
Invers ion  and  j u m p  formulae  for va r i a t ion  

d imin i sh ing  t ransforms.  
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Summary. - This is a study of the values of the determining fttnction • as well as its deft. 
vatives and gaps in terms of the generating function f and its derivatives where f is 
the convolution transform of qP with variation diminishing kernel. 

1.  - I n t r o d u c t i o n .  

In  this  paper  we shal l  be in teres ted  in var ia t ion  d imin i sh ing  convolut ion 

t r ans fo rms  

~1.1) f(x) - -  f G{x --  t)~(i)dt 

- - 0 0  

that  is G(t) is such  that  f(x) never  has more changes  of sign than  $(t} whe- 

never  :p(t} is bounded  and  cont inuous  in ( - -e~ ,  oc). I t  was shown by ScHOs. 

BERGr [9] tha t  for G(t)E Lt G(t) is varia*Aon d imin i sh ing  if and  only if 

leo  

1 ; E(s)_le~ds, (121 V¢) = 2-~ .. 

(1.3) E ( s ) - ~ e  . . . .  + b ~ ( 1 - - s )  e ' / % ~  k 

where  v~>0,  b and ak for k ~ > l  arc real  Z a - :  <cx~. 
k 

W e  shal l  be in teres ted  also in the re la ted convolut ion STIELTJES t r ans fo rm 

(1.4) 

(x) 

f{x} ----- f G(x --  t)e~'d~(t) 

- -DO 

where r is a real  number .  In  this paper  we shal l  res t r ic t  ourselves  to the 

case c = 0 in (1.3); this  class conta ins  as special  cases the LAPI~ACE, S~IEL- 

• JES, MEIJErt and  m a n y  other  t rans forms  (see [7; pp. 65-79]). 

I. I. I-IIRSC~MAN and D. V. WIDDER in their  book <( The Convolut ion Tran-  

(+) Entrata in Redazione il 26 aprile 1968. 
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sform )) [7 Ch. V I] and many papers (see [4], [5] [6] for instance) found an inver- 

sion theory for (1.1) and (1.4) based on the sequence {ak} and P~(D) defined by 

( 1 . 5 )  ~)m(D) = ebn~Dk=l f i  (1 - -  D ] e(1/a~ )D 

d 
where D = d x '  ekDf(x) "-- f ( x  + k) and b~ --'-- o(t) (m ~ ec). 

We shall find here a formula that gives ~(~)(to) in terms of f(x,)whenever 

~o(")(t) satisfies a mild condition in a neighborhood of to (the conditions vary 

for different  classes of {a~0} and Ibm}). The inversion problem is solved also 

when ~(~)(to) does not exist, but lira ¢~(~)(tc ~ h) - -  ~(~)(to ±)  or ~(~)(to ~ 0) exist 

where g(to :~ O) are the numbers  satisfying 

h 

(1.6) f [g(lo ± y) -- g(to ± O)]dy = o(h) h ~ 0 + 

0 

when such numbers  exist. In  this case we shall prove 

(1.7) ¢~('o(to + 0) -{- (1 - -  z)~(')(tc -- 0) = lira DnP,~(D)f(~c) 
r~--> 30 

where [mr} is a subsequence of m and 0 ~ 1 ,  ~ depends on /b,~}, {ak} 

and {mr}. 

The above mentioned formula generalizes the HInSC~MAN-WIDDER inver- 

sion formulae also in case n - - 0 .  

Jump formulae which give ~(~)(t @)- -~(~) ( t - )  or a(t + ) - - ~ ( t - - )  (and more 

genera~l (< left )) and (~ right )) values of ~(~)(to)) in terms of f(~) are also found. 

Jump formulae are known in three special cases of convolution transforms, 

the LAPLACn transform [10, p. 298] and [2], the S~IELTJES transform [10, p. 351j 

and the second i terate of STIELTSES transform [1]. Our jump formulae will 

include these formulae (and give a somewhat better result  even for these 

three transforms) and yield j ump  formulae for many known transforms (like 

~IEIJER, Theta and iterates of LAPLACE transform). 

We shall find that in applying the inversion operator D~P,~(D) on [(w) the 

limit may vary for different orders of {ak} although these changes have no 

influence on G(t). 

Sometimes various subsequences of D~P~(D)f(x~) will tend to different 

limits and therefore we shall state and prove our theorems with conditions 

on t a~} and subsequences of it. 

The paper  is divided into two parts:  

Par t  A: On properties of {ak} and G~)(t). 

Par t  B: Inversion and jump formulae. 
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Par t  A contains many estimations of G!7)(I). 

(1.8) G(,~)(t) -- D~P,~(D)Gt t) 

in sections 3 and 4 which shall be used fur ther  on for inversion and jump 

theorems but are interesting for themselves. In section 2 we introduce many 

conditions on sequences {a~} and subsequences and find some relations bet. 

ween them. The conditions mentioned above will be used in stating the theo- 

rems on inversion and jump formulae as well as the properties of G(~)(t). 
Par t  B contains inversion and jump theorems as well as some theorems 

on G(9(t) for special classes of {ak}. 

We shall generally follow the notation used by I. I. HIRSC~MAN and 

D. V. WIDDEn in their book << The Convolution Transform)>. However, we 

shall introduce the definitions not mentioned in the introduction in the first 

time they are needed, even if they can be found in [7]. 

P A R T  A 

O n  p r o p e r t i e s  o f { a k }  a n d  G~)(t). 

2. - C o n d i t i o n s  on [a~} and  a n e w  c l a s s i f i c a t i o n  o f  GIg ). 

In this section we shall be concerned with conditions on sequences rela- 

ted to G(t~, namely real sequences t ak} for which E a~ -2 converge (to a certain 

G(t) correspond a sequence l ak} and all its rearrangements).  In fact the exi- 

stence of various types of variation diminishing convolution transforms for 

which we shall later find inversion and jump formulae is shown in some of 

the examples of this section. 

In [7; p~ 140] the condition C~ = o(S~ 2) (m ~ o c )  where 

(2.1) C5~, - -  2 l a~ ]-z a n d  ~ - -  E l a~ 1.2 
k~m.-~l k~m-J~l 

was found useful for the inversion formula. The following lemma will es ta-  

blish equivalent conditions to C~ = u~,~ j (m ~ cx~). 

LEPTA 2.1. - The assumptions 

(2.2) o~ ]ak ]--2--~ ~. o(SI+~) ( m ~ c ~ )  for some fixed a > 0  
k=rn~ l 
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and 

(2.3) lim (max - 2  - 1  a k ) 8  = 0  
m~CO k>O 

are equiva lent .  

COROLLARY 2.1. - Assumpt ion  (2.31 impl ies  (2.2) for any :¢ > 0. 

PRool< - Le t  us assume (2.2) for some ~ > O. i f  t2.3) is not  val id  then 

a s u b s e q u e n c e  {m~ f of Ira} exis ts  such  that  (max a ~ - 2 ) S ~ ] ~  > 0 for all  
k~mr  .4.1 r 

r >~ I. There fo re  

O~ 
Y 

k~rar 4- t 
l a~ I -=-~' >-- (max aF2 ) +~ _>_ p 2Z.~r 2 

k>mr..~l 

which  cont rad ic t s  ~2.2). 

Assuming  (2.3) then  

CO 

Z 
k=m.J-1 

oo 
] ak i -2-~ = 

k=rn-~- ] 
l ak i-2 { ak I -~, < (max l ak i-~)Sm = 

k~m-{-1 

- -  ((max aF2)S-~I)'~/2S~+~ --  olS~+-2) ( ~  ~ cx)). 

REMARK. - Assumpt ion  (2.3) is eas ie r  to ver i fy  (2.2), bu t  a s sumpt ion  (2.2) 

with ~¢ - -  1, name ly  C,~ --  o(S~ 2) (m ~ ~ }  is more  conven ien t  for  p rov ing  some 

proper t ies .  

I t  is obvious  that  

(2.4~ 0 < tim inf  (max a72}S~ 1 ~ l im sup {max a'f2}S-z ~ ~ 1 
m-¢,O0 k>m ra~O0 k>m, 

and therefore  it is qu i t e  na tura l  to cons ider  the fo l lowing a s sumpt ion  on {a,~ } 

(2.5} l im sup (max aF2}S-~ ~ < 1 
m-->O0 k > m  

and 

(2.6t lim sup (max a-[-2)S'~ ~ = 1. 
m-->o~ k>m 

One can easi ly  see that  (2.5) inc ludes  (2.3), bu t  if we s ta te  ins taed  of (2.5) 

{2.7t 0 < lira sup (max a72)821 < 1 
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we obtain  by  (2.4) that  (2.3), (2.6) and  ( 2 . 7 ) f o r m  a full  c lass i f ica t ion  of the 

sequences  {ak}. Howeve r ,  s ince  in all  the above ment ioned  a s sumpt ions  the 

order  of t he  s equence  {ak} is impor tan t ,  this  is not a c lass i f ica t ion  of Glt}. 
Of all s equences  {a~} that  are  re la ted  to G(t) we can choose  those  which  

sa t is fy  l a~+~I ~_~ ]akl and call  them abso lu te ly  monotonic  ordered.  S ince  assum- 

p t ions  (2.3), (2.6) and (2.7) depend  only on abso lu te  va lue  of the {akJ, we can 

c lass i fy  G(t) as fo l lows:  G(t) sat isf ies  (2.3}, (2.6) or (2.7} if an abso lu te ly  mono" 

tonic  o rde red  sequence  {ak} re la ted  to G(t) sat isf ies  {2.3), {2.6)or {2.7)respecti-  

vely. Obvious ly  every  G(t) sa t is f ies  one and only  one of the p reced ing  as- 

sumpt ions .  

