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INVARIANT MANIFOLDS OF NON-LINEAR OPERATORS

JOHN C. WELLS

In this paper we generalize the classical stable manifold
theorem at a point as well as a recent result of M. Hirsch, C.
Pugh and M. Shub. We deduce the existence of the invariant
manifolds, their smoothness and their continuity under small
perturbations of the underlying endomorphism entirely from the
inverse function theorem and an easy proposition about smooth-
ness of maps on co(E). The constructive nature of our proof
has the advantage of ready adaptation to numerical methods.

Introduction. The following classes of maps between Banach
spaces will be used (all derivatives are Frechet derivatives). Let Lip(/)
denote the Lipschitz constant of / and let Lip(E, F) =
{/| Lip(/) < oo}. For p ^ 1 and 0 < a ^ 1 let 3ί{E, E) denote the classes

Cp - {/1 / has p continuous derivatives}

βJ = {/|/GCp, \\Dpf(x + h)-Dpf{x)\\^M\\h\\a for some M}

Cp = {/1 / G Cp and Dp is uniformly continuous}

C p

β = { / | / E C and Dp is bounded}

C°° = {/ |/GC P for all p}

B°° = {f\fEBpiora\\p}

We will also use the following norms (or pseudo-norms)

= sup||/(x)| |

If /G Cp then ||/||p = maxos iSp supx ^
For maps in these classes we have an inverse function theorem. We

start with a Lipschitz inverse function theorem. A stronger version of
this theorem is given in Hirsch-Pugh [3], We provide a proof along their
lines for completeness.

LIPSCHITZ INVERSE FUNCTION THEOREM. Let The a linear invertible
map fron E to E. Suppose f: [/ —> E, U an open nbhd of 0 in JB, /(0) = 0
and Liρ(/) || Γ"1! = λ < 1. Then T + f is a homeomorph\sm of U onto
an open subset V of E, (T' + f)~ι is Lipschitz and
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|| T~1\\I{1 - A). IfU contains the ball Br of radius r and center 0, then V
contains the ball Br of radius r' = r (1 - λ )/|| T~ι \\ and center 0. The map
f —> f'1 from Lip to Lip is continuous in the || ||0 topology on the range and
domain of -».

Proof Consider the set SB of maps g: Br-*E for which Lipg ^
λ ||T111/(1 - λ ) and g(0) = 0. If g<ΞSB then (T~ι +g)(B'r)CBr so the
map g' = - T~ι°f°(T~1 + g) is defined. Furthermore Lipg'^l
λ | |Γ~ΊI/(l-λ), so g'ZΞSB. If h'= ~T- 1 o/o(r- 1 + /ι) with fce^
then | | f t ' -g ' | | 0 ^λ | |Λ-g||o. Thus the map g-> - T"1o/o(T-1 + g) is
a contraction of the complete space SB in the topology || ||0. Thus there
is a unique fixed point g E S£ satisfying

This last equation implies Id4- Tog +f o(r~1 + g) = Id so that
(Γ + /) o (T"1 + g) = Id. Observe that

Thus T + / is 1-1 on all of U and T'1 + g is the inverse of T + / on Br.
Also Lip(Γ-1 + g)^ | |T- 1 | | + A | | Γ - 1 | | / ( l - λ ) ^ | | Γ - 1 | | / ( l - λ ) . By trans-
lating coordinates so that JC0—* 0 and (T + /)(x0)—»0, the above reasoning
show that Lip(T + Z)"1 ̂  || ΊΓ"1 j|/(I — A) on all of V. The openness of V
is also obtained. Finally if / and /' are invertible maps with f'1 Lipschitz
then

| |Γ-Γ1 | |o^|Γo/o/--ΓΌ/Ό/'-.||^LiPr1) ll/-/Ίlo

This proves the last statement.

INVERSE FUNCTION THEOREM. Suppose U is an open subset of E,
/: [/ -> E is Lip or is one of the Classes X(E, E). Suppose T: E—>E is a
linear invertible map from E to E such that Lip(/ — T) || T"11| ̂  λ for some
λ < 1. Then f is a homeomorphism of U onto an open subset ofE and f~ι

is in the same class as f The map f-^f'1 from {/|Lip(/ - Γ) || T"1]) S
λ} tof~ι is continuous in the following way (the indicated topologies'apply
to both / and f"1).

TABLE 1

Classes Pseudo-norm

Lip or Cp, l ^ p ^ o o || ||0
Cl || Ik,|| ||,,.-. || I U

BLCh || llo, - - or || It
B~ II ||p P ^ O

REMARK. If E is finite dimensional then Cp - Cp

υ.
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Proof. The case / E Lip is a restatement of the Lipschitz Inverse
Function Theorem. In all other cases we can conclude from the LIFT
that / is a homeomorphism of U onto an open subset and that f~ι is
Lipschitz.

