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Abstract—The attitude tracking control problem of a rigid
spacecraft with external disturbances and an uncertain inertia
matrix is addressed using the adaptive control method. The adap-
tive control laws proposed in this paper are optimal with respect
to a family of cost functionals. This is achieved by the inverse
optimality approach, without solving the associated Hamilton—
Jacobi-Isaacs partial differential (HJIPD) equation directly. The
design of the optimal adaptive controllers is separated into two
stages by means of integrator backstepping, and a control Lya-
punov argument is constructed to show that the inverse optimal
adaptive controllers achieve H., disturbance attenuation with
respect to external disturbances and global asymptotic conver-
gence of tracking errors to zero for disturbances with bounded
energy. The convergence of adaptive parameters is also analyzed
in terms of invariant manifold. Numerical simulations illustrate
the performance of the proposed control algorithms.

Index Terms—Adaptive control, attitude tracking control,
disturbance attenuation, integrator backstepping, inverse optimal
control, nonlinear system.

1. INTRODUCTION

TTITUDE control systems are required to provide the

present generation of spacecraft with attitude maneuver,
tracking and pointing capabilities. The equations that govern
attitude maneuvers and attitude tracking are nonlinear and
coupled, thus, the attitude control system must consider these
nonlinear dynamics. Various nonlinear control algorithms, such
as nonlinear feedback control [1], [2], variable structure control
[3], [4], sliding control [5] and optimal control [6], etc., have
been proposed for solving the attitude tracking control problem
for spacecraft with known parameters. However, in a practical
situation, the mass properties of the spacecraft may be uncertain
or may change due to onboard payload motion, rotation of solar
arrays or fuel consumption. Therefore, the nonlinear attitude
control system should be able to adapt to uncertainties in the
mass properties and have robust capability to attenuate external
disturbances.

Adaptive control method [7] is a natural choice to deal
with uncertain parameters and has been applied to the attitude
tracking control problem of spacecraft. In [8], an adaptive
tracking law was developed; however, it is not globally valid
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because of a singularity of the attitude representation using
Rodriguez parameters. In [9], a passivity-based adaptive control
scheme was designed to achieve attitude tracking with a global
convergence. Using a singularity-free representation of space-
craft attitude and based on control Lyapunov functions, the
authors of [10] and [11] developed adaptive feedback control
laws for a zero-disturbance spacecraft to achieve asymptotic
attitude tracking with a global convergence of the tracking
errors to zero. In [12] and [13], an integrated power and attitude
control system was studied using flywheels and control moment
gyroscopes, respectively, and adaptive tracking controllers were
designed for the power/attitude tracking problem. The degree
of optimality of these adaptive controllers were not stated
explicitly. Also, the disturbance attenuation problem was not
involved in designing these adaptive attitude controllers.

The optimal control of nonlinear systems without distur-
bances boils down to the solvability of a Hamilton—Jacobi—
Bellman (HJB) equation. By solving the HIB equation directly,
an optimal controller [6] was designed for a spacecraft to track a
constant attitude trajectory. Due to its inherent robustness with
respect to external disturbances and uncertainties, nonlinear
H, optimal control [14] is a potential approach for solving
the optimal attitude tracking control problem with external
disturbances. However, the practical applications of H., op-
timal control remain open due to the difficulty in solving the
associated Hamilton—Jacobi—Isaacs partial differential (HJIIPD)
equation. Various techniques have been proposed to study
particular H ., suboptimal control problems. These techniques
were based on solving the associated HJIPD inequality by
algebraic and geometric tools [15], [16], power series [17], and
other numerical methods [18], [19].

An alternative approach to the design of robust optimal
feedback controllers is the so-called inverse optimal control
approach [20], [21], which circumvents the task of solving
the HJIPD equation and results in a feedback controller that is
optimal with respect to a set of meaningful cost functionals.
The application of this approach to the attitude control problem
was first presented by Bharadwaj ef al. [22] and Krsti¢ [23],
who designed an inverse optimal feedback controller for the at-
titude regulation problem of a rigid spacecraft without external
disturbances and uncertainties in the inertia matrix. Krsti¢ [23]
also used Rodriguez parameters to represent the spacecraft
attitude, which is only a regional solution because the attitude
representation using Rodriguez parameters has a singularity.

In this paper, the attitude of spacecraft is represented by the
unit quaternion, which is singularity-free. The adaptive control
method and the inverse optimal control approach are combined
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to account for the uncertainty in the inertia matrix of the space-
craft, the disturbance attenuation, and the optimality of the atti-
tude controllers, for the attitude tracking control problem. The
method of integrator backstepping [20] is used to construct a con-
trol Lyapunov function and stabilizing control laws. The main
contributions of this paper relative to other works are as follows.

1) By means of an adaptive control Lyapunov function,
the nonadaptive inverse optimal control approach in
[21] is extended to uncertain nonlinear systems with
exogenous disturbances. An inverse optimal adaptive
control algorithm is presented and then applied to the
attitude tracking control problem. The attitude tracking
controllers derived in this paper are global.

2)  For the zero-disturbance case, the proposed inverse op-
timal adaptive controller achieves asymptotic attitude
tracking with a global convergence of tracking errors
to zero for all initial conditions. In comparison with
the work of [8]-[13], the adaptive control law in this
paper is inverse optimal with respect to a meaningful
cost functional involving tracking errors and control
efforts.

3) When external disturbances are considered, an adap-
tive attitude tracking controller is designed that is
inverse optimal and achieves H, disturbance attenu-
ation without solving the associated HJIPD equation
directly. The closed-loop attitude system under the
inverse optimal adaptive tracking controller is input-to-
state stable, therefore bounded (and persistent) external
disturbances are allowed in the attitude control system
and will lead to bounded tracking errors. In compar-
ison with the H, suboptimal controllers in [15], [16],
[24], [25] that were designed for the attitude stabilizing
problem and required the £»-gain - to be larger than
certain values, the inverse optimal adaptive controller
presented in this paper allows the disturbance atten-
uation level v of the closed-loop system to be chosen
sufficiently small so as to achieve any level of L5 distur-
bance attenuation at the cost of a larger control effort.

The remaining of the paper is organized as follows. In Sec-
tion II, important results on the inverse optimal adaptive control
problem are presented. In Section III, the attitude tracking con-
trol problem of a rigid spacecraft is formulated using the unit
quaternion to represent the attitude orientation. In Section IV,
we present our main results on designing inverse optimal adap-
tive control laws to solve the attitude tracking control problem.
Numerical simulations are shown in Section V to demonstrate
the performance of the adaptive feedback control algorithms.
Finally, conclusions follow in Section VI.

II. INVERSE OPTIMAL ADAPTIVE CONTROL

In this section, the inverse optimal adaptive control problem
is formulated and some important results on optimal adaptive
controller design are presented. First, the following notations
are introduced. For a vector z € R”, let ||z|| = VaTz
denote the Euclidean norm of = and let ||z||¢, represent the
quadratic form 27 Qz for a positive definite symmetric matrix
Q € R™ ™. For amatrix A € R™*", we use the standard nota-
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tion ||A]| = \/Amax(AT A) to denote the induced 2-norm of A,
where Apax (AT A) denotes the maximal eigenvalue of AT A.
Let LV denote the Lie derivative of the Lyapunov function
V() with respect to f(z), thatis, LV = (0V (z)/0x) f(z).
A continuous function p : Ry — R is said to belong to class
K if it is positive definite, strictly increasing and p(0) = 0.
It is of class Koo if p € K and p(r) — ocoasr — oo. A
function ¢ : Rt x RT — RT is of class KL if, for each
fixed ¢ > 0, ¢(-,t) is of class K and, for each fixed s > 0,
lim; o0 ¢(s,¢) = 0. For a positive integer p, the set £,[0, c0)
is a linear space consisting of square integrable R™-valued
functions, i.e., v € £,[0, 00) implies that [ [, [|lv(¢)||Pdt]}/? is
finite. The commonly used cases are p = 1, 2.
Consider the nonlinear uncertain system

&= f(z) + F(2)8 + g()u M

where z € R™, u € R™, the mappings f(z), F'(z) and g(z) are
smooth, § € R? is a constant unknown parameter vector. Let 0
denote an estimate of # with the estimation error § = 6 — 6,
and ||9||1~_1 = §TT~14 for a positive definite symmetric matrix
I' € RPXP,

Definition 1: The adaptive control problem for (1) is solv-
able if there exist a function «v(z, #) smooth on (R™\ {0}) x RP
with (0, ) = 0, a smooth function 7(z, §) and a positive def-
inite symmetric matrix I' € RP*? such that the dynamic feed-
back controller

. oz, 0)
0 =I'r(x,0)

u

(2a)
(2b)

guarantees that the solution (z(t),6(t)) is globally bounded,
and z(t) — 0 ast — oo, for all § € RP.