In  [7; p. 120] I. I. HrRsc~MA~ and D. V. WIDDER formed  the fo l lowing 

well  k n o w n  c lass i f ica t ion  of G(t): 

G(t} E class  I if there  are  both posi t ive and nega t ive  ak, 

G(t) E class I I  if ak > 0 and Ea~ -x --  c~, 

and  G(t) "- class I I I  if ak > 0 and E a T  ~ < ~ .  

L~MMA 2 .2 . -  The in te rsec t ion  of any of the c lasses  I, I I  or  I I l  with 

any of the c lasses :  G{t) sat isf ies  (2.3}, {2.7) or (2.6); is n o n - e m p t y .  

PROOF. - I t  is easy  to ver i fy  that  there  are ke rne l s  G(t) of classes  I, 1I 

and  I I I  that  sa t i s fy  (2.3) s ince  all the  examples  given in [7; pp. 65.79] sa t is fy  12.3). 

The  fo l lowing three  example s  are  of ke rne l s  that  be long  to c lasses  I, I I  

and I I I  r espec t ive ly  and sat isfy  (2.7) (The G(t} are  def ined  by  {ak} and b, as 

in tl.2) and (1.3}). 

EXAMPLE I : Choose b - -  0 and ak = {- 2} ~ k ~___ 1. 

EXAMPLE 2. Choose b 0, a x - -  1 and a k - -  ~ for k sa t i s fy ing  Z 22r-x 

k < Y. 22~-x for  n~_~ 1. 

I t  is easy  to ver i fy  that  Z a F 2 <  c~, Z a~ -~-- c,o and for m - - Z  22~-~-  2, 

- - 2  - - 2  " ~ 2  n - x  - - 2  " ~ 2  n 1 22n--1 --2 n > 1 we have m a x  ak - -  a,~+x-(z } --(z  }- and S,~=( ) + 2 t{22z) - 2  ---- 
k > m l~r t  

--- 2 .  (22~}-~ q - Z {22~} -~, the re fo re  2 .  (22~} -~ < S~ < 4. (22=)-~ and G(t) sa t is f ies  {2.7). 
l=nq-1 

EXAMPLE 3. - Choose b----0 and a k - - 2  k {k ~ 1). 

The  fo l lowing three  examples  are  of ke rne l s  that  be long  to c lasses  I, I I  

aud  I I I  r e spec t ive ly  and sa t i s fy  (2.6}. 

EXAM:eLE 4. - (3hose b : 0 and ak == {-- 1)kk! for k ~  1. 

EXAMPLE 5. - Choose b - -  0, ix --  0, i~ ---- 2i~__x q- n - -  1 and  let  ak = 2~ for  
n--] -  

Z 2 # < k  .<_ Z 2#. 

AnnaIi di Maternatica 34 
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oo (20 

One can ver i fy  Z a 7  - 1 _ - ~  and  Z a ~  -2<cx~. 
k ~ l  k ~ l  

For  m - -  Y. 2~ , - -1  we have S,~--2-2~-(1-[-o(1)) n ~  and m a x a ~  -2--  
k ~ l  k~>m 

a:-_~ 1 - - 2 - 2 ~  therefore  G(t) sat isf ies  (2.6). 

EXAMPLE 6. - Choose b - - 0  and a~ = k!  for k ~ 1. Q.E.D. 

Since the invers ion and  j u m p  fo rmulae  depend  on what  assumpt ion  the 

sequence  {ak} satisfies and  not  only  on G(t}, we shall  s tate our  theorems 

wi th  condi t ions  on {ak} r emember ing  that  if  G(t) satisfies a cer ta in  assumpt ion ,  

an absolute ly  monotonic  ordered  re la ted  sequence  sat isf ies  the same assumpt ion.  

We shM1 find it useful  to assume (2.5) ins tead  of {2.7}. In  the following 

l emma  we shal l  f ind  an equ iva len t  condi t ion  to {2.5) which  is more conve- 

n ient  in appl icat ions.  

- -2  - -1  L ] ~ A  2.3. - Assumpt ion  (2.5} which  is l im sup (max % )S: < i and  
ra--> O0 k ~ m 

{2.8) S,~ - -  m a x  a~ -2 ~_ aS,~ for 0 < :¢ 
k>m 

are equivalent .  

f ixed for all  m 

PROOF. - F o r m u l a  (2.8)implies l - - ( m a x  a 7 2 } S ' ~ a > O  , that  is (max ak2)S~-l_~ 
k > m  k > m  

_< 1 ~ a which  impl ies  (2.5). To see that  (2.5) implies  (2.8} we should r emember  

that  for each f ini te  mo we can f ind some ~ = a(mo), 0 < o~ < 1 such that  S~- -  

- - m a x a 7  2 ~(mo)S ,~  for  all  m ~ m o ;  the rest  is s imi la r  to the proof in the 
k~>ra 

other  direct ion.  Q.E.D. 

Ins tead  of S , ~ - - m a x  a/-2 we can have na tura l  and  (as we see in Chapter  
k ~ m  

3) usefu l  genera l iza t ion  

(2 .9)  S(: ) - -  S,~ - -  m a x  Z a z  2. 
m<~kv~...<:k r p ~ l  P 

We can wri te  (2.8) in the form S(,~! ~ o~S,~ for  a > 0. 

LEM~A 2.4. - I f  S ( ~ ) ~  ~S,~ for 0¢ > 0 a f ixed for all  m, then 

(2.10) S(~)~ :¢rS,~. 

PRool~. - We shall  prove our  l emma  for any  f ixed m and r. I f  am-~ ~-- 

= m a x a ~  -2 for i - -  1, 2 , . . . ,  r the proof of (2.10) would have been tr ivial .  

Fo r  some f ixed ko ak0 > ak0+l we can form the sequence { a*} where a~0*---- 
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= a~o+~, a~+~ = a~o and for k :4: ko, ko "4- 1 a* ~- a~. l~he s equence  { a~* } with 
CO 

S* def ined by S * - -  Z (a~*) -2 sa t isf ies  $ 2 ( ~ ) ~ : ¢ S  * s ince  for m > ko and 
k ~ r a - ~ l  

m < k o  S , ~ = S ~  and S O ) : S  *0)  and for  m - - k o  we have  

- - 2  - - 2  _ _  ~ qt 
S~ - -  max  (a~)-2 ~ S~o + (ak0+l - -  a~0 ) - -  max  a k  2 > ~¢8~ o -~ a(a~o~. 1 a~  ~) ----- S~o. 

k > k  0 k>ko 

With a f ini te  n u m b e r  of changes  of the above men t ioned  k ind  for k >  m 

we get  a s equence  { a* ~ } which  sat isf ies  S* * - -  S,~, S* ~(~) - -  S (~) and S* "(1) 

~ a S * *  for  all l > m  and l a * ~ - 2 - -  ~+~ _ max  (a t* ) -2  for  i - -  1, 2 , . . . r  and the re fore  

the proof  is completed ,  k>,~+~ Q.E.D. 

I t  is in te res t ing  to cons ider  s imi la r  re la t ions  for s u b s e q n e n c e  of S, ,  F o r  

ins tance,  take  a s u b s e q u e n c e  {m~} of the integers ,  the condi t ion  .~(~)'~ :¢,q ~,~l ~-- - '~l  o¢ > 0 

.q(~) 
f ixed for  all  I. Of course ,  _,~ ~ a S , ~  for a f ixed ~ > 0  impl ies  for p < r  

H e r e  _~,~0)~ aS,~ a > 0 for all l does not imply  ~(~) _~  ~ a~S,~ for :¢~>0. This  

can  be  seen us ing  E x a m p l e  5 f rom the proof  of L e m m a  2.2 and  us ing  m~--- 

- - ~ .  2 ~ -  2 (where i.  is def ined there) we get 

1 
~,~'~(2) = o(S(~)~ - -  oIS,~) (l --,- co) and S~(~ ) ~ ~ S~. 

Howeve r ,  the fo l lowing l e m m a  gives  some in format ion  on S(~ } in a spe- 

cial case. 

LE~I~A 2.5. - If  l im {max a72)S~1 - -  0 then for r - -  1, 2 ... there  exis ts  an  
l - - ) ~  k>ra I 

a~ a, > 0 such  that  S~(~ ) >_~ ~¢,S,~ for  all 1. 

e l t ° ° ~ " -  l im(  max  -2 - '  ( -in) a~ )$2~ -" 0 impl ies  for  1 > lo(n) ,~(1) ~,~z ~ 1 -  S~  this 
b-->O~ k>m l 

c lear ly  

that  for each lo there  ex is t s  a ~(/0)~ ~ ~{lo)> 0 : so  that  for  l ~  lo S ~  ) ~ ~ S ~ ,  

we comple te  the proof  of this lemma.  Q.E.D. 

In  L e m m a  2.2 we showed  that  even  for G(t) E I I  and I a k + ~ I ~ t a ~ i  
" 2 ~ - - 1  ~m sup a : $ ~  need  not  be zero. The  fo l lowing l emma  will  solve the p rob lem 

of lira inf  a ~ _ ~ S [  ~ in this ease  and some s imi la r  eases.  

