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1. Introduction.

Most modern physical theories begin by postulating a symmetry group and then
establishing field equations based on an invariant variational problem. As first recognized
by Sophus Lie, [24], every invariant variational problem can be written in terms of the
differential invariants of the symmetry group. The associated Euler-Lagrange equations
inherit the symmetry group of the variational problem, and so can also be written in
terms of the differential invariants. Surprisingly, to date no-one has found a general group-
invariant formula that enables one to directly construct the Euler-Lagrange equations from
the invariant form of the variational problem. A few specific examples, including plane
curves and space curves and surfaces in Euclidean geometry, are worked out in Griffiths,
[18], and in Anderson’s notes, [3], on the variational bicomplex.

Example 1.1. To motivate the general formula, let us review the very simplest
geometrical example. The proper Fuclidean group consists of all orientation-preserving
rigid motions. In the planar case, the group element g = (¢,a,b) € SE(2) ~ SO(2) x R?
transforms a point z = (z,u) € R? to the point w = (y,v) = g - z with coordinates

Yy =1xcos¢ —using + a, v =1xcos¢+ using + b. (1.1)

A complete system of differential invariants for smooth planar curves C = {z(t)} C R?
consists of the Euclidean curvature x and its successive derivatives x, = D"k, where
D = D, denotes invariant differentiation with respect to the standard arc length element
w=ds = || || dt. Every Euclidean-invariant variational problem has the form

Z[u] :/z(m, RgyKggy---)ds, (1.2)

where the differential invariant L is called the invariant Lagrangian. Since the Euler-
Lagrange equation E(L) = 0 for the usual Lagrangian L = L || 2| is Euclidean-invariant,
it can also be written in terms of the curvature invariants:

F(k, kg, Kggy...)=0. (1.3)

The basic problem is to go directly from the invariant form (1.2) of the variational problem
to the invariant form (1.3) of its Euler-Lagrange equation. For example, the Euler-Lagrange
equation for the arc length functional [ ds is —k = 0, whose solutions are straight lines
— the arc length minimizing planar curves. Similarly, the variational problem [ %/42 ds
describes the Euler elastica, [12]. Its Euler-Lagrange equation, x,, + %/ﬂg = 0, can be
solved in terms of elliptic functions, [26], and was their historical origin.

Even with these particular examples in hand, the general formula connecting (1.2) to
(1.3) is not at all obvious. As established in [3, 18], the Euler-Lagrange equation for the

general Euclidean invariant variational problem (1.2) takes the form

(D? + k%) E(L) + kH(L) = 0, (1.4)
where

D)= (o2& W)=Y ko, (-Dy 25 T



are, respectively, the invariant Eulerian, and the invariant Hamiltonian of the invariant
Lagrangian L, both in direct analogy with the usual formulae for non-invariant higher order
Lagrangians, cf. [3,10,27,34]. The actual Euler-Lagrange equation (1.4) is obtained by
applying certain invariant differential operators to both the Eulerian and Hamiltonian.

The main purpose of this paper is to establish an analogous, general formula relating
invariant variational problems to their invariant Euler-Lagrange equations for arbitrary
finite-dimensional transformation groups. It turns out that, in all cases, the Euler-Lagrange
equations have the invariant form

A*E(L) — B*H(L) = 0, (1.5)

where £(L) is the invariantized Eulerian, #(L) a suitable invariantized Hamiltonian, which
in the multivariate context is, in fact, a tensor, [34], and A*, B* certain invariant differ-
ential operators, which we name the Eulerian and Hamiltonian operators. Our methods
produce an explicit computational algorithm for determining the invariant differential op-
erators A*, B*, that, remarkably, can be constructed from the formulae for the infinitesimal
generators of the transformation group action using only linear algebra and differentiation.

This result will be based on combining two powerful ideas in the modern, geometric
approach to differential equations and the variational calculus. The first is the waria-
tional bicomplexr, which is of fundamental importance in the study of the geometry of jet
bundles, differential equations and the calculus of variations. The origins of the varia-
tional bicomplex can be traced back to work of Dedecker, [9]. Its modern, general form,
originates with Vinogradov, [37, 38, 39], and Tulczyjew, [36]. The later contributions of
Tsujishita, [35], and Anderson, [1, 3], have amply demonstrated the power and efficacy
of the bicomplex formalism for both local and global problems in the geometric theory of
partial differential equations and the calculus of variations. The underlying construction®
relies on the natural splitting of the space of differential forms on the infinite jet space
into horizontal and contact components. This endows the usual deRham complex with
the structure of a bicomplex, and so powerful homological algebra machinery, particularly
spectral sequences, can be unleashed to compute geometric and topological quantities
of interest, including conservation laws, variational structures, null Lagrangians, Euler-
Lagrange equations, characteristic cohomology, characteristic classes, etc. In particular,
the Euler operator or variational derivative achieves an intrinsic characterization as the
corner map of the associated “edge complex”.

The second ingredient in our method is Cartan’s moving frame theory, [8,17, 19, 22],
as extended and generalized in the work of the second author and Fels, [14,15]. For a
general finite-dimensional transformation group G, a moving frame is defined as an equiv-
ariant map from an open subset of jet space to the Lie group G. Once a moving frame

f The bicomplex construction relies on a choice of local bundle structure on M. An intrinsic
version can be formulated in the language of spectral sequences, based on the contact filtration of
the cotangent bundle, [39]. However, since we shall always deal with local coordinate formulae,
we have chosen to use the more down-to-earth bicomplex version here. We refer the reader to
Itskov’s recent thesis, [20, 21], for the more abstract spectral sequence version.



is established, it provides a canonical mechanism, called invariantization, of associating
differential functions to differential invariants. Here, we formulate a general invariantiza-
tion procedure for differential forms on jet space that allows us to systematically construct
the invariant counterparts of all objects of interest in the usual variational bicomplex.
The resulting invariant variational complex provides the proper setting for studying the
interplay between symmetry groups and differential equations, variational problems, con-
servation laws, characteristic cohomology, and so on. For non-projectable group actions,
the resulting invariant complex relies on three differentials with nonstandard commutation
relations — see (5.13) below — and so is no longer a bicomplex of the usual form. For
lack of a better terminology, we name the structure a quasi-tricomplex.

The key formula relates the differentials of ordinary differential forms on the jet space
to the invariant differentials of invariant forms. In general, invariantization introduces
additional “correction terms” similar to the terms that distinguish covariant derivatives
in Riemannian geometry from ordinary derivatives. In particular, the recurrence formulae
form the basis for a complete, algorithmic classification of the syzygies and commutation
formulae for differentiated invariants, as first established in [15]. As a byproduct of our
general constgruction, the invariant version of the vertical bicomplex differential will then
produce the desired formula relating invariant variational problems and invariant Euler-
Lagrange equations. The final formula is not elementary; nevertheless, we establish an
explicit computational algorithm based only on infinitesimal data. It is worth empha-
sizing that the required computations only involve linear algebra and differentiation. In
particular, they do not require the explicit formulae for either the moving frame or the dif-
ferential invariants, and hence can be readily automated with symbolic manipulation. (In
contrast, the explicit moving frame normalizations typically require manipulating rational
algebraic functions — the “Achilles heel” of all current computer algebra systems!) Our
own computations have been implemented in both MATHEMATICA and MAPLE, and the
results compared in order to give added assurance of their overall correctness. Since then,
the first author has implemented a number of the moving frame algorithms in the general
MAPLE software package VESSIOT, [2], developed by Ian Anderson and his students.

2. The Variational Bicomplex.

We begin with a brief review of the variational bicomplex, relying primarily on the
formulation in [1,3,35]. See also [29, 39, 40] for basic results on jet bundles, contact
forms, contact transformations, prolongation, etc.

Given a manifold M, we let J” = J"(M, p) denote the nth order (extended) jet bundle
consisting of equivalence classes of p-dimensional submanifolds S C M under the equiv-
alence relation of nth order contact. In particular, J° = M. The infinite jet bundle
J>® = J*°(M,p) is defined as the inverse limit of the finite order jet bundles under the
standard projections 771 J*t1 — J* The individual jet fibers J*| = (wg)‘l {z} are
identified as generalized Grassmann manifolds, [27]. Differential functions, meaning func-
tions F:J™ — R defined on an open subset of jet space, and differential forms on J" will
be routinely identified with their pull-backs to the appropriate open subset of the infinite
jet space.



When we introduce local coordinates z = (z,u) on M, we consider the first p com-
ponents x = (x',...,zP) as independent variables, and the latter ¢ = m — p components
u = (u',...,u?) as dependent variables. The induced local coordinates on the jet bundle
J>® are denoted by 2(>) = (z,u(*)), consisting of independent variables x*, dependent
variables u®, and their derivatives u5, a = 1,...,q, 0 < #J, of arbitrary order. Here
J = (415, J), with 1 < j, < p, is a symmetric multi-index of order k = #.J. Coordi-
nates z(" = (z, u(”)) on the jet bundle J™ are obtained by truncating at order n.

A differential form 6 on J°°(M,p) is called a contact form if it is annihilated by all
jets, so that 6 | j,,S = 0 for every p-dimensional submanifold S C M. The subbundle of
the cotangent bundle T*J> spanned by the contact one-forms will be called the contact or
vertical subbundle, denoted by C(>). In local coordinates (, u(o")), every contact one-form

can be written as a linear combination of the basic contact forms

P

9 = dug —Zu?l dzt, a=1,...,q, 0 < #J. (2.1)
i=1

On the other hand, the coordinate one-forms dz? span the horizontal subbundle, denoted

by H, and thereby induce a splitting T%J*° = HeC(>®) of the cotangent bundle. Any

one-form w on J* can be uniquely decomposed into horizontal and vertical (contact)

components, @ = 7y () + 7y (), where 7,: T*J® — H and 7y,: T*J> — C(*°) are the

induced horizontal and vertical projections.

The splitting of T#J°° (which is not true for finite order jet bundles) induces a bi-
grading of the differential forms on J*°, known as the variational bicomplex owing to its
importance in the calculus of variations. The differential d on J° naturally splits into
horizontal and vertical components, d = dy + dy, , where dj increases horizontal degree
and dy, increases vertical degree. Closure, dod = 0, implies that

In particular, the horizontal or total differential of a differential function F': J>° — R is the
horizontal one-form

p

dy F = Z (D, F) dx", where D, = 33:2 + Z Z ug; au (2.2)

=1 a=1 J

denotes the usual total derivative with respect to x*. Similarly, the vertical differential of
a function F(x,u(™) is the contact one-form

dy F = Z Z auK 0% (2.3)

a=1 K

A total differential operator is intrinsically defined as a vector field on J> which lies
in the annihilator of the contact bundle C(*). The total derivatives (2.2) form a basis, and
so every total differential operator has the local coordinate form

D= Z Qi (z,u™) D, (2.4)

=1



where Q1!,..., QP are differential functions. The total differential operator (2.4) acts via
Lie differentiation on the basis contact forms:

P
Z (z,u™) 0 05 ;- (2.5)

A horizontal coframe is a collection of p horizontal one-forms

P
Z PJZ x, u(”) dz?, i=1,...,p, (2.6)

=1

<.

that are defined and satisfy the linear independence criterion w' A ---AwP # 0 on an open
subset of J>°. The dual total differential operators

-

@
I
—

Q'(z,u™) D, i=1,....p, (2.7)

are defined so that

dy F = i (D;F)w’ (2.8)

for any differential function F(z, u(”)), so that (Q;) = (P; )_1 is the inverse coefficient
matrix. This identity extends to contact one-forms ¢} (but not to horizontal one-forms!),

p
dgd = w AD,9. (2.9)

j=1

Full details of the variational bicomplex construction and a wide range of applications can
be found in [1, 29, 35, 39, 40].

3. Moving Frames.

The second main tool in our program is the theory of moving frames as developed in
[15]. Let us briefly review the principal constructions. The basic framework begins with
an r-dimensional Lie group G acting smoothly on the manifold M. We assume, without
significant loss of generality, that G acts locally effectively on subsets, [30], which means
that the global isotropy subgroup Gf; = {g € G|g-z = z for all z € U} of every open
U C M is a discrete subgroup of G. For analytic actions, this is equivalent to assuming G
acts locally effectively on all of M, meaning that G%, is discrete.

Let G denote the nt® prolongation of G to the jet bundle J* = J*(M, p) induced by
the action of G on p-dimensional submanifolds. The prolonged group transformations are
uniquely specified by the requirement that they preserve the contact ideal and so define
contact transformations on higher order jet bundles.
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Remark: The methods of this paper can be easily adapted to general contact trans-
formation groups, [29]. However, Béacklund’s Theorem, cf. [29, 39], shows that only in the
case of hypersurfaces, p = m—1, ¢ = 1, are there (first order) contact transformations that
do not arise as prolongations of point transformations. To avoid yet further complications,
we have chosen to develop the machinery only in the point transformation case.

The reqular subset V™ C J" is the open subset where G(™ acts locally freely, and so
has prolonged orbits of dimension » = dim G. If the action of G is locally effective on all
open subsets of M, then the stabilization theorem, [30], implies that V™ is nonempty for
n > 0 sufficiently large, and, indeed, dense in J™. Since the latter result is not explicitly
formulated in the aforementioned reference, we provide a quick proof thereof.

Theorem 3.1. Let G be an r-dimensional Lie group that acts locally effectively on
each open subset of M. Then, for some n < r = dim G, the prolonged action is locally free
on the open and dense subset V" C J".