Definition 2: [26] A smooth function V(z,6) : R™ x RP —
R+, positive definite and radially unbounded in z for each 6,
is called an adaptive control Lyapunov function (aclf) for (1)
if there exist a positive—definite symmetric matrix I' € RP*P,
a continuous function W (z, 8) positive definite in z for each
6 € RP? and a control © = a(z,6) smooth on (R™ \ {0}) x R?
with (0, 60) = 0 such that V(z, §) satisfies

T
f+F(6—|—F<%‘0/> >+gu

for the auxiliary system

i = f(z)+ F(x) <e+r(aa§) )+g<x>u. @

The approach adopted in Definition 2 to stabilize (1) is to first
replace the problem of adaptive stabilization of (1) by a problem
of nonadaptive stabilization of an auxiliary system (4), and then
design an adaptive controller by applying the results got from
the auxiliary system and the concept of “certainty equivalence”
[7]. This approach allows us to study adaptive stabilization in
the framework of control Lyapunov functions.

If V(z, ) is an aclf and oz, ) is a stabilizing control law of
the auxiliary system (4), we can construct a new Lyapunov func-
tion candidate Va(z,0) = V(z,0) + (1/2)8TT 16 and choose

oV
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the tuning function 7(x, 6) of (2b) as 7(z,0) = (LgV)T. The
control law «(z, #) stabilizes the auxiliary system (4) but may
not stabilize the original system (1). However, its certainty
equivalence form «(x, é) is an adaptive stabilizing control law
for the original uncertain system (1). To see this, replacing ¢
by the estimate ¢ obtained from the parameter update law (2b)
with the tuning function 7(z,8) = (LzV)T and applying the
inequality (3), we have

Va(ar, )= I @) + F@)i + g(x)ade, )] + DDr(a, )
<~ W(a.h) )

Then the “certainty equivalence” controller a(z, é) prevents
7(z, é) from destroying the nonpositivity of the Lyapunov
derivative Vg(a:, é) Based on the inequality (5), one can easily
construct a continuous weighting function I(z,) positive
definite in x for each § € RP, as expressed in Theorems 1 and
3, for the following inverse optimal adaptive control problem.

Definition 3: The inverse optimal adaptive control problem
for the system (1) is solvable if there exist a positive constant
(3, a smooth nonnegative function E(x) > 0, a positive—definite
symmetric matrix R(z,f), a real-valued function /(z, ) posi-
tive definite in x for each é, and a dynamic feedback law (2) that
solves the adaptive control problem and also minimizes the cost
functional

Jo = Jim_ ﬂHH H

for each § € RP.

Definition 3 is a bit different from [26, Def. 5.12] in that a
smooth nonnegative function E(z(T')) that penalizes the ter-
minal state 2 (7T") is introduced in the cost functional (6) to avoid
imposing an assumption that 2:(7") — 0 as T" — oo. In the next
two theorems we design inverse optimal adaptive controllers for
the uncertain nonlinear system (1) in the sense of Definition 3.

Theorem 1: Suppose there exist an aclf V(z, ) for (1), a
positive definite symmetric matrix I' € RP*P, a positive definite
symmetric matrix R(z, #) € R™*™ and a feedback control law

—R(z,0)" <g—‘;g>T

that stabilizes the auxiliary system (4). Then, the dynamic feed-
back control law

uw=ad(z,0)=

together with the parameter update law

; ; v \"
0=T7(z,0)=T (%F>
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minimizes the cost functional .J, in (6) with E(z) = 0, where

av v oV oV
v v
0 " o0 <9+ <ae> >+3wga

oV av \"
+08 - 25 am (Gra)

i(z.0) = ~28

Proof: 1t is a straightforward extension of [26, Th. 5.13]
to the multiple-input—multiple-output (MIMO) case with some
necessary modifications. Therefore, the proof is omitted. ]

Theorem 2: Suppose the nonlinear system (1) is globally
adaptively stabilizable with an aclf V(z,#), a smooth control
law a(z,0) and a smooth tuning function 7(z,6), and (3) is
satisfied with W (z,0) = 2T Q(z, 0)xz, where Q(z,0) € R"*"
is positive definite and symmetric for all x and §. Assume that
f(z), F(z) and F;(z, ) are smooth and vanish at z = 0. Then,
the inverse optimal adaptive control problem with E(z,&) =0
for the augmented system

& = f(z) + F(2)8 + g(x)¢
E=u+ Fi(z,8)0

(7)
(7b)

is also solvable with a smooth dynamic feedback control law.
Proof: 1Tt is a straightforward extension of [26, Lemma
5.20] and [7, Lemma 4.7, Cor. 4.9] to the MIMO case with some
necessary modifications. The proof is omitted here. [ |
Remark 1: 1t should be noted that the augmented system in
[26, Lemma 5.20] is augmented by an integrator £ = u, which
is different from (7) and can be considered as a special case of
the system (7). A nonlinear adaptive controller is designed for
the augmented system (7) in [7, Lemma 4.7 and Corollary 4.9]
using the nonlinearity cancellation technique, which is in gen-
eral not guaranteed to be inverse optimal. Theorem 2 establishes
the inverse optimality for the augmented system (7). O
In Theorems 1 and 2, we have addressed the inverse optimal
adaptive control problem for the zero-disturbance nonlinear
system (1). We then proceed to consider the inverse optimal
adaptive control problem for uncertain systems with dis-
turbances. The next theorem establishes an inverse optimal
adaptive feedback controller for such systems.
Theorem 3: Consider the nonlinear system with disturbances

i = f(2) + F(@)0 + g1(2)d + ga(w)u ®)

and the auxiliary system

2%
r
0+ (%)

(2L, V)

&= f(z)+ F(x)

(Lo, V)"

+g1(z)¢, I V||2+gz(at)u )
g1

where V(z,6) is a Lyapunov function candidate; p is a class
Koo function whose derivative plis also a class K function; Z,,
denotes the transform £,(r) = [, (p s)ds where (p')~1(r)
stands for the inverse functlon of dp( ) / dr Suppose that there
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exists a real matrix Ra(z,0) = RI(x,6) > 0 such that the

control law

U= a(x7 9) = _RQ(x7 9)_1 (ngv)T (10)

asymptotically stabilizes (9) with respect to V' (z, #). Then, the
dynamic feedback control

a*(z,0) = —BRy(z,0)7" (L, V)"

=I'r(z,0) =T(LpV)"

with 3 > 2 solves the inverse optimal adaptive control problem
for the nonlinear system (8) by minimizing the cost functional

(11a)
(11b)

IS
|

>

Jo, = sup
deD

hm {ﬁ HH Hi_l + 28V («’U(T)aé(T))

T
+/ (l(z7é)+uTR2(z7é) — BXp <Hi||>>dt (12)
0
for any A € (0, 2], where
I(z,0) = —2BL;V —26LpV |6 +T <8a‘e/>
—BA, (2||Lg, V) + B° Ly, VRS (L, V)T (13)

and D is the set of locally bounded functions of z.