O9 

LEM~A 2.6. - Suppose  Z ] a~]-~ = ¢~ for  some 0 < ~ < 2 and l akl~4a~+~l 
then l im inf  a:~_iS[  ~ - -  O. k=t 

rrt--~ C~ 



268 Z. DITZIAN - A. J A K I M O V S K I :  Inversion and jump ]ormulae, etc. 

• - - I  --2 
PROOF. - Assume  lim mfa,~+~?2 = ~ > 0 which  impl ies  for m > mo 

rn-,->O0 

--2 --1 g ~1~ 2 ~ ( 0~) 
arn-~lSra > ~ o r  S m  - -  Sm..t-1 - -  rn,-~l > 2 Sm kS~rn 1 - -  ~ > S.~+~, 

CO 
there fore  Z s -2 SA+s converges  for each  l > 0• S ince  a,~+~ < S~ 

ges for each  l >  0, se t t ing 2 1 - - ~  we get a contradict ion•  

One can  prove  the fo l lowing ana logue  to L e m m a  2.1 

subsequences .  

o0 
Z ] a~+~i -21 conver-  

~ 0  

Q.E.D. 

for  condi t ions  on 

LEMMA 2.7• - Le t  {m~} be a subse que nc e  of {m} then the a s sumpt ions  

=o(S~+~) ( r ~ )  for some o : > 0  12.11) ~ laki -2-~ ~ ~ 
k~rn r-~ l 

and 

(2.121 lim (max -2 -1 a~ }S2r - - 0  
r.-->O0 k > m r 

are  equiva lent .  

PRooF.  - The proof  is s imi lar  to that  of L e m m a  2.1. Q.E.D. 

COROLLARY 2.7a. - The  statemenSs 

l i m i n f  -2 -~ ~( ~ ) ( m a x a k ) $ 2  = 0  and  l iminfS2-~-2  - Z l aki -2-~ = 0  
m~>::O k>m m-->o5 k~m-~-I 

are  equiva lent .  

Howeve r ,  ZIakl-~=~ for some ~ ( 0 < ~ < ~ )  does not imply  lim inf (max a;2)8~1= 

- -  0 when  we do not a s sume l ak+x I ~ I akl as the fo l lowing e xa mple  will show. 

We shall  take  lak} - -  {k} (with y = b this is re la ted  to the LAPLACE tran- 

sform [7; p. 66]) and r ea r r ange  it in the fo l lowing ways :  

EXAMPLE 7. - In se r t i ng  2 n af ter  5 ~ by  the fo l lowing me thod :  1, 3, 5, 2, 

6, 7, 9, 10 25, 4, 26,.. .  we get a f te r  some ca lcu la t ions  l im{max  -2 -1 1 . . .  ak )82 - -  

EXAMPLE 8. - Simi la r ly  if we pu t  k i a f te r  (3k) ! -4- 1 as in the fol lowing:  
--2 --1 

3, 4, 7, 1, 8,. . .  we get  l i m ( m a x a k  }S,~ - - 1 .  

The  above examples  indica te  a genera l  me thod  of ((spoiling>> sequences ,  
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The re  is ano the r  series of condi t ions  that  are  useful  for invers ion and  

j u m p  formulae .  

D]~'I~ITION. - A sequence  {ak} will be said to sat isfy assumpt ion  B(n, 

{2.13) min {max { lak~l [ 1 ~ i ~ n  
k t > m  r 

k~ < k2 < ... < k~ } )(S~(~-~)) ~ < K 

where  K is i ndependen t  of r. 

REMARK. - I t  is easy to see that  if {ak} satisf ies B(n, Imp}, l) it satisfies 

also B(p, {m~}, l) with p < n. 

DEFINITIOSY. - A sequence  {ak} is said to sat isfy B(n, {m~}) if it sat isf ies 

a s sumpt ion  B(n, Imp}, l) for some 1. 

DEFINITION. - A sequence  {ak} is said to sat isfy  B(n) if it sat isf ies  

B(n, {m}). 

LE~aMA 2.8. - If  { ak} sat isf ies  t a~[ < l ak+~ [ and  B(1) then  {ak} !satisfies 

B(n) for all n. 

PROOF. - Apply ing  [ak]~lak+l] we can wri te  ins tead  of (2.13) la,~+~](S,~+~_~)Z<K 
and this is sat isf ied in case {ak} satisf ies B(1 t. Q.E.D. 

LEM~A 2.9. - The  inequa l i ty  l im inf (max a-[2)S~ ~ > 0 implies  tha t  {akl 

sat isf ies B(1, { m~ } ). ~-~ k>,~ 

PROOF. - The  inequa l i ty  l im inf (max a~2}S~ ~ > a > 0 impl ies  
r - ->~  k ~ r n  r 

1 
l im sup (min l a,~ I )2S,~r ~ -- 

r--->30 k > m  r O~ 

which  yie lds  our  resu l t  immedia te ly .  Q.E.D. 

However ,  it would  be incor rec t  to assume that  our  a s sumpt ion  implies  

l im i n f ( m a x a 7 2 ) S : r ~ >  0. All examples  given in [7; pp. 65-79] sat isfy both 

l a~+ 1I S,~<z K for some 1 and lira ct,~+lS/~-2 -1 -~ 0. In  fact, in all the examples  
rn-.4,~ 

we brought  {a~}:satisfies B(n) for all n. 

The  fol lowing example  will show that  even an absolute ly  monotonic  or- 

de red  sequence  {ak} does not  a lways  sat isfy B(n, tin}). 

- b = 0 ,  a ~ - - V k l o g k ,  Z a ;  -2<cx~ but i V m + l l ° g ( m + l )  EXA~IPLE 9. 

/ \ )  co 1 k 
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co 

LE~MA 2.10. - I f  Z l ak l  - ~ < c ~  for some ~ < 2  then tak} 
k ~ l  

for every n. 

sat isf ies  B(n) 

Paoo~.  - I t  is easy to see 

(~} oo 

S , , - -  Z lakl-~ lakl-2-~ S ( rain lakl)~ -2 Z lakl-~- 
k ~ m J F 1  k ~ m k~r;~-~ l 

Define  

k ~ - m J r l  kl "'" n • 

S (~-~) < min  (max {I ak~ i 11 < . i  ~ n k~ < < k~ 1 ~-2'~(~-a) 
k i > m  

oo oo 

Z ~akt-~ and  S(~!~ are bounded by Y, la~i-~ which is independen t  of m. 
k ~  m DF 1 k~ l 

We can f ind 1 so tha~ l(~-- 2~ < - -  l and therefore  us ing  (2.t3) we complete  

the proof. Q.E.D. 

3. - Some properties of G~)(t). 

In  this sect ion some proper t ies  of G(~)lt), where 

(3.1) G(":)(t) --'-- D~P~{D)G(t) = D~eb': k=~I (1 -- ak]DI e(1/~k)DG(l), 

will be found ;  these proper t ies  shall  depend on the sequences  Ibm} and {ak}. 

THEOREM 3.1. - For  n, m -  O, 1, 2, ... we have for - - o ~  < t < oo 

q3.2) t G(n)(t}l~ An 

"; 
whore A~ depends  on n only, S(~ °) = S~ and S,(~ r) is def ined  by (2.9). 

PROOF. - The proof is by induc t ion  on n. For  n = 0 our  theorem is 

L e m m a  7.1 of [7; p. 138]. Suppose  that  our  theorem is val id for n = 0, 1, 

For  a f ixed m, m ~ 0 we have  e i ther  

- - 2  
( i )  S,~ ~ ( 2 / +  2) max  ak 

k~+i 



Z. DITZIAN - A. J A K I M O V S K I :  Inversion and jump [ormulae, etc. 271 

o r  

(B) 
--2 

S,~ < f2l + 2) m a x  a~ 
k S~-m.-~-i 

I n  c a s e  (A) w e  h a v e  

~m~+ ( O3 T2p o3 

k 1 p = 2 p .  k~...~p>,~+~ 

o3 
Z 

k~,..., k21+2~m+l 
~q#a~ (q+O 

(a~ . . .  a , ~ 2 t + 2  j - 2  - - -  Z S,~-- 
k~ . . . . .  k2l+l~>m+l 

2~+~ _2 \ 

j~l t~kj ) (a}~''' a}2~+~)-2 

(by a s s u m p t i o n  (A)) 

& . l ~  
> ~ 2 n +  2 ki . . . . .  k21+l>m+l 

kq:~_k r (q#r) 

" 2 $2z+2(2/-3 t- 2}l 
(a~...  a~2t+~ t -  :>  ~-~--2-~/i~ 

By the same m e t h o d  

l+1 s,~ (9l + 1)~ X (ak~ ... akt+l) -2 >~ 
~. ...... kl+l>,~+l l ! ( 2 / +  2) l+l 

Now s ince  all  the coef f ic ien ts  of ~2~ in H (1+~22t  are posi t ive,  w e h a v e  
k=,,~+ 1 \ a k /  

k=m+l \ • _ _  

(ak~ .,, at:t+l) - 2  + 

- 2  > i~.~ x~ 2. 
~4t+~ Z (ak~ ... ak2/+2 ) __ 1 "4- (21 + 2) l+2 

(2l + 2} ! k, ..... k2l_~2>m+l 

Now 

ol-~l 21-~2 ,~2 1/2 ~ ~,~ "~ 

I G~)(t)l <-- ~ _o3 k=,~+lH I + ~ ~_o3  i + (21 + 2} z+l 

2(2/-{- 2} ~-- ( dx ( 2 / +  2) -2- ~--~/ ~ , ,\-~/2 
° J 1 + ~ -  ~+~ <_ (21 + 2 ~  ,=~(~ s~ ~'). 1@1 

(1 -{- 1)S~ ~2 27: S 2 
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Case (B). By supposition (B) there is a k ~ m - 4 - 1  such that 

ft. --sl% (2 /& 2}1] 2 1 e ~ e~,ds. 
< S~/2 . We define g(ak.,, u) by g(ak.~, u ) = ~ i  - - ~ -  

G~(O by a% 
~GO 

1 f (EZ (s))-:~e~*ds a* (t) = ~ i  
- - tOt)  

¢, ( s s_l--~e-~/~k ~ where E* (s) ----- E~(s) 1 - - a k . /  

[ak,~ ] < 

Define 

oo 

I j.,ok 
- - 0 0  

f d ~ e , ( v  ) 
u 

+ez 

d l d~ * v since )-~G~( ) has at most l changes of s ign(see [7; p. 92])and as ~ G * l v ) =  

- -o ( i )  ( v ~ m e c )  (see [7; pp. t08-1t0]} we have by induction 

t dl-~ (vt G~)(t) ~ t a~,, 21 max G* 
--cc<v<oo 

(2l + 2)1/.2 21 A~_I ~_ (2l + 2il/221A~_1 

0 ~ 

where _,~,q*(r) are the ~,~ c(~) of the sequence {af } 'a*  - -ak  k < k ~  af  ~-ak_l k~k ,~ .  
Choose for completing the proof 

(n--l) 

A~ - -  max ((2n + 2) 2 , (2n + 2tl/2 • 2 n .  A~=I). Q.E.D. 