Proof: Given an open subset U C M, let s, = 5,(U) denote maximal dimension of
the orbits in J*(U, p). Clearly, 5; < 89 < ...<r, and hence the orbit dimensions stabilize
at some order. We let n = n(U) denote the stabilization order, meaning the minimal order
at which s, _; <'s, =s,,1 = 5,,9 = ---. Theorem 5.37 in [29] asserts that there can
exist at most one pseudo-stabilization, that is if s, = s, and 5, = s, for k. <m
then n < m. Moreover, the stabilization theorem, [30], implies that the prolonged action
becomes locally free on an open subset of some jet space J™ (U, p) of sufficiently high order
m. Putting these two facts together, we conclude that Sp) =T and that the stabilization
order is uniformly bounded, with n(U) < r — s,(U) + 1 < r, where the maximal orbit
dimension s,(U) > 1 since G acts locally effectively on subsets. Thus, in all cases, there
is an order n < r such that the regular subset V" C J"(M,p) is open, and, moreover, its
projection W = 7y} (V") is dense in M.

For each z € M, the intersection V' = V" NJ"|, consists of the points in the jet fiber
where the prolonged infinitesimal generators are linearly independent. The prolongation
formula, [27, 29], tells us that the prolonged infinitesimal generators depend polynomially
on the derivative coordinates, and hence the fiber complement J"|, \ V' is an algebraic
subset. Therefore, V' is dense in each fiber unless it is empty. On the other hand V! is
empty if and only if z ¢ W. Since V" =U__;, V2, we conclude that V" is dense. Q.E.D.

Remark: A significant open problem is whether the action is, in fact, free on a (dense)
open subset of J” for large n, assuming that G acts effectively on subsets. This occurs in all
known examples. However, establishing either a rigorous proof or explicit counterexample
appears to be extremely difficult.

Definition 3.2. An nth order (right-equivariant) mowving frame is a map p(™:J* —
G which is (locally) G-equivariant,

Pl (g™ - 2y = p) (M) g=1 2 e Jn, g€ @G, (3.1)

with respect to the prolonged action G on J”, and the right multiplication action of G
on itself.



Remark: The corresponding left-equivariant moving frame is merely 5 (2(") =
p(”)(z(”))_l. Most classical geometrical moving frames are left-equivariant, but the right
versions are often easier to compute and the group inversion map provides an easy mech-
anism for changing one to the other. To be concrete, we shall consistently use right-
equivariant moving frames in this paper.

The fundamental existence theorem for moving frames follows, cf. [15].

Theorem 3.3. If G acts on M, then an n*® order moving frame exists in a neigh-
borhood of z™ € J" if and only if 2™ € V" is a regular jet.

See [30] for a complete characterization of totally singular submanifolds, meaning
those whose jets are singular to all orders, j,,.S C J*\V", and hence admit no moving frame.
Every nth order moving frame automatically defines a moving frame p(") ok Jk — @G,
k > n, on the higher order jet bundles by composition with the usual jet bundle projections
7k JF — J". We will adopt a uniform notation p:J° — G for the induced moving frame
on a suitable open subset of the infinite jet bundle.

The practical construction of a moving frame is based on Cartan’s method of normal-
ization, [8,15], which requires the choice of a (local) cross-section K™ C V" to the group
orbits. For expository purposes, we shall assume K™ is a global cross-section, which may
require shrinking the domain V" C J" of regular jets.

Theorem 3.4. Let G act freely, regularly on V™ C J". Let K™ C V" be a cross-
section to the group orbits. Given 2™ € V™, let g = p(™(2(") be the unique group
element that maps z(™ to the cross-section: g(™ - z(") = p(M)(z(M) . (") ¢ K" Then
p™ :J" — G is a right moving frame for the group action.

One typically chooses a coordinate cross-section K™ = { 2y = ¢;,...,%,. = ¢, } ob-
tained by setting r = dim G of the components of z(™ = (x,u(”)) — either indepen-
dent variables, dependent variables, or their derivatives — to equal constants. We use
w™ (g, 2(M) = g™ . 2(") to denote the explicit local coordinate formulae for the pro-
longed group transformations. Using the same labeling w,,...,w, for the transformed
cross-section components, the moving frame in Theorem 3.4 is obtained by solving the

normalization equations

wy (g, 2) = ¢, . w,(g,2) =c,, (3.2)

for the group parameters g = (gy,...,g,) in terms of the coordinates 2" For simplicity,
we shall always assume that we are using a coordinate cross-section to prescribe our moving
frame. Non-coordinate cross-sections can also be handled, albeit with some additional
complications, by a straightforward adaptation of our basic methods.

Theorem 3.5. If g = p(”)(z(”)) is the moving frame solution to the normalization
equations (3.2), then the components of

](n)(z(n)) - w(n)(p(n)(z(n)), Z(n)) - p(n)(z(n)) . »(n) (3.3)

form a complete system of differential invariants on the open subset of J™ where the moving
frame is defined.



The components I, = ¢y,...,I, = ¢, corresponding to the cross-section coordinates
21, .., %, are trivial, constant differential invariants, and are known as the phantom differ-
ential invariants, [15]. The remaining dim J” — r differential invariants form a complete
system of functionally independent nth order differential invariants for the transformation
group G, and are known as the normalized differential invariants. Thus, any other nth or-
der differential invariant can, locally, be written uniquely as a function of the fundamental,

non-phantom differential invariants of order < n.

Example 3.6. We shall use the planar action (1.1) of the Euclidean group SE(2)
on plane curves C C M = R? as a running illustrative example. The prolonged group
transformations

Yy = T cos¢ — using + a, v=2xsin¢ +ucosop+ b,
sin ¢ + u,, cos ¢ A Uy (3.4)
Y cosd—u,sing’ Y9 (cosd — u, sin )3’
etc., are constructed by successively applying implicit differentiation operator
1
D, = D (3.5)

cos¢p —u,sing *

to v. The classical Euclidean moving frame, [19], follows from the cross-section normal-
1zations

Yy = 0, v =0, v, = 0. (36)
Solving for the group parameters g = (¢, a, b) leads to the right-equivariant’ moving frame
qb:—tan_lux, a:_x-i-uum b:xum—u

VituZ’ VItuZ (3.7)

The corresponding left moving frame is obtained by inversion, (5, a, 5) = (¢,a,b)"t =
(tan~!w,, z,u). Its translation component @ = x,b = u is the point on the curve, while
the columns of the rotation matrix with angle 5 = tan~!u, consist of the unit tangent
and normal vectors, and thereby recovers the classical Frenet frame, [19].

The fundamental normalized differential invariants for the moving frame (3.7) are

y+— H =0, vi— Iy =0, v, —> I} =0,

ul’I

T+

and so on. In particular, H, I, I; are the phantom invariants, while I, = & is the Euclidean
curvature, which forms the basic differential invariant for Euclidean plane curves. Further,
D =D, =(1+u2)""2D, is the arc length derivative, which maps differential invariants
to higher order differential invariants, and can itself be constructed by applying the moving

(3.8)

e _ _ 3
Vyy V> Iy =k = Vyyy V> 13 = R, — I, = K g + 3K,

vyyyy

t Actually, this moving frame is only locally equivariant, since there remains an ambiguity
of 7 in the prescription of the rotation angle. For simplicity, we shall ignore this technical point
here, referring to [31] for a detailed discussion.



frame normalization (3.7) to the implicit differentiation (3.5); see below for details. Later
we will see how to explicitly relate the normalized differential invariants I, to the arc
length derivatives k,, = D™k of the curvature.

4. The Invariant Bicomplex.

We now build group invariance into the variational bicomplex through our chosen
moving frame. The construction of the appropriate “invariantized” bicomplex is aided by
the regularization procedure introduced in [15]. Given any Lie group action of G on a
manifold M, consider lifted action g-(h,z) = (h-g~', g-2) of G on the trivial right principal
bundle m: B = G x M — M. No matter how complicated the original action, the lifted
action is always regular and free. Moreover, a complete set of functionally independent
lifted invariants on B is provided by the components of the evaluation map w: B — M,
defined by w(g,z) =g - 2.

The regularization construction is immediately adapted to the prolonged action of
G™ on the jet bundle J”. In the infinite jet limit, we introduce the reqularized jet bundle
m:B® =G x J*®° — J°° with lifted prolonged group action

g (h, Z(oo)) =(h- g—l,g(oo) .Z(oo)), ge @, (h, Z(oo)) € B> (4.1)
The components of the evaluation map w = w(®): B> — J> given by

provide a complete system of lifted differential invariants on B°°. This endows the lifted
jet space with a double fibration or groupoid, [25, 33], structure

:/ \’i (4.3)

A moving frame, when prolonged to the infinite jet bundle p: J* — G, serves to define
a G-equivariant section o: J*° — B, namely o (2(>)) = (p(2(>)), 2(>)). Now, mo0 = 1.
is the identity, whereas the components of the composition I = woo:J*® — J° serve to
define the fundamental normalized differential invariants (3.3), namely

I(209)) = w(p(20>)), 209)) = p(2>) - 290, (4.4)

If F:J>® — R is any differential function, we let F(g, 2(°)) = w*F = Fow denote its
lift, which defines an invariant function on B>, and ((F) = o*F = I*F = Fol its
invariantization. Geometrically, «(F) is the unique differential invariant that agrees with
F on the cross-section. In particular, ¢(I) = I for any differential invariant I, and hence
invariantization defines a canonical projection (depending upon the moving frame) from
the space of differential functions to the space of differential invariants.

In local coordinates 2(°) = (z,u(™)) = (...z%...u5...), the normalized differential
invariants (4.4) associated with the moving frame are given by invariantizing the coordinate

10



functions, and denoted by

Hi(w, ™) = 0" () =ua®),  i=1op, s
Ij'é(a:,u(l)) =o*(v%) = t(u}), a=1,....,q, k=#K >0. '
In general, the invariantization process is given by
F(.. 2t uG,. ) =F(.. HY TG, (4.6)
Let ©* denote the space of differential forms on B>, which we call lifted differential
forms. A coframe or basis for Q* consists of the pulled-back horizontal forms dz!, . .., dzP,
the contact one-forms 0%, a = 1,...,q,#K > 0, and the Maurer-Cartan forms u',. .., u"

on G. The Cartesian product structure on B> = J* x G induces a bigrading on QF =
D, QP! where Q%! denotes the space of forms with k jet components — either dz® or

0% — and | Maurer—Cartan forms p*. We accordingly decompose the differential
d=d; + dg
on B into jet and group components, so
4, Q8 Qi dg QM @RI
This decomposition induces a trivial product bicomplex structure on B°:
d3 =0, do d; + d; dg =0, dz = 0. (4.7)

Using the bundle structure on J* induced by a choice of local coordinates, we may further
decompose d; = dy + d, into horizontal and vertical (contact) components. The latter
induces the structure of the lifted tricomplex on Q*, with

(4.8)

Let ﬁ}‘ =D, Q%0 denote the space of pure jet forms on B>®. A jet form may depend

on group parameters, but contains no Maurer-Cartan forms. Let 7;: Q* - ﬁ?} denote the
jet projection, which annihilates all the Maurer—Cartan forms. Note that

myod=d; = djomy, myodg =0, but dg omy; # 0. (4.9)

If Q is any differential form on J*°, we call Q= 7,w*Q) the corresponding lifted jet

form on B*. In view of (4.2), we can identify Q with the pull-back of the form €2 under
the prolonged group transformations:

U s gy = 10" (2r ) = 97 (2 o) ) (4.10)

T To keep the notation simple, we shall always identify a form on either J> or G and its
pull-back to B = G x J*° under the standard Cartesian projections.

11



which we formally write as (AZA: g*Q. Since the group acts on B> via the product action,
both w*Q and its projection Q = 7,w*Q are G-invariant forms; thus

g*ﬁ =0 for any g €G. (4.11)
In terms of local coordinates, we introduce the lifted horizontal forms

d;y' = m;(dy") = myw*(dz"), 1=1,...,p, (4.12)

and the lifted contact forms

p
K= WJw*<9?() =Ty (dv}"{ - Z Uk df‘f)
i=1

, , (4.13)
= d;vg _Z Vg dyyt = dy v — Z Vi dy Y.
i=1 i=1

When combined with the Maurer-Cartan forms p', ..., u", the forms (4.12), (4.13) con-
stitute a complete coframe on B°°.

Warning: If the group action is non-projectable, the differential does not decompose
properly with respect to the induced trigrading of the space of differential forms, and so
this decomposition does not define a tricomplex. See below for additional details.

We now use the moving frame section o : J* — B> to pull back the lifted jet forms
to produce invariant differential forms on J°°. The most important definition in this paper
tells us how to invariantize an arbitrary differential form.

Definition 4.1. The invariantization of a differential form 2 on J*° is the invariant
differential form

() = o™ (m;(w* Q). (4.14)

In other words, we lift 2 to B°°, then, formally, set the Maurer—Cartan forms equal
to zero, and finally pull-back via our moving frame. In particular, on functions the invari-
antization map ¢ = (woo)* = I'* is just pull-back by the fundamental invariants as above,
(4.6). However, ¢ does not agree with pull-back on differential forms! The reason for this
choice of invariantization operator is encapsulated in the following key result.

Lemma 4.2. The invariantization map ¢ defines a projection, 1*> = ¢, from the space

of differential forms on J* onto the space of invariant differential forms on J*°.