Remark 2: 1f the parameter 6 is known, the control problem
is reduced to a nonadaptive inverse optimal problem with no I,
which was considered in [21, Th. 3.1]. Theorem 3 is an impor-
tant extension of [21, Th. 3.1], as the adaptive control problem
of uncertain parameters is also considered to form an inverse
optimal adaptive control problem. The proof here is based on
that of [21, Th. 3.1], with certain significant modifications for
the adaptive case.

Proof: Since the control law u = a(z, ) in (10) stabilizes
the auxiliary system (9), it follows from Definition 2 that there
exists a continuous function W (z, §) positive definite in = for
each # € RP such that

ov
r
-+ (ae)

Ly, VR (Ly, V)"

LiV + LpV Lo (2] Lg, V) =

S —W(JJ’, 0) S 0
which brings

Ux,0) > W(,0) + B(2 = L, (2] Ly, V1)

+/8(ﬂ - 2)L92 VR2_1 (ng V)T

Since 3 > 2, Ry(x, f) > 0 and W (z,0) is positive definite,
l(z,0) is also positive definite in z for each 6 € RP. Therefore,
the cost functional J, in (12) is a meaningful cost functional,
which puts penalties on the state z(¢), the control input wu(t)
and the disturbance d(t).
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Substituting I(x, f) in (13) into .J, in (12) and applying the
dynamic feedback control law (11), along the trajectories of (8)
we get

J, = sup
deD

Jim. {[3“0 Hr— 2BV (x(T),é(T))

- 2[3/ (LyV + LpV6+ Ly Vd + Ly, Vu) dt

T
v f (MFW _ 98LeVT (g)

0
+B2Ly, VR  (Ly, V)T + 28L,, Vu + uTRQu) dt

()

[ﬂ Hé(T)Hi_l + 20V (#(1),0(T))

) a

T
+/3/ <2L91Vd— My (2(|L,, V) -
0

lim

= Sup
T—o0

deD

(e

—i—/u—a VI Ry(u — o)dt
0

W/@@W—M@MMW—

oo (1))

—Z[J’V é —I—/u—a Rgu—oz)dt
0
—|—ﬂH9~(0)H + [sup / 2L, Vd+ Mp [l
F_ de'D o /\

I A1 e W [ |
)\p< \ 3 Ap Y dt

where d* = A(p) "2 Lg, VIN((Lg, V)T /IILy, V1) s the
“worst-case” disturbance and we have made use of the property
L,(r)y =7r(p" )" (r) = p((p')~1(r)). (See [21, Lemma A1].)

It was shown in the proof of [21, Th. 3.1] that

/[ude+ApG%ﬂ>_
0
|\ Jl@*]
(]
g ( ) ) A

“w__ 9

sup
deD

—ap <||;lll>}dt <0

and the equal sign is satisfied if and only if d = d*. Hence,
the minimum of the cost functional .J, in (12) is reached with
u = o, and the dynamic feedback control law u = a*(x, ) in
(11) with the tuning function 7(z, ) = (Lz V)T minimizes the
cost functional (12). [ |
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The following nonlinear H, problem, which is similar to
[21, Def. 5.1] but extended to adaptive control, is a special
case of the inverse optimal control problem in Theorem 3 if we
choose p(r) = (\/B)y?r?

Definition 4: The H., inverse optimal adaptive control
problem for the system (8) is solvable if there exist a posi-
tive constant 3, a smooth nonnegative function E(z) > 0,
a positive-definite symmetric matrix R(z, 6) a real-valued
function I(z, 0) positive definite in z for each f, and a dynamic
feedback law (2) that solves the adaptive control problem and
also minimizes the cost functional

() = sup .l [ﬂ o], + )

+/ (z(g;, 6) + uT R(z, f)u — v2||d||2) dt (14)

0

foreach § € RP, where D is the set of locally bounded functions
of x.

Remark 3: If welet A = 2, 3 = 2 and p(r) = +*r2, the
Lyapunov function V(z, f) in Theorem 3 solves the following
HIJI equation:

ov\ "
FO+ FT
f+Fo+ (ae) +

vVl o1 o, o] (v 1
2 [_ﬁglgl + 9212, 92} <£> +Zl($’9) =0.

Replacing 6 by the estimate 6 and applying the parameter up-
date law 6 = D[LrV (z,0)]7, we see that the “certainty equiv-
alence” controller u = —2Ry(x,0) ' [Lg, V (2, )] achieves
~v-level of H. disturbance attenuation [14], [15] given by

dx

/T (2,0) + uT R(z,0)u ]
0

2

I“—]

T
_72/||d||2dt+4V (#(0),60)) +2H0—é(0)H

for all 7 > 0 and for each § € RP. Precisely, since I(z, f)
is positive definite in = for each 0, we may define an output
function y = h(x,0) such that ATh = I(x,6). Hence, the
closed-loop system has an L»-gain v from the disturbance d
to the block vector ( R1}}2u). However, it should be noted that
the above was derived with a fixed «. In other words, h and
R vary with «y in general. Therefore, a different v corresponds
to a different H., problem and a smaller v does not imply a
better disturbance attenuation. Fortunately, for our attitude con-
trol problem in Section IV, we are able to prove a bound of the
Lo-gain from d to x that is indeed in the order of -y, which can
then be made arbitrarily small at the cost of a larger u. See Re-
mark 9 for details. O
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III. ATTITUDE TRACKING CONTROL PROBLEM

The spacecraft is modeled as a rigid body with actuators that
provide torques about three mutually perpendicular axes that
define a body-fixed frame B;. The attitude kinematics and dy-
namics of a rigid spacecraft can be modeled as (see [27, Ch. 4])

o1
W=7 (9413 + (IUX) Q2 (15a)
, 1
G4 == 54 o (15b)

JO=—Q*JQ+u+d (15¢)

where (g,,q4) € R® x R denotes the unit quaternion repre-
senting the attitude orientation of the spacecraft in the body
frame B, with respect to an inertial frame 7 and satisfies the
constraint g7 q, +¢3 = 1; Q € R? is the angular velocity of the
spacecraft with respect to the inertial frame Z and expressed in
the frame B;:

Jiw Jia s
J=1Jiz Jaz Ja3 (16)
Jis Jaz I3

is the constant, positive—definite inertia matrix of the spacecraft
and expressed in Bs; v € R? and d € R? denote the control
torques and the external disturbances respectively; I3 is the 3
x 3 identity matrix; the operator a* denotes a skew-symmetric
matrix acting on the vector a = [a1, a2, a3]” and has the form

0 —ag as
a* = | as 0 —aq
— a9 al 0

which satisfies the following important properties:
a*b=—b%a, aTvXa =0

a*b* =ba® —a'blz, (a”b)* = ba” — ab®.

a*a =0,
a7

In the case of tracking a desired attitude motion, the attitude
tracking problem is formulated similarly as in the related work
[2], [3], [11]. The target attitude of the spacecraft in the body-
fixed frame B, with respect to the frame 7 is described by the
unit quaternion (gey,qes) € R3 X R that satisfies ¢Z e, +
q2, = 1. Let v € R? be the desired angular velocity of B, with
respect to Z and be expressed in the frame B.. The following
assumptions are made about v(t) and v(t).

Assumption 1: The desired angular velocity v(¢) and its
derivative ©7(t) are bounded for all ¢ > 0, i.e., there exist some
finite constants ¢; > 0 and ¢ > 0 such that ||v(¢)|| < ¢; and
lo(t)]] < eg forallt > 0.

Let (¢,) € R® x R be the unit quaternion representing the
orientation error of B; relative to BB... The error quaternion (¢, 7)
satisfies the constraint e'e + 72 = 1 and is related to (q,, q4)
and (qcv, gc4) by quaternion multiplication [27, App. A]. The
corresponding direction cosine matrix C' = C(e,n) € SO(3)
relating B to B, is given by

C = (n?— ele)I3 + 2eel — 2ne™ (18)

where SO(3) is the Lie group of orthogonal matrices with de-
terminant 1. It follows from [27, Ch. 4] that oTC =
1,det(C) = 1 and C = —w*C. Note that both (e,

7n) and
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(—e, —n) stand for exactly the same physical attitude orienta-
tion, resulting in the same C(e,n) € SO(3). The angular ve-
locity error w € R? of the frame B, with respect to B, is then
represented by w = 2 — Cv.