The following lemma will establish the behavior of the zeros of G(n)(t). 
We shall need the lemma in the remaining theorems of this chapter.  

LEMMA 3.2. - There are exactly n points where changes of sign of G(n)(t) 
occur. At these points G(~+I)(I)GO. Any other point at which G(')(~)=O im- 

plies either G(t) --  0 for ~ < t < c~ o1" G(t) -- 0 for --  ~ < t ~ ~. 

P~OOF. - That  G('O(O has exactly n changes of sign was proved in Theorem 

10 of [5; p. 154], The rest follows by the same arguments  used in [7; p. 94]. 
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W e  sha l l  deno te  by  ~ . . . .  ~ the  n - 4 - 1  d i s t inc t  zeros  of G(~+l)(t) at  which  

G~=+l)(t) c h a n g e s  sign,  w h e r e  ~ . . . .  ~<  ~ . . . .  ~+~. 

THEOREM 3.3. - F o r  m,  n- - - -0 ,  1, 2, ... and  B > 0 we have  

{a) 
A n - - 1  G(~)~ BS~ 2} 

A n - - 1  112 
n f i l  . ~1/2 ~ 

w h e r e  A. is i n d e p e n d e n t  of m. 

B,~I/2 PROOf. - G~)(t} is m o n o t o n i c  i n c r e a s i n g  in the i n t e rva l  (~ . . . .  ~ - ~ ,  ~ . . . .  ~} 
(~--1) 

and  G,~ it) is m o n o t o n i c  i n c r e a s i n g  in ( - - c %  ~ ..... 1) by  the  de f in i t i ons  of 

. . . .  ~ and  ~ . . . .  ~,1 r e s pec t i ve l y .  H e n c e  we  h a v e  

~-m, n, l 

112 ~ ( G~)(t}dl 
, I  

~m, n, 1--BSlm [2 

G~=-~)q~m 1) G~t-D(~rnnl 112 ,n ,  - -  , , - -  B S m  ) ~ G(mn--1)(~ . . . .  l) 

if n - - O  

if n ~ l .  

U s i n g  T h e o r e m  3.1 the pruof  of case  (a) fol lows.  T h e  p roof  of case  (b) 

is s imi la r .  Q.E.D. 

REMARK. - We  can  choose  B of T h e o r e m  3.3 to be  a f u n c t i o n  of m as 

long  as  i t  is pos i t ive .  

THEOREM 3.4. - F o r  m, n " - 0 ,  1, 2 ... we  h a v e  

(,l) 

(b) 

--1 --2 

w h e r e  I I  - -  II  - -  1. 
0 0 

n In--2 (1)\i/Z 
G (n)'r B.Sm Ill 8 . }  

i~0  ] 

"-- B  ( fl1/2 

PROOF. - In  case  n = 0 o a r  t h e o r e m  was  p r o v e d  by  I.  I .  HII~SOHMAN 

a n d  D. V. WIDDER (see L e m m a  4.1 [7; pp.  126-127]}. W e  shal l  p r o v e  by  in- 

duc t ion  case  (a). Case (b) fo l lows  s imi la r ly .  A s s u m e  (a) fo r  k = n -  i .  S ince  

Annali di Matematiea 35 
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. . . .  ~ is  the  o n l y  m a x i m u m  of G!2)(t} in  ( - - ~ ,  ~ . . . .  ~,~) a n d  G(~)(t) is  p o s i t i v e  

t h e r e ,  w e  h a v e  fo r  B ( m ) >  0 (see  R e m a r k  a f t e r  T h e o r e m  3.3} 

~m-, n--l, I 

B(m)S22 G!:)(~ .... ~) ~ ( G~)(t) dt - -  

_ _  G ~  - 1 ) ~  ~ - -  , . - ( . ,  - ,  ~) G(2-~)(~ ~_~ ~ - B t m ) S 2  ~) 

, ~ - - 1 ~  - -  A , ~ - 2  > 0 

1. \ ~=o 

G(2)t; . . . .  ~) >_ B(m) -~ [B~_~ "~-~ "~/~ ~+~ 

We choose now B { m ) =  B('~II2, ~=1 t&JS(~°))~I2 

- -  An_2 • B -1 > 0. 

F o r  B~ w e  s h a l l  h a v e  n o w  

w h e r e  B is  so l a r g e  t h a t  B.--1-  

B= = B- I (B , ,_ I  - -  A~-I f?, -1) > 0 

G(~)'~ ~ B -" . Q.E.D.  a n d  t h e r e f o r e  ,~ [ . . . . .  1] ~ n_lSm Sm (1) 1/2 
0 

F o r  c o n v e n i e n c e  we  sha l l  d e f i n e  S~ (° fo r  n e g a t i v e  i. 

DEFINITION. - S (~) --" S~ f o r  n = 0, - -  1, - -  2, - -  3, .. . .  

COROLLARY 3.4. - S u p p o s e  fo r  s o m e  n a n d  {m~} S~(~-2)>__~S , a > 0 ,  inde-  

p e n d e n t  of  r ,  t h e n  

n~l  

n~-i 
G (n)ty n+l)]  ~ B n ( g ) S : r  2 

w h e r e  B ,  a r e  i n d e p e n d e n t  of  r a n d  d e p e n d  on ~ fo r  n ~ 3 .  

PROOF. - S i n c e  S(~-2)~__~Sm~ i m p l i e s  S ( ~ > ~ S , ~  fo r  i ~ n - - 2 ,  we h a v e  

b y  T h e o r e m  3.4 a 

i ,%t Bn~zn-2S~ "-5- fo r  n > 2 

B,S,~ T for  n _< 2. 

S i m i l a r l y  w e  s h o w  (b). Q.E.D.  
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RE~[ARK. - Assuming S~(~-2)~ ~S% we make no assumption for n : 0, 1, 

or 2. 

THEORE~ 3 . 5 . -  Suppose for some n ~ 0  S([~-2)~ c¢S, v with ~ > 0 fixed 

for all r, then for l ~ i _ _ ~ n + l  

where M~ are independent  of r but  for n ~ 3 depend on a, 

PROOF. (A modification by I. I. HIRSCHMA~ of the original proof). - It  

is enough to prove that both 

and 

(b) 

are satisfied. We  shall prove (a) by induction on n. It is well known (see 

[5] and [7]) that (a) is valid for n-----0, 1. Assume (a) is valid for n - - 1 .  The 

definition and simple propert ies  of ~,v,,.~ imply 

1 
, , , , , 

Hence by Theorems 3.1 and 3.4 and using ,~(0 ~ : ¢ S ~  for i ~ n - - 2 ,  we 

obtain 

or ~,v, ~-~, 1 - -  ~mr~ ~, ~ --~ p',~-,v'¢~/2. The induction hypothesis completes the proof 

of (a). The proof of (b) is similar. Q.E.D. 

(~-2) 
T~EORE~ 3 . 6 . -  Suppose for some n ~ 0  S~ ~ a S ~  with a > 0 fixed 

for all r, then 

t ( ' )  

where C~ are independent  of r but  for n ~ 3  depend on a. 

PROOF. - For  / - - - 0  and i - - n + l  our theorem is reduced to Theorem 

3.4, therefore it is proved in case n - - 0 ,  I. The proof follows by induction. 

Suppose our them:em is valid for l ~  n -  1. The function G(")(t) has no 
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change of sign in {~,~.~_~,~_~, ~ . ~ r , n _ _ l ,  i l .  Hence  

m r,  n - - l ,  i 

~rar, n - - l ,  i ~ l  

Using Theorem 3.5 we get ~,~,,~_~,~--~,~,,~_~,~_~ ~ 2M~_~S~/2. There[ore 
r 

RE~ARK. - In Theorems 3.5 and 3.6 and Corollary 3.4 we do not require  

anything in case n - - 0 ,  1, 2. 

As was shown in Lemma 2.4 the assumption S ° ) > a S , ~  ~ > 0 fixed for 

all m implies the assumptions of these theorems. 

S (~) "> :¢S T~EOrmM 3 . 7 . -  Suppose for some n ,~ ~__ ,~ o:> 0 fixed for all r 

and b,~ = 0{S~/~)(r--,-c~) then 

co 

8112 f 
- -30  

where M(n, a) is independent of r. 

