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A frequently stated advantage of gapless graphene is its high carrier mobility. However, when a
nonzero bandgap is opened, the mobility drops dramatically. The hardness to achieve high mobil-
ity and large on/off ratio simultaneously limits the development of graphene electronics. To explore
the underlying mechanism, we investigated the intrinsic mobility of armchair graphene nanoribbons
(AGNRs) under phonon scattering by combining first-principles calculations and a tight-binding
analysis. A linear dependence of the effective mass on bandgap was demonstrated to be responsible
for the inverse mobility-gap relationship. The deformation-potential constant was found to be de-
termined by the strain dependence of the Fermi energy and the bandgap, resulting in two mobility
branches, and is essential for the high mobility of AGNRs. In addition, we showed that the trans-
port polarity of AGNRs can be switched by applying a uniaxial strain. © 2013 American Institute of
Physics. [http://dx.doi.org/10.1063/1.4792142]

I. INTRODUCTION

An extraordinary advantage of graphene lies in its ul-
trahigh carrier mobility at room temperature. In suspended
graphene devices,1–3 the mobility can reach as high as 2
× 105 cm2 V−1 s−1 after the impacts of residual impurities are
removed. This value is about two orders of magnitude larger
than that in silicon. Even if substrates are used to support
graphene, the measured mobility is still as high as 2 ∼ 4 × 104

cm2 V−1 s−1 on single-crystal hexagonal boron nitride (h-BN)
substrate.4 To facilitate graphene’s applications in logic tran-
sistors, a bandgap needs to be opened to attain a large on/off
ratio. Various methods have been applied to tailor the bandgap
of graphene, e.g., by quantum confinement,5, 6 by chemical
modification,7–9 and by hybridization.10, 11 However, the car-
rier mobility of graphene reduced greatly as the bandgap in-
creased. For example, sub-10 nm graphene nanoribbon field-
effect transistors showed that the mobility dropped to less
than 200 cm2 V−1 s−1 with diminishing width when suf-
ficient bandgap was opened.12 Theoretical studies indicated
that lateral confinement might suppress the intrinsic mobil-
ity of graphene nanoribbons (GNRs) to be much lower than
the impressive value for two-dimensional (2D) graphene.13, 14

Such an inverse relationship between mobility and bandgap
generally exists in various semiconductors,15 which is an in-
evitable problem for graphene’s electronic applications.

Various scattering processes affect the carrier mobil-
ity of graphene. Scattering from extrinsic sources such as
charge impurities16–18 can be eliminated or reduced signif-
icantly by improving sample preparation. Scatters such as
phonons, however, cannot be removed at room temperature
and thus limit the intrinsic mobility of graphene.19 Much ef-
fort has been devoted to determining the intrinsic mobility

a)Authors to whom correspondence should be addressed. Electronic ad-
dresses: zfliu@pku.edu.cn and LiuZhiRong@pku.edu.cn.

of graphene and GNRs.1–3, 13, 14, 20–22 Phonon scattering was
shown to dominate graphene’s intrinsic mobility, and the in-
plane and the out-of-plane (flexible) phonons have different
temperature dependence.21, 22 For armchair graphene nanorib-
bons (AGNRs), it was revealed that the mobility of electrons
and holes differed by two orders of magnitude and the trans-
port polarity depended sensitively on the ribbon width.20

The electronic properties of graphene and GNRs are
mainly determined by the π electrons, and can be well de-
scribed with a simple theoretical framework.23, 24 It would
be intriguing to adopt such a universal framework to inves-
tigate how the inverse mobility-gap relationship is produced
in graphene-related systems, to elucidate various factors that
influence the intrinsic mobility, and to explore possible means
to regulate the mobility. In this work, we combined first-
principles calculations with a tight-binding model analysis
to address these questions. A quantitative/semiquantitative
physical explanation is given for the mobility properties for
both graphene and AGNRs, and strain is demonstrated to act
as an effective means in switching the transport polarity of
AGNRs.