Definition 5: Under Assumption 1, the attitude tracking con-
trol problem is to find a continuous dynamic feedback control
a(e,n,w,v,v) such that C(e,n) — I3 and w — 0 as
t — oo.

From (18) and the constraint €Ze + 5> = 1, it follows that
C(e,m) — I3 if and only if € — 0. Therefore, the attitude
tracking problem is solved if and only if ¢ — O and w — 0
as t — oo. The attitude tracking control problem is thus trans-
formed into the problem of stabilizing the error system € and w,
and the equations that govern their motion are given by [2], [11]

u =

€ ==[nls + e Jw (19a)
=— %e% (19b)

Jw=—(w+Cv)*J(w+ Cv)
+ Jw*Cv — CV] + u+d. (19c¢)

IV. INVERSE OPTIMAL ADAPTIVE ATTITUDE TRACKING

In this section, we present adaptive feedback control laws to
solve the inverse optimal adaptive control problem for the at-
titude tracking of spacecraft. The inverse optimality approach
used herein requires the knowledge of a control Lyapunov func-
tion and a feedback control law of a particular form. We con-
struct both of them via the method of integrator backstepping
(71, [20].

Observe that the error system in (19) is a nonlinear cascade
interconnection, that is, the kinematics subsystem (19a) and
(19b) is stabilized only indirectly through the angular velocity
vector w. Stabilizing control laws for cascade systems can be ef-
ficiently designed using the method of integrator backstepping.
By this method, w in (19a) and (19b) is considered as a virtual
control input and a control law wy is designed to stabilize the
kinematics subsystem. Subsequently, the actual control u is
designed to stabilize the dynamics subsystem (19c) without
destabilizing the kinematics subsystem (19a) and (19b).

Step 1) Control of the kinematics subsystem: Consider w in
the kinematics subsystem (19a) and (19b) as a virtual control
input and design the control law

wg = —Ke (20)
where K = KT € R3*3 is positive definite. On the conver-
gence of € and 7, we have the following lemma.

Lemma 1: With the control law (20), the vector ¢ in the kine-
matics subsystem converges to zero asymptotically for all initial
conditions €(0), and n — 1 as t — oo whenever the initial con-
dition n(0) # —1.

Proof: We first proceed to show thatn — 1 ast — oo
whenever 7(0) # —1. Let k; and k2 be the minimum and
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maximum eigenvalues of K, i.e., k1 = Apin(K) and ky =
Amax(K). Applying the virtual control law (20) to (19b) and
using the condition eTe+ 7]2 = 1, we have

1 1 1
5/91(1 —n?)<n= geTKe < 5]{72(1 —7?).

It follows from the comparison principle [28, Lemma 2.5, p. 85]
that 7(¢) satisfies the inequalities
2[1 —n(0)] e~
14 7(0) + [1 —n(0)] e~*st

I 0
T n(0) + [ = n(0)] ="

<) <1

for all t > 0. (The first one is obtained from 7 < —(1/2)k1(1—
7?) by letting 7 = —n.) Hence, n(t) = —1 for all t > 0 if
7(0) = —1. Otherwise, n(t) > —1 forallt > 0 and n(t) > 0
for all ¢+ > max{0, (1/k1)In((1 — n(0))/(1 + n(0)))} with
lim;_,~ 7(t) = 1. In particular, when k; = ko and 7(0) # —1,
n(t) is strictly increasing for all £ > 0, i.e., n(t1) < n(te) for
all0 < t; < to.

Applying the fact that n(¢) — 1 whenever (0) # —1, we
have that €(¢) — 0 as ¢ — oo. Furthermore, we can show the
global asymptotic stability of (e,7) = (0, 1) under the control
law (20) by selecting the following Lyapunov function for the
kinematics subsystem:

Vo = cele +¢(1 —n)? 1)

where the constant ¢ > 0. The derivative of V, is given by

V,=ceTwy = —ceT Ke < —cl€1||e||2 <0. (22)
Hence, the global asymptotic stability of (e,n) = (0,1) fol-
lows for all initial conditions (e(0), 7(0)) except (e(0),n(0)) =
(0,-1) ]

Since both (¢,1) = (0,+1) and (¢,n) = (0, —1) represent
exactly the same physical attitude orientation, we can practically
conclude that the kinematics subsystem of attitude motion under
the control law (20) is globally asymptotically stable.

Step 2) Control of the full rigid-body models: We consider
that the inertia matrix J € R3*3 is constant, but is unknown
or poorly known. In this case, we can replace it by an estimate
and update the estimate by an adaptive scheme. To isolate the
uncertain parameter, a linear operator L : R3 — R3*6 acting
on the vector a = [a1, aa, a3]” is defined by

(51 0 0 0 az a2

Lla)=10 a2 0 a3 0 a (23)
0 0 a3 ay a; O
and the parameter vector § € RS is defined by
0 =071 Jo2 Jss Jozs Jizs Jio]" (24)
then it follows that
Ja = L(a)d (25)
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Let § denote the parameter estimate of 6 and 6 be the estima-
tion error defined by § = 6 — . We also make the following
notations:

z=w—wg=w+ Ke (26)
ue = H(v, )0 Q27
Ue =4 ue = u + H(v, )6 (28)

Then, it follows that
Jz =[F(e,n,w,v,0) + G(e,n,w)] 0+H(v, 1))9~+u5+d (29)
€ R3*6 and

where H(v,i7) € R3*S, F(e,n,w,v,v)
G(e,n,w) € R**S are given by

H=—-v*L{v)— L{») (30a)
F =Lw*Cv) — (w+ Cv)*L(w) — (w + C1v)*L(Cv)
— VX L(Cw) — L(C1¥) (30b)

G= %L (K(nls + e )w). (30c)

C(e,m) € R3**3 is defined by (18), and C1(e,n) € R3*3 is
given by

Ci(e,n) = C(e,n) — Is = —2eT el + 2eeT — 2ne*.  (31)
Hence, the stabilizing control problem of w in (19c) with
the control input w is transformed into the stabilizing control
problem of z in (29) with an auxiliary control input u.. When
z — 0, we have that w — wy and then the kinematics sub-
system (19a) and (19b) is asymptotically stable as analyzed in
Lemma 1, that is, ¢ — 0 and subsequently w — 0 ast — oo
according to (26).

Once wu, is designed, we can also obtain the actual control
input v = u, — u. by (27) and (28). u, is independent of the
tracking errors € and w.

In summary, we need to design a dynamic feedback control
law

A~

e = a(e,n,w,0,v,0)

and an adaptive parameter update law
é = FT(€7 777 w? é? ’/7 l./)

to stabilize the full-model system (19a), (19b), and (29) with an
uncertain parameter 6.

A. Zero-Disturbance Case

First, we consider the zero-disturbance case, d = 0, which is
a special case, but has some interesting properties such as opti-
mality, asymptotic property and global convergence. Next the-
orem presents an adaptive feedback controller that achieves the
global asymptotic attitude tracking in the sense of Definition 5.

Theorem 4: Suppose that Assumption 1 is satisfied and the
external disturbance d(t) in (29) is d = 0. Let K € R3*3,
K; € R?**® and T' € R®*S be constant, positive definite and
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symmetric and let ¢ > 0. Then, the dynamic feedback control
law

Ue :a(e,mw./é./z@fl)

=— R(e,n,w, 0,0, ) Hw+ Ke) (32a)
é = FT(€7 777 w'/ V? l./)
=T [F(e,n,w,v, ) + G(e,n,w) + H(v,i)]"
X (w+ Ke) (32b)
with R(e, n, w, 0,0, V) satisfying
Ty, U,K7'U
R =Ky~ = (33)

solves the adaptive attitude tracking control problem asymptot-
ically, that is, ¢ — 0 and w — 0 as t — oo. Furthermore, ¢ is
bounded for all ¢ > 0 and § — 0 ast — oo.