Proof: The fact that +(€2) is G-invariant follows from the equivariance of the moving
frame section o coupled with (4.11). To prove that invariantization defines a projection,
it suffices to show that if Q = ¢* Q) is any G-invariant form, then

UQ) = o* (m,(w* Q) = O,
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but this follows immediately from (4.10), which implies that!
7r Jw*Q =g Q=0
whenever ) is G-invariant. Applying o™ to this identity proves the lemma. Q.E.D.

Example 4.3. To see the importance of the jet projection ; for the validity of this
result, consider the elementary two-parameter translation group G' ~ R2, acting on curves
in the plane M = R? via

y=z+a, v=u+b.
The group has trivial prolonged action, and so a complete set of differential invariants
consists of the derivatives u, = DFu, k = 1,2,.... A (right) moving frame p: M — G is
obtained by normalizing y = v = 0, so that a = —xz,b = —u, and so the moving frame

section is given by
. [o.]
olx,u,uy,...)=(—z,—w;x,u,u,,...) € GxJ>.

The differential form dx is invariant, but

w* (dr) = dx + da, SO o* (w* (dr)) = 0,
whereas
7, (w* (dr)) = dr, S0 (dz) = o*(w* (m;(dz))) = d.
Note that, were we not to include the jet projection in our definition (4.14), the invari-

antization map would not preserve invariant differential forms, and would fail to produce
a complete invariant coframe.

Invariantizing the variational bicomplex on J* leads to the invariant complex. (We
refrain from using the word “invariant bicomplex” for reasons that will become apparent.)
In terms of local coordinates z(>) = (z,u(®®)), the invariant horizontal one-forms are

w' =0*(d;y") = 1(dx"). (4.15)

The adjective “invariant horizontal” is not meant to imply that these are purely horizontal
forms. If we decompose them into horizontal and contact components

w' =w' + 7' where  w'=c"(dyy"), n' =o*(dyy"), (4.16)
their horizontal components w' = 7y (w@w') = o*(dyy') € QM0 are the usual contact-
invariant horizontal forms, [15]. If the group acts non-projectably, the forms w® include
an additional contact “correction” n* € Q%! that makes them fully invariant one-forms.
The fundamental invariant contact forms are

§ =0"(03) = u(07). (4.17)

These are, in all cases, genuine contact forms, and do form a basis for the full contact ideal.
The invariantization map ¢ is an exterior algebra morphism, and so can be reconstructed
from its action (4.5), (4.15), (4.17) on the fundamental coordinates and one-forms

t More correctly, we should write 7°Q at the end of this equation since the result lives on
B, not J*°.
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Example 4.4. Consider again the planar Euclidean group SE(2) introduced in Ex-
ample 3.6. To obtain the invariant differential forms, we begin with the lifted horizontal
form

d;y=(cos¢p)dr — (sin¢g)du = (cos ¢ — u, sin¢) dx — (sin¢) 6,

where 0 = du — u,, dx is the usual contact form. Pulling back via the moving frame (3.7)
leads to the invariant horizontal one-form

w:w-l—n:\/l—l—u%dx-i-uim@ (4.18)

V1FuZ

which is a sum of the contact-invariant arc length form w = ds = /1 + u2 dz along with
a contact correction 1 = u, (14 u2)~*/2 ¢ required to make w fully Euclidean-invariant.
Similarly, the invariant contact forms

Op = d v, — Vpy1dy;y = dy v — 1 dyy = 7TJ(U)* (01))

are obtained by pulling back the lifted contact forms via the moving frame. In particular,

. 0
O =dyv—uv,dyy=(cosg—v,sing)d = cosp—usng’
0 (u,, sing) 6
0,=4d -0, dyy = . L
y v Oy T Py GV Y (cos¢p —u,sing)?  (cosp — u, sing)3’
and so on. Substituting the moving frame formula ¢ = — tan~! u_ produces the normalized
invariant contact forms 9, = o*(0,) = ¢(6,), with

Y= —— 3, =
/71+u§ 9 1 (1+U§>2 9

(1 +u2)7/? !

(4.19)
9, =

and so on.
Returning to the general picture, we note the following important fact, proved in [15].

Theorem 4.5. The invariant horizontal and contact one-forms (4.15), (4.17) form
an invariant coframe on the domain of definition V°>° C J°° of the moving frame.

In particular, the invariant contact forms ¥} span the usual contact ideal. On the
other hand, for non-projectable actions, the p-dimensional subbundle H C T*J> spanned
by the invariant horizontal forms is not the same as the horizontal subbundle H spanned by
the dz’. One can interpret the invariant horizontal subbundle H as defining an alternative,
invariant connection on the infinite jet bundle, cf. [3].

We can uniquely decompose any one-form into a linear combination of the invariant
horizontal one-forms w?, ..., w? and the invariant contact forms. We will call these two
components the invariant horizontal and invariant vertical components of the form. In
this manner, the invariant coframe (4.15), (4.17) is used to bigrade the space of differential
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forms on J>. We let 2™ denote the space of forms of invariant bigrade (r,s), which are
linear combinations of wedge products of r invariant horizontal forms @' and s invariant
contact forms 9%, and let 7, .: 2 — Q™° be the associated projection. The coefficients in
the linear combination are differential functions, and the form is invariant if and only if its
coefficients are differential invariants.

Invariantization defines a map
LT — QP (4.20)

that takes an ordinary form of bigrade (r,s) and produces an invariant form of invariant
bigrade (7, s). If G acts projectably, then the two bigradings are the same, Qs = Qns
although this does not imply that the invariantization map (4.20) is trivial! If G acts non-
projectably, the invariant bigradation is different from the standard bicomplex bigradation.
However, formula (4.16) says that the horizontal and invariant horizontal forms differ only
by contact forms and hence the projections,

ST A ) AT ) (4.21)

are mutual inverses.

5. Recurrence Formulae.

The most important fact underlying the general construction is that the invariantiza-
tion map (4.20) does not respect the exterior derivative operator. Thus, in general,

d () # 1(dQ).

This fact is responsible for all of the complications inherent in the study of differential
invariants, invariant forms, invariant variational problems, invariant differential equations,
and all other quantities associated with the invariant complex. The reason is because ¢ is
not a pull-back, owing to the intervening jet projection 7;. For example, if .(z%) = H® = cis
a phantom invariant, then «(dz?) = w® # du(x') = 0. The recurrence formulae, first derived
in [15] in the particular case of differential invariants, provide the missing “correction
terms”, namely the difference di(2) — ¢(d€2).

Remarkably, the required formulae can be algorithmically and explicitly constructed
using only infinitesimal information! Let v,,...,v,. € g be a basis for the infinitesimal
generators of our transformation group. (By local effectiveness, we can unambiguously
identify Lie algebra elements and their corresponding vector fields on M.) We prolong
each infinitesimal generator to J°°, and, for brevity, adopt the same notation v, for the
prolonged vector field. We use v,(2) to denote the Lie derivative of the differential form
2 on J°° with respect to the prolonged infinitesimal generator v,.

In local coordinates, the infinitesimal generators take the form

p q
; 0 o N 0
Vﬁ:z E(x, u) D -I—Z Z QOJ,E(‘”’U(J))@—%O;’ C=1,...,r7. (5.1)
i=1

a=1 j=#J>0
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The higher order coefficients ¢, are recursively constructed from the zeroth order ones,
&4, »%, by the well-known prolongation formula

P
90?1‘,13 = D%P?,e - Z U?j Dié’é (5.2)
j=1
A proof can be found in (5.31) below; see also [27,29] for the explicit, non-recursive
version of this basic formula.
Let p',..., " denote the Maurer-Cartan forms dual to the infinitesimal generators
(5.1). A key ingredient in our analysis is a generalization of a formula in [15; (3.8)], that
exploits the duality between infinitesimal generators and Maurer—Cartan forms.

Lemma 5.1. If Q= m,w*Q is a lifted jet form on B>, then

T

~

de Q=) p' Amw*[v,(Q)]. (5.3)
/=1

Remark: 1t is important to apply the jet projection 7; to w*( first, before comput-
ing ds. Dependence on the Maurer-Cartan forms would introduce additional terms in
formula (5.3) arising from the Maurer—Cartan structure equations of G.

The proof of Lemma 5.1 straightforwardly follows from the identification (4.10) of w™*
with the pull-back by a group element, along with the fact that, by duality, the coefficient
of ut in dQ = dg(g*Q) is obtained by Lie differentiation with respect to its dual
infinitesimal generator v,. Details are left to the reader.

The correction terms in the recurrence formulae arise from the moving frame pull-
backs ¥ = o*ut of the Maurer-Cartan forms. We invariantly decompose them as

P
ot = vt =~ 4 €, where At = Z C’f w' € ﬁl’o, el = Z Eﬁ;"ﬁ? € 60,1’
i=1 a,J
(5.4)
are, respectively, invariant horizontal and invariant contact forms, and the coefficients
C! E%7 are certain differential invariants. We let

p
No=af+p8,  where of=) Ald'ecQ"’  p'=)" B0 (55)
i=1 a,J

be one-forms on J*° whose invariantization agrees with the preceding forms:
vi=u(X), A =ual), =B, CP =4y, By =uByY).  (5.6)

The one-forms M, af, B¢ are not uniquely determined. Since invariantization is a projec-
tion, one could, in fact, choose X = v — which, however, does not mean that of = ~¢,
B¢ = €, since these one-forms typically belong to different bigradations of J>. Usually,
however, there are much simpler choices of of, 3¢, and hence A, available.

We now state the key result that produces all the recurrence formulae for the invariant
derivatives of functions and differential forms.
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Lemma 5.2. If() is any differential form on J°°, then
du(Q) = u(dQ) + > v Auvy(Q)] = (dQ +) AN VK(Q)) : (5.7)
=1 =1
Proof: This is a straightforward computation based on (4.9), (5.3)

diu(Q) =do*mw*Q = o™ (dm,w™Q) = 0™ (d; + dg)mw™Q

=o*(mdw*Q+ dg muw*Q) =o* <7rjw*(dQ) + Z ph A WJw*[vg(Q)]>
=1

= o mw*(dQ) + Z Ve o*mw™ v, (Q)] = 1(dQ) + Z Vi A Lv, (Q)].
=1 =1

The definition (5.6) of A’ completes the proof. Q.E.D.

We now decompose (5.7) into invariant horizontal and vertical components. An im-
portant observation is that the Lie derivative operation does not — unless the vector field
is projectable — preserve the bigrading of our complex. While v, certainly maps contact
forms to contact forms, we find that

vi(dya') =v,(dz') =d&) = dy & + dy & (5.8)

is a combination of horizontal and zeroth order’ contact forms, since &i(z,u) only depends
on the base coordinates. Therefore,

if Q€ Q" then v,(Q) € Q¥ eQ 15T while dQecQT5eQmst (5.9)

Now, consider an invariant form § = () € Q™ obtained by invariantization of a
differential form Q € Q™°. Using (5.4), (5.7), (5.9), we see that

10 € Qs o fyretl o ol (5.10)

In fact, this decomposition holds even if Q € Q™% is not actually invariant, since we can
still write it as a linear combination of differential functions multiplying wedge products of
the invariant one-forms. Equation (5.10) allows us to invariantly decompose the differential
into three constituents:

so that

T One minor complication in the generalization of these constructions to contact transforma-

tion groups is that 532 (z, u(l)) can also depend on first order derivatives, and so (5.8) will contain
first order contact forms.
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dy () =0 | dyg Q+ Z ol A ers[vg(Q)]> e Qrtbs,
=1

dy (@) = 1| dy Q@+ { BEAT, V(D] +al A,y [V ()] }) e QT
/=1

dy () =1 [ 3 8 Am_l,sﬂ[vg(ﬂn) e Qe (5.12)
/=1

The final formula requires » > 1; otherwise, d,,, ¢(2) = 0 for any pure contact form (or
differential function) Q € Q9. In fact, the last term in the second formula is also zero
in this situation. These three fundamental identities can be used to deduce all the basic
recurrence formulae!

The appearance of the extra differential d,,, makes life more complicated, and prevents
us from using a lot of the standard bicomplex machinery. Breaking the equation d? = 0
into its various terms in the invariant bigrading leads to the basic formulae

d2 + dy dyy, + dyy, dy = 0. 5.13
Ay =0,  dydy + dydy =0, VoW W (5:13)

We will call such a structure a quasi-tricomplex.

Remark: If G acts projectably, then the formulae simplify. Indeed, the Lie derivative
v,(2) € Q"° whenever Q € Q"°. Therefore, dy,, = 0, and (5.13) reduce to the usual
bicomplex relations for d,,, d,,. Thus, for projectable group actions, the terminology
“invariant variational bicomplex” is accurate.

An important observation is that, in all cases, the edge complex, [1, 35], of the invari-
ant quasi-tricomplex is a genuine complex. Closure along the horizontal edge, consisting of
invariant forms of type (r,0) for 0 < r < p, is immediate from the first equation in (5.13),
while closure along the vertical edge, consisting of equivalence classes Qrs / dy Qr—Ls of
invariant forms of type (p, s) for s > 0, follows from the last equation and the fact that if a
form Q € QP is of maximal horizontal degree, then d;; Q = 0, and hence d3, = 0 modulo
im d,, . In particular, an invariant variational source form Q = d,, A € Qrl / dy Qr-L1
satisfies the invariant Helmholtz conditions d,, 2 = 0. This edge complex is known as
the invariant variational complex. Anderson and Pohjanpelto, [5], showed that, for pro-
jectable actions, the cohomology of the invariant variational complex can be identified with
the Lie algebra cohomology of the transformation group; their results were extended to
nonprojectable actions by Itskov, [21].

