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Introduction

In this paper one considers the space of measures provided with
the weak topology. In [7, 8], K. Sigmund discussed some categories in
the space of invariant measures for homeomorphisms satisfying specifi-
cation. The ingredient of his proofs is in the densely periodic property
of homeomorphisms with specification. It is known that weak specifica-
tion for homeomorphisms is strictly weaker than specification.

Our aim is to show that the results of K. Sigmund hold for homeo-
morphisms satisfying weak specification (Theorems 1 and 3). The idea
of proofs is in constructing the property “smallest sets” (See §2.) that
is found in the weak specification property.

§1. Definitions and main results.

Let X be a compact metric space with metric d an(i P(X) be the
space of Borel probability measures of X with metric d which is com-
patible with the weak topology, where d is defined by

d(y, v)=inf {g; p(B)=v({x ¢ X; d(x, B)<e})+¢ and
v(B)X pr({x € X; d(x, B)<e})+¢ for all Borel sets B}

(p. 9 of [6] or p. 238 of [3]).

Define a point measure d(zx) by o(@)(B)=1 if xe€ B and o(x)(B)=0
if x ¢ B (Borel sets B), and denote by B(x, ¢) an &-closed ball about z in
X. For arbitrary finite points z;€e X and p,eP(X) QAxt<En) with
card {1<i<n; p(B(,e) <l}/n <e, we get easily dl/n 31, (),
1/n 0, p)<e. It is clear that the map ¢ —d(x) (x€ X) is a homeomor-
phism from X onto a subset of IM(X).
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Let o be a self-homeomorphism of X. Then o induces a homeomor-
phism ¢: (X)) —>M(X) by op(B)=p(c'B) (Borel sets B and pgeM(X))
such that d(ox)=0d(x) for all xe X. Hence we can consider that (X, o)
is a subsystem of (M(X), o). It is known (p. 17 of [5]) that the set
M,(X) of o-invariant measures is a compact convex set.

Let &(X) denote the set of ergodic measures in M,(X). Then & (X)
is a nonempty G,-set in M, (X) (p. 25 of [5]). Let S°(X) denote the
set of strongly mixing measures in M, (X), 2(X) denote the set of
measures positive on all nonempty open sets in M,(X), and s (X)
denote the set of non-atomic measures in M,(X). We denote by V,(z) -
the set of w-limits of the sequence {1/n 3 3-i 6(c’x)}r_, for € X. Then
we know (p. 18 of [5]) that for every xe€ X, V, (x) is a nonempty com-
pact connected subset of I, (X).

Let X and o be as above. Then (X, o) is said to satisfy weak
specification if for £>0, there exists M(e)>0 such that for every k=1,
k points z,, ---, 2, € X and for every set of integers a,<b,<a,<b,<---.
<a,=b, with a,—b,_,=M(e) 2=<i=<k), the set B=Nk, N, o~iB(o’x,, ¢)

is nonempty. Since @=<MN7=; Nir--- Ni: NN, 07 B(oi %, €)C B for all
q=b,—a,+M(c), we get easily that B contains a o¢%invarant subset.
When (X, o) obeys weak specification and has the following additional
condition; for every ¢=b,—a,+M(c) there is an xe€ B with c%x=2, we
say (X, o) to satisfy specification.

In order to solve whether every zero-dimensional ergodic automor-
phism satisfies specification, in [2] N. Aoki constructs a zero-dimensional
ergodic automorphism without densely periodic property. This implies
that such an automorphism obeys weak specification, but not specifica-
tion. For the class of all solenoidal automorphisms, it is proved in [1]
that the class of automorphisms with weak specification is wider than
the class of automorphisms with specification.

In this paper, the following theorems are proved for the class of
homeomorphisms with weak specification of compact metric spaces.

THEOREM 1. Let X be a compact metric space (card (X)>1), and o
be a self-homeomorphism of X. If (X, o) satisfies weak specification,
then & (X), 2(X), and 47 (X) are dense G,-sets of M,(X), and S (X)
18 a 8et of first category in M (X).