Here, the smooth matrix functions ¥y(e,n,w, 657 v,v) €
R3IXB Wy(e,m,w,f) € R¥3, Cy(e,n,v) € R¥>3 and
Cs(e,n, ) € R3*? are defined by

U, = FKE [(w—i—Cl/)Xj—i—j(Cu)X—(jCl/)X

1. .
- §JK(77]3—|—5X)—|—cK‘1+(JCV)XCQK_1

N N T

X JO K — chK—l] (34)

1. 1 ..

\112 = ZJK(T]Ig + EX) — inJ

1. 1,07

+ ZJK(’I]I?,'FGX)—E(UXJ] (35)
Cy =2¢TvI3 — 20eT + 2™ (36)
Cy =2¢T0I5 — 20eT + 2% (37)

the matrix .J is of the form (16), obtained from the estimate é;
the matrices H(v,v), F(e,n,w,v,v) and G(e,n,w) are given
as in (30).

Proof: We define an adaptive control Lyapunov function
Va(e,m,w, 9) for the nonlinear system (19a), (19b) and (29) with
an unknown parameter 6 as follows:

1 1 ~
Vo =cele+c(l —n)? + ngJz + §9TF*10. (38)

Along the solutions of (19a), (19b), (29), and (32b) we have
Vo =2¢€té — 2¢(1 —n)n+ 27z — 414
=ce'(z — Ke) + 27 [ue + (F+ G)HA}
+0T [(F+G+H) 'z~ 1]

= —cTKe+ 27 [ce +ue + (F + G)é] . (39)

To render V5 negative, one natural choice like the adaptive
feedback control laws in [10], [11] is

Ue = =Koz — (F + G)f — ce

which cancels all the nonlinear terms in (39), where K5 € R3*3
is a positive—definite symmetric matrix. However, this feedback
control law based on nonlinearity cancellation is not guaranteed
to be inverse optimal in general. To design an inverse optimal
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adaptive controller to solve the attitude tracking problem, we
employ the “nonlinear damping™ technique as follows.

From (24) and (25), it follows that L(a )0 = Jaforalla €
R3. Suppose that the matrices Ca(€,n,v) and C3(e,n, ) are
defined as in (36) and (37), respectively, such that

Civ = Cee Civ = Cse.

Applying the tuning function 7 (e, 7, w, v, /) in (32b), the matrix
F(e,n,w, v, ) in (30b), the matrix G(e, n, w) in (30c) and some
properties of a* in (17), we can rewrite (39) as

Vz =—ceTKe
42T [ce + e — (w+ Cv)*J(2 — Ke)
+(JOV) (2 — Ke) — JC1 — J(Cv)* (2 — Ke)
Kl + )z - Ko)
—v*JCw + (jCV)XClu}
=—ce"Ke+ 2Tu,
T (chl + (w+ Cv)*J — (JOw)*
— %jK(?’]Ig + €)= X JC, K™ + J(Cv)™
F(JOV) X O Kt = jcg,Kfl) Ke
+ 27 <%jK(77]3 +eX) — wxj> z4+ 2T Hyz

where Hy, = (Jv)* — (Cv)*J — J(Cv)*. It can be
easily shown that H; = —H{ due to the fact that J is
symmetric and (Jv)* and (Cv)* are skew-symmetric.
Therefore, 27 H;z = 0 for all z € TR3. Introducing two
smooth matrices Uy (e, n,w,0,v,0) € R3*® as in (34) and
Wy(e,n,w,f) € R¥*3 as in (35), we have

V2 =—cTKe+ 2Tu. + \/EZT\IJTK e+ 2TWU,2. 40)
The choice
te = ale,n,w,0,v,0) = —R(e,n,w, 0,v,0) "' 2
with R(e, 7, w, 0, v, D) satisfying (33) renders
VZ = - ieTKe — %ZTKlz - = H\/_K26 — \Iflz
- %ZT(Kl — U)K N Ky — Uy)z
< CTke- Lk, (41)
2 2

which shows that V5 is negative semidefinite, where

K1 € R*® is positive definite and symmetric such that
the smooth matrix R(e,n,w,d,v,17) € R3*3 is positive defi-
nite and symmetric. Since Va2 (e, n,w, é) is nonincreasing and
bounded below, i.e.,

Va (e(0), (1), w(8),0(1)) < Va (€(0),(0),0(0),0(0))
forall ¢ > 0, and since f is a constant, it follows that the signals
e(t), n(t), w(t), z(t), 6(t) and (t) are all bounded for all £ >
0. As v(t) and ©(¢) are bounded by Assumption 1, it follows
that H(v,v), G(e,n,w) and F(e,n,w,v, ) are bounded and
consequently €(¢) and Z(t) are bounded for all ¢ > 0, which
implies that €(¢) and z(t) are uniformly continuous functions.
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Integrating both sides of (41) with respect to ¢ and applying
Va(e,n,w,0) > 0, we have

oo

/ (cTKe + 2TKy2)dt < 2Vs (6(0),77(0)7w(0)7 é(o)) :

0
Using the Barbalat’s Lemma [28, Lemma 4.2, p. 192], we con-
clude that ¢ — 0 and z — 0 ast — oo, and consequently
w — 0 ast — oo. Hence, the dynamic feedback control law
(32) stabilizes the attitude error system (19a), (19b), and (29)
with an uncertain parameter 6 and zero external disturbance,
and thus the adaptive attitude tracking control problem is solved
and asymptotic tracking is achieved with the tracking errors €, w
converging to zeros. As the matrices H(v,7), G(e,n,w) and

F(e,n,w,v, ) are bounded and z — 0, it follows that 6 — 0
ast — oo. |
Remark 4: In the absence of external disturbances, d = 0,
both (¢, 7, w, 9~) = (0,£1,0,0) are the equilibrium points of the
system (19a), (19b), (29), and (32b) that describes the adaptive
attitude tracking control problem. Both of them stand for exactly
the same physical attitude orientation. However, it was shown
in [10] that the point (e./n,wﬁ) = (0,—1,0,0) is an unstable
equilibrium point. On the other hand, it can be seen from the
proof of Theorem 4 that the equilibrium point (e, 7, w, ) =
(0,1,0,0) is uniformly stable [1, Th. 4.1] under the dynamic
feedback control law (32). O
Remark 5: Under the assumption that d = 0 and with the
adaptive control law (32), the tracking errors € and w converge
to zeros asymptotically, which ensures that the attitude tracking
is achieved with a global convergence for any initial conditions.
The parameter update law (32b) represents a scheme for ad-
justing the adaptive parameter 4. Although the derivative value
of the adaptive parameter § — 0ast — oo, 8 = 6 — 6§ does not
necessarily converge to zero as t — 0o. O
Replacing K by ki I3 in (32b), R=! by ky I3 and K by k313
in (32a), where the scalars k1, ko, k3 > 0, and omitting some
high-order terms in the states ¢ and w, we obtain a simplified
adaptive attitude tracking controller as those in [10] and [11]

(42a)
(42b)

e = — ko(w + kse)
é =TH(v,0) (w + kie).
Using the Lyapunov function
V =ko(ks + k3) [(L—n)* + "¢] + ke’ Jw
—i—%wTJw + %HNTT‘*lé
and applying (17), we have that
V =ko(ky 4 ks)elw + (w+ k1e)T(FO + HO + u.)