PROOF.- Let { ~.=.o,~+~ l < _ _ i < u + 4 }  = { ~ o . = , ~ l < i < u +  1}<0 {0, --oo, co} 
where {. , .=.~{., .~,~+, {the equali ty sign may occur only once if 0--{.,.~,~ for 

some i). In each interval {{~.~,~, {.>=,~+~) {possibly a point) G(=+~){/)t~ has no 

changes of sign. 

I=.--- S ~/~ I .*. ( ) I dl G(~+I)(t} t=dt 
mr ~ m r  i = l  

Since ~,> ,, 1 - " - -  (:X3 and ~'~r ... .  + 4 - - c ~ ,  integrating by parts we obtain 

I,,r ~ 2,q 1/2 ~+3 
r, ~ i ~,,o,~ : i G (~'~.,::~ .... .~, I ~. . '~ 

""mr i ~ 2  I ~ 0  

Since {~r,,,,~ 2 ~ i ~ n ~ q - 3 } = { ~ r , ~ , *  l ~ i ~ n q - i } U { 0 }  we can com- 

plete the proof of this lemma using Theorem 3.1 and 3.5. Q.E.D. 
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T~EORE~a 3.8. - Suppose  for  some n S(~:-~)~ aS% 
1/2 

and b=~ = 0(8~ ) (s ~ ~ ) ,  then  

- - 0 0  

wh ere  M(n, o~) is i n d e p e n d e n t  of r. 

PROOF. - S imi l a r  to that  of T h e o r e m  3.7. 

> 0  f ixed  for  all  r 

Q.E.D. 

(4.1) 

(a) 

4. - P r o p e r t i e s  o f  G(~')(t) ( c o n t i n u e d ) .  

The  momen t s  of G,(t} are  ~t~(m) = b,~ [7 ; pp. 55-56] and  t~dm) are  de f ined  by 

0O 

~,(m) = ( t - -  b.~) G,(t)d. 
- - 0 0  

THEOREM 4.1. - F o r  8 > 0 and m --- 1, 2 .. . .  we have  

b m - - ~  

- - D D  

cx) 

1 
f G~(t)dt ~ ~ ~t2~(m}. 

PROOF. - To p rove  (a) we wri te  

- - m  - - m  lfl>_~ - - o o  

1 
= 

The  proof  of (b) is s imilar .  Q.E.D. 

COROLLARY 4.1. - F o r  each  8 > 0 we have  

(a) 4 ~ n  

G~(b,~ - 28) < ~ ~2~(m), (b) 
- - n  
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Recal l  that  E~(s) [7; p. 125] is 

(4.2) ~ ( s l = ¢ ~  ~ H 1 - i t ~ ' / o ~  
~=~+1 ak] 

where  b,~ = o(1) ( m - *  co). 

THEOREM 4.2. - Le t  F~(s )=  E~(s) -~ .  e~.~ ~ then 

(4.3) lx~(m) = (- -  1)~F(~)(0). 

PROO~ ~. - The proof  fol lows immed ia t e ly  from 

(4.4) 

(x) 

P~bms f F,~(s) - -  E,~(s) -  e-"G,~(t + b,~)dt. 
- - 5 0  

TREOREM 4.3. - Fo r  n ~ 2 and m - =  1, 2, ... there  exis ts  a cons tant  K(n) 

such that 

14.5) i ~n(m) i ~ K(n)S:/2. 

PROOF. - By  d i f fe ren t ia t ion  ( F : ( s ) / l ~ ( s } ) - ~ -  
for n > i we obta in  

Z ), the re fore  

(4.6} 
F,~ 8 ("--D ()  .8o/2. 

We shall  prove by induc t ion  that  

(4.7~ l l/2 
] (F~(s)- ~=o I --< KI(I~S2. 

For  1 - - 0  aad 1 - - 1  (4.7} is trivial.  Assume  (4.7) is val id  for  l ~ k  then 

by LEIBNITZ fo rmula  

F,~(s)] j=o \ j  \F,~(s)} \F,~(s)] " 

Using  (4.6}, F~ ' (0)= 0 and the induc t ion  hypothes is ,  (4.7) is proved.  

Now we prove  (4.5) by induct ion.  For  n ~ 2 it is val id  s ince ~2(m)-- q 

Assume  (4.5) for  all n < k. By  LEIBNITZ fo rmula  
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Tak ing  absolute  values  and us ing (4.7) and the induc t ion  hypothes i s  we 

obtain (4.5) for n = k. Q.E.D. 

THEOREI~I 4.4. - For  t ~ 0 and for any  k 

(4.8) G~(t) = o(S~} (m ~ ~ ) .  

P R o o F . -  Suppose / > 0 ,  then since ~ , ~ - - o ( 1 ) m ~ o o  for m > m o  t/2>~,~. 
Due to the monotonic  charac te r  of G,~(t) for t > ~,~, Theorem 4.3 and  Corol lary  

4.1, we complete  the proof. The case t > 0 is s imilar .  Q.E.D. 

T~EOREM 4.5. - If  for some n s~(n-2)~ ~S,~ a > 0 a f ixed for all r, then  

for  t ~ 0  and any  k 

(4.9) (") 

PuooF.  - The proof follows by induct ion.  For  n = 0 it is Theorem 4.4. 

Le t  us a s sume  (4.9) is valid for l - - 0 ,  1,...~ n - -  1. I t  is known by theo. 

rem 3.5 that  ]~,~. , .~--b~l  ~ M~SI[~ and since b,,~= o(1) r ~ c x D  and S , ~ =  

('°) = o(1) r ~  c~ G~){t) is increas ing  or decreas ing  in ~-, ~ when  n is odd or 

even respect ively  and  is increas ing  in ( - - c~ ,  ~ / 0 / 2 )  for any  posit ive to. 

There fore  for r > ro we have  

and hence  

--ton --~o[2 

o ~r - - t o ) < .  ~ .  = ~ r  ~ /o/21 

(1) - ~  a ( . _ t ) t _  to~2) = o(~) G~:)I-- :o) <_ ~ to ~.,, , r ~ o o .  

The case t > 0 is s imilar .  Q,E.D. 

RE~AI~K. - One can easi ly see that  in case n = 0 ,  1 or 2 we do not 

make  any  as sumpt ion  on the special  subsequenee  or on the order  of the a~s. 

THEOREh[ 4.6. - Suppose for sore .  n {ak} satisfies B ( n - - 2 ,  {mr}) as 

def ined in sect ion 2. Then  for t ~ 0 and  0<__p_<_ n and for a n y  q > 0 

(4. lo~ G(:,){O = o (SL)  r - -  ~ .  

P a o o s .  - Using the inequa l i ty  (2.13} and a r emark  af ter  it we see that  

whenever  t ak} sat isf ies  B ( n - - 2 ,  tmr}} there  exist  l >  0 and  K > 0 such that  
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for 0~.~p ~ _ ~ n -  2 (no conclusion in case n - - 0 ,  1, 2), 

(4.11) - -  - -  ~ S  (P-1)~/  < K. {m in (max ]akz ]  ]1 < i < p  k, <k2  < ... < k A }  ' ,  ,,,, , 
k~>m r 

09 
Let us define now a,~+,], a,~+ 9 E{a,. },~+~, 

(4.12) la,~r+~j! - -  {min lak l !  k > m~ k ~ m~-k r~ 0 < i < j }  

and if there are some r i with the above properties, we take the smallest  one. 

Let us also define G~,j(t) by 

(4.13) ~o (1 D ) Gm,{t)------ G~,i(t), G~,(t) ~ G,~,,o(t). 
{ _  arn--~r i 

G,~.j(t) are subsequence of Gdt} with some rearrangement  of the sequence 

{ak}. S(~ ) is the second moment of G~,j(t }. By Theorem 4.5 for n - - -0 ,  1, 2 

we have G (~) ~b _~o(j),~ ~.j~ , "- o(,);#~ r ~ c~ for all l > 0 t :4:0 (see Remark  after Theo- 

rem 4.5). 

We shall prove our theorem by induction beginning with n-----2. For  

n - -  2 G (~) .~b ,~e(J)Lq r --.- c~, for all ~ > 0 and t ~ 0. mr,.l~ J ~ .JU,..,mr , 

Assume for some integer s 0 < s < n  

(4.14) (~) U) q G~,j ( t ) - 'o(S ,~)  r ~  for all q > 0 ,  t : ~ 0  and 0 ~ j ~ n - - s - - l .  

By definition we have for j > 0 

and therefore 

G~ j(t) = ( t  - ( a ~ + . ) - ' D ) G . ~ , j _ , ( t )  

(4.15) G (~+t) ~t ~ (q G cs) .~tt = e ~ r , _ , ( t )  - }. 

Since R (i) .~(j-1) -,~T < -,~ and since (4.10) implies [a,~+~il ~L¢(J-~¥ < p  k we obtain 

G(~+ 1) ^~ ~(y-lhq ,~ , ] -~=~ 'w~ t r - ~ c ¢  for all q > 0 ,  t : # :0  and 0 ~ ] ~ n - - s - - 1  

which concludes our proof. Q.E.D. 

R E M A R K .  - Assumption (2.13) and its consequence (4.11} are quite com- 

plicated, but  when ]a~] ~1 ak+ll for all k, it is enough to assume (rain lak I)(S,~)~<K 

for all m which is a simpler but  stronger assumption (see Lemma 2.8). Still 
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another assumption which implies (2.13) for all n even without ordering is 

Z lakl-~ < oc for some ~ < 2 (see Lemma 2.10). 

REZ~AI~X. - There is some overlapping between the Theorems 4.5 and 4.6. 