THEOREM 2. Let X and o be as in Theorem 1. If (X, o) satisfies
wealk specification, then (MM(X), ) has the specification property.

THEOREM 3. Let X and o be as in Theorem 1. If (X, o) satisfies
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weak specification, then for every nmonempty compact connected subset V
of M,(X), there is an x€ X such that V,.(x)=V for all r=1 and the
set of such points x 18 a dense set in X.

§2. Auxiliary results.

In this section we show two results which are used in the proof of
the theorems. Hereafter X is a compact metric space with metric d
and o is a self-homeomorphism of X.

A nonempty closed subset 4 is said to be a smallest set if there is an
integer g=1 such that ¢°4=4 and 4 contains no completely ¢’ invariant
closed proper subsets. We call the least positive integer in the set of such
g=1 the period of 4, and we denote it by per (4). Obviously, ¢*4N4=Q
for ¢ with 1<i<per (4)—1. Let 4 be a smallest set. Then 4= g'4
is a minimal set under o;i.e., 4 contains no completely o-invariant
closed proper subsets. Since 4 is compact and ¢4 =4, as before we can
consider the space IM,(4) of o-invariant Borel probability measures of J.
Then every pcI(4) defines a measure Z eEUE‘,(X ) by Z(B)=p(BNJ) for
Borel sets B of X. It is clear that if ¢e M, (4) is ergodic, then Z € & (X).
We remark that Z(oid)=1/per (4) (0<j=<per (4)—1) for all peM,(J).
Define Z;e M(X) (7=0) by Z,B)=per (AHE(BNacid) for Borel sets B of
X. Then we have g=(1/per (4)) >4 f;. We say that xe X is a
generic point for pe M(X) if V, (x)={y¢}. Every pe&(X) has generic
points and the set of generic points for p has g-measure one (c f. see
p. 25 of [5]).

PROPOSITION 1. I f (X, o) satisfies weak specification, then & (X) 18
dense in M, (X).

ProOOF. It is clear that & (X)=# @. First we prove that for every
t, t.€ & (X), every te[0,1] and every >0, there exists v € &(X) with
J(”; e+ 1 —Hp,)<e.

Take an integer m>4/¢, then there exists an integer m, with
1=m,<m—1 such that |m,/m—t|<1/m. It follows from the definition of
d that

J<tﬂ1+(1—t)#z, z‘ o+ 2= mwz)<e/2

Let x, and x, be generic points for g and g, respectively and choose
M=M(/4) as in the definition of weak specification. Since z, is a
generic point for g, (i=1, 2), we can find an N,=4M/e such that for all
n=N,, d(#t, (1/n) 3325 8(0%x,)) <e/4 (i=1, 2).
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Put N,=mN,—M and N,=(m—m)N,—M. Then we can calculate
easily that

3 (Mg + B Mgy, (N Ny 2B 35 (00

—q( Mgy My, m, ( 1 MIETS

m—m,( 1 FetE1 o .
R \N,+ M ,z=‘$ 3('””)))

<efd .

To use the weak specification property, we put a,=0, b,=N,, a,=b,+
M, b,=a,+ N, g=b,+M, y,=x, and y,=0c “x, Since X is compact, it
follows that there is a smallest set 4 such that

o'4d=4C ﬂ,n o~ iB(c%y,, €/4) .
i=1 J=ay
Take an ergodic measure ve I, (4), then V,(B(cy,, €/4))=1 (a,<jZb,,
1=1, 2), and so >}i_,card {a,= 7 <b,+M—1; V;(B(a?y,, ¢/4))<1}/qg<2M/q<e/4.
We remark that v=(1/g) >,i= ¥, since ¢ is divided by per (4). Then

d(v, -—(i‘, i:. (Uixt)))
1
q

_4(

g1 1 2 by+M—1

5.5, £35S aoi))se/

§=0 q =1 j=a;
Hence
d(®, tp+1—1t),)

2 N;+M-—1

<a(s, 2575 a0y

=1 §=0

+«I(l =S sy, T #1+m—m‘ﬂz)

q i=1 j=0 m m
m, m— 'm,l

-I-J( U+ Loy T +(1— t)/":)<5

(since ¢g=N,+N,+2M) .

