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Inverse kinematic analysis for triple-octahedron
variable-geometry truss manipulators

L J Xu!, G Y Tian?*, Y Duan' and S X Yang!

'School of Manufacturing Engineering, Sichuan University, Chengdu, People’s Republic of China

2School of Engineering, University of Huddersfield, UK

Abstract: In this paper, a new triple-octahedron variable-geometry truss manipulator is presented.
Its inverse kinematic solutions in closed form are studied. An input-output displacement equation in
one output variable is derived. The solution procedure is given in detail. A numerical example is

illustrated.

Keywords: inverse kinematics, triple-octahedron variable-geometry truss manipulator, closed-form

solution, robot manipulator

NOTATION

a;, b;, ¢i, d;, e; coefficients of fourth-order polynomial
equations (i =1, 2)

A;, B;, G joint points of the triple-octahedron,
variable-geometry truss manipulator
(i=1,2,34)

A;, B;, C; position vectors of points in the fixed
coordinate system

c, s cosine and sine mathematical
functions

G, H, D, E  projective points of perpendicular in the

triangular planes

kij coefficients of the functions between
known geometrical parameters and input
parameters (i,j=1,2,...,6)

[; lengths of six extensible links (actuator
members) (i=1,2,...,6)

m; lengths of inextensible links
(i=12...,6)

M, M; normals of the triangular planes
(i=1,23)

N, N; parallel line of the coordinate axes
(i=1,23)

oxyz moving coordinate system

0, 0!, 0!  foot of perpendicular in the triangular

planes (i =1,2, 3, 4)

oxXyz fixed coordinate system

Di coefficients of 16th-order polynomial
equations (i=1,2,...,16)
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qi coefficients of fourth-order polynomial
equations for y; (i=1,2,3,4,95)
[T] input-output displacement transform

(the homogeneous transformation matrix
from coordinate system o;x;y;z; to
coordinate system OXYZ)

Xi, Vi coordinate values of joint points

6; dihedral angles between the end-effect
platform place and moving actuated
planes (i =1,2,3)

©i joint angles of links within the triangular
planes (i =1,2,3)
v dihedral angles between the base

platform place 4;B;C; and the middle
actuated planes (i =1, 2, 3)

1 INTRODUCTION

A variable-geometry truss mechanism (VGTM) is a
statically determinate truss that has been modified to
contain some number of variable length links. VGTMs
have very good stiffness—weight ratios and are theoreti-
cally composed of two force links. No bending moments
or torques can be transmitted at the joints. Moreover,
they can be designed to be collapsible. These char-
acteristics give VGTMs potential applications, discussed
by Arun et al. [1], such as beams to position equipment
in space, supports for space antenna, berthing devices
and manipulator arms. As a robot manipulator,
VGTMs have higher stiffness than serial link manip-
ulators and a large workspace compared with parallel
ones. Therefore, they are considered as a new type of
robot manipulator.

Proc Instn Mech Engrs Vol 215 Part C



248 LJ XU, G Y TIAN, Y DUAN AND S X YANG

All variable-geometry truss mechanisms are made up
of some combination of fundamental units, such as the
tetrahedron, octahedron, decahedron and odecahedron.
The solution to the position analysis problem of VGTMs
can be carried out using a number of different approa-
ches. In recent years, a number of fruitful investigations
have been made to explore position analysis problems for
VGTMs [1-8]. The authors applied a homotopy con-
tinuation algorithm to solve the inverse displacement
analysis problem of triple-octahedron, variable-geo-
metry truss manipulators [9]. Although all the possible
solutions can be found, the computation is expensive. A
closed-form inverse displacement analysis by an elim-
ination method will provide more information about the
geometry and kinematic behaviour of manipulators, and
this information is also extremely useful in practice for
the control of manipulators. In this paper, inverse dis-
placement analysis in closed form is implemented for
triple-octahedron, variable-geometry truss manipulators
by using the elimination method. A 128th-degree alge-
braic equation in one output variable is derived.