II. METHOD AND MODEL

A. Formula of intrinsic mobility under
phonon scattering

The influence of phonon scattering on the carrier mobil-
ity was described by the deformation potential theory.25 For
one-dimensional (1D) systems such as GNRs, an analytical
expression for the mobility (μ) was derived:26

μ = e¯2C

(2πkBT )1/2 |m∗|3/2 E2
1

, (1)

where T is the temperature with T = 298 K being adopted
in our study and m∗ is the effective mass of the charge
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carriers, defined as m* = ¯2(∂2E(k)/∂k2)−1. C is the stretching
modulus caused by the uniaxial-strain (ε), which can be cal-
culated from C = 1

a0

∂2Etotal
∂ε2 in which Etotal is the total energy of

a unit cell and a0 is the equilibrium lattice constant. E1 is the
deformation-potential constant to denote the shift of the band-
edge energy induced by ε, calculated using E1 = ∂Eedge

∂ε
, where

Eedge is the energy of the conduction band minimum (for elec-
trons) or the valence band maximum (for holes). Equation (1)
has been successfully applied to study the intrinsic mobility
of GNRs20 and graphyne nanoribbons.27

B. First-principles calculations

To calculate all these quantities, geometry optimization
and electronic structure calculations for graphene and AG-
NRs with various ribbon widths (measured by the number
NA of dimer lines across the ribbon) were performed using
density functional theory (DFT) implemented in Vienna ab
initio simulation package.28 The projector-augmented-wave
pseudopotential29 with the general gradient approximation of
PW91 exchange correlation functional30 was adopted, and the
cutoff energy was 520 eV. The geometry was relaxed until all
atomic forces were less than 0.01 eV/ Å, and at each self-
consistent field iteration the convergence criterion for the to-
tal energy was 0.01 meV. We used large enough supercells
in which the adjacent sheets were separated by at least 15 Å.
All dangling bonds at the edge of AGNRs were saturated by
hydrogen atoms.

C. Analysis with a tight-binding model

The effective mass m∗ and the deformation-potential con-
stant E1 have an essential influence on the mobility. Their de-
pendences on the bandgap in AGNRs can be well understood
within the framework of a tight-binding (TB) model.

According to the analysis24 of a TB model that consid-
ers the hopping between the nearest-neighbor π electrons, the
electronic structure of graphene and AGNRs can be briefly
summarized as follows (see also Fig. 1). The energy disper-
sion of graphene near the Fermi points is expressed as Dirac
cones:

E (k) = E0 ± 3

2
t0r0 |k − kF| , (2)

where E0 is the on-site energy which is equal to the Fermi en-
ergy EF, t0 is the hopping parameter, and r0 is the equilibrium
bond length. In this study, we adopted t0 = 2.67 eV from Li
et al.,24 which was obtained by fitting Eq. (2) with DFT cal-
culation results. For AGNRs, the k value of the allowed elec-
tronic states lies on some discrete straight lines due to quan-
tum confinement, so their band structure is composed of some
cut sections of the graphene’s Dirac cones. When a strain is
exerted, the Dirac cones shift in the (k, E) space. Graphene,
thus, remains gapless under strain. For AGNRs, because the
allowed k-lines are fixed in the space, the shift in the Dirac
cones under strain will make the bandgap of AGNRs smaller
or larger. Based on these facts, we can deduce expressions for
m∗ and E1.

FIG. 1. Schematic illustration of the electronic structure of graphene and
AGNRs. The electronic structure of graphene is represented by 2D cones,
and that for AGNRs by a set of discrete lines on the cones cut by allowed
k-lines. Under a strain, the cones would shift in the E(k)-k space, where the
trajectory of the Dirac point is illustrated by the thick dashed yellow line.

Because only some discrete k-lines are allowed for AG-
NRs, their conduction and valence bands can be written from
Eq. (2) as

E (kx) = E0 ± 1

2

√
9t2

0 r2
0 k2

x + E2
g , (3)

where Eg is the bandgap and the ribbon axis is aligned along
the x-direction. The effective mass is easily derived:

m∗ = 2¯2

9t2
0 r2

0

Eg, (4)

giving a linear relation between m∗ and Eg. Equation (4) is
also valid for single-layer h-BN under TB approximation.