We use induction to get the conclusion. Take x« e?IR,,(X ), then for
every &>0 there exist k=1, g, ---, 1,e&(X) and ¢, ---, t,=0 with
t,+t,+---+8,=1 such that d(y, k. t.p)<s/2 (p. 25 of [5]) By the
first part of the proof, there is a v, €& (X) such that d(t/(t,+t,)p¢+,
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taf (b +E) s, ¥,)<e/4. Also there is a v, € & (X) such that d((t,+8.)/(#+t.+
to)v, + /(b -ttt v2) <€/8. Put t9=3%%_,¢; for 1=<i<k, then it follows
from definition of d that

J( ﬁ‘. —ti—ﬂa': ”2)

=1 t®

=/ t® t t t t(z) t
éd( t® ( t(zl) Pt t(zz) #2>+ t(i) Fss ® Vit t(ss) #3)
—_ t(z) t
+d< Vit —- s, 2)
t® t®
<el4+¢/8 .

When v, e &(X) (2=1<k—2) is already defined, by the above way
we can find v,,, € £ (X) such that

— /4(i+1)
d(brmrt e, ven) <sl2h
Since v,_, €& (X) and d(CE, tl, vi_)= SFc11/2¢71<¢g/2, the proof is
completed.

Let us put Z(4, 6)={0<j< per (4); diam (¢74)<é} for a smallest
set 4 and 6>0. Denote by A(d) the collection of smallest sets 4 with
prime period satisfying the conditions;

per (4)>0"* and card (Z(4, §))/per (4)>1—0 .
It is easy to check that A(4,) CA(6,) when §,=0,.

PROPOSITION 2. If (X, o) (card (X)>1) satisfies weak spectfication,
for every 6>0 with 6< diam (X)/4 and for every pe M, (X) there exists
a de A(0) such that every measure v in M, (4) holds d(y, v)<s. Con-
sequently the set Usecam (T €M, (X); veM (D)} is dense in M,(X) for all
0>0.

PROOF. Since & (X) is dense in M,(X) by Proposition 1, there is
an u, €% (X) such that d(g, ¢#,)<6/8. Choose M=M(5/3) as in the
definition of weak specification. Let z, be a generic point for p,. Then
there is an N,>6M/6 such that d((1/n) ot d(oix,), 1)<6/3 (n=N,).
Take a prime p with »>N,+2M and put N=p—2M. For z,€ X with
d(o™ ¥ x,, ®,)>20, putting a,=0, b,=N and a,=b,=N-+M. As before we
have that there is a smallest set 4 such that o?4=4c N, N}., 07 B(o’x,
0/3).
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Since dNo"**4c B(x,, 6/3)N B(e"**x,, §/38)= @, we get per (4)#1 and
per (4) divides p. But p is prime so that per(d)=p>d6-'. Since
0,1, ---, N}cZ(4, 6) and card (Z(4, 3))/p>1—2M/p>1—6/3, we get de
A(3). Since U;(B(o’x,, §/3))=1 (0=<j=N) for all ve M,(4), it follows that

card {0<j<p; v,(B(o’z, 5/3))<1}<p—"(% <2M|p<?/3 .

_ Since v=(1/p) 332i7;, we get easily that d((1/p) 322} 6(o%,), D)=
d((1/p) 3338 0(a’x,), (1/p) 233=4v;)<8/3. Therefore

d(p, )<d (;al, % :z: 8(a’x,) ) +d (% "z: doix,), v) <25/3

(v e M,())
and the proof is completed.

§3. Proof of theorems.

In this section we prove Theorems 1,2, and 38 that are mentioned
in §1.