Let us investigate how these formulae look in local coordinates. First, if F(z,u(™) €
Q%0 is any differential function, then

p
dyF =Y DF-' dyF =Y QJF-v9, dyy F=0.  (5.14)
i=1 a,J
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Here Dy, ..., D, are the usual invariant differential operators dual to the contact-invariant
coframe, cf. (2.7), while the Q7 are their vertical counterparts. Both map differential in-
variants to differential invariants. A complete system of higher order differential invariants
can be obtained by recursively applying the D, to differentiate the lower order differential
invariants — specifically those of order < n + 1 where n is the order of the moving frame.
See [15] for details.

Suppose I = «(F) is any differential invariant which is obtained by invariantizing a
differential function F'. The horizontal identity in (5.12) coupled with (5.5) gives

dy I = dy u(F) =1 (dH F+ Z v,(F) o/> = Z u(D,F) o', (5.15)

/=1 =1
where ,
D, = D, + Z Alv, (5.16)
/=1

is a certain group-induced modification of the total derivative. Therefore, the coefficient
of w" gives the basic recurrence formulae

D,u(F) =D,F), i1=1,...,p, (5.17)

expressing the differentiated invariants in terms of the normalized invariants. We can then
use equation (5.17) to determine the correction terms for the higher order derivatives of
any differential invariant:

Dyt(F) =Dy F), where Dy =D, ---D, , D =D, ---Dp . (5.18)

Warning: Like the invariant differential operators D, ..., D, the differential opera-
tors Dy, ..., D, do not necessarily commute.

Choosing F' to be one of the coordinate functions z°, u%, we obtain the recurrence
formulae for the fundamental differential invariants (4.5), namely

dy, H =, (daji + Z fé0/> =o'+ Z Ehe,
=1 =1

) ; ) (5.19)
G 1 — (dHuf; iy @aea@) S e Y 8,0,
/=1 =1 /=1
where . .
By = (&), DG, = pTe), (5.20)

denote the invariantizations of the prolonged infinitesimal generator coefficients (5.1), while
the v¢ are the invariant horizontal components of the pulled-back Maurer—Cartan forms
(5.4). Therefore,

=1 =1
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and so the identities (5.17) produce the known recurrence formulae, [15; (13.7)],

D,H’ = §/ + Z cl=, DT =15+ ) CI®5,. (5.21)
(=1 (=1

In particular, applying the identities (5.19) to the r = dim G phantom invariants, we
obtain a system of r linear equations that can be used to uniquely determine the one-forms

7Y, ...,4" as linear combinations of the invariant horizontal forms ', ..., @?, and hence,

(5.4), can be used to explicitly determine the differential invariant coefficients C¥ = ¢(AY).
Similarly, the invariant vertical component in (5.12) yields the identity

dyl=dy,uF)=1 (dv F+ Z v, (F) %) = Z LB F) 99, (5.22)
=1

a,J
where

d
E=—-——+)Y B.Y'v, (5.23)

are certain group-induced modification of the vertical differentiation operators. Therefore,
the invariant vertical derivatives of a differential function are given by

QI [(F)] = uELF), a=1,...,q, #J>0. (5.24)

In particular, for the fundamental differential invariants,

:L<Z g;ﬂ) =Y =,

(=1

(5.25)
d I;z_L(ea +Z V0 6£> = 9% +Z oY el
=1 =1
Furthermore,
E/ (27) Z B4 ¢l EJ(uf) = 086% + > BL o5,
=1
and so the identities (5.24) yield the explicit formulae
QI(H") =) By 5], QUL = 6k + Y BT 05,. (526)
=1 =1

for the action of the invariant vertical differentiation operators. As above, the identities
(5.25) for the r phantom invariants produce a system of r linear equations that can be used
to uniquely determine the one-forms €', ... &" as linear combinations of invariant contact
forms, and hence, as in (5.4), can be used to explicitly determine the required differential

invariant coefficients E%7 = 1(B%7).
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Next we establish the recurrence formulae for the derivatives of the invariant horizontal
forms. Since w® = ((dx"), equation (5.12) implies

=1 =1 (=1 k=1
dyw' =1 Z [a® A dy &+ B A dHfH) = [V A uldy &) +ef nldy &)]
=1 =1
T 62
:;—; [;L<658> ~ /\ﬁo‘—i-kzl Dk@)e N, ], (5.27)
r q
dWwZ:L< BEA d @) Ze Au(d fg ZZ (85i> el A 9.
=1

We remark that the explicit formulae for the one-forms +*, ¢ have already been determined
through the use of the phantom differential invariants, cf. (5.19), (5.25). In particular,
combining the first identity in (5.27) with (5.4), (5.6) produces

T
dyw' =) Viw/ Anab,  where Y =) 1(AD& - ALDE) . (5.28)
j<k =1
The (2,0) component of this identity, namely d; w® = 2j<k Y;k w? A wF, produces the
explicit commutation formulae

p p
Dl=-) Y)iD;=) YD (5.29)
i=1 i=1

for the invariant differential operators, first found in [15; egs. (9.11), (13.12)].
Finally, we establish the recurrence formulae for the derivatives of the invariant contact
forms. Consider the Lie derivative

p p
V5o =v(07) = v, <dU3 - Z uy; dﬂ) =dy, — Z [¢Fcda’ +uG;d&g ] (5.30)

=1 =1

of a basis contact form with respect to an infinitesimal generator of the group action. Since
the result must be a contact form, the horizontal terms in (5.30) vanish, so

p P
Z @?i,z dz' = dy 903,5 - Z “33‘ dy &7, (5.31)
i=1

J=1

which, incidentally, proves the recursive prolongation formula (5.2). The remaining terms
in (5.30) yield the formula

p
ﬂﬁ,e = dy 903,5 - Z uG; dy & (5.32)
i=1
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In analogy with (5.2), the contact one-forms Y9, can be regarded as the “vertical prolon-
gation coefficients” of the infinitesimal generator v,. Applying the first identity in (5.12)
to the basis invariant contact form 95 = (%), we find

dy V5 = u(dy 09 +Z’y A (v, (8 Zw NV, -I-Z'yz/\@z‘oj"g, (5.33)
=1

where 123‘ ¢ = U¥G,) = t(v,(05)) is the invariantized vertical prolongation coefficient (5.32).
On the other hand, if we apply the projection 7, ; to the formula (2.9), we deduce

p
dy ¥ = Z @' AD; 0 for any contact form 9 € QYL (5.34)

i=1
where the invariant differential operators act by Lie differentiation on the contact form .

It is worth emphasizing that formula (5.34) is only valid for contact one-forms. Combining
(5.4), (5.33), (5.34), we deduce the recurrence formulae

D5 =95+ Cf 95, = uD;05) (5.35)

for the invariant derivatives of the invariant contact forms. Again, these can be iterated
to produce higher order invariant derivatives

D% = 1(D, 0%). (5.36)

Finally, since dy, 85 = 0, the remaining two invariant differentials act on contact forms via

d ﬁg_b<25 AV, 9a> Zg NS, dyy, 95 = 0. (5.37)

(=1

Let us illustrate all the preceding computations with our running example.

Example 5.3. The prolonged infinitesimal generators of the planar Euclidean group
SE(2) acting in the standard manner (1.1) on M = R? are

vy =—ud, +29,+ (1+u2)d,. + Z’)qum 0y, + (4uqum +3u2,) 0, +
According to (5.17), to compute the invariant arc length derivative D = D, of a differential
invariant I = +(F') in terms of the normalized differential invariants, we require

DI = Dy(F) = «(DF) = o (D, F + A' v,(F) + A% v,(F)) + A v4(F))

= U(DF) + Cho(vy(F)) + C* (v, (F)) + C° u(v5(F)),
where C* = 1(A") are certain differential invariants. To determine C* we apply the identity
(5.38) to the three phantom invariants

(5.38)

W(z) = H =0, W) =1, =0, W(u,) =1, = 0. (5.39)



Note that
uvy(z)) = (1) =1, Yvy(z)) = (0) =0, Uvs(z)) = o(—u) =0,
t(vy(u)) = (0) =0, Uvy(u) = (1) =1, Yvs(u)) = u(z) =0,
(vi(u,) =u(0) =0,  1(vy(u,)) =1(0) =0,  u(vy(u,))=c(l+ul)=1,

which are just the invariantizations of the coefficients of the first order prolonged infinites-
imal generators. Therefore, (5.38) yields the three linear equations

0=DH=1+C', 0=Dl,=1,+C*=C?  0=DI,=1,+C%=k+C>,

and hence
Cct = -1, C? =0, C?=—k=—1,. (5.40)

We can choose
Al = —1, A% =0, A? = —u,,
as representatives of the differential invariants (5.40). As a result, the differential operator
(5.16) is given explicitly by
D=D,—-90, —u,,Vs.
Note that we can adopt our normalization values x = u = u, = 0 in this formulae without
any effect on subsequent invariantization, and so one can use the alternative expression

3 2
D= U 6uxm + (ummmm - 3umm) 6u$m$ + (ummmmm - 10ummummm> 8um;m; T = Z Vk 8uk7
k=2

to generate the recurrence formulae, where, setting u, = D’;u,

k—1
1 kE+1
Duk:Vk:uk+1_§umm§:( i

=2

)ui Up_ i1 (5.41)

Invariantization of (5.41) gives the key recurrence formulae

k—1
DI, = u(Vy,) = Ljyq — %Iz Z (k —: 1) Il ipq,
i=2
of which the first few are
K, = DI, = I, DI, = I, — 101215,
Ky = DIg = I, — 315, DI, = I — 15121, — 101, I2. (5.42)
These can be iteratively solved to produce the explicit formulae
k=1, I, =k,
kg = I, I3 = kg,
Ko = 1y — 315, Iy = Ky + 357, (5.43)
Kogs = Is — 191515, Iy = K g, + 1957k,
Kyes = Ig — 34131, — 481,13 + 5713, Iy =k, + 34Kk, + 48kK2 + 45K°,
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relating the fundamental normalized and differentiated Euclidean differential invariants.
Similarly, the vertical recurrence formulae (5.22) can be written as

dyI = dyi(F) = i(dy F) + (v, (F) ' + u(vy(F) & +ulvg(F)) %, (5.44)

where the €’ are certain invariant contact forms. They can be determined by evaluating
(5.44) on the phantom differential invariants (5.39):

0=dyH=¢', 0=dyly=09+¢>  0=d,I, =9, +¢"
Therefore
el =0, e = —9 = —u(h), ed =9, = —u(0,),

and so the basic vertical differentiation formulae is

OF ~ OF
k=1
In particular,

and, in general,
k—1

1 E+1

i=2
We can now apply these formulas to compute the arc length derivatives of the invariant
contact forms

DY, = 1(DF,,) = L[(Dx - uxxVB)gk] = 191@+1 - K L(wk,g) = T9k+1 — K {Ek,&
The vertical prolongation coefficients (5.32) are ¢, , = v, (6), and so
¢0,3 = v3(0) = u,b,
wk,l = wk,2 = 07 while ¢1,3 = V3(9m> = 2um9m + umm97
¢2,3 = VS(emm) = 3um0mm + 3umm0m + ummm97

and, in general,

k -1
kE+1 ~ k+1
V3 = Z ( ; ) Upy1— 055 V3 = L(wk,g) = ( i ) L1230

4 1
1=0 0

=

-
Il

In particular,
DY =19,, DI =0,—rV, Diy=19;—3k*9, —rr,9, (5.47)

and so on. Finally, in the vertical differentiation formula (5.27), the only term that survives
is
dyw=i-a’N0)=—kdAw, (5.48)

since, according to (5.5),

o = Addx = —u,, dr, 7 =)= —kw.

24



6. Invariant Euler-Lagrange Equations.

We now apply our invariant quasi-tricomplex construction to derive the formulae for
the Euler-Lagrange equation associated with an invariant variational problem. As above,
we assume throughout that the variational problem is defined on the regular open subset
of jet space where the moving frame is well-defined, and work exclusively thereon. One
can then appeal to continuity, or, in the analytic category, analytic continuation to apply
the resulting formulae to more general invariant Lagrangians.

According to Lie, [24, 29], any G-invariant variational problem can be written in the
form Z[u] = [ L w, where w € QP is a contact-invariant volume form and the invariant

Lagrangian L is an arbitrary differential invariant for the group, and hence a function
of the fundamental differential invariants and their invariant derivatives. The (p,0) form
A= Lw e QP is called the Lagrangian form for the variational problem. The Euler-
Lagrange equations admit G as a symmetry group, and so, under suitable nondegeneracy
hypotheses, cf. [29; Theorem 6.25], can themselves be written in terms of the differential
invariants. The problem is to go directly from the formula for the variational problem in
terms of the fundamental differential invariants to the corresponding differential invariant
formula for the Euler-Lagrange equations.

Let us recall the bicomplex construction of the Euler-Lagrange equations, referring
to [3,39,40] for complete details. Given a Lagrangian form A\ € QP its differential
d\ = dy, A € QP! defines a form of type (p,1). We introduce an equivalence relation on
such differential forms O, € QP! as follows:

O~ Q if and only if O=Q+dy T for some T eQr bt

Let
o QP — Fl=qrl/ ~ (6.1)

denote the induced projection onto the space of equivalence classes. The elements ¥ € F!
are known as source forms. A simple integration by parts argument proves that, in local
coordinates, every source form has a canonical representative

q
o~ Y A 0% Adx
a=1

Thus, in local coordinates, there is a one-to-one correspondence between source forms
and g-tuples of differential functions A = (A,..., A q). In applications, a source form is
regarded as defining a system of ¢ differential equations A =0, a = 1,...,q, for the ¢
dependent variables u = (ul, ..., u9).