Observe that /, g in any of the classes with domain (g) bounded
implies f°g is of the same class. Now if / is at least C1 then f~ι is
differentiate by the usual argument which we give for completeness: It
suffices to assume /(0) = 0 and show /"* differentiate at 0.

Observe /(0+ Λ)-/(0)-D/(0)[Λ] = f(h)-Df(0)[h) = o(\\h | |). So

f(Γ(h'))-Df(0)[Γ(h')] = o(||Γ(Λ')ll) which gives DΓΦ) [/(TW)~
fΛh')] = DΓ(0) o(\\r\h)\\)sof-\hΊ-DΓ\OW
is differentiable and Df \y) = (Df \y))) 1. Now suppose / is in one of
Cp, Bp

a, Cpu or CS, p ^ 1 and that f'1 has been shown to be of class Ck~\
Bk~\ Cu'1 or Ck

B~\ respectively, where k^p. The map

L -» L 1 : {L I L G L(E, £ ) , Lip(L - Γ) || T^H ^ λ < 1}-* L(E, £ )

is of class JB00. Thus D/"1 which is the composition: Inverse ° Df°f~ι is of
class Cfe-\ Bk

a\ CV or C ^ 1 respectively and so f'1 is of class Cfc, J5 ,̂ Cί
or Cβ respectively. Repeating the argument gives f~ι E Cp, βp,, Qp or
Cg respectively.

Now we prove the continuity table for f-^f'1. The continuity in
|| ||o for Cp functions, 1 ̂  p ^ °° is implied by the continuity in || ||0 for
Lipschitz functions. Since Bp

aCCpu, p^l and CP

B C C V , to prove the
continuity results of the table, it suffices to show that /—»f~ι is continuous
in || ||p for / in Cp

υ. Suppose it has been shown for the pseudonorm
|| | μ , k^p. We have

= [(Df(Γ(y)Γ]k Pk(Df(Γ(y))

where Pk is a polynomial. Now Df'1, , Dk'1 f'1 vary in || ||0 continu-
ously as / varies in || ||fc by assumption. Also Df , Dfk are uniformly
continuous by assumption so Df(f'1) Dfk (f'1) vary in || ||0 as / varies
in || ||o Finally [Df(f~ι)]~ί varies in || ||0 as / varies in || ||0 by an earlier
statement. Thus Df'1 varies in || ||0 as / varies in || ||fc. A repetition
of this argument implies that f~λ varies in || ||p as / varies in || ||p.

DEFINITION. CO(E) = {(JC0, JC15 )| JC, ε E for ί ^ 0 and Lim{ ||x, || = 0}

co(E) is a Banach space with norm || JC || = sup, |J jct | | .

DEFINITION. If / is at least in Lip(£, E) and /(0) = 0 and r ^ 1 let Crf
be the map from co(E) to co(E) defined by [Cf(x)l ^rUxJr1), i =
o,i, .
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PROPOSITION. // /(0) = 0 and f E Lip or f is in one of the classes %
and r^ί then Crf is of the same class as f. Lip Crf = Lip / and the map
/—> Crf is continuous according to the following table.

TABLE 2

Classes Pseudo-norms

Lip || ||o or || ||,
Cp,C[;,Bp

a,CB II Ho, - - - or || | U

Proof. The conclusion of the theorem for Lipschitz functions is
obvious. The validity of the general case results from showing that
/ E Lip and Ck implies Crf G Ck and

(1) DkQf(x)[h] = (Dkf(xo)[hol •, r«-k»Dkf(xjr)[hn], )

For k = 0, (1) is the definition of Crf Suppose it has been proved for
fc = 0 , , f e - l . Then

sup ||r"/((xn + hn)/rn)~ rnf(xjrn)~Df(xjrn)[hn]

g sup ||(1-t>' (
n,O<0n<l

by the mean value theorem.
Given 6 > 0 choose δ s.t. | | x | | < 2 δ implies | |D f c/(jc)-D*/(0)| | <e/2 .

Choose N so large that ||JCI //
 I'|| < δ when i > n and then choose δ'< δ

such that when lift II < δ '

\ \ r i l - k ) t ( D k f ( ( x l + h i V r ' ) - D ' f i X i / r t ) ) ^ e/2 f o r O^i^

Then whenever \\h || < δ', 0 < θ{ < 1,

sup ||r ( 1-^ (Dkf((Xi + θthι)/ri)-Dkf{xJri))[K]\\ ^ e

By the inverse mean value theorem (see Abraham and Robbin [1])
Crf E Cfc, equation (1) is true and hence the proposition is true.