1 .
+ EkleJ(UIfi + ) — 0T HY (w + kqe)

- (kz L ) ol

[k1k2k3 — k1 Aj (2pAes + Aes)] |l€l|®
=+ )\j(gﬂlﬂ + 2M>\02 + )\r3)“w||“ ||
where Ao = sup{||Ca(e(t),n(t), v(t))]| = YVt > 0}, Az =

sup{[|Cs(e(t), n(t), »(t))|| - V¢ > 0}, p = sup{[[v(?)|| : Vt >
0}, A;j is the largest eigenvalue of the inertia matrix .J, and C,
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Cj5 are defined by (36) and (37), respectively. If the controller
gains k1, ko and k3 satisfy the following inequalities:

2ky — k1A > 0
koks — Xj(2puAco 4+ Ae3) > 0

1
4 <k2 — Ekl)\3> [klkzkg — kl)\ (2/1)\(;2 + )\03>]

— X3 (3uky + 2uAez + Ae3)” > 0

then V' < 0. Thus, asymptotic attitude tracking is achieved for
this simplified controller (42). From the foregoing derivations,
we see that the adaptive attitude tracking controller (32) relaxes
these constraints on the gains of the simplified controller (42) and
allows the gains K and K to be other matrices, hence the de-
signer has much more freedom in selecting the controller gains
K and K. Furthermore, knowledge of the largest eigenvalue A ;
of J is not required in designing the adaptive control law (32).

Based on the state-feedback control law (32a) and the adaptive
parameter update law (32b) and applying Theorems 1 and 2, we
can easily construct a dynamic feedback control law that solves
the inverse optimal adaptive attitude tracking problem with re-
spect to a meaningful cost functional by the following theorem.

Theorem 5: Suppose that the external disturbance d = 0 and
Assumption 1 is satisfied. Then, the dynamic feedback control
law

Ue :a*(67n7w7é71/7f/) :,B(I(E,T],a)7é7l/,l./)

=— R Yw+ Ke) (43a)
0 =T1(e,n,w,v, 1)
=T [F(e,n,w,v,v)+ G(e,n,w) + H(v, D)]T
X (w+ Ke) (43b)

with any 3 > 2, solves the inverse optimal assignment problem
for the attitude tracking control system (19a), (19b), and (29) by
minimizing the cost functional

Jo = hm 16} HH Hr— +4p6c[1 —n(T)]
T
+/ e, w,0,v,0) + uZRuS) dt| (44
0
for each § € RS, where
l(e,n,w, 0, v, v)=-20 [ceTw +(w+ Keo)'(F + G)HA}
+32(w+ Ke)"R Y (w + Ke) (45)

and R(e,n,w,0,v,0) is defined by (33); I' € RE*S is con-
stant, positive definite, and symmetric; the matrices H (v, v),
F(e,n,w,v,v) and G(e,n,w) are given as in (30).

Proof: From the proof of Theorem 4, we have that

ceTw+ 27 [(F + @b — R_lz} < —W(e,n,w)
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with W (e, n,w) = (¢/2)el Ke+ (1/2)2T K12 positive definite
in € and z, which implies that

I(e,n,w,0,v,7) > 28W (e, n,w) + B(B — 2)2" R™"

from which we observe that (e, 7, w, 0,u, V) is positive definite
in € and w, i.e., it is positive whenever (¢,w) # (0, 0), for each
6 € RS. Therefore, the cost functional .J,, in (44) is a meaningful
cost functional, penalizing both the tracking errors ¢ and w as
well as the control effortAue.
Substituting I(€,n, w, ,v,0) in (45), 2 = w + Ke and
v=1u. —a* =u, — fa=u.+ PR

into the cost functional .J, in (44) and applying the fact that
2(1 —n) = (1 —n)% + €T¢, we get the following expression
of J, along the solutions of the attitude tracking error system
(19a), (19b), (29) and the adaptive parameter update law (43b):
J, = lim
T—o0

{[3 Hé(T)Hifl +4pc[l = n(T)]

T
+ / [ﬂzzTRflz — 2627 (F + G)f — 2Bc¢eTw
0

+(v = BR *2)TR(v — BR12)] dt}

= lim_ ﬁHé(T)H; +4Bc 1 — y(T)]
+ Q,B/T[ZT(U —BR™'2)+ B2"R™ 2 — sz] dt
0
— 2,8/ [ceTw—l—zT [(F—I—G)&—I—Hé—l—ue]
T
—2T(F + G+ H)f|dt+ | v" Rudt
o]
= Jim_ [3H0~(T)H12tl 4 48¢[1 — g(T)]
T
d 1
-208 [ — (c — ) +cele+ =27 z)
O/dt 1-n)"+ +2Jdt
T J T
-6 | —=[0TT6)dt + [ vT Rudt
0/ dt 0/” Y
=)0, +4pelt (@) + ()7 I2(0)
—ﬂTh_r)Iclmz T) +0/7JTRvdt.

Substituting v, = Ba(e,n,w,d,v, i) into V5 in (40), we can
see that the dynamic feedback control law (43) also solves
the adaptive attitude tracking problem of the system (19a),
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(19b) and (29), i.e., limy_,o0 €(t) = 0, limy—, o0 2(t) = 0 and
lim;_, o w(t) = 0. It follows that lim; .., z(t)TJz(t) = 0.
Hence, the minimum of the cost functional .J, is reached only
if v = 0. In other words, the control law v, = o* = P«
in (43a) is inverse optimal and minimizes the cost functional
(44). The value function of the cost functional (44) is given by
J*(e,n, w, é) = 26Va(e,n, w, é) [ |

Remark 6: When the external disturbance d is assumed
zero, under the adaptive feedback control law (43), the attitude
tracking errors € and w converge to zeros asymptotically for
any initial conditions, which ensures that asymptotic attitude
tracking is achieved with a global convergence. O

Remark 7: The parameter $ > 2 in Theorem 5 represents a
degree of freedom for the design. It also follows from the proof
of Theorem 5 that for the inverse optimal adaptive control law
(43)

2(8-1)
/[32
< 6(0)T0710(0) + 4c[1 — n(0)] + 2(0)T T =(0).

/ [ceTKe +2TKyz+ uZRuE dt
0

Maximizing the left-hand side over /3 gives an L5 bound on the
attitude tracking errors €, w and the control efforts u,

T 1
/ {ceTKe +2TKyz + EueTRue dt
0
< 0(0)TT710(0) + 4c[1 — 1(0)] + 2(0)T T 2(0)
which implies that €, w € £5]0, 00). d

B. With External Disturbances

In Theorems 4 and 5, we have presented dynamic feedback
control laws that solve the adaptive control problem and the in-
verse optimal adaptive control problem, respectively, for the at-
titude tracking problem of the system (19) without external dis-
turbances, d = 0. When external disturbances d(¢) exist, em-
ploying the inverse optimal approach [21] and Theorems 1-3,
we can present a dynamic feedback control law that solves a ro-
bust inverse optimal control problem by the following theorem.

Theorem 6: Suppose that Assumption 1 is satisfied. Let the
constant matrices K € R3%3, Ky € R**3 and ' € R6%6 be
symmetric and positive definite. Suppose the matrices 1/ (v,v),
F(e,n,w,v,v),G(e,n,w)and ¥y (e,n, w, b, v, 1) are as defined
in (30) and (34), respectively. The smooth matrix ¥s(e, 7, w, é)
of (35) is redefined as

q 7 1
\112(67777(4}79): J(7713—|—6X>_§w><J

NG

+1j(1+x) 1XjT+11 (46)
—J(nly + ") = Jw — 13
4 2 2

for some given v > 0. Then, the dynamic feedback control

Ue = (X(67 n,w, 07 v, V) = _R(E7 n,w, 07 v, I))_l(w + KE)
47
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together with the adaptive parameter update law (32b), adap-
tively stabilizes an auxiliary system that consists of (19a), (19b)
and the following equation:

Ti = [F(e,n,w,v,0) + Ge,n,w)] 6 + H(v, )0 + —5 +u,

(48)
with respect to the aclf V(e,n,w,0) = cele + ¢(1 — n)* +
(1/2)z1Jz, that is, ¢ — 0 and w — 0 as t — oo for all initial
conditions. Furthermore, the dynamic feedback control law

Ue :a*(67n7w7é71/7f/) :ﬂa(@n»w»é»%f/)