(%
The composite map § = 7, od : QPY — F! takes a Lagrangian form \ = L[u]dx =
Ldz" A --- AdzP to its variational derivative, which is the source form

q
SA =~ Y E,(L)0* Adx.

a=1
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The components
oL

E,(L)=) (=D); 5=

Z J ou

J

of the source form § A are the classical Eulerian or Euler-Lagrange expressions associated
with the Lagrangian L.

It will be helpful to extend the definition of variational derivative to completely gen-
eral p forms, thereby allowing Lagrangian forms with contact components. The contact
components will play no role in the Euler-Lagrange equations — indeed they vanish when
evaluated on jets of sections — but key invariance properties under the group action will
be retained by this device. We first extend the definition of the source form projection 7,
to allow arbitrary p + 1 forms, by composition with the the projection onto P:!:

T,=mom,, : QFF =@, Qrtihh 5 7l (6.2)

*

Thus, 7, only uses the (p,1) components of the form. Given any p-form \eEQp =
D50 QPFF, we define

SA=7,(d\) =7, (dy \), (6.3)
the horizontal component d; A being annihilated by the source form projection. Therefore,
the extended Euler derivative ¢ annihilates all contact components in A.

Lemma 6.1. Ifm, A= 7rp7ox, then 6 A = 6 \.
Given a Lagrangian form A € QP0, let A= %p,()()\) € QPO denote its fully invariant
counterpart. The forms A and X differ only by contact forms. Explicitly, if
)\:Ewl/\~-~/\wp, then X:Ewl/\~-~/\w”,

where L is a differential invariant and wi, ...,wP are the invariant horizontal coframe
elements. Lemma 6.1 implies that ) A = d A are the same Euler-Lagrange source form.

Remark: The construction of the fully invariant Lagrangian is very reminiscent of
Carathéodory’s construction of the Cartan form, [7,34], for a first order multivariate
Lagrangian. See also [28] for recent developments in the higher order theory.

The computation of the Euler-Lagrange equations of an invariant Lagrangian requires
an invariant version of the basic integration by parts formula. This relies on the fact that
the horizontal and invariant horizontal differentials agree modulo contact forms:

Lemma 6.2. IfQ € Q"% then dy Q =7, [dy Q]. Conversely, if Q € Q"% then
d?—l Q= %r—l—l,s[dH Q]

Corollary 6.3. Two differential forms Q,0 € QP! map to the same source form
7,(Q) =7,(0) € F! if and only if

T,1(Q2) =7, (0 + dy V) for some v e QF. (6.4)

As we shall see, the identity (6.4) provides the key to the required invariant integration
by parts formulas.
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7. Variational Problems for Plane Curves.

Before tackling the completely general situation, let us begin with the simplest possible
situation: variational problems for plane curves. Therefore, M = R2, with p = ¢ = 1, i.e.,
both z and u are scalar variables. As before, we denote derivatives of u by u, = D*u.

An r-dimensional transformation group G acting on the plane is called ordinary if its
(r — 2)nd prolongation acts transitively on an open subset V"=2 C J"=2. Most group are
ordinary, [29]. Moreover, at the end of the following section, we will learn how to handle
the exceptions. By transitivity, we can choose a cross-section to be a point in V"~2, and
therefore assume — also for simplicity — that we adopt a “standard normalization”

Yy =c, U = Cy, E=0,...,r =2, (7.1)
where ¢, ¢y, ...,c,_, are the normalization constants, for constructing the moving frame.
Let x = t(u,_,) denote the resulting fundamental differential invariant — the group-

invariant curvature. The basic invariant horizontal one-form is
w=(dr) =w+n, where w = P(z,u" ") dz (7.2)

is the fundamental contact-invariant one-form — the group-invariant arc length — and
n € Q%! is a contact correction. The dual invariant differentiation operator, or arc length
derivative, is given by D = (1/P)D,.

Every contact-invariant Lagrangian has the form

A=L(")w = L(z,u™) dz, where L=LP, (7.3)

cf. (7.2). Here we use x(™ to denote the arc length derivatives s, &, &, of the curvature
invariant up to order n. The Euler-Lagrange equation is also G-invariant, and so, under
suitable nondegeneracy conditions, is equivalent to an equation

F(k™) =0 (7.4)

involving the curvature and its derivatives. The goal is to find a way of computing the
function F' directly from the invariant Lagrangian L.
Applying the usual Euler operator

B=Y (D) o (75
1=0 g

to a (non-invariant) Lagrangian L(z, (™) produces the Euler-Lagrange equation E(L) = 0.
The invariantized Euler operator is obtained from (7.5) by replacing total = derivatives by
arc length derivatives and the derivatives of u by the corresponding arc length derivatives
of K, so

£ = D) —. 7.6
> D)5 (76)
The invariant Euler-Lagrange expression (7.4) is not obtained by applying £ to the Lag-

rangian E(/{, Ky, Kq,...) — see Example 1.1 — although this is one of the ingredients in
the final formula.
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In order to compute the associated source form in an invariant manner, we need to
establish an invariant integration by parts formula. If o, B € 92 are two-forms then we use
the notation o = f to indicate that they have the same source form 7, («) = 7, (), where
7,: 9% — F!is the source form projection (6.2). According to (6.4), this is equivalent to
the invariant condition

T () =7 (B + dyo) for some oc Q.
If F'is any differential function and o a differential one-form, then
dy (Fo)=dy FNo+Fdyo, and so —Fdyo=dyFANo. (7.7)
In particular, if we choose 0 = d,, H for some differential function H, then, by (5.13),
dyyo=dy d,H=—-d,dyH=—-d,(DHw).
Therefore, (7.7) takes the form
Fd,(DH)Nw=—-DFd,HNw—FDHd,w. (7.8)

The identity (7.8) is our basic invariant integration by parts formula.

We begin by replacing the contact-invariant Lagrangian form (7.3) by its fully invariant
counterpart

A =L(M)w=L(x™) (w+n) =7 () € Q. (7.9)

Since A and A produce the same Euler-Lagrange source form, we can work directly with
fully invariant version when computing the Euler-Lagrange equations. In accordance with
(6.3), we need to compute

~ ~ ~ ~ ~ L
dA=dyA=dy(Lw)=dyLAw+Ldyw=Y gﬁ

i

dy k; Nw + L dyw. (7.10)

i

We apply our integration by parts formula (7.8) repeatedly to the first term. The first
iteration uses F' = 0L/0k; and H = k,_, so that DH = k,. Therefore,

oL oL oL
a—ﬁ;i dvlii/\’WE—D (a—ﬁ;l> dvﬁi—l /\w—ﬁ—/{/ﬁllde

(2

Continuing to integrate the first term by parts, we eventually arrive at the formula
dVXEE(E) dvn/\w—’H(z) dy, w. (7.11)

In the first term, £(L) denotes the invariantized Euler-Lagrange derivative (7.6) of the
invariant Lagrangian L, while the second term involves

W)=Y mi_j(—p)ﬂ‘% I (7.12)



which will be called the invariantized Hamiltonian of L. This expression forms the invariant
counterpart of the usual Hamiltonian

H(L)= Y wu,_;(-D,) 9L g (7.13)

= ou,
1>72>0

associated with a (non-invariant) higher order Lagrangian L(x,u(™), cf. [3,10].

The final step is to use our recurrence formulae to determine explicit formulae for
the two remaining (1,1) forms in (7.11). First, since kK = I,._; = t(u,._,), we can use the
vertical differentiation formula in (5.25), which reads

dyr=19,_1+ Z Q.1 e, where &= Z Ef v = Z Ef F;(0) = G' (v), (7.14)
=1 j J

is given in (5.4). The invariant differential operators F; express the normalized invariant
contact forms ¥; = ¢(0;) as arc length derivatives of the basic invariant zeroth order contact
form 9 = 9, and are explicitly determined by iterating the recurrence formulae (5.35) for
the invariant contact forms. Therefore, we find

.
dy, k = A(V), where A=F |+ Z D, 1 Gt (7.15)
=1
is a certain invariant differential operator, which will be named the FEulerian operator for
our transformation group.
On the other hand, according to (5.27),

T a£
dezzgg[L<55)75Aﬁ+bu%gﬁsﬁAw}. (7.16)
Equation (5.4) implies that v¢ = C* @, where C,. .., C" are certain differential invariants.

Therefore, using (7.14),

dyw = B(Y) A w, where B = Z { (D,&)G" —¢ (%) Cﬁ] (7.17)

is another invariant differential operator, which we name the Hamiltonian operator for the
transformation group. Substituting (7.15), (7.17) into (7.11), we find

dyx = E(L) AW) Aw — H(L) B(W) A w. (7.18)

The final stage in the procedure is to integrate both terms by parts in order to move
the invariant differential operators A, B onto the invariant Eulerian and Hamiltonian in
(7.18). For this purpose, formula (5.34) tells us that

dyy b =@ A D (7.19)
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for any contact one-form . Applying this to (7.7), with o = ¢ we find
FDYyANw=—-DFyYANw (7.20)

for any contact one-form v and any differential function F. Repeating this process, we see
that if .
P=) PBD

is an invariant differential operator, where the coefficients P, are differential invariants,
then ‘

FPW)ANw=P*(F)IAw, where P = Z (-D)"- P, (7.21)
is the formal invariant adjoint of P — in direct analogy with the usual formal adjoint of
a total differential operator, cf. [27].

Applying this result to (7.18), we finally arrive at the desired identity

d\ = [A*E(L) — B*H(L) ]| 9 Aw = 8 ), (7.22)

where A*, B* are the formal adjoints of the Eulerian and Hamiltonian differential operators
(7.15), (7.17). We conclude that the Euler-Lagrange equation of our invariant Lagrangian
is equivalent to the G-invariant differential equation

A*E(L) — B*H(L) = 0. (7.23)

Indeed, if we write
m (I ANw) =W Adz, (7.24)

where W (x,u(™) is a certain relative differential invariant, cf. [13], then (7.22) implies

E(L)=E(LP)=W . [A*&(L) - B*H(L)]. (7.25)

Therefore, canceling the extraneous factor W produces the differential invariant form (7.23)
the invariant Euler-Lagrange equation in the planar case.

Remark: Since ¥, w form part of the invariant coframe, they are linearly independent,,
and hence W (z, u(™) # 0, on the domain of definition of the moving frame. Thus, only sin-
gular extremals can cause W (z,u(™) = 0 to vanish. When restricted to regular extremals,
the Euler-Lagrange equation and its invariant counterpart are completely equivalent dif-
ferential equations, and so, on nonsingular extremals, the Euler-Lagrange equation can be
written in terms of the fundamental differential invariants. The investigation of singular
extremals and their role in specific examples would be of interest. In particular, are there
examples of invariant variational problems all of whose extremals are singular, and hence
cannot be expressed in terms of the differential invariants? For instance, the differential
equation u,, = 0 admits the projective group SL(3) as a symmetry group, but cannot be
written in terms of projective differential invariants, [29]. However, the associated vari-
ational problem [ %ui dx is not projectively invariant, and so does not provide such an
example.
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Example 7.1. For the Euclidean group SE(2), equation (7.15) is given in (5.46),
namely dy, k = 9, = (D? + £?)9. Therefore the Eulerian operator is A = D? + % = A*,
which happens to be “invariantly self-adjoint”. On the other hand, formula (7.17) is given
in (5.48), so d, w = — kI A w. Therefore, the Hamiltonian operator B = —x = B* is a
multiplication operator, and is also invariantly self-adjoint. According to (4.19), (4.18), 9A
w = OAdx, and so W = 11in (7.24). Therefore, the invariant Euler-Lagrange formula (7.25)
reduces to the known formula (1.4) for Euclidean plane curves.

Example 7.2. A more substantial example is provided by the geometry of equi-
affine planar curves, [19]. The equi-affine group SA(2) = SL(2) x R? acts on M = R? as
area-preserving affine transformations

g (x,u) = (ax + fu+ a,vyx + du+b), ad — By = 1. (7.26)

The coordinate cross-section ¢ = v = u, = 0,u,, = 1,u,,, = 0, leads to the classical
equi-affine moving frame, cf. [14]. The fundamental differential invariant is the equi-affine
curvature

5,2
U,. . u — U
R = L(Uxxxx) = = mmmmS/S 3 Ty . (727)
umm
The corresponding invariant horizontal form is
U
moddr)=win,  whee  w=ds=ulffds,  g= e
3u,,

are, respectively, the standard contact-invariant arc length element and the contact correc-
tion required to make w fully equi-affine invariant. The dual invariant differential operator
D = u;j/ 3 D, is the equi-affine arc length derivative. All higher order differential invari-
ants are obtained as arc length derivatives of the curvature. We emphasize that the explicit
formulae for x and D are not required to perform the ensuing computations.