T]~EOR]~ 4.7. - Suppose  G(t) to be de/ined by (1.2)and E(s)--E~(s).  E2(s) 
where E(s}, E~(s) and E2(s) satisfy (1.3). Le~ H~(t) be related to E~(s) by 

--~,')0 

i - - l ,  2. 

Assume Hi(t)E C~(--~<), ~ )  and H~(t)E C(--c~, c~). Then for each real a 

the function G(t}--aH(~)(t)has at most 21n---~22 / changes of sign. 
i - - j  

PROOF. - Define W~.(y) by W,~(y) --  (1 - -  y2)~ for [Yl < 1 and ~,~(y)-- 0 for 

[ y t ~  1. For  n < m /I~)(y) is continuous and has exactly n changes of sign. 

For  all g(t)E C~( - c~, c,o) n < m we have 

f 1 d" (tI;m (t))  (4.16) lim g(x -- t) • dt -- g(~)(x) 
at k 

- -  a , o  

1 

where Q,~-- ] ( i -  y2)~dy. By (4.16) we have 
- - 1  

o o  

hQ~ dt ~ ~ du. 

Since H~ft ) is variat ion diminishing, it is enough to show that H2(u)-- 

hQ~dt ~ 7,~ h has at most 2 changes of sign for 0 < h < h o ( a ) .  

This follows from the continuity and boundedness  of the derivative of 

H2(t} except for a possible discontinuity of H'2{t) at one point lbut there the 

left and right derivatives are bounded) and simple propert ies  of hQ~dt--- ~ IIJ,~ . 

Q.E.D. 

o o  

5. - On the convergence of  / G(~n)(u- Oec'da(t}. 
- - o o  

In this section we shall bring some theorems on convergence of ] G~){u ~ 

--t}e~'do:{t) related to same theorems for n - - 0 .  In fact, one can use a direct 

Annali di Matematica 3~ 



282 Z. DITZIAN - A. JAKIMOVSKI:  Inversion and jump formulae, etc. 

me,hod  involv ing  the asymptot ic  expans ion  of G(~)(t) but  we shal l  prove them 

us ing  the theorems for n = 0 proved in [7; pp. t27-137]. 

L]~M~A 5.1. - I f  

(1) G(t) E class I, G(t) is non- f in i t e ,  

12) ~(t)E B.V . (a ,  b) in any  f ini te  in te rva l  [a, b], 

¢)O 

(3) f(x)= / G(x- t)e~'d~(t) converges, 

t hen  
oo 

- - 2 ¢  

the in tegra l  converging  un i fo rmly  for m in any  f ini te  interval .  

PROOF. - The  case c - -  n - -  0 is Theorem 5.1.a [7 ; p. 127]. The case n - -  0 

c ~ 0 is not d i f fe ren t  and we shal l  re fer  to it as proved in the  above men- 

t ioned theorem. There  are constants  a*, ..., a~' such  tha t  

{5.1) D~P,,(D) - -  Z ~*P=+jID)exp  b,~+j --  b , ~ -  Z a 7  ~ D • 
• ] = 0  r = m ~ - I  

Since our  l emma  is valid for n = 0 for all m we obta in  

DnP~(D)f (x)  = Z * ~ - -  _ = ~j P,~+j D) exp b~+j b,~, Z a; -~ D f (x)  
j = O  r ~ m - - ~ l  

= ~ ~* o.~+j x - t + b~+j - b~ - -  ~, a ; - q  e~'d~(0. 
1=0 r=,,~+l / 

By Theorem 5.1.a of [7; p. 127] these in tegra ls  are  un i fo rmly  convergent  

in any  f ini te  in te rva l  and  the sum is equal  to f G~°(x ~ t)ec~d~(t). Q.E.D. 

LEMMA 5.2. - I f  

(1) G(t) E class II ,  

(2) :~(t) E B .V . (a ,  b) - -  oc  < a < b < ~ ,  

(3) f ( x ) =  f G ( x -  t)ec'd~(t) converges for x > 7c, then  
- - o o  

D'P, ,{D}f lx)  - -  f e(~)(x - -  t)ec~d~(t), 
- - o o  
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the integral  converges uniformly in any finite interval 

PrtooF. - Similar  to the proof of Lemma 5.1, but using Theorem 5.2.a 

[7; p. 129] instead of Theorem 5.1.a of [7; p. 127]. we get Lemma 5.2. Q.E.D. 

LEMMA 5.3. - If 

(1) G(t)E class I I I  and G(t) is non-finite,  

(2) :¢(l) E B. V.(a, b) T < a < b < ~ ,  

(3) f(x) = 
- - o o  

G(x - -  t)e~'d~(t) converges for x > T -t- b --~ E a7 "~, then 
r.~--1 

o o  

D,P~(D)f(x) - - ~  G(~)( x ~ t)e~,da(t) 
tJ 

and the integral  converges uniformly for w E [x~, x2] T ~ b,~ + Z a7 -~ < a~ ~ 

PaooF. - Similar  to the proof of Lemma 5.1, but using Theorem 5.3.a 

of [7; p. 132] instead of Theorem 5.1.a of [7; p. 127], we complete the proof 

of Lemma 5.3. Q.E.D. 

LEMMA 5.4. - Suppose 

(1) G(t) E class I and G(t) is non-finite,  

(2) ~(t) E B.V.(a, b) ~ c~ < a < b < ~ ,  

Oo 

(3) f ( x ) -  ] G ( x -  t)ec'dcc(t) converges, 

then for m sufficiently large:  

A) ~1 < c < a2 (a~ --  max [-- ~ ,  ak] a2 --" rain [c% ak]) implies that 
ak<O ak<O 

fe-°~D°Po(D)f(~)d~ = ~(V(:)(~2--t)~-°(~°-%(t'dt--f O~°)(~--t,e-°(~,-')~(tlat ; 

B} c ~> a2 implies that ~(+ c~) exists and that 

o o  

f = f -- 
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C) e ~ a~ implies that :¢(--oo) exists and that 

x~ t~O 

D. we have for - -  c~ < c < cx~ 

e - * ' D " P = ( D ) f ( x )  f ( ( ' + ~ )  = - -  G,~ (~ - t) - -  cG~")~x ..... t) } e-*(~-')o:(l)dt. 

PROOF. - Using equation (5.1) for D"P,~(D) and the ~] defined there 

I. ( r,o j a:_l, 
(5.2) e - ~ D " P , ~ ( D ) f ( x )  - -  Z_o a* G~+i x, - -  t + b,,+j - -  b~ - -  ) e-°(~-')a(t)[ - -  

j =.~+1 / / - -~  

1=o ,-=.-.,+1 / 
~ : x ~  

O0 GO 

tho integrals converging uniformly in any finite interval. This concludes tile 

proof of D. 

By (5.2) we have 

(5.3) e-"~D"P,o(D) f (x)  = _ 
o o  

- -  Z ~* O,~+j x - -  t + b~+j - -  b,, - -  Z aT" ) e -c(~-')  ~(t)dt .  
j=o r=.,,+l I 

- - 0 0  

Treat ing each integral in the sum on the right hand by the method of 

Theorem 6.1.a [7; pp. pp. 132-134] and applying (5.1) again to G(t) we obtain, 

since an integral and finite sum are interchangeable,  results  A, B and C of 

this lemma. Q.E.D. 

L ~ , ~ A  5.5. - Suppose 

(1) G(t) E class II, 

(2) a(t) E B .  V.(a, b) - -  o o  < a < b < 0 %  



Z. DITZIAN - A. J A K I M O V S K I :  Inversion and jump Jormulae, etc. 285 

oo 

(3) f ( x ) - -  f G ( x -  tW~d~(l) converges for ~v > y~, 
--O5) 

then conclusions A, B and D of Lemma 5.4 are valid for m sufficiently 

large. 

PROOF. - Similar to that of Lemma 5.4 but  using Lemma 5.2 and Theo- 

rem 6.2.a of [7; p. 136] instead of Lemma 5.1 and Theorem 6.1.a of [7; p. 132]. 

L E ~ I A  5.6. - Suppose 

(1) G(t) E class III ,  G(I) is non-finite,  

(2} ~(t) E B. V.(a, b) T < a < b < cx~, 

c o  
- - I  

(3) f(x) --  f G(x~ - -  t)e~da(t) converges for x > T -4- b "4- Z a~ . 
- -OO k ~ l  

Then for x, x~ and x2 > T and m sufficiently large conclusion A, B and 

D of Lemma 5.4 are valid. 

PROOF. - Similar to that of Lemma 5.4 but using Theorem 6.3.a of [7; 

p. 137] instead of Theorem 6.1.a of [7; p. 132]. Q.E.D. 

PART ]3 

I n v e r s i o n  a n d  j u m p  f o r m u l a e  

6. - General inversion formulae.  

In  this section we shall obtain inversion formulae for the cases where 

t ak } satisfies either B(n - -  2, I mr } ) or _m r,~(~-2) > ~S,~ z¢ > 0 independent  of r ;  

both are satisfied by any subsequence mr automatical ly for n -  0, 1 and 2. 
c o  

Whenever  E l a k l - ~ < c ~  for some ~ 0 < ~  < 2  Ink} satisfies B(n) (that is 

B(n, {mr})for  every {mr}) for all n by Lemma 2.10. 
c o  

In case E lak]-~ -- c~ for sume ~, 0 < ~ < 2 and la~l ~ tak+~l, by Lemmas 

2.5 and 2.6, there exists a subsequence  {m~t of Ira} such that S(,~)~a,S,~r for 

all n. Therefore  the above mentioned conditions do not restr ict  the kernels. 

