(A) = I(®a54,54),
(©) ®a560:c((A) = Pocty,per5(®apq64),

(d) ®,545P-c((A) = Qactry,pers(®a pq54).

The extended form of all above operators is the operator
OlagrsecA={(z, [ainf My(z) — einf Na(x) + v, asup My (z) — einf Ny(x) + 7],

[Binf Ny(x) — Cinf M4 () + 6, Bsup Na(x) — (inf My(z) + 0))|z € E},
where «, 3,7, 90,¢,¢ € [0,1], and

IﬂaX(OJ—C,ﬁ—E)—f—’Y—f—éSl, (1)
min(a — ¢, —¢)+~v+6 > 0. (2)
Obviously, for every IVIFS A:

77777777

BHaA = @a,a,o,l—a,O,OAa
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XaA =[94.0,1-0,0004,

Ha,sA = [94,0,0,8,0,04,

XA = Olo 00004,

Ha,s4A = 94,504,004,
Xas0A =94 54,0004,
®05~6A =10 s~.600A.

The following assertions hold for the operator O], 3+ 5. ¢.
Theorem 13. For every IVIFS A and for every «, 3,7, 9, ¢, € [0, 1], for which (1) and (2) are
valid, the equality
“OaprsecmA = DpasqceA

holds.
Theorem 14. For every two IVIFSs A and B and for every «, 3,7, d, ¢, € [0, 1], for which (1)
and (2) are valid, the equality

@a,ﬁ,%&s,c (A@B) = @a,ﬁmé,e,CA@@a,ﬁm&s,CB

holds.
We must note that equalities

@045)7’67634(14 ﬂ B) = @a7677767€7<A m @a)577}5’61<B7

@aﬁ,%&e,cj(A U B) = @a,ﬁm&s,CA U @a,ﬂ,%&eaCBv

which are valid for operator [®, 3 - 5, are not always valid now.
Theorem 15. For every IVIFS A and for every ay, 51,71, 91, €1, (1, o, B2, Y2, 02,2, (2 € [0,1]
for which conditions that are similar to (1) and (2) are valid, the equality

@011 ,B1,71,01,61,G1 (@012,,32,72,52,62:@"4)

= @al.a2+81.C2, B1.B2+4C1.€2, a1.v2—€1.024+71, B1.02—C(1.72+01, a1.2+€1.62, 51-C2+C1.042A

holds.

4 Conclusion

In a next paper, the author will introduce generalizations of all the operators, introduced here for
a first time. Here, inf- and sup-components have equal parameters (real numbers). In the next
research, these parameters for the inf- and sup-components will be different and their specific
properties will be studied.

In near future, the author plans to extend the results from the present paper to a book.
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