2 CONSTRAINT EQUATIONS

A six-degree-of-freedom (6 DOF), triple-octahedron,
variable-geometry truss manipulator is represented
schematically in Fig. 1. The manipulator consists of

Fig. 1 A six-degree-of-freedom, triple-octahedron, variable-
geometry truss manipulator

Proc Instn Mech Engrs Vol 215 Part C

three octahedra Ai+lBi+l Cl‘+1 — Al‘BiCi (l = 1, 2, 3)
stacked upon one another. This includes an end-effec-
tor platform A4B4C,, a base platform A;B;C; and two
middle actuated planes in which six extensible links are
located respectively. Referring to Fig. 1, the fixed
coordinate system oxyz is rigidly attached to the base
platform so that the z axis coincides with the normal to
the base face and the x axis aligns with line A;B;. The
moving coordinate system o;x;y;z; is attached to the
top triangular face so that the z; axis coincides with
the normal to the top face and the x; axis is aligned
with line B4Cy4. Let v, ¥, ¥r3 denote respectively the
dihedral angles between planes A;B{B,, A;CjA,,
B;C;C, and plane A;B|C;, and 6;,6,,0; denote
respectively the dihedral angles between planes
B4C4B3, A4B4A3, A4C4C3 and plane A4B4C4. The lines
B,0, A,O’ and C,0” are perpendicular to lines
A1B;, A|jC; and B;C; respectively, and lines
B;O;, A;O07 and C;0f{ are orthogonal to lines
B4C4, A4B4 and A4C, respectively.

According to the coordinate system established above,
the position vectors of points A,, B, and C, in the fixed
coordinate system oxyz can be written as follows:

[ —O'Ascynsg; —O'D —|
Ar = O’Axcynecp + 0O'D |
O'Ajsyr, J
0
B, = | OBycyy
| OBssyry J
[ O"Cheyrzspr + O"E
C, = | O"Cyeyrscpr +O"E |
O"C,svr3

1)
The position vectors of points Az, B; and C; in the

moving coordinate system o;x;)y;z; can be derived and
expressed in the fixed coordinate system oxyz as follows:

_—A3O/1C928g03 — O/IG—|
As A3O/1C92Cg03 + O/IG
T [T]

|

A3O/1892 Jl
L 1
— 0 _|
B3 01B3C91|
= (1) |
1 01B3891
]
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|'O 1Csct3s04 + OH "|
C3 () /1,C3C93C(p4 + () /I,H
=[T]
1 O/I,C:;S@:;
1

The constraint equations of the reverse displacement
analysis problem of triple-octahedron VGTMs can be
written as follows:

(Bs — B))' (Bs — B,) = m}
(Cs — B)'(C5 — By) =m3
(C3— ) (G- C)=m]
A3 — C)' (43— C)=m]
(A3 — A2)" (A3 — Ay) = m?

(By — 45)" (B3 — 4>) = m},

where my, my, ..., mg are the lengths of the fixed-length
links B2B3, B2C3, C2C3, C2A3, A2A3 and A2B3 respec-
tively. After substitution of equations (1) and (2) and
triangular identity cy; = (1 — x2)/(1 + x2), sy; = (2x;)/

(A +x7), c=0—-y))/1+p7), s6=Q2y)/(1+y})
(i=1,2,3) into equations (3) and rearrangement, the
following are obtained:

(klly% + kiayr + k13)x%+(k14y% +kisyr + k16)x1
+(ki7y T+ kisyr + kio) =0

(k21y§ + kooys + k23)x %+(kz4y§ + kasys + k26)x1
+(ka7y3 + kagys + kag) = 0

(k31y§ + k33 + k33)x§+(k34y§ + kssys + k36)x3
+(k37p3 + kssys + kzg) =0

(k41y% + kazyr + k43)x §+(k44y§ + kasys + k46)x3
+(kazy3 + kagyr + kag) =0

(k51y% + ksaya + k53)x %+(k54y§ + kssys + k56)xz
+(ks7y3 + kssyr + kso) =0

C12799 © IMechE 2001

(k()ly% + keay1 + k63)x% + (k64y% + kgsy1 + k66)x2

+(kery T+ kesy1 + kgo) =0

4)
3 ELIMINATION OF EQUATION
Equation (4) can be rewritten in the following form:
ulx%Jrlel +w; =0 (%)
uzx% +vyxy +wy =0 (6)
u3x§ +v3x3 + w3 =0 (7
u4x§ +uax3+ws =0 (8)
u5x% 4+ vsxy +ws =0 9
u()x% 4+ vgxy +wg =0 (10)

Multiplying equations (5) and (6) by x, two additional
equations are obtained. The total four equations can be
represented by the following matrix form:

up v; w0 x3

y 2

0 u v w X1
=0 (11)

U, vy wy 0 X1

0 u vy wy 1

The necessary and sufficient condition of existence of a
non-zero solution for equation (11) is that the determi-
nant of the coefficient matrix is equal to zero. This
results in the following polynomial equation:

QY+ ey +ayitan+gs=0 (12)

where coefficients ¢; (i = 1,2, ..., 5) are not higher than
fourth-order polynomials about y;. Similarly, eliminat-
ing x% and x, from equations (7) and (8) and x3 and x,
from equations (9) and (10) respectively gives

ays+biyi+eayit+diys+e =0 (13)

Gmy3+byi+tayitdy+e=0 (14)

where ay, by, ¢, dy and ey are all the polynomials about
»3, the order of which is not higher than 4, and
as, by, ¢, dy and e, are all the polynomials about yq, the
order of which is not higher than 4.

Proc Instn Mech Engrs Vol 215 Part C
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Equations (13) and (14) can be grouped into four sets.
Eliminating y4, y3, y3 and y, from each of the equations
gives the following four cubic equations [10]:

(@b)y3 + (@o)y3 + (ad )y, + (ae) = 0
(ac)y3 + [(ad) + (be)]y3 + [(ae) + (bd)] y2 + (be) = 0
(ad)y} + [(ae) + (bd)) 73 + [(be) + (cd )]y + (ce) = 0
(@e)y3 + (be)y3 + (celya + (de) = 0

(15)

from which it is possible to form the following system of
equations:

@) (a0 (ad)  (ae)] [r3
(ac) (ad)+ (bc) (ae)+ (bd) (be) y% o
(ad) (ae)+ (bd) (be)+ (cd) (o) | | v
@) (be) () (@)l L1

(16)

where (ab) = a1b, — arby, etc.
By making the determinant of the coefficient matrix
equal to zero, the following equation is obtained:

Pyt y Pyttt +piey, 17 =0

For equation (18) to have a non-trivial solution, the
determinant of the coefficient matrix is set equal to zero,
and thus an output displacement equation containing
only one variable y; is obtained. This is a 128th-order
algebraic equation about y3;. For each value of ys, the
corresponding y; can be obtained from equation (18), y,
from equation (16) and x; from (11). Similarly to the
computation of x;, the variables x;and x3 can also be
found.

As soon as x; and y; (i = 1,2, 3) are found, vy, ¥, ¥3
and 6y, 6», 03 can be evaluated from triangular formulae,
and then the position vectors of points A; B;, C;
(i = 2, 3) in the oxyz coordinate system can be computed
by substituting v, ¥, ¥3 and 9y, 6,, 63 into equations
(1) and (2). Furthermore, the lengths of actuator mem-
bers /; (i=1,2,...,6) can be found.

4 NUMERICAL EXAMPLE

A triple-octahedron VGTM is taken as an example to
explain the method. The lengths of fixed-length links,
each side of the end-effector triangular platform and
each side of the base triangular platform, are all 30 mm,
ie.