Applying our computational algorithm, but suppressing the details, we first find that

where ¥, = ¢(0;) are the normalized invariant contact forms. On the other hand, the
recursion formulas imply that

¥, =DV, Uy =DV, + k0= (D*+1r)V,
Uy =Dy + k0, = (D> + 36D+ 1k, )0,
0y =DV34+ 2k, + 1620 = (D' + QD>+ 3k, D+ Lk, +r*)0.
Thus we obtain the equi-affine Eulerian operator as
dy, k = A(V), where  A=D'4+3xkD*+ 3k D+ 1k, + 1K
On the other hand,
dyw = —1r0 + 50, = B(Y), where B =
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is the Hamiltonian operator. Remarkably, both the Eulerian and Hamiltonian operators
are invariantly self-adjoint: A = A* and B = B*. Therefore, the Euler-Lagrange equation
for an equi-affine invariant Lagrangian L(k, kg, . ..) ds takes the invariant form

A*E(L) - B*H(L) = (D' + 26D + 35, D + ki, + &r%) E(L) — (3D? — 2r) H(L) = 0.
The equi-affine arc-length functional [ ds with L =1 has &L) = 0, H(L) = —1, and
hence the Euler-Lagrange equation is

A¥(0)-B*(-1)=—-2k=0.

We conclude that the minimal equi-affine curves are those with zero equi-affine curvature
— the conic sections. (The reader might be tempted to wrongly speculate that this is
always true: for any planar transformation group G, the minimal G-invariant curves have
zero G-invariant curvature. The projective group provides one explicit counterexample.)
As another example, the variational problem [ kds has Euler-Lagrange equation

A*(l) - B*(_K) = %/{ss + %FLQ = 07

the solution to which, [23], gives k as an elliptic function of s. Unlike Euclidean geometry,
then, A = kds is not a null Lagrangian, and its value cannot be determined by boundary
conditions on the curve.

8. Variational Problems for Curves in Higher Dimensional Manifolds.

Let us next generalize our constructions to the case of curves in higher dimensional
manifolds. Thus, we continue to have only p = 1 independent variable, but are allowing
q > 1 dependent variables, so dim M = 1+ q. In general, the moving frame construction
provides us with a certain number, say m, generating differential invariants I',... I"™,
such that all higher order differential invariants are obtained by invariant differentiation,

%= DFEI*, with respect to the contact-invariant one-form w, which can be viewed as the

G-invariant arc length element. The comma in the subscript is to remind us that I is
not the same as the normalized differential invariant I = ¢(uf). We use the notation
I™ to denote the collection of all differentiated invariants I 9 up to some prescribed
order k < n. It is known, [29], that in most situations (the technical hypothesis is
that the group acts transitively on M and its prolonged actions do not pseudo-stabilize)
m = q = dim M — 1, so there are the same number of generating differential invariants
as dependent variables. However, the precise number of generating differential invariants
turns out not to be important for our computation.
A general invariant Lagrangian defines a contact-invariant horizontal one-form A =
L(I™)w e QY0 Let w = w + n = t(dx) be the fully invariant one-form obtained by the
moving frame normalization, so that the modified Lagrangian form = E(I ")) @ € QLo
is fully G-invariant. As before, our goal is to construct the Euler-Lagrange equations
directly from the invariant form of the Lagrangian. The same invariant integration by
parts method (7.8) applies to the present situation, leading to the initial identity

dyA= Y E(L)dyI*Nw —H(L)dy w, (8.1)
a=1
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where

S . OL
goz(L> = Z (_D> a? ’ o = ]-7- <o, M, (82)
n=0 T

is the invariantized Fulerians of Z, while

- mn . oL~
H(IL)=> > IY ,(-D) ope — L (8.3)
a=1 i>j L
is the tnvariantized Hamiltonian.
In the second stage of the computation, we apply the infinitesimal moving frame
calculus to determine the formulae

q q

dyI* =) " A3007), dyw=> By )Aw, a=1,...,m, (8.4)
B=1 B=1

for the invariant vertical differentials of the fundamental differential invariants and the

invariant horizontal one-form. The FEulerian operator A = (Ag) is an m X ¢ matrix of

invariant differential operators, while the Hamiltonian operator B = (BB ) is a 1 x g vector

of invariant differential operators. Substituting (8.4) into (8.1) and then integrating by

parts based on (7.21) leads to the key formula d\ = § X, where

q q
Sx= D D (ADTEJL) = D (By)*H(L) | 9P hw = [A*E(L) - B*H(L) |9 N w.
a=1 =1 B=1
(8.5)
We conclude that the Euler-Lagrange equations are equivalent to the invariant system of
differential equations

A*E(L) — B*H(L) = 0. (8.6)

More explicitly, _ _
E\) =W [A*E(L) - B*H(L) ], (8.7)

where the multiplicative matrix-valued relative invariant W = (WBO‘) is obtained from
writing
q
U Nw=Y WP Adx (8.8)
B=1

in terms of the non-invariant coframe.

Example 8.1. Consider the usual action w = Rz +a, z = (z,u,v) € R3, of the
proper Euclidean group (R, a) € SE(3) ~ SO(3) x R? on space curves C C R3. In order to
keep the computation simple, we assume that the curve is parametrized by (z,u(x),v(x)).
The final formulae, however, do not rely on this special parametrization. As is well known,
[19], the coordinate cross-section

r=u=v=u,=v,=v,, =0 (8.9)



produces the classical moving frame. The translation component of its left-equivariant
counterpart (R,a) = p™ (2(™)~1 is the point on the curve, @ = z, while the columns of
the rotation matrix R are the unit tangent, normal, and binormal vectors, cf. [19]. (As
in the planar case, we are ignoring sign ambiguities; see [31] for the complete story.) The
fundamental differential invariants consist of the usual Euclidean curvature and torsion

invariants
v
k= 1(U,,), T:L(—‘r”).
u

The slight complication, in that classical differential geometry chooses a ratio of normalized
differential invariants for the second fundamental invariant, can easily be handled during
the subsequent computation. The other third order derivative coordinate produces the
first differentiated invariant ¢(u,,,) = Dk = k,. Here D = D, denotes the derivative with
respect to the usual arc length form ds, which is horizontal component of the invariant
horizontal one-form w = «(dz).

Any Euclidean-invariant variational problem

Zlu] = / L(k™, (M) ds

can be rewritten in terms of the curvature, torsion and their arc-length derivatives. To
determine the Euler-Lagrange equations, we must construct the Eulerian and Hamiltonian
operators. Application of our infinitesimal moving frame calculus leads to the required
formulae. First,

dyk=1(0y,) = D29% + (k* — 72)9" — 27D 9" — 1,97,
dv =4 ( uxxexxx B xmxexx - xmxgxx ) 27 D2fl9u 3’€Ts - 2/{57-D819u +

2 2
U K

1 2 2 2 _ 2
! 9+ =D — e e BT pge y BT T2 g,
K K K K K

3
KTgg — KgTg + 2K°T

+

where 9¢ = 1(0). Consequently, the Eulerian operator and its adjoint are

A D? + (k2 = 7?) 2,
Q%Dg + ?MS;#DS + HT‘QS_K;’Q‘Q_‘_Q}{?’T %Dg _ %Dg + /»e —7? D + KsT —2/{7'7'3
g = [ D5 (=77 DY+ BEERID, o 27
_1n3 2Kks 2 KKss—2K +T2f€2—1{4 B '
2rD, + T, -D; + =5 D7 + <3 D, -k,

Second, the simpler formula
dyw=—-r0"Nw

produces the Hamiltonian operator

B:(—K,O) so that B*:<_O/i).
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The resulting invariant Euler-Lagrange formula

5% — A* @@) () -
(&) -nd =

agrees with that derived in Anderson, [3]. It is worth emphasizing that these computations
do not require the explicit formulae for the moving frame and the curvature and torsion
invariants, but only rely on the normalization equations (8.9) and the prolonged infinites-
imal generators. Extending these constructions to other examples, e.g., space curves in
affine geometry or projective geometry, is straightforward.

An important observation is that the computation leading to (8.6) does not require
that the differentiated invariants be functionally independent, and so there can be syzygies
(functional relations) among them without affecting the final formula. Moreover, there is
no restriction on the underlying invariant horizontal one-form w = w + 7 provided we use
the associated invariant differential operator D. The most natural choice, of course, is to
let w = ds be the arc length element. However, as first pointed out to us by V. Itskov, [21],
choosing w = dK where K is a differential invariant leads to a significant simplification in
the final result. Indeed, since dww = d? K = 0, the Hamiltonian operator B = 0 vanishes,
and so there is no Hamiltonian contribution to (8.6)!

In this case, the dual differential operator D, to w = dK is differentiation with
respect to K, i.e.,

dFF  D_F
D F=—="-2—.
K" 7 dK DK
We supplement the basic differential invariant K with a suitable generating set I*,..., ™

of differential invariants such that a complete system of higher order differential invariants
is given by the derivatives of the I with respect to K, namely I, = Dy I*. We can regard
the differential invariant K as an “independent variable” and the additional differential
invariants as “dependent variables”, and hence adopt the notation (K, I (”)) to denote the
collection of all differentiated invariants K, I for j < n.

In applying this idea, it is important to keep in mind that the use of

instead of w = ¢( dz) as our basic invariant horizontal form introduces a different invariant
bigrading of the variational bicomplex. We denote the consequent invariant horizontal and
vertical differentials as d,, , d,,, respectively. In particular, if I is a differential invariant,
then, in view of (8.10),

dr
dK

~ dl
dK, dyl=dy,l——dyK. (8.11)

do I =
H dK

_ Theorem 8.2. The Euler-Lagrange equations for the invariant Lagrangian A =
L(K, 1) dK have the invariant form

A*E(L) =0, (8.12)
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where the invariant Eulerian £ ( E) has components
o 2 d \’ oL
L) = —— | = =1,...
£.(L) ;} ( dK) 5 a=1...,m, (8.13)

while the FEulerian operator A is defined by
~ q ~
dy, 1% = Z AG(07), a=1,...,m. (8.14)
B=1

Note that if we use the moving frame formulae
dy K = K(9). dy T = L),
where IC, £ are certain invariant differential operators, then (8.11) implies that
dl
dK
in which we replace the original invariant differential operator D by (DK)D,.. The Euler-
Lagrange equations can be obtained from their invariant counterparts by applying the

Eulerian operator A and multiplying by the appropriate relative invariant factor, which,
since

A=r—-— K, (8.15)

I*NdK = DK - 9% N\ w,
is obtained by multiplying the previous relative invariant (8.8) by DK.

Example 8.3. As an example, we revisit the planar Euclidean case discussed in
Example 7.1. Let us take K = k as our “independent differential invariant” and I = &,
as our “dependent differential invariant”. The higher order differential invariants are now
obtained by successive differentiation of I with respect to x, which we denote by

_a
,n_d/{n’

These higher order differential invariants are related to the arc length derivatives of &
through the chain rule formula

I n=012,....

ds  ds dr dr
For example, [ ; = I,, = k ,/k. Applying (5.46), (5.47), we have

d _ded _ d

dy, k = (D + K2V, dy ky = (D° + K°D + 3K k)Y,

and so the Eulerian operator (8.15) takes the form

A= D34 k2D2 43k, — -5 (D? + k%) = [3D3 4 21T D2+ (I*1,, + k*I)D, +3 K1 —K>I,..

K
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We write the invariant Lagrangian in the alternative form

~ ~

XN=L(k 1,1 1., ...)de=L(k 11,1, .. )&k,ds. (8.16)

VTR TRRK? I TR TRRK?

Dropping an overall minus sign, according to Theorem 8.2, the Euler-Lagrange equation
has the invariant form

0=—A*E(L) = [IPD? +71?1,D? + (611, + 101 1% + *I)D,
+21%0,,, +8IL I, +2I°+ 2K, —w1] E(L),

RRK KTRK

(8.17)

where the invariant Euler expression is

n>0

This result was also derived by Itskov, [21], using an exterior differential systems approach.
Formula (8.17) provides an interesting and attractive alternative to the known version (1.4)
of the Euler-Lagrange equation.

9. Invariant Multivariate Lagrangians.

Let us finally tackle the general case of invariant variational problems corresponding
to higher dimensional submanifolds. We now allow several independent variables, p > 1,
and several dependent variables ¢ > 1. Let

w' = (dz") = W' + 1, wt e Q10 n' e Q%1 i=1,...,p,

be the invariant horizontal coframe obtained by normalization using the moving frame.
Let @ = w! A--- A @wP the corresponding fully invariant volume form, whose horizontal
component w = 7 () = w! A---AwP is the basic contact-invariant volume form. Define

)

the (p — 1)—forms

w ;) = D; w=(-1)Y"'T A AT T ATTIA AR e QP00 =1, p.
(9.1)

Note that
wi/\w(j) = 5; w0, (9.2)

where 5;. is the usual Kronecker delta symbol.
We need to determine the invariant horizontal derivatives of the forms (9.1). Since
dy @) € QP0 it must be a multiple of the invariant volume form, and we write

where Z, ..., Z, are certain differential invariants, which we will call the twist invariants.
Note that these quantities, which will cause additional complications in the subsequent
formulae, do not appear in the one-variable (curve) case because @y = 1 has trivial
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differential! The explicit formulae for the twist invariants can be found using (5.28), which

implies that
p p
Zy = =) Y5 =Y (9.4)
i=1 i=1

is the trace of the invariant commutator tensor field Y]@k
Every form of invariant type (p — 1,0) can be written as a linear combination

p
0=3 @l e
j=1
of the forms (9.1), and so can be identified with a vector Q = (Q!,...,QP), which is a
vector of differential invariants if and only if € is an invariant form. Applying (9.2), (9.3),
we find that the invariant horizontal differential is

p
dy Q= (D;+ Z,)Q | - € Q»° (9.5)

j=1
The resulting formula should be identified as the invariant divergence of the vector field @,
the additional Z; factors providing a “twist” to the invariant derivatives D;. Equation (9.5)

shows that an invariant Lagrangian which can be written as an invariant divergence, L=
Zj (D; + Zj)Qj defines a null Lagrangian form \ = L zo, meaning that it has identically
zero Eulerian: A = 0.