The band-edge energy of AGNRs is from Eq. (3) deter-
mined by both the Fermi energy (EF ≡ E0) and the bandgap
as

Eedge = EF ± 1

2
Eg, (5)

where “+” applies for electron carriers (the conduction band),
whereas “–” applies for hole carriers (the valence band).
Therefore, the deformation-potential constant E1 is derived as

E1 = ∂Eedge

∂ε
= ∂EF

∂ε
± 1

2

∂Eg

∂ε
. (6)

According to the TB analysis in Ref. 24, the dependence of
the gap on the strain is given as

∂Eg

∂ε
= ±3t0St (1 + νA) , (7)

where St ≈ 1.29 is a constant reflecting the dependence of the
hopping parameter on the bond length and νA ≈ 0.145 is the
Poisson’s ratio. The assignment of “±” in Eq. (7) depends on
the relative position between the allowed k-lines and the Dirac
points and varies periodically with ribbon width NA, i.e., “+”
for NA = 3p and “−” for NA = 3p + 1, 3p + 2, where p
is an integer.24 Equation (6) indicates that E1 for electrons
and holes are different for AGNRs. This greatly affects the
polarity of the transport as will be shown below.
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FIG. 2. The calculated Fermi energy (EF) and total energy (Etotal) of
graphene as a function of the uniaxial strain ε. The solid blue lines are
quadratic fittings to the data.

By substituting Eqs. (4), (6), and (7) into Eq. (1), we ob-
tain the TB prediction for AGNR mobility:

μ = 27et3
0 r3

0 C

(16πkBT )
1
2 ¯

(
∂EF
∂ε

± 3
2 t0St (1 + νA)

)2
E

3/2
g

. (8)

III. RESULTS AND DISCUSSION

A. Graphene: Extraction of parameters
for TB analysis

Many electronic properties of AGNRs originate from
graphene. Therefore, we first conducted DFT calculations on
related properties of infinite graphene sheet (Fig. 2). The
Fermi energy EF decreases almost linearly with increasing
uniaxial strain ε (Fig. 2(a)). The deviation from a linear law is
slight under small ε as seen from a quadratic fitting result, EF

= 10.1ε2 − 3.62ε − 4.29 eV. By ignoring the nonlinearity, we
obtained ∂EF/∂ε = −3.62 eV, which would be used in the TB
analysis. In contrast, the total energy Etotal (Fig. 2(b)) obeys
a typical quadratic law. The corresponding stretching modu-
lus of graphene (Cgraphene) was found to be 112 eV/S (where S
= 5.27 × 10−20 m2 is the area of a unit cell with two carbon
atoms), or equivalently, 339 J/m2, which is consistent with the
experimental measurement.31 This value is useful in estimat-
ing the stretching modulus C for GNRs.

B. AGNRs: The mobility and its determinants

We now examine the transport properties of AGNRs. We
conducted DFT calculations on AGNRs with various ribbon
widths to calculate the mobility and the related quantities. We
found that the DFT results are well described by the TB theory
(Fig. 3).

The TB approach predicts that m∗ is proportional to Eg

(Eq. (4)). The DFT calculations indeed confirmed such a trend
(Fig. 3(a)). By adopting t0 = 2.67 eV from the literature,24

the quantitative agreement between TB prediction and DFT
calculations is reasonable considering that t0 is optimized
for graphene but not for AGNRs. For k far away from kF,
the band structure of graphene would deviate from the Dirac
cones,32 which will contribute to the discrepancy between
Eq. (4) and the DFT results for large Eg.