We shall bring the inversion theorems for (1.1) for three classes I, II, I I I  

and prove them together, 
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THEORE~ 6.1. - Suppose  

(1) G(t) E class I and G(t} is non-f in i te ,  

(2) ~(t) EL~(a, b) - - c , c < a < b < ~ ,  

13) f ( x ) -  / G(x-- t )~( t )dt  converges,  

(4} for some real  x and some n ~ 0  there  exists  a 8 > 0  such that  

~(~)(t) exist  a.e. in ( x - - 8 ,  x @ ~) and  for n > 0 we assume that  ~(~-~)(/) is 

absolute ly  cont inuous  ; 

(5) e i ther  [ak} sat isfy B ( n - - 2 ,  {m~}} or , ~ ( ~ - 2 ) ~ S ~  z > 0 for u men- 

t ioned in (4) (no assumpt ion  in case n = 0, 1 or 2). 

T h e n  

(a) if ~(')(0 is cont inuous  at t = x, then  

l im D'P~,(D)f(x) - -  ~(,o(x) ; 
r " -+GO 

(b) if both ,~(,o(~c ---+- 0) exist  (defined by (1.6)) ¢~(~)(x + 0 }  = ~('o(x - -  0) and 
U2 b,., = 0(S,~ ), then  

lira D~P~(D)f(x) = ~(~)(x W O) 
r . . - )  o o  

(=  r('~(x - -  0~) ; 

(c) if S 1/2 ,~ = o(b, 0 ( r ~ c ~ )  b,~ r > 0 for r~_~ro ~(~)(x--) exists and  one of 

the fol lowing two assumpt ions  is sa t is f ied:  

(I) ¢~(~)(/) is bounded  in (x, x @ ~) for some 81, 0 < 8~ < 8, 

i -  1 
(II) S~ ~- -  o(b~) (r--*-c~) for some y, 0 < ¥ < 2 ,  

then  

l im D~P~,~(D)f(x,) = ~ ( ~ ) ( w  - ); 

I (d) if ,@2 = o(ib~ ,f) (r ~ )  b~ < 0 for r ~ r o  ~(~)(x + )  exists  and one 
~ r n  r 

of the fol lowing two assumpt ions  is sat isf ied:  

{I) ~(")(/) is bounded  in (~v --  81, x) for some 81, 0 < 81 < ~, 

~-- 1 
(II) S~ r v =  o(b~) (r ~ )  for some % 0 < T < 2 ,  

then  

lim D~P,,~(D}f(~} - -  ~(')($ d-). 
r.--~ o o  
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RE3~ARK. - Conclus ions  (a) and (b) for n ~ 0 are  the wel l  k n o w n  resu l t s  

of I. I. ttI~S0~MA:~ and D. V. WIDDER (see Theo rem 5.1.b [7; p. 128] and 

Theo rem 7.1.a [7; p. 139]L 

THEORE~ 6.2 - Suppose  

~l) G(t) E class II ,  

(2) a s sumpt ions  (2), (4), and ~5) of Theorem 6.1 are satisfied, 

o o  

(3) f(x) "-  / G(x - -  t)~(t)dt converges  for  x > y~. 

Then  conc lus ions  (a), (b), {c) and (d) of Theo rem 2.1 are valid.  

THEOREM 6.3. - Suppose  

(i) Glt) E class I I I  and G(t) is non-f in i te ,  

(2) ~(t) E L~(a, b) T < a < b < c,z, 

(3) f ix)  =- ~ G(x - -  t)?(l)dt converges  for x > T + b + Z aT ~, 
- - v o  k ~ l  

(4) a s sumpt ion  (4) of T h e o r e m  6.1 is sa t i s f ied  for some real  ~ > T. 

Then  conc lus ions  (a), (b), (c) and (d) of Theorem 6.1 are val id  (for x 

sa t i s fy ing  (4)). 

REd, AUK. - Conclus ions  (a) of T h e o r e m s  6.2 ~nd 6.3 for the case  n - - 0  

are Theorem 5.2.b [7; p. 131] and Theorem 5 3 . b  [7; p. 132] Conclus ions  (b) 

of Theorems  6.2 and 6.3 for the case n----0 are in Theorem 7.1.a [7; p. 139]. 

W e  shall  ob ta in  now some l emmas  that  will  be  used  in the  proof  of 

T h e o r e m s  6.1, 6.2 and 6.3 as wel l  as in the theorems  of the fo l lowing sect ions.  

LEMMA 6A Suppose  {a~} sat isf ies  ~(,-2) - ~,~ ~ ~S,~ ~ > 0 independen t  of r 

and G(t) be longs  e i ther  to class I and is non- f in i t e  or to class II,  then to 

every  real  to and each ~ > 0 co r responds  a ro ro ~ ro(~, /o} > 0 such  that  for  

each r > r o  G( t+to ) - -aG(" ) ( t )  has at most  one change  of sign in ( - - c %  - - 5 )  

and at most  one change  of s ign in (3~ co). 

P R O O F .  - Let  ~ > 0 be g iven;  by Theorem 3.5 there  exis ts  a ro such that  

(6.1) ~ " r . ' , l ~ - - ~  for  r ~ r o .  

S ince  ~'~ : o ( 1 )  m ~  we have for C, of Theo rem 3.6 

(6.2) C.S,.r 2 ~ max I G~")~{t}l for  r ~ r o .  
t 
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Suppose first that a ~ 1, For all G(t) E class I and m ~ m l  we have (see 

[7; pp. 108-110]) 

lim G('~)(t) --  O. 
,~+_~ e(t + to) 

By Theorem 4.7 the functions G( t+ to ) - -aG~: ) ( t ) have  at most 2 [ ~ - - ~ t  
L J 

changes of sign. Theorem 3.6 and inequali ty (6.2) imply that for r~r~  G(t+to)-- 

aG(~")(t) has at least, and therefore exactly, 2 [ ~  t changes of sign and 

has only one on the left of ~ , , , 1 .  This implies that (in case a ~  1 and 

G(t) E class I) for r ~ r~ G ( t - } - l o ) -  aG(~)(t) has at most one change of sign in 

( - -oo,  ~ $). If G(t)E class II, then by [7; pp. 108-110] we obtain for m ~ m 2  

lim G(t -+- to) --  O, therefore G(t + to) - -  aG(~l(t) has at least 2 - -  1 chan- 
t--> - - O ~  

ges of sign for m ~ m ~ .  By Theorem 4.7 and by the continuity of the fun- 

ction G(t ~ to) -.aG(n)(t) there is for r ~  r2 where r2 ~ r ~  only one change of 

sigll to the left of ~,,~,~,~; that is: there is at most one change of sign in 

( - - 0 % - - ~ ) .  This proves our Lemma for a ~  1 and (--cx~,--~). By Theorems 

4.6 and 6.1 G(~")(t) is monotonic in (--c,% --~)  and there is a constant r3 > 0 

such that for r ~_~ r3 G(~)( - ~) < G(-- ~ + to). Since e(t -}- to) - -  e(')flt) has no 

changes of sign in (-- 0% - -  ~) for r ~ r 3 ,  G(t + to)-- aG(~(t) for a ~  1 will 

also have none. Choosing ro = max (r~, r2, r3) completes our proof for (--cx~, 

--~).  The case of (8, c~) is similar. Q.E.D. 

LEMMA 6.5. - Suppose G(t) Eclass I or class I I  and {ak} satisfies S~(~-2)~ 

aS~ a > 0, then for each ~ > 0 and every real to corresponds a ro = ro(~, to) 

such that for r ~ r o  G!:~(t)/G(t .+- to) is monotonic in (-- cxD, - -  ~) and in (~, ~ ) .  

PROOF. - Suppose h(t~ = G~)(t)/Git-~ to)is not monotonic in (--c~,  --~) (for 

example). Then there are three points t~ < t~ < t~ < - - ~  such that, h(t~), h(t~)< 
1 

< h(t2) (or h(t,), h(t3) > h(t2)). Choosing h(t~), h(t3) < ~ < h(/3) we see that G(t + to) - -  
--aG(~)(t) has at least two changes of sign. 

This, for r ~ r o  contradicts Lemma 6.4. 

LEI~I~A 6.6. - Suppose: 

(1) G(t)~ class I and is non finite or G(t)~ class II. 

(2) ~(t)~ L(a, b) for o~ < a < b < o~. 

(3) f ( x ) -  / G ( x -  t)¢¢(t)dt converges for s o m e  x .  

(4) S(~-~)~ ~S,~ *¢ > 0 independent  of r. 
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Then for all x - - ~ < w < ~ ,  ~ > 0  and l > 0 .  

(6.3) 

and 

(6.4) 

o o  

f G(~=)(x - -  t)~(t)dt - -  o(S~) 

f e!:](x - t)v(t)dt = o(S£~) 

PROOF. - By Lemma 6.5 and BONNET'S theorem for integrals 

L~ 
x ~  x ~ 8  

Since for G(t) E class I or II  we have G(t)> 0 and taking 'x~ for which 

OC - -  8 /  [ G(xl t)~(t)dt converges we obtain by Theorem 4,5 I ~ - - o ( , ~ )  for any I. 
~ o o  

The proof of (6.3) is similar. Q.E.D. 

LEM~A 6.7. - Let  assumptions (1), {2) and (3) of Lemma 6.6 be satisfied 

and for some n {ak} satisfy B ( n - - 2 ,  {ak}) then for this n (6.3) and (6.4) are 

valid for all l > 0 ,  ~ > 0  and - - c ~ < w < ~ .  