PrROOF OF THEOREM 1. Since & (X) is dense in IM,(X) by Proposi-
tion 1, &€(X) is a dense G,subset of M,(X). Let ={UJ):>, be a
countable open basis of X. Since (X, o) satisfies weak specification, we
can find a smallest set 4, with 4,C U, for U,e /. For every i=1, take
tee M (4), then p(U)= per (4)>0. Hence =32, (1/2%) M, 18 a measure
positive on all nonempty open sets; i.e., pe Z2(X). It follows from
Proposition 21.11 of [5] that =/(X) is a dense G,-subset of M,(X) unless
Z(X) is empty. For every integer >0, K,={¢e M, (X); ux)<l/r for
all xe€ X} is open in I, (X). Using Proposition 2, we have that K, is
a dense in M (X) for all »=1. Since 4" X) =N, K,, #+(X) is a
dense G;-subset of M, (X).

Since 2 (X) is a dense G,-subset of IM,(X), it is enough to show
that S X)N2(X) is a set of first category in M (X).

Since card (X)>1, there is two nonempty disjoint closed neighbor-
hoods F, and F, in X. For n=2, put S(n)={re F(X); u(F)=1/n and
U(F)=1/n}, then L X)NZ(X)cU-.S(n). Let V, be an 1/m open
neighbourhood of F, for every m=1, then S(n)cUs-, Ui, E[m, r] where
Elm, r]=N7-- {#te M(X); m(VaNo'V,)—pu(F)=1/2r*, p(F)=1l/n and
L(Fy)=1/n}. Since V, (m=1) is open and F, and F, are closed, it is
easy to check that each E[m, r] is closed.

We show that for every m=1 and =1, E[m, r] is a nowhere dense
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subset of M,(X). For fixed m, take r=n such that m=<27*. For every
de A(1/2r*), define a set Z={0<j< per (4); ¢’ANF,#@ and cidzV,}.
Then by the definition of A(1/27?), we have card (Z)/per (4)<1/2r®. For
every veM,(4), ¥(V,Nai* D2V )>ST(F)—1/2r* (j=1), and so B(V,.N
GOV ) —T(F) > T(F)1—b(F))—1/2r*. This shows that b ¢ E[m, »].
By Proposition 2, U ezt {P € M(X); ve M,(J)} is dense in M,(X). Hence
L (X)N=Z2(X) contained in a countable union of nowhere dense closed
sets, and so L (X)N=Z(X) is a set of first category in M (X).

PROOF OF THEOREM 2. Let ¢>0 be given and M(e/2) be as in the
definition of weak specification. Let g, ---, ¢, € M(X) be given, as well
as integers a,<b,<a,=b,<---<a,=b, and ¢q with a,—b,_,=M(e/2) and
q=M(e/2)+b,—a,. Since o: MU(X)—>IM(X) is uniformly continuous, there
exists an >0 such that d(g, v)<7 implies d(g’y, oiv)<e/2 for a,<j=<b,.
For some integer n>0 there exist 2ie X (1=r=<n, 1=<1<k) such that
putting »,=1/n ', 6(xl) A=<i<k), d(g, v) <7 holds for 1=<i<k (c.f. p.
11 of [5]). Since o: X— X satisfies weak specification, there exist smal-
lest sets 4, with 0%4,=4, and 4,c N, Nit., 07/ B(oixi, €/2) for 1<r=n.
Take o€ M,(4,) and put po=(1/n) 3., p; where py(B)=per (4,)p"(BN 4,)
for Borel sets B. Obviously o%0=p and d(c?p, o%v,)=d((1/n) 3, a%p:,
(1/m) 33k, 6(oixt))<e/2 (a,<j=<b, i=1, ---, k). Hence d(c'p, oip,)<e for
a,<j=<b,i=1, ---, k. The proof is completed.