17
( ) Al‘Bl‘ = B,Ci = A,Ci =30 mm, i= 1, 4
where p; (i=1,2,...,17) are not higher than 16th-order .
polynomials about ys. AiAir1 = BBip) = CCiyp = 30 mm, i=123
Multiplying equation (17) separately by y1, y%,y{ and B B B o
equation (12) separately by yi,y3,...,p1% y1° gives 20 AiBi = B,Cipy = CiAiyy = 30mm, i=123
equations in matrix form as follows:
Py P2 P3 Ps Ps Pe P17 Ps - Pie bz 0 0 07 pP7
O pv p2 ps ps ps ps P71 - pPis pie pir 0 0 yi8
0 0 p1 pp p3s ps ps De pia pis pis piz 0 i’
0 0 O p1 p» p3s pa ps -+ P13 P4 Pis Pie P17
¢ 92 45 94 ¢9gs 0 0O O -~ 0O O 0 O O
0 ¢ ¢ 9 g ¢s 0 0 -~ 0 0 0 0 O
) (18)
0 0 ¢1 92 ¢ g+ ¢gs 0 -~ 0 0 0 0 O
0 0 0 ¢ ¢ 95 @ ¢gs --- 0 0 0 0 0
»i
Y1
L 0 0 0 0 0 0 0 0o - q1 q> qsz 44 qs 4 L1

Proc Instn Mech Engrs Vol 215 Part C
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Table 1 Eighteen sets of real roots for equation (4)

X1 X2 X3 Y1 Y2 V3
1 0.752 1.991 1.467 —2.936 —3.991 —0.650
2 0.258 1.994 1.497 —0.389 —3.988 —0.650
3 0.707 1.414 1.414 —0.271 —4.253 —0.627
4 0.189 2.615 1.681 —0.493 —-3.202 —0.738
5 0.144 4.620 3.544 —0.707 —1.414 1.179
6 0.707 1.414 1.414 —2.708 —4.253 —7.335
7 0.144 0.477 0.347 —0.673 —1.402 —1.419
8 0.144 0.483 0.346 —0.707 —1.414 —1.414
9 1.627 0.483 3.544 —-0.707 —1.414 —1.414
10 0.707 1.414 1.449 —0.271 —0.446 —0.738
11 0.707 1.414 1.414 —2.708 —0.446 —7.335
12 0.707 1.414 1.414 —0.271 —0.446 —0.627
13 1.806 0.500 3.429 —0.783 —1.456 —2.535
14 1.627 4.620 3.544 —-0.707 —1.414 —1.414
15 0.144 4.620 0.346 —-0.707 —1.414 —1.414
16 1.627 0.483 0.346 —-0.707 —1.414 —1.414
17 1.578 4.367 0.323 —0.686 —1.853 —1.347
18 0.144 0.483 3.544 —-0.707 —1.414 —1.414
The position and orientation of the end-effector are REFERENCES
given below:
0.967 0259 0 6 1 Arun, V., Reinholtz, C. F. and Watson, L. T. Enumeration
: : and analysis of variable geometry truss manipulators. In
0.259 0967 0 7 Proceedings of ASME Mechanisms Conference, 1990,
[T] = ’ ’ pp. 93-98 (American Society of Mechanical Engineers,
0 0 1 60 New York).
2 Miura, K., Furuya, H. and Suzuki, K. Variable geometry
0 0 0 1 truss and its application to deployable truss and space

All 128 sets of roots for equations (4) are obtained by
running a program on the computer. The solutions
are verified. Eighteen sets of real roots are listed in
Table 1.

5 CONCLUSIONS

In this paper, closed-form solutions for the inverse
kinematic analysis of a triple-octahedron, varia-
ble-geometry truss manipulator are presented for the
first time. A 128th-degree algebraic equation in one
unknown is derived. A numerical example is tested. The
results show the method is simple, effective and accu-
rate. In the experimental computation, no extraneous
roots are found.
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