THEOREM 1. Suppose E = Ex 0 E2 is a direct sum decomposition of
a Banach space E into two Banach spaces. Suppose that E has been
renormalized (isomorphically) if necessary so that | |(*, y)||E =
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max(||jc||El,||y ||E2) Suppose Lλ: JEΊ —> JEΊ and L2: E2->E2 are bounded
linear maps such that Lx has a right inverse L[ and | |L 2 | |<
||Lill"1. Suppose that Uλ and U2 are open spheres with center zero in JEΊ,
E2 and ̂  = Uλ x U2. Suppose f:°U^>E is Lip or is in one of the classes
%. In addition suppose /(0) = 0, and that Lip f^σfor some \\L2\\<r <
|| L ill'1 and σ<min(r-1 ( l - r ||Lί||)f r-| |L2 | |) wfeere / =

,. Then in
U *-<2J

(Case 1) r g l . The set WEι = {x°G E\3x\x2,x* wiΛ
/(xn+1) = xn for n ^ 0 and xn = o(r' n)} is invariant under f and there exists
gii Uλ->E2 of the same class as f such that WEl = {(x, gi(x))|x £ Ux}.

(Case 2) r ^ 1. The set WE2 = {x |/ n (x) = o(rn)} is invariant under f
and there exists g2: U2-^Eι of the same class as f such that WE2 =
i(y> &(y ))| y ^ U2}. WEι, WE2 and gϊ and g2 are independent of r satisfy-
ing the above conditions. In both cases g1 and g2 vary topologically with
/ E { / | L i p / ^ a*} according to the following table.

TABLE 3

Class Pseudo-norm on / and gt or g2

Lip, C p, p ^ 1 and C~ || ||0
CPB II ||o, or !| ||p_1

CS, B ^ II Ho, — o r || ||p

B 0 0 || Up for all p

REMARKS. The case r = 1 with I,! and L2 invertible is the classic
stable manifold and unstable manifold theorem (see A. Kelley [6] or
Hirsch-Pugh [3]). The case of arbitrary r, Lx invertible and / 6 C p , p ^ l
has been proved in Hirsch-Pugh-Shub [4] using other methods. Refer to
M. Irwin [5] for a proof similar to ours in the r - 1, L1 and L2 invertible
case.

Proof. In either case the sets WEι and WE2 are clearly invariant
under /. Let Π,: E1®E2-*Et be the projections. We consider first
case 1.

Let % = ((xo, y0), (xu yθ> * * ) be an element of cQ(E), Define
g: %0-> co(E) by g = i? + h on % 0 = {X \ (xn y^Gfy for all /} where

Se(X)t=(r'L[(x^)9L2(yi+ι)/r)9 / ̂

and
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By the proposition, £6, h and hence g is of the same class as / and
furthermore Liρ(g)^max(r ||Lί||-f | |Lί | | Liρ/, (||L2 | | + Lip/)/r)> 1.
Thus by the inverse function theorem and the proposition, G - Id - g is
a homeomorphism of % 0 onto G(°UQ), an open subset of co(E), and G~ι is
of the same class of / and varies with / according to Table 3. Let
Ix\ Ux-» Co(JB) be defined by Ix(x0) = ((JC0, 0), (0,0), ). Observe that if
we let afo = /,(jco) and a?Λ+i = # o + g ( # o ) then %n G % for all n and
limn3£n = Sf exists and satisfies G ° f = f0. Thus J^Xo)eRange (G) so
we can define w(x) = G" l o /i(x) on t/χ. The equation G ° G~ι(Iι(x)) =
Ix(x) is equivalent to w(x) = It(x)+ g(w(x)) and writing this out gives

Π2o wQ(x) = r'ιL2(Π2o WtίxWH- Π 2 o/( W l (x)/r)

(2)

Π 1 o i v l ( x ) = r Lί(Π 1 oιv i . 1 (x))-r ' LίoΠ 1 o/( W i (x)/r ')

Π2o W I (JC) = {IIr) - (L2(Π2o wi+1(x))4- r> Π2o/(w ί+1(x)/r ί+1)

Multiply the equations with Πj and ί'^ 1 by Lx and then move the
2nd term on the right to the left to get

(3) r i Π 1 o/(w £ (x)/r ι )=r Π1owi_1(x)

The terms involving Π2 give

(30 τi2wi(x) = rin2of(wi+1(x)/ri+ι)