PROOF OF THEOREM 3. Since V is compact and connected, by Pro-
position 2, there exist a sequence {¢,}3-, of positive numbers with ¢,\,0
and a sequence {4,)7_, in A(e,) such that for some z, e M, (4,) the follow-
ings hold;

(a) B.NB,,.NV+#0Q,

b)) Nz-1U-n B.=V
where B, (n=1) is the ¢, -closed neighborhood of fZ, in M(X). We have
to show that for every x,e€ X and 6>0 there exists an x e B(x,, §) such
that V,.(®)=V for all »=1. For every n=1, take an «,€4,. Since
(X, o) satisfies weak specification, there exist positive integers M, (n=0)
such that for every set of integers a,<b,<a,<b,<a,<b,<--- with a,—
b,., =M, , (n=1), there exists an x e X such that d(ciz, oix,)<Ze, (a@.Z
J=b,, n>0) and d(o'x, ciz)<0 (a,.<j=<b,) (c.f. see Orbit specification
lemma in [8]). With the above notations, take a, and b, (n=0) as
follows;

(1) a,=0,=0,

(ii) a, is divided by %! and
bt M, <a,<b,+M, ,+n! (n=1) and
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(iii) b,=a,+(n+1)! (a,+M,)per (4,) per (4,_,) (n=1).
Then, we have an « € B(x,, o) with d(o'x, oix,)<¢, (a,<j<b,, n=1).

We have to show that V,(x)=V for all »=1. Though the proof
is similar to that in [8], we sketch it for completeness.

It is clear that for =1 there is N,=» such that per (4,)>7 for all
n=N,. Now we fix the integers », » with n=N, and k with b,/r<k=
b.../r, and write

e an[ %)

where A={0=<j5=<k; 7 is an integer}. Take k' with k— per (4,,,)<k' =k
such that ¥'—a,,,/r is divided by per (4,.,).

Then it is easy to see that A,=AN[a,,./r, k) is nonempty when
k=a,.,/r+ per (4,,,) and A, is empty when k<a,,,/r+ per (4,.,).

Obviously per (4,,,) divides card (4,). By (iii), per(4,) divides
card (4,). Remark that per (4,) and per (4,,,) are prime numbers. Since
n=N,, per (4,) and per (4,,,) are both prime to the integer », so that

J(Card (441)_.1 Z 3(0-;1'1'“;")’ ﬁ'n)éen
JEA;

and

d—(card (A)™ Z (07X p11)y Hni) S€nis -

Jedz

By the definition of metric d, we get that

J(% 3, 3(o¥a), card (4,UA)™ 3 6(0"’:1:))

jed U4,

<2 card (A,) 4k— card (A,U A4,)}
<4
(n+1)!

Since d(o’"x, oi'x,)<¢, (€ A, and d(o’"x, ¢7"x,)<¢€,,, (j€A,), it is easy
to check that

+2¢, .

c'l-(% S, 6(oimx), card (A,UA)( 3 d(oix,)+ 3, 5(0’5'xn+1)))
jea jed, jed,
4

<—= 42, +d(card (4,UA4,)" > d(o'™x),
(n+1)! jediua,
card (4, U 4,)7( 2;. o(o7x,)+ 5_;. 0(09" %y 1))
4

< +3€,+€n41 -

(n+1)!
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Thus we can compute that

J(% 3. 8(0"a), card (4,U 4))card (4,7, +card (Az)ﬁ,,ﬂ))

4
<(n+1)!

+d(card (4,U A,)X _g d(oix,) + -ZA 8(cx,.)) ,

card (4,U A,) *(card (4,)H,.,+card (4.)H,.1))

4
<(n+1)!

+3e,+€np1

+4e,+2¢,,, .

Since d(Z,, Uoi)<6€,+6..1 bY (a), we have that

4

m +5€,+3¢€,41 -

J<_11; ,%‘4 d(oix), [7,,> <

Since =N, and b,/r<k<b,../r are arbitrary, V,.(x) coincides with
the w-limit set of the sequence {#,}7_, and so V,(x) coincides with V by
(b). The proof is completed.
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