=— AR Yw+ Ke) (49a)
0 =I7(e,n,w,v, 1)
=T [F(e,n,w,v,v)+ G(e,n,w) + H(v, D)]T
X (w+ Ke) (49b)

with any # > 2 solves an inverse optimal control problem for
the adaptive attitude tracking control system (19a), (19b), and
(29) by minimizing the cost functional

L:%gTQ&FW@Miﬁ%V@ﬂmU%Mﬂﬁ@D
T

) . T 572 2
+/ Uerm,,,,9) + ul Rue = P11l ) e b (s0)
0

foreach # € RS, where D is the set of locally bounded functions
of z, the weighting matrix R(e, 7, w, 0,0, v) is of the same form
as (33) with the smooth matrix Uo (e, 7, w, é) being replaced by
(46), and the state weight [(e, 7, w, 0,0, ) is given by

l(e,n,w, 0,v, v)=-20 [ceTw + 21 (F + G)é]

2
+0%2TR™ 12 — —/joz. 5D
Y

Proof: The first part of the proof is similar to that of The-
orem 4 and the second part is analogous to that of Theorem 3.
We outline the proof briefly. Considering the adaptive control
Lyapunov function Vz(e, n, w, 8) in (38) and along the solutions

of (19a), (19b), (48), and (49b), we have
. A~ 1
Vo= —ceTKe+ 27 |ce+u. + (F+ G + —7z| -
Y

Applying the matrices F(e,n,w,v,”) in (30b), G(e,n,w) in
(30c), W1 (€,n,w,8,v,7) in (34) and Wy (e, n,w, #) in (46), we
can rewrite V5 as

VQ =—ceTKe+ 2Tu, + \/EZT\I’?K%E + 2T W,z.

Then, the state-feedback control law

) UTy U, K1
ue:a(e,n,w,ﬂ,y,l)):_<K1+ 1 Y1 2Ky 2)2

2 2

yields

. 1
Vs < —geTKe - §ZTK12 =W(e, z) <0.
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As analyzed in Theorem 4, we can conclude that, under the
adaptive feedback control laws (47) and (32b), the auxiliary
system (19a), (19b), and (48) is globally adaptively stable, i.e.,
€ > 0,w — 0and z — 0 ast — oo for any initial condition.
Also

~ 1
celw4+ 2T |(F+ G + —2z— R7'z| < —W(e, 2)
v
which implies that
le,n,w,0,v,0) > 28W (e, z) + (8 — 2)zT R™!

Therefore, I(e, n, w, 0,u, V) is positive definite in e and w for each
0, and the cost functional J, in (50) is a meaningful cost func-
tional for the attitude tracking control problem, putting penalties
on the attitude tracking errors €, w and the control effort u..

Substituting I(¢, 7, w, 8, v, ) in (51), 2 = w + Ke and v =
Ue — @ = u. + BR™1z into the cost functional .J, in (50), we
obtain the following expression of .J, along the solutions of the
attitude control system (19a), (19b), (29), and (49b):

J, =supq lim

3 Jim_ [

+ 26V (), (1), w(T), 6(T) )
_/<f T, 98T+ ;2||d||2> dt

—Qﬁ/(ceTw—I—zT[FQ—I—GQ—I—HHN—I—ue—i—d]

T
Z(F+G+H) dt+/ vT Rudt
0
:st;p Thm {,[3“0 H .
T
+28V (e( ), (1), w(T),6(T)) + / T Rudt
0

vT Rudt

|

[\

=)

=
/N

=

8

%>

+

0\8

dt
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It is clear that

sup dt| =0

deD

oo
2 2
—[|57-d
. Y
0

and the “worst-case” disturbance d* (e, w) is given by

2

2 2 (w+ Ke).

(52)

Hence, the minimum of the cost functional .J, is reached only
if v = 0, i.e., the control law u, = a*(¢,n,w, 0, v, v) in (49a)
is inverse optimal and minimizes the cost functional (50). The
value function of (50) is J} (e, n,w, 8) = 26Va(e,n,w,0). N

Remark 8: The parameter 5 > 2 in Theorem 6 represents a
degree of freedom for the design. Also, applying the inverse op-
timal adaptive attitude controller (49), we obtain the derivative
value V2 as

. 1 1
Vy < —geTKe — §zTK12 — —2sz —(B- 1)ZTR_1Z—|- 2Td
v

along the solutions of (19a), (19b) and (29). It follows from the
Young’s inequality [29] that

2
T Y 2 1 r
z d§—4 || +—722 z

c_

w) =

where the sign is satisfied only when d(¢) = d*(e,
(2/~%)z. Note that R~ > K. Therefore, we have

20 —
2

V, < —%ETKG - Lk + ||d||2

Then, there must exist finite constants c3 > 0 and ¢4 > 0 such
that

. 2

Va < —eallell® = eallwl” + 2l (53)
which implies that the closed-loop system under the dynamic
feedback control law (49) is d-to-(e,w)-stable in the sense of
input-to-state stability (ISS) [28], [30]. In turn, it follows from
the definition of ISS that, if we denote z = [¢7,w7], there
exist some continuous functions ¢(-,-) € KL and x(-) € K
such that

ool < & o). 6)+ x sup 1))

Therefore, the inverse optimal adaptive control law (49) guar-
antees the boundedness of the tracking errors ¢ and w for any
bounded (and persistent) external disturbance. We emphasize
that the inverse optimal adaptive control (49) is not restricted to
disturbances with bounded energy [, ||d(t)||?dt < oo but any
bounded (and persistent) external disturbances are allowed. [
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Remark 9: Following the discussion in Remark 3, we can
conclude that the inverse optimal adaptive control law (49)
shows H,., inverse optimality with respect to the external
disturbance d(t) and the performance index (50) in the sense
of Definition 4. Furthermore, we can obtain a bound of the £Ls
attenuation level from d(¢) directly to the tracking errors (;((tt)))
that is in the order of ~. To see this, integrating both sides of
(53) with respect to t we can present an Lo bound on ¢ and w
by the following inequality:

T
/[4(;3||e||2 4 deglwl|?] di
0

T

<72 [ dlPde-+ 48 (<(0).(0).(0).60))

— 4V, (e(), (1), (1), 6(T)) (54)

for all T" > 0. Hence, the inverse optimal adaptive controller
(49) attenuates external disturbances and the £,-gain from d
to () is bounded by v/(2y/max{cs,cs}). Moreover, the £,
disturbance attenuation level can be made arbitrarily small at
the cost of a larger u.. A smaller v will lead to a larger control
u,. because the last term in (46) implies that the value of Wy is
getting larger.

It follows from (54) that if d € £4[0, c0), the tracking errors
e,w € L3]0,00) and Va(e(T),n(T),w(T),H(T)) is bounded
for all 7" > 0, implying that €, n, w, 2, 6 and # are all bounded
signals. As analyzed in the proof of Theorem 4, if v, v and d
are bounded too, we can conclude that € and 2z are bounded and,
hence, € and z are uniformly continuous. Then by (54) and the
Barbalat’s lemma [28, p. 192],¢ — 0 and w — 0 ast — oo.
In other words, if d € £5]0,00) and is bounded, asymptotic
attitude tracking is achieved with a global convergence for all

initial conditions. Note also that § — 0 consequently. O

C. Convergence of the Adaptive Parameters

As stated in Remark 5, the estimation error f=0-10 Adoes
not necessarily converge to zero as ¢ — oo. However, 6 can
converge to its nominal value ¢ under certain conditions on the
references v(t) and ©(¢).