The calculated deformation-potential constant E1 of
AGNRs displays a periodic oscillating behavior as NA in-
creases (Fig. 3(b)), which is consistent with the observation of
Long et al.20 From Eq. (7), we obtained the TB prediction of
∂Eg/∂ε = ±11.8 eV. Together with the parameter of ∂EF/∂ε

= −3.62 eV obtained above, the TB prediction using
Eq. (6) gives that E1 = −3.62 ± 11.8/2 = 2.30, −9.54 eV.
This prediction agrees well with the DFT results (Fig. 3(b)).
Also, the oscillation in E1 as a function of NA is understood
to come from the sign of ∂Eg/∂ε, which is determined by the
position of the allowed k-lines for AGNRs.24

To calculate the mobility of AGNRs from Eq. (1), one
also needs the stretching modulus C. C can be obtained di-
rectly from DFT calculation of AGNRs or can be estimated
from the properties of graphene:

C = Cgraphened =
√

3

2
NAr0Cgraphene, (9)

where d is the width of the AGNR and Cgraphene = 339 J/m2

is the stretching modulus of graphene determined above. A
numerical comparison verified that two approaches are con-
sistent (see Fig. S1 in supplementary material33). To make
the analysis more concise, we adopted C = 8.36 × 10−7

J/m from Eq. (9) with NA = 20. The mobility prediction
(Eq. (8)) can then be evaluated with all known parameters

FIG. 3. Electronic properties of AGNRs with ribbon width NA = 12–29: (a) the effective mass m∗ (in units of me, the mass of the free electron); (b) the
deformation-potential constant E1; and (c) the carrier mobility μ. Data from DFT calculations are plotted as symbols (red circles for properties of electrons and
blue squares for holes), whereas the TB predictions (Eqs. (4) and (6)–(8)) are plotted in thick brown lines. In the panel (c), data of bulk III-V semiconductors
(InSb, InAs, In0.53Ga0.47As)15 were also included for comparison as green stars.
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to be

μ = 0.114 × 104 × E−3/2
g , 1.96 × 104 × E−3/2

g , (10)

where the units used for μ and Eg are cm2 V−1 s−1 and eV,
respectively. A comparison between the TB prediction and
the DFT numerical data is provided in Fig. 3(c). Clearly, the
TB model captures the main characteristics of μ: there are
two branches for μ, and μ decreases with increasing Eg in
each branch. From the TB analysis, the former characteristic
comes from E1 (which further originates from the existence
of the term ∂Eg/∂ε in Eq. (6)), whereas the latter originates
from the linear relationship between m∗ and Eg. In Fig. 3(c),
we also included the data of a few bulk III-V semiconduc-
tors for comparison. This demonstrates that the high branch
of μ for AGNRs is higher than or comparable to that of III-V
semiconductors under the same Eg.

C. Strain effect: The switch of transport
polarity in AGNRs

Long et al.20 demonstrated that the transport polarity
(i.e., whether electron or hole transport is determined by the
mobility difference between electrons and holes) of AGNRs
oscillates as a function of NA. From the TB analysis above,
one can understand that the origin of the polarity is the depen-
dence of Eg on ε (Eq. (6)). Thus, the expectation is that any
means to change the sign of ∂Eg/∂ε would switch the trans-
port polarity.

Strain has important effects on the electronic and trans-
port properties of graphene and GNRs.24, 34, 35 Under the ex-
ertion of a uniaxial strain, Eg of AGNRs was effectively mod-
ified in a periodic zigzag pattern.24 Accordingly, the sign of
∂Eg/∂ε would change at each turning point. Therefore, strain
may act as an effective method in modifying the transport po-
larity of AGNRs.

We have investigated the strain effect on the mobility of
AGNRs. As an example, the results of the system with NA

= 18 were given in Fig. 4. The mobility of electrons and
holes spans about three orders of magnitudes under the strain
and resides on two branches. More importantly, the transport
polarity switches at around ε ≈ 0.033, where Eg reaches its
maximum: the electron mobility jumps from the high branch
to the low branch, whereas holes experience a reverse process.
Similar switches also occur at the other two ε values where Eg

reaches its minimum.
It has been proposed that strain can be used to generate

various basic elements for all-graphene electronics.34 Strain
in tuning the transport polarity provides a useful means for
strain engineering of graphene.