Thus

(4) f ( w l - ι ( x ) / r - ι ) = w i ( x ) / r i , ί ^ l

Since wt(x)E c o (£), wt (x)/rf = o(r"'). Therefore letting gι(x) =
Π2° WO(A ) we have (x, gi(x)) = wo(x)E: WEl and gj is of the same class as /
and varies with / as in the Table 3. On the other hand if (x, y ) E WEί

then there exists w = (iv0, wu ) ε co(E) s.t. WO = (JC, y) and
/(w.-i/r1"*1) = w(/rι w satisfies equations (4) and hence equations (3) and
by the 1-1 ness of Lι equation (2). But G is 1-1 so w = w(x) and
y = gi(x). Thus WEi = {(JC, gi(x))| x E t/i}. If r' also satisfies the condi-
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tions and r<r' then defining W, (JC) = (ri/rn)wi(x) we have that VV(JC)

satisfies equations 4, 3, 2 with r replaced by r'. By the uniqueness of G,
W(JC) = w(x)(using r') Thus g, is independent of r.

(Case 2) This case follows along the same lines as Case 1. Define
g:%^co(E) by g = £+h where ^(3?).- = ((r - ϋ(jci+1),X.2(y.-i)/r),
/ ̂  1 and i?(af)o = (r > L J(JC,), 0) and

Then Lip(g)^max(r .||JLί|| + ||Z.ί || Lip(/), (II^H + Lip(/))/r) < 1. So
G = Id - g and G"1 are of the same class as /, G is a homeomorphism of
% onto G(%0) and G"1 varies with / as in the Table 3. Let
U U2-^c0(E) be defined by I2(y) = ((0,y),(0,0), •) and let w(y) =
G~ lo/2. As before w(y) is defined on all of t/2. The equation
G°G"1(/2(y)) =/2(y) is equivalent to

which is equivalent to

Π 1 o W o (y)=r Lί(Π1oW l(y))-L;oΠ1o/(ιv(y))

Π2ow0(y) = y

which is equivalent to

Letting g2(y) = Π ^ wo(y) we have {(g2(y),y)|y Ξ ί72} = WE2 as before
and g2 is of the same class as / and varies wih / as in Table 3.

The independence of g2 and WE2 from r follows as before.

REMARK. AS noted in the proof, w(x) = Lim wn(x) where wn(x) =
/1(or/2)(jc) + gow"-1(x), n ^ l , w° = 0. Thus

gi (or g2) = Lim Π2ow0" (JC) (or Lim Π2
n \ n
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and the evaluation of the right hand side for any value of n involves
In - 1 evaluations of /. This gives an effective iterative method for
numerically determining the invariant manifolds.

Counterexample. The continuity in the theorem of gi and g2 as
functions of / for / in C1 cannot be sharpened from || ||0 continuity to
|| ||j continuity, as the following example of a C1 map from l2 to l2 shows.

Let s: R' +R1 be defined by

s(x) 1/2 - x, 1/4^x^3/4; = x - 1, 3/4^ x ^ 1.

s(x) outside of [0, 1] is defined such that s is periodic with period
o n e . L e t a n ( x ) = s ( n x ) - [ n \ x \ \ / n , | x | ^ 2 ; = 0 , | x | > 2 a n d ά n ( x ) ~
an(x), \x I ̂  1; = 0 , | J C | > 1 . Then αn, άn are continuous and | α n ( x ) | ,

Γ
Jo

for all n. Let bn(x) = ί an(t)dt and bn(x) =
Jo

άn(t)dt. Define A and Λ: /2->/2 by Xan(x)en and A(x) =

Xάn(x)en where en is an orthonormal basis. Define B and B: l2—>Rι

by B(x) = Σ fen(x) and B(x) = Σ ^n(^). Then it is not to hard to show
that JB and B E C'il^R1) that DB = Λ and DB = A. fcn(x) is depicted
in the figure.

b4(x)

A
T

- 1

A

To construct / we let E = /2 φ i? with || (JC, y) \\E = max (|| x ||, | y | ) and
f{x, y) = {2x, (y - 1/10 B(x))/2+ 1/10 B(2x)). On

% = {(x, y)\\\(x, y)\\E & A}, Lip (/ - ( 2 J d ^ ) ) < 1/2.

This / will satisfy the conditions of theorem 1 and gf(x) = B(x) when
|| JC || ^ 2. Here f̂  = l2 and E2 = R1. Now define perturbations of /,

/n(x, y) = f(x, y) (1 - 3/4n)~2 (max((xn - l),
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Then /„ —> f in || ||2. On the other hand the effect of this perturbation is
to shift gf along the segment {JC | x = ten, 2 ̂  t ^ 4} in such way that
supx \\Dgfn - Dgf\\ stays bounded away from zero.
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