Proposition 1: Assume that the desired angular velocity v (t)
is periodic and the external disturbance d(t) is zero. Let

O={¢:Hwt),vt)E=0 vt > 0}. (55)
Under the inverse optimal adaptive control law (43), 0—0 — GNSS
as t — oo, where éss is a constant in O.
Proof: The proof is similar to that of [11, Th. 2]. Theorem
4 says that § — 0 converges to a constant. To show that this
constant is in ©, we proceed as follows. With z defined by (26)
and f = 6 — 6, we have the differential equations (19a), (19b),
(29), and (43b), where the control input u, is given by (43a) and
the matrices F'(e, n,w, v, ), G(e,n, w) and H (v, V) are defined
by (30). Since d = 0 and /() is periodic, the closed-loop system
becomes a periodic system.
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Consider the Lyapunov function candidate Vs (e, 7, w, §) de-
fined by (38). Applying the matrix R~! defined by (33), along
the trajectories of the attitude tracking control system (19a),
(19b), (29), and (43b) we obtain the derivative Vs as

1 1 1
VQ:—EGTKE——Z Klz—_H\/EKEE_\Dl'Z
2 2 2
1 -
- §ZT(K1 — U)K (K — Uy)z
—(B-1)z"R 2

Hence, V2 =0ifandonlyif z = e = 0. Furthe~rm0re, when the
latter is true, 2 = ¢ = 0 if and only if H (v, )6 = 0 because of
(29), (43a) and the fact that F'(e,n,w, v, ), G(e,n,w) vanish at
€ = w = 0. Then it follows from LaSalle’s result on periodic
systems [31, Th. 2.8] that (z, €, 7, é) will converge to the set

{220,620777:{—1,1},566}

ast — oo. |

Proposition 1 states that the adaptive parameter converges
to a constant in an invariant manifold © under the inverse op-
timal adaptive control law (43). The following proposition is a
straightforward corollary of Proposition 1, stating when the es-
timate 9(#) can converge to its nominal value 6 as t — oo.

Proposition 2:  Assume that the desired angular velocity v(t)
is periodic and the external disturbance d(t) is zero. Let 0 <
t1 <ty < --- < t, and suppose that

H (v(t1),v(t))

Rank =6 (56)

H (v(tn), (1))

where 6 isAthe dimension of #. Then, under the adaptive control
law (43),0 — 0 ast — oo.

Proof: The proof is similar to that of [11, Prop. 2]. Since
Proposition 1 implies §# — § — ©, and (56) implies © = {0},
we have § —  as t — oco. ]

As a result, the inertia matrix .J can be completely identified
for the zero-disturbance case if the reference signal v(t) is peri-
odic and the rank condition (56) is satisfied. We emphasize that
when the external disturbance d(t) is persistent and bounded,
the adaptive parameter § might not converge to 6 even if the rank
condition (56) holds, as shown in the simulations that follow.

V. SIMULATION RESULTS

An attitude maneuver control problem of a rigid-body micro-
satellite is simulated to demonstrate the performance of the
adaptive feedback attitude tracking controller. The desired atti-
tude motion of the spacecraft is described in the body frame B3..
The spacecraft is assumed to have the inertia matrix of

10 1.0 0.7
J=110 10 04 |kg-m?
0.7 04 8
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Fig. 1. Relative rate error w in the zero-disturbance case.
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Fig. 2. Orientation error ¢ in the zero-disturbance case.

which is unknown to the controller in the frame B;. Arbitrarily,
we suppose that the desired angular velocity () to be tracked
is given in the body frame B, by

-
3

¥
+O

0.05sin (17%)
V= 0

0.05sin (251) | rad/s.
0.058111(%)

W=
+O

With this choice of the reference signal v(t), it is easy to check
that (56) is satisfied so that it is possible to verify the conver-
gence of the adaptive parameter 6.

In the numerical simulations of the adaptive attitude tracking
controllers, we assume that the initial attitude orientation of
the spacecraft in the frame B, is given by the unit quaternion
q(0) = [0.3,-0.2,—0.3,0.8832]7, the initial angular velocity
of the spacecraft in B, is ©(0) = [0.06, —0.04, 0.05]" rad/s
and the initial value of the adaptive parameter 6 is given by
6(0) = [12, 12, 10, 0.8, 1, 0.5]7 kg - m2. The gains of
the inverse optimal adaptive control law (43) are chosen to be
K =0.21I3, K1 = 2I3,I' = 3000/ and ¢ = 0.5. Without loss
of inverse optimality, we choose 3 = 2.

At first, we consider the zero-disturbance case. Applying the
inverse optimal adaptive attitude controller (43), we illustrate
the simulation results as Figs. 1-6, from which we conclude that
the adaptive attitude tracking is achieved when the inertia matrix
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Fig. 3. Control effort u. given by (43a) with 3 = 2.
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Fig. 4. Actual control effort « = u, — u..

J in the body frame B; is uncertain. Figs. 1 and 2 depict the time
histories of the tracking errors w and ¢, which show that the in-
verse optimal adaptive tracking controller (43) achieves a good
performance on the attitude tracking with satisfactory tracking
errors w and e and a rapid convergence. Fig. 3 plots the time his-
tory of the control effort u. given by (43a). The actual control
effort w = u. — u, that is input to the actual attitude system
is shown in Fig. 4, where u.. is given by (27). Figs. 5 and 6 in-
dicate that the estimate of the adaptive parameter g converges
to the nominal value 0, i.e., § — 6 in accordance with Propo-
sition 2. It is observed from the numerical simulations that the
attitude tracking is achieved rapidly, while the convergence of
the adaptive parameter takes a much longer time. The smaller
the matrix T', the more time it takes for the convergence of the
adaptive parameters.

Next, we consider the tracking control problem in the pres-
ence of external disturbance d(t). The disturbance model is de-
scribed by
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Fig. 7. Relative rate error w with external disturbances.

where (1, At;) in the second bracket denotes an impulsive
disturbance with magnitude 1 and width A¢; seconds, activating
at the time point ¢;. Letting v = 1.0 and applying the robust
inverse optimal adaptive control law (49), we present the simu-
lation results as in Figs. 7-10. Figs. 7 and 8 depict the time his-
tories of the rate error w and the attitude error ¢, from which we
conclude that the adaptive tracking control law (49) can achieve
the adaptive attitude tracking with satisfactory tracking errors
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w and € and a good convergence even in the presence of ex-
ternal disturbances. Figs. 9 and 10 indicate the estimate of the
adaptive parameter 6. When t < 4000 s, the disturbances work
persistently and then we can see that  does not converge to
the nominal value # even using the same adaptive update law.
If we get rid of the external disturbances and let d(¢) = 0 for
t > 4000 seconds, simulations show that the adaptive param-
eter estimates will converge back to the nominal value 6.
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Fig. 12. Tracking error €3 for various attenuation levels.

Finally, to illustrate the capacity of disturbance attenuation,
three different attenuation levels are considered, v = 1.0,
v = 0.5 and v = 0.25. The simulation results are shown in
Figs. 11 and 12 in terms of w3 and €3, the third components of
the tracking errors w and e. As expected, a smaller v yields a
better attenuation of the external disturbance d(t).

VI. CONCLUSION

An attitude tracking control system is indeed a nonlinear cas-
cade system. Therefore, stabilizing such a system can be effi-
ciently achieved using the method of backstepping. Employing
the adaptive control method and the inverse optimal control ap-
proach, this paper has presented inverse optimal adaptive con-
trol laws to solve the attitude tracking problem of a rigid space-
craft with an uncertain inertia matrix. In the zero-disturbance
case, the inverse optimal adaptive controller proposed in this
paper achieves asymptotic attitude tracking of the desired atti-
tude motions with a global convergence for all initial conditions.
The control law is inverse optimal with respect to a meaningful
cost functional that consists of penalties on both the tracking er-
rors €, w and the control effort. When external disturbances are
considered, we have presented a robust adaptive attitude con-
trol law, which is not only inverse optimal with respect to a
meaningful cost functional that penalizes the tracking errors and
the control effort, but also forms a closed-loop attitude system
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that has a guaranteed Lo-gain from the external disturbances
to the tracking errors. Any given level of Lo disturbance at-
tenuation can be achieved at the cost of a larger control effort.
Such optimal control laws have been obtained without solving
the Hamilton-Jacobi-Isaacs equation directly. Numerical simu-
lations have been done to verify the performance of the proposed
attitude tracking algorithms.
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