Viewing the divergence as the dual of the invariant gradient, as defined in (5.14), we
are led to the following important definition.

Definition 9.1. The twisted invariant adjoint of the invariant differential operator
D, is defined as

F_
Dl = (D,

J

+7,), (9.6)

where Z; is the twist invariant given in (9.3).

More generally, if
K K
is any scalar invariant differential operator, we define its twisted invariant adjoint to be

PI=%"DL.Pe=% D] Dl Dl P (9.8)
K K

= Z (=D)™(Dy,, + 2, )(Dy,, , + 2y, ) (Dy, +Zy,) P
K
Note the reversal in order of the twisted adjoint operators, indicated by K= (kpyovesky)-
The order is important because the invariant differential operators do not necessarily com-
mute, cf. (5.29). Finally, if A = (Ag) is any matrix of invariant differential operators, we
define its twisted invariant adjoint to be the matrix AT = ( (A2)T ), which is the transpose
of the matrix of twisted invariant adjoint operators.
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Lemma 9.2. If F' is any differential function, v € Q0.1 any invariant contact one-
form, and P any invariant differential operator, then

FPWW)ANw=PH(F)yAw (9.9)
project via 7, to the same source form in F1.
Proof: Formulae (5.14), (9.3) imply that, for any one-form o,

(9.10)
Using (9.6), we can write (9.10) as
—FdyoNw; =D/ F)onw. (9.11)

If we let o = 9 be a contact-one form, and apply (5.34), we deduce that the basic integra-
tion by parts formula

F(Djp) Aw =—(D;+ Z;)Fd Aw = (D] F) Y Aw (9.12)
holds for any contact one-form 1. The lemma now follows by iteration. Q.E.D.

On the other hand, if we choose o = d,, H where H is a differential function in (9.11),
then

P
i=1
This results in the alternative multivariate integration by parts formulae

p
Fd(D;H)ANw = (D]F)dy,HNw - Y F(D;H)dy@' A, (9.13)

i=1
that assumes the role of its univariate counterpart (7.8).

Now, let I', ..., I"™ denote a fundamental set of differential invariants, which means
that the differentiated invariants

I% =D 1% =D, Dy 1%, where K = (ky,...,k,,), (9.14)

m k'mfl

contain a complete system of higher order differential invariants. The I'* might be nor-
malized differential invariants arising from a moving frame, but, as we observed at the
end of the preceding section, this is not necessary for the initial computation. The comma
indicates invariant differentiation, and serves to distinguish /G from the normalized differ-
ential invariant I = «(u% ). Since the invariant differential operators do not commute, the
formula for I depends on the order of the multi-index K. Furthermore, the differentiated
invariants are typically not functionally independent. The complete classification of their
syzygies follows from the infinitesimal moving frame calculus, [15].

Consider an invariant variational problem Z[u] = [ L(I™) w, where the invariant
Lagrangian L is a function of the differential invariants (9.14). We form the fully invariant
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Lagrangian form A= E(I (”)) =, obtained by replacing the contact-invariant volume form
w by its invariant counterpart @ = 7, o(w). The fact that we are allowed to invariantly
differentiate I* in any order — not to mention the possible occurrence of additional syzygies
among the differentiated invariants — imply that there can exist many redundancies in
our formula for the Lagrangian. Remarkably, these play no significant role in the ensuing
computation.

Definition 9.3. The invariant Eulerian of an invariant Lagrangian E(I (")) with
respect to the differential invariant I is

~ oL
ED) =) Df T,
; Ko19

where (9.8) (but where the multi-index K has the reverse order) is used to compute the
twisted invariant adjoints of differential operators.

As we saw in the scalar case, besides the invariant version of the Euler expressions,
we also require an invariant version of the Hamiltonian associated with the variational
problem. In the multi-dimensional Hamiltonian framework, [34], the Hamiltonian is no
longer a scalar differential form, but rather a p x p matrix of differential forms.

Definition 9.4. The Hamiltonian tensor H = (H}) associated with a Lagrangian
A= L(z,u™)dx' A--- A dzP has components

q
7 % a oL
a=1 J7K 2

where the sum is over all pairs of multi-indices J = (jy,...,7,.), K = (ky,...,k,), either

of which may be empty, so r > 0,s > 0. The final subscript denotes to the concatenated
multi-index (J,4, K) = (Jy, .-y Jps by kqse -y kg)-

Remark: For an z-independent Lagrangian, the Hamiltonian tensor provides the con-
servation laws of linear momentum corresponding to the translation independence of the
Lagrangian, resulting in the Noether divergence identity, [27],

> Di(Hj) =) ug By (L), (9.16)

=1

Definition 9.5. Given a differential invariant E(I (")), we define its invariant Hamil-
tonian tensor to have components

.~ s e o oL
Hi(L)=—Lé&i+ Y Y 1%, D} ST (9.17)
a=1 JK RANY

Note particularly that, due to the noncommutativity of the invariant differential operators,
the order of the multi-indices in (9.17) remains important!
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Remark: An amazing fact is that the final Euler-Lagrange expression will not depend
upon the choice of differential invariants, or their syzygies. On the other hand, according
to Itskov, [21], the individual invariant Eulerian and Hamiltonian do depend on how the
syzygies among differential invariants are implemented.

Proposition 9.6. Given an invariant Lagrangian form A= E(I(”)) o, then
A= Z L)d, I* Ao — Z Hi(L) dy @’ Az (9.18)
a=1 4,5=1

Proof: We begin by computing

~ oL
QKBI

dy 1% Ao+ L d, .

The second term will be rewritten in the form

P
Ldyw= Y 6 Ld,o Awg. (9.19)
i,j=1
As for the first term, we invoke our integration by parts formula (9.13) to move the invariant
differentiations onto the partial derivatives of L. For the first step, we write G = DI =
Dy, 1% where J = (ky,...,k,,_;), and so

» Ym—1

oL _ oL N
+ oL

=Dy Ara o1, dy, (IG) N — Z (9]0‘ I, dyw' N, 5.

The second term contributes to the invariant Hamiltonian tensor (9.17), while we continue
to integrate the first term by parts. In the end, when the invariant differentiations are all
applied to the partial derivative of L, we produce the final formula (9.18). Q.E.D.

The second phase of the computation requires, in analogy with (7.15), (7.17), the
formulae for the (p, 1) forms appearing on the right hand side of (9.18),

q P q
dy 1% = A5, dyw =3 > Bls@)A=' (920
B=1 i=1 B=1
which follow directly from the moving frame recurrence formulae. We let
A= (A3), Bl = (Bl,), ij=1,...,p (9.21)

denote, respectively, the Fulerian operator, which is an m x ¢ matrix of invariant differential
operators and the Hamiltonian operator complex, which is a collection of p? row vectors
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whose entries are invariant differential operators arising in (9.20). This allows us to write
(9.18) in the vectorial form

dy X = E(L) A(9) A o — Xp: Hi(L) Bl (9) A . (9.22)
i,5=1

We now apply Lemma 9.2 to integrate both terms by parts. The final result is written in
terms of the twisted invariant adjoints of the Eulerian and Hamiltonian operators (9.21),
SO

dyr= | ATEWL) - > (B)THIUL) | 9 A w. (9.23)

i,j=1
We have thus proved our final result.

_ Proposition 9.7. The Euler-Lagrange expressions of an invariant Lagrangian form
A= L(I™) w are equivalent to the invariant system of differential equations

P
AYE(L) - > (B)THI(L) =0. (9.24)
ij=1
Indeed,
q
T, (WAw) =W 0 Adx, or  Y*ANw= Z wg 0° A dx, (9.25)

p=1

where W = (Wg‘) is a certain matrix-valued relative invariant. Thus, equating (9.22) to
the standard Euler-Lagrange expression dy, A = E(L) @ Adx, results in the explicit formula

p
E\) =W | ATE(L Z (B TH(L (9.26)

connecting the ordinary and invariant versions of the Euler-Lagrange equations. As before,
the matrix relative invariant W is invertible on the domain of definition of the moving
frame, and hence only comes into play at singular extremals.

Example 9.8. Consider the intransitive action

yt =2t cosp — x?sing + a, y? = 2'sing + 2% cosp + b, v = u, (9.27)

of the Euclidean group SE(2) on R3. It arises, among other places, as a symmetry group
of the planar Laplace equation, cf. [16,29]. We shall use the moving frame to construct
differential invariants for surfaces u = f(x!,2?) and then determine the invariant Euler-
Lagrange equations. We pursue this simple example in some detail so as to illustrate the

required computations in more complicated cases.
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We begin by prolonging to J2, of which only the first order formulae will be displayed:
ov ov

a—ylzvlzulcosgb—uQsinqb, a2

where we abbreviate u; = D,u = D_ ;u. Higher order lifted invariants are obtained by
repeatedly applying the implicit differentiations

= Uy = Uy SIN @ + Uy COS P,

D, =cos¢ Dy —sin¢ D, D, =sing D; +cos¢ D,. (9.28)

Choosing the cross-section z! = 22 = u; = 0, we are led to the normalization equations

yl =0, y2 =0, v, = 0. (9.29)

Solving for the group parameters produces the (right) moving frame'

2 1
U — T U
a=—*t "2 h=—

I

1 2
T uy + U U
=1 - 2 ¢ =tan"t L,
1 Uy

and the first two differential invariants

vi— u = i(u), vy — I = || Vu| = /u? +u2 = 1(u,). (9.30)

Higher order differential invariants are obtained by normalizing the higher order lifted
variables, and are denoted by I; = L(uj). For n > 2, there are n + 1 strictly independent
nth order invariants. For instance, the second order ones are

Luy) =1, = I_2J11, Luyp) = Iy = I_2J127 UUgy) =I5y = I_2J227

where

.2 2 _ 2 2
J11 = ujtyg — 2uq Uty g + UTUG,, 1o = ugug(ugy — ugy) + (uy — uy)uyy,

_ .2 2
Jog = UUy; + 2Ug Ugly o + USUGy,

are also differential invariants. The invariant differentiations

1 1
j(U2D1_U1D2)7 D2:f(

are dual to the invariant horizontal coframe

D, = uy Dy +us Dy ), (9.31)

1
w! =w! = (dz') = 7 (uyda' —uy dz?),
1

w? = w? = 1(d2?) = 7 (uyda' +uyda®) =

The invariant volume form is particularly simple in this case: @ = w! A @w? = da! A da?,
since Euclidean transformations are measure-preserving.

T There is a remaining sign ambiguity in the definition of the angular variable ¢ which we
ignore in order to not overly complicate the discussion.
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The prolonged infinitesimal generators are

zl> Vg = ax27

Vg = —a” 01 + a! 02 — Uy 8u1 + Uy 8u2 — 2y 811,11 + (ugq — Ugs) au12 + 2uy4 au22 +oee

V1:

First, the horizontal differentials of the normalized invariants are given by (5.19). The
phantom invariants can be used to determine the one-forms ~¢, namely

2 3

0=w +97, 0 =w? +142 0=1, @ + [, — 17>

Substituting these into the remaining formulae, we find

dy Iy = Iy @' + Iy @w” — 21,77

21,1 217
= <I111 - 1} 12) w' + (qu_ —112) w?,

dy I = 119 w' + Iy w? + (I, — Iy,) 73

Iy —1 I (I, —1
:(11114‘@)@1—1—(]112_%%)@2,

dy Ioo = I199 w' + I5o9 w? + 21, 73

21..1 212
= (1111 + 7111 12) @'+ (1112+—112) w?,

which imply the invariant differentiation formulae

Diu=1, =0, Dyu=1,=1,
DI = Iy, Dyl = I,,,
Dyl =11y, — L}Im ; Dyl =145 — %122 ,
lelzzluz"‘M, D,I,, 21122+M,
DIy =I5 + L}IIQ , Dylyy = Iyyy + 25}22 _

A key remark is that all differential invariants can be obtained by invariantly differentiating
the simplest one, namely u. The only tricky one is to produce the second order invariant
I, which is not obtained by taking one derivative of . However, subtracting the equations
for DyI,, and D, 1,, and rearranging terms will produce the desired formulae:

I =D,u, I,, = D,I =D,Dyu, I, = Dyl = Diu,
1 Dyu
Iy = =1y + E(Dzlm ~Dyly) = —Dyu+ Dllz)zu (DyD,Dyu — Dy Diu ),
which are valid away from singular points where I, = 0. Therefore, any differential

invariant can be written as a function depending upon u and its invariant derivatives

u g =Dzu.
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Next we compute the first few vertical differentiation formulae from (5.25). Again,
the phantom invariants (9.29) give the formulae for the one-forms e, namely

0=¢', 0=¢?, 0=1, — I
Substituting these into the remaining formulae, we have

I, — L
dy u =1, dy I =1,, dvI12:1912+<I11_I22)53:1912+ 11[ 29,

I I
dy Iy =9y — 2L, =¥ — 2 %2 Uy, dy Iyy =gy + 2115 8% = 9y + 2 %2 vy

The invariant horizontal and vertical differentials of the invariant coframe elements are
based on (5.27), with

Ill

de1:—73/\w2:—Tw, dyyw”=7"Nw :—Tw,
! , (9.32)
delz—ag’AwQ:—jﬁl/\wQ, de2:63/\w1:jﬁ1/\wl'
Since
(9.32) yields the formulae for the twist invariants:
I I
d?{w(l):d%w2:_%wa Z1:Y122:_%7
7 SO I (9.34)
dﬂw(z):_dﬂwlz%w7 Zzz_Yllzz%'

Indeed, the same terms appear in the commutation formula for the invariant differential
operators, which takes the following equivalent forms:

(D1, Dy] =2,y = 2, Dy, or (Dy+24,)Dy = (Dy+ Z,) Dy or D1TD2:D2T(Dl-)
9.35

Remark: The particular commutation formulae (9.35) are universally valid for ar-
bitrary transformation groups acting on surfaces (two-dimensional submanifolds) in any
higher dimensional manifold.