D. Possible extensions

The properties revealed above for 1D AGNRs are appli-
cable for other systems. Here, we present a brief analysis for
two examples.

One example is the 2D functionalized graphene sys-
tems. We calculated the electronic structure of BN-embedded
graphene (BNG),11 Janus-type mosaic graphene (J-MOG)

FIG. 4. (a) The bandgap and (b) the carrier mobility of AGNRs with NA
= 18 as a function of the uniaxial strain.

with hydrogenation and/or fluorination,36 and graphene an-
tidot lattices (GALs).37 The results are displayed in Fig. 5(a).
A linear relation between m∗ and Eg is clearly seen, which
would contribute to the inverse relationship between mobility
and bandgap. The other example is three-dimensional (3D)
III-V semiconductor compounds. We extracted experimental
data from Schwierz15 and redrawn them in Fig. 5(b). μ de-
creases with increasing Eg, and the data are well described by
a reverse law of μ ∝ E

−3/2
g (solid line in Fig. 5(b)) as AGNRs.

Note that the deformation potential theory25 predicts the form
μ ∝ E

−5/2
g in 3D compounds, so it is unclear why III-V semi-

conductor compounds obey a law similar to the 1D AGNRs.
This deserves further investigations.

E. How can we realize high mobility
in graphene systems?

The ultrahigh mobility of graphene can be attributed
to two reasons: (1) the high C value since graphene is the

FIG. 5. (a) The correlation between m∗ and Eg for various two-dimensional
functionalized graphene systems: BN-embedded graphene (BNG), graphene
antidot lattices (GALs), and Janus-type mosaic graphene (J-MOG) (detailed
data is provided in supplementary material33). Calculated data for electrons
and holes are plotted in filled and opened symbols, respectively. The solid
line is a linear fit to the data. (b) The correlation between μ and Eg for bulk
III-V compounds: (from left to right) InSb, InAs, In0.53Ga0.47As, InP, GaAs,
In0.49Ga0.51P, and GaN. Data came from Schwierz,15 and the solid line is the
fitted result μ = 0.83 × 104 × E

−3/2
g .
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strongest material ever measured;31 (2) the zero m∗. How-
ever, opening bandgap in graphene systems enables carriers
to gain nonzero m∗ and then leads to the degradation of mo-
bility. Based on Eq. (4), we rated the contribution of m∗ to
μ in AGNRs as not superior to that in other systems under
the same Eg because the differences in t0 for various systems
are usually not large, e.g., t0 ≈ 2.40 eV for h-BN. But the
E1 can vary in a wide range and leads to two μ branches
with difference more than 1 order of magnitude in AGNRs.
As above, E1 is expressed as the difference (for hole) or sum
(for electron) between two terms: ∂EF/∂ε, ∂Eg/2∂ε (Eq. (6)).
The first term, ∂EF/∂ε, is an inner characteristic of graphene,
but the second term can be affected by ribbon width, edge
passivation, and edge structure.38, 39 According to our calcu-
lations, the transport polarity is determined by the sign of
∂Eg/∂ε. Moreover, if the absolute value of ∂Eg/∂ε is closer
to 7 eV, a lower E1 either for electron or for hole will be
attained and the corresponding mobility will be higher. The
expression of E1 can be extended to other two-dimensional
graphene systems. For example, a stretched boron-nitride-
embedded graphene whose ∂Eg/∂ε is 6 eV has hole mobility
comparable to that of graphene when the bandgap is 1.0 eV.40

Thus, an effective regulation of E1 is essential for achiev-
ing both high mobility and large on-off ratio in graphene
devices.

IV. CONCLUSION

We have investigated the mobility properties of AGNRs
by combining DFT calculations and a TB model analysis. We
demonstrated that the inverse relationship between μ and Eg

is caused by an intrinsic linear dependence of m∗ on Eg, and
that E1 is responsible for the existence of two μ branches. We
also showed that strain is effective in switching the transport
polarity of AGNRs.
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