Finally, we use (5.33) to compute
Since dy,u = 1, the Eulerian operator is A = 1. Furthermore, (9.32), (9.36) yield the

Hamiltonian operators

1
Bl = B3 =0, —B;:szfpl.

Note finally that 9 A o = 6 A dx, and so the relative invariant in (9.25) is trivial: W = 1.
Therefore, according to our fundamental formula (9.24), the Euler-Lagrange equations
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for an invariant Lagrangian A=Lw = Ldx depending on the fundamental differential
invariant u and its invariant derivatives are

B(L) = (1) — (D, + 2,) ( H(L) - HI(L) ) ~0, (9.37)

where & (E) and ’H; are, respectively, the invariant Eulerian and Hamiltonian tensor for

the invariant Lagrangian L(u(™) based on the twist invariants (9.34). As an example, for
the surface area Lagrangian

L=1I=|Vul| =/u?+u? =Dyu,

we have
1
E(I) == (Dy+Zy)1 = —Z, = — 1L, HY (D) = 0= H3(D).
Thus, the Euler-Lagrange equation is
1 USUy, — 2Uq Uy + UU
0=FE(IV _ A WUy 1UgUy9 122
(H UH) Vi (u2 + u2)3/2 ’

which expresses the minimal surface equation in Euclidean-invariant form.

Example 9.9. As a final example, we consider the standard action of the Euclidean
group (R, a) € SE(3) on surfaces S C R3. The computations provide a simple, direct route
to the fundamental quantities of Euclidean surface geometry. It is worth re-emphasizing
that all the formulae in this example follow from our infinitesimal moving frame calculus
using only linear algebra and differentiation; the explicit formulae for the actual differ-
ential invariants (principal curvatures), the Frenet coframe, the dual invariant differential
operators, the invariant contact forms, etc., are never required! We assume that the sur-
face is parametrized by z = (z,y,u(x,y)), noting that the final formulae are, in fact,
parameter-independent. The classical moving frame construction, [19], relies on the coor-
dinate cross-section

r=y=u=u, =u, =u, =0. (9.38)
The resulting (local) left moving frame consists of the point on the curve defining the
translation component a = z, while the columns of the rotation matrix R contain the unit
tangent vectors forming the Frenet frame along with the unit normal to the surface. The
fundamental differential invariants are the principal curvatures

k= 1(u,,), K2 = L(tyy)-

The mean and Gaussian curvature invariants

H = 1i(k"+r?), K = r'r?,

are often used as convenient alternative invariants, since they eliminate some of the residual
discrete ambiguities in the moving frame. Higher order differential invariants are obtained
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by differentiation with respect to the Frenet coframe w! = 1(dzt),@? = 1(dx?). We let
D,,D, denote the dual invariant differential operators. The differentiated invariants ~%
are not functionally independent, since there is a fundamental syzygy

kLR RYRY = 2(R7)? = 2(k)y)?

Flp = Kap + —— a2 —r'E (k! — k) =0, (9.39)

which is the Codazzi equations. This syzygy can, in fact, be directly deduced from the

infinitesimal moving frame computations by comparing the recurrence formulae for the

differentiated invariants /@}22 and ’f,211- Note that the denominator in (9.39) vanishes at

umbilic points on the surface, where the principal curvatures coincide k! = k2, and the

moving frame is not valid. We avoid such singular points in our subsequent computations.
Any Euclidean-invariant variational problem has the form

T[u] = /z(/i(”))wl A w?. (9.40)

Here w! A w? = m, o(w! A @?) is the usual intrinsic surface area 2-form. The invariant

Lagrangian L is an arbitrary differential invariant, and so can be rewritten in terms of
the principal curvature invariants (or, equivalently, in terms of the Gaussian and mean
curvatures) and their derivatives. The former representation leads to simpler formulae
and will be retained. Using (9.33), we obtain the twist invariants

2 2

dyy w1y = dyy o = — 7, = L

A CO R A B R 1= T2
. SO L (9.41)
K2 K2

dy @igy = —dy @' = ’ ™ Z, = —2=

H(2) H K2 — gl 0 27 L2l

We note that these key quantities appear in Guggenheimer’s proof of the fundamental
existence theorem for Euclidean surfaces, [19; p.234], and also Eisenhart, [11; p. 159].
Note that the Codazzi syzygy (9.39) can be written compactly as

K =r'rs? = DJ(ZD + DQT(Zz) == D1+ 2,)Z, — (Dy + Z,) 2,

which expresses the Gaussian curvature K as an invariant divergence, cf. (9.5). Conse-
quently, the Gaussian curvature defines a Euclidean-invariant null Lagrangian A = K w,
which is the source of the famous Gauss—Bonnet Theorem.

The invariant vertical derivatives of the principal curvatures are straightforwardly
determined via our general methods; supressing the computational details,

dV /{1 = L(er) = (,D% + ZZ DQ + (KI)Q ) 197

9.42
dy k> =u(0,,) = (D3 + Z,D; + (k°)*) ¥, (9.42)

vy

where ¥ = () = «(du—u,, dv—u, dy) is the fundamental invariant contact form. Therefore,

the Eulerian operator is
A= D} + Z, Dy + (x')? '
D3 + Z, Dy + (k)
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On the other hand,

1
delz—ﬁlﬁ/\wl‘i‘m(
1

g

D,D, — Z,D; )9 AN w?, 043
9.43

dy, w* = D,D, — Z,D, )9 ANw' — k> 9 AN w?,

which yields the Hamiltonian operator complex
Bl = — k!, 1
B2 = — k2, /11—/12(

the equality following from the commutation formula (9.35). Therefore, according to our
fundamental formula (9.24), the Euler-Lagrange equations for a Euclidean-invariant vari-
ational problem (9.40) are

1
g

B% = D1732 - ZzD1) = D21)1 - Z1D2) = - Bf,

0=E(L) = {(D1 + Z1)2 —(Dy+ Zy) - Zy + (“1)2}51@;)
+ [(Dy+ 2,)* = (D) + Z,) - Z, + () |E(L) + k' Hi(L) + x* H3(L)

H3(L) — Hi(L)
+ [(Dz +2Z,)(Dy+Z)+ (D, + Zy) - Zz} : ( : - /{21 . (9-44)
As before, 5Q(E) are the invariant Eulerians with respect to the principal curvatures k<,
while H}(L) are the invariant Hamiltonians based on (9.41).

In particular, if Z(/fcl,mQ) does not depend on any differentiated invariants, (9.44)
reduces to

L L ~
O (D) +D] 2, + ()] o — (* + AL
(9.45)
For example, the problem of minimizing surface area has invariant Lagrangian L= 1, and
so (9.45) gives the Euler-Lagrange equation

E(L) = — (k' + K%)= —2H =0, (9.46)

and so we conclude that minimal surfaces have vanishing mean curvature. As noted above,
the Gauss-Bonnet Lagrangian L = K = k'x? is an invariant divergence, and hence its the
Euler-Lagrange equation is identically zero. The mean curvature Lagrangian L = H =

1 (k! 4+ k?) has Euler-Lagrange equation

HED?+ ()2 = (5" +87)?] = —k' k2= —K =0. (9.47)

E(L) = [(D)?+ D] - Zy + (k')?]

For the Willmore Lagrangian L = $(r1)?+35(x%)2, [3, 6], formula (9.44) immediately gives
the known Euler-Lagrange equation

E(L) = A(k' + £*) + 2(k' + &%) (k' —k*)* =2AH + 4(H” - K)H = 0, (9.48)

where

A= (D1 + Z1)D1 + (D2 + ZQ)DZ = - D1T ) D1 - DzT ) Dz (949)

is the Laplace-Beltrami operator on our surface.
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Remark: Anderson, [3], derives the Euler-Lagrange equations for Euclidean surfaces
by writing the invariant Lagrangian in terms of the first and second fundamental forms
on the surface, whereas, in accordance with our moving frame approach, we write it di-
rectly in terms of the intrinsic principal curvature differential invariants. Bryant, [6], uses
conformal invariance to construct the Euler-Lagrange equations for the Willmore varia-
tional problem. Implementing our methods for the conformal moving frame will give a
formula for the Euler-Lagrange equation associated with a general conformally-invariant
variational problem.

If, as in the discussion at the end of Section 8, instead of the invariant horizontal
coframe w!,..., P provided by the moving frame, the choice of an invariant coframe
w' = dK"* given by the differentials of p functionally independent differential invariants

K1, ..., KP leads to some significant simplifications. First of all, the dual invariant dif-
ferential operators Dy = (D, ..., Dgp) all mutually commute. Secondly, d,, Wy = 0,
and hence the twist invariants Z;, = 0 all vanish. Consequently, the adjoints DI, =

—Dypei = D}k{i mutually commute and are not twisted. Moreover, the second term in the
integration by parts formula (9.13) vanishes, and the result is that there is no Hamiltonian
contribution to the invariant Euler-Lagrange equations.

In addition to the “independent variable” differential invariants K', ..., K?, we re-
quire a certain number of “dependent variable” differential invariants, I', ..., I™, with the
property that all higher order differential invariants I, = D ;I are given by invariant
differentiation of the I with respect to the K*. We denote the complete system of differ-
ential invariants up to order n as (K, I (”)). Note that there may well be nontrivial syzygies
among the differentiated invariants, but these will not affect the final formulae. In view
of the preceding observations, the Euler-Lagrange equations of an invariant Lagrangian of
the form

L(K,I™)dK'A---AdK?  isgivenby — A*E(L) =0. (9.50)
The invariant Eulerian expression
- oL
‘%(L):§:<_DKykﬂa (9.51)
J

J

is now identical to the ordinary Euler operator, treating the K’s as independent variables
and the I’s as dependent variables. The associated Eulerian operator A = (Ag) is con-
structed from the formula for the modified vertical derivative of the dependent invariants,

dy, I* = A5(97), i=1,....,p, a=1,...,m, (9.52)

where the modified invariant bigrading based on the new invariant horizontal coframe dK ‘
is used to decompose d = d,; + dy,, in analogy with (8.15). See Itskov, [21] for further
developments.

10. Conclusions.

In this paper, we have provided a complete, algorithmic solution to the problem of
constructing the invariant form of the Euler-Lagrange equations associated with a Lag-
rangian which admits a finite-dimensional Lie group as a group of variational symmetries.
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The algorithm relies on the moving frame method, but only requires the infinitesimal gen-
erators, differentiation and linear algebra to construct the required formula. The general
construction of the invariant variational complex can now be applied to a wide range of
symmetry-based investigations in the geometric theory of differential equations and varia-
tional problems. A number of interesting further research directions are inspired by these
results:

(a) While we have treated a few of the most basic examples arising in geometrical appli-
cations, there are a wide variety of additional group actions of current interest in
geometry, physics, and applied mathematics, including computer vision. Further
development of the applications of our formulae for practical problems would be
of immediate interest. In particular, this leads to explicit determination of the
differential invariants that govern minimal submanifolds for a given group action.

(b) One key issue is the proper interpretation of the Eulerian and Hamiltonian operators.
While we have found an constructive algorithm amenable to symbolic computation,
their underlying geometrical and analytical interpretation remains obscure. For
example, the formulae for equi-affine surfaces, [19], was computed, but proved to
be too complex to include in this paper.

(c) Our results cover regular extremals, which are solutions to the differential invariant
version of the Euler-Lagrange equations. It would be of great interest to under-
stand the role of singular extremals, lying outside the domain of definition of the
moving frame and causing the relative differential invariant W (z,u(™) = 0 in
(7.24) or (9.26) to vanish.

(d) The characteristic cohomology of the invariant complex plays an important role in
many applications. For instance, invariant null Lagrangians underly the curva-
ture integral and Gauss—Bonnet type theorems in Euclidean geometry. Anderson
and Pohjanpelto, [5], and Itskov, [21], identify the local invariant characteristic
cohomology with the Lie algebra cohomology of the transformation group.

(e) In recent work, Itskov, [21], and Olver and Pohjanpelto, [32, 33], have successfully
extended the moving frame method to infinite-dimensional pseudo-group actions,
which arise in physics as gauge groups, in soliton theories, and in fluid mechanics
as particle relabeling symmetries. Further applications to variational problems ad-
mitting infinite-dimensional pseudo-groups of symmetries are under development.

(f) Our computational formulae should help shed additional light on symmetry reduction
of variational problems and Palais’ principle of symmetric criticality, where one
tries to construct the group-invariant solutions to a variational problem by solving
a problem on the reduced orbit space. Anderson and Fels, [4], have shown that
the applicability of this principle is not universal, but requires the nonvanishing
of a certain Lie algebra cohomology class.

(g) Formula (9.49) and its multidimensional counterpart can be immediately generalized
to any transformation group acting on submanifolds of any dimension. The re-
sult is a distinguished, group-invariant version of the Laplace-Beltrami operator.
Understanding the associated G-invariant harmonic functions, differential forms
and Hodge theory promise significant developments in both theory and potential
applications.
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