PROO~, - By lemma 6.6 our Lemma is valid for n = 0, 1, 2. We recall  

the notation of a~+~j and G,~.j(t) defined in (4.11) and (4.12) in the proof of 

Theorem 4.6. Using Lemma 6.6 and since G~r.j{t ) are a subsequence of G,~(t) 
with rearranged {a~} we have for all ~ > 0 ,  l > 0 ,  - - o c < w < o %  j ~ 0  and 

n - - O ,  1 or 2 

oo 

f G~ ), t)c~(t)dt - -  - 'S  (i)~' j(x 

Assume for some integer s, 0 < s < n, 

O ~ j ~ n - - s - -  1 

~ > 0 ,  l > O ,  - - c , o < ~ < ~  and 

oo 

f _~ c,(i), (r --,- c<)) (6.5) O,~,j( - -  t)~(t)dt = uto~ ~ 

now we use {4.14) ~(s+l) ~n { (r) (~) G,~,]_l(t) and in method simi- ~ . j _ ~ p  --  a~+~j - G~,j(t) } a 
lar  to that of Theorem 4.6 comp:ete the proof of (6.3). The proof of (6.4) is 

similar. Q.ED. 

AnnaIi di Matematica 3T 
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LE)aMA 6.8. - Suppose: 

(1) G(t)E class I I I  and G(t) is non finite. 

(2) ~(t) e L~(a, b) T < a < b < c~. 

(3) f(x) - -  f G ( x  - -  t)~(t)dt converges for ~c > T + b + Z a~ 1. 
- - o o  k~,.-~- 1 

Then for x >  T f o r  all l > 0  

(6.6) 

and 

(6.7) 

f G ~ ( ~ - -  t)~(t)dt - -  0 for 

f G(~)(x - -  t)~(t)dt - -  o(S~) 

- -oo  

~ >  me 

PROOF. - Equation (6.6) is obvious since G,~(t) = 0 for - -  c~ < t < b,~ + 

+ Z ak-~ [7; p. 114] and b,~+ ~ a~ "1-=o(1) m ~ .  
k~-~m-~-I k ~ m ~ - I  

--1 
By Lemma 2.10 our Iak} which satisfy Zak < ~  satisfy B(n) for all n. 

The proof of (6.7) follows by induction. The case n - - 0  is for all l >  0, 8> 0 

and x > T 
x- -~"  

f G,~,](x - -  t)c~(t)dt - -  o(S(J)) z m ~ c,o 

can be proved by 

of G ~ , j ( x - -  l)/G(xl - -  l) in (-- ~ ,  ~c-- 8) for m > me is a 

of Theorem 6.t.b. of [7 p. 95]. 

Assume for -n  = no - -  1 ~ 0 

f if0-1) e~,j ( x -  t)~(t)dt ~- o(S(j)) ~ m ~ c,o 

we complete the proof using equation (4.14) S~ (j} < S (j-l) and (2.13). 

the method of Lemma 6,6, since the monotonic character  

simple consequence 

Q.E.D. 

PROOF OF TttEORE~S 6.1, 6.2 A~D 6.3. - By Lemmas 5.1, 5.2 and 5.3 we 

have for Theorems 6.1, 6.2 and 6.3 respectively 

(6.8) = Lr,  l + I r, 2 + I r,3" 

IFor the proof of Theorem 6.3 {mr} -- {m} and x > T). 
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W e  obtain,  by L e m m a s  6.6 and 6.7 for all  N > 0 ,  --oo<x<oo and  

1 > 0 (in case  G(t) be longs  to class I or II)  

(6.9) Imr, 1 ---  o(SImr) r - - . ~ c ~  ]'mr, 3 - "  (Sitar) r - . ~ c ~ ,  

Using  L e m m a  6.8 for  G(t)E class I I I  (for Theo rem 6.3) we obta in  for  

x > T ,  ~q>O, / > 0  

(6.10) /~.~ = o(S*,,) r - - o o  /~.z = 0  for  m~> too. 

In t eg ra t ing  by parts,  a s suming  ~ < 8 (8 def ined  in the Theorems)  we have  

~+~ 

n - - 1  ~(n--k--Di 
+ Y~ { G(;--k--~)(~}'~(k)(X - -  ~} - -  ~ , - -  ~}~(k)( x + *l)1. 

k---O 

Using  T h e o r e m s  4.5 and 4.6 we obtain,  s ince ¢~(k)(0¢-+-7) for k < n are 

bounded ,  

r ~ c x ~ .  

I t  is enough  now for the ca lcu la t ion  of D~P~r(D}f(x) to eva lua te  I,~r in 

cases  (a), (b), (c) and (d). The es t imat ions  are the Same for c lasses  I, 11 and I I I .  

CASE (a). - Fo l lowing  the method  by ItIttaOI~MA~¢ and WIDDER in p rov ing  

T h e o r e m  5.1.b, 5.2.b and 5 3 . b  [7; Ch. VI] we obta in  

[I, v - ~ 0 ¢ ' ) ( x ) l ~ s + o { 1 )  r - - ~ o c  where  s - - s ( ~ ) = o ( 1 )  ~ - - * o + .  

CASE (b). - By  a me thod  s imi la r  to that  used  in the  proof  of T h e o r e m  7.1.a 

of [7; p. 139] we get [L v -  ~(n)(x-- o) I _~ o(1) + sM r - +  c~ where  M is a con- 

s tant  and  s - -  s(~q) - -  o(1) ~q ~ 0 + .  

CASE (c). - S ince  for r > ro b, v > 0 we have  for ~ > 0 and r > ro 

0 0 --bmr 
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f 1 ffG  (t + b  )dt = 
, t]>b m r ~'mr 

-- S ~ / b ~ - -  o(1} r - - ~ - ~ .  

This  impl ies  also l im ffG,~r(z)dz----1. Combining it with L e m m a s  6.6, 6.7 
r ~ > ~  0 

and  6.8 wi th  ~(t)--=l  we get for ~ > 0  l im f G ~ ( z ) d z = l .  
W e  divide now I ~  into two par ts  ~-~ ~ 

~+~ 

. =lf ÷f l G~(x - t)'~(~)(t)dt =--. I,,T(1) 4" I,~(2). 

In  order  to ca lcu la te  Lr(1 ) we choose ~ > 0 so that  ] ¢p t ' ) (x - - z ) -  ¢~(~)(x--}t< ~ 

for 0 < z < ~ and  obtain 

[1. ,(1)-  ¢~(')(x--)1---- f G-r(Z)[~(~)( ~ --z) ...... ~(-)(x --)]dz + o( 
0 

~ ( G~,(z)dz 4" o(1) ~ s 4" o(1) 

9 

r ~ .  

The es t imat ion  of 1,~(2) will be d i f fe ren t  for cases (c, I) and (c; II). 

I n  case (c, I) we have  l~(')(~v-- z) t < M where  - -  ~q ~ z  ~ 0 

0 o 

r ~  ~ .  

To es t imate  1.~(2~ in case (c, II) we reca l l  that  G~r(t ) is monotonic  increa-  

sing in ( - - ~ ,  ~-~r) where  ~.~T is the only  m a x i m u m  of G~T(t }. 

ql/2 (Lemma Since --~r.~1/2 ~ o[bmr) r --~ cx~, b,, r > 0 for r > ro and ] ~.~r-- b.~ t < ~'~.~ 

( l b ) .  4.1 of [7; p. 126t) G~fl) is monotonic  inc reas ing  for r > r ~  in - - c ~ ,  ~ .~ 

In  order  to show that  Lr (2 )=  0(1) r ~ o c  it is enough  to show that  

l im G.~{O) = 0 because  

0 0 
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1 1 

0 - - o o  

f  2kf G~(z -- b~)dz ~ 7~k z~G,~(z + b~)dz 
b% 

1 

Z l ~ -  5m r - - ~  

22~ 2~ S~ 
:~z ~(m~) ~ : ~  • K(2k) .  

Hence  for every k ~  1 

_ ~b ~ + ~  ~S k G,~,(0) < 22k+~K(2k). ~ ,~ )-  ~ . 

Choosing k large enough  we obtMn G~r(0 ) - o ( 1 )  r ~ c ~ .  The proof of 

case (d) is s imi la r  to tha t  of case (c). Q .ED.  

Theorems  6.1, 6.2 and  6.4 are inc luded  in ana logous  invers ion fo rmulae  for 

(6.11) 

c~ 

f(x) = f G(x - -  t)e~d:qt~. 
- - w  

The proofs  of the invers ion fo rmulae  for (6.11) use the l imit  

- - c o  

ca lcula ted  a l ready  while proving Theorems  6.1, 6.2 and 6.3. 

THEOREM 6.9. - Suppose 

(1) G(t)E class I and  is non- f in i t e ,  

(2) ~(t) E B.V.(a,.b) for all  a, b - -  c~ < a < b < c~, 

(3) f(x) = ~ G(x - t)ec'da(t) converges,  

(4) ~(~)(t) exis ts  for some - - ~  < x < c~, n ~ 0  and  ~ > 0 a.e in (a~--~, 

a~ + ~) and in case n >  1 we add the condi t ion  that  a(~-l)(t) is absolu te ly  

con t inuous  there ; 
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(5) for n > 2  ei ther  _~,.~("-2) ~ S ~ ,  ~ > 0 independen t  of r or {ak} sat isfy 

B ( n  - -  2 ,  { ~ $ r } ) j  

(6) ¢d")(/) is cont inuous  at t - - x .  

Then  

A) ~ < c < ~2 and  ~¢(t} sa t i s fy ing (4) and (6) for both x and x~ imply 

x 

lira f e - ~ D ~ P ~ ( D ) f t x ) d x  "(7), = Z cJ ~(~-S)(x)- ~(°-J)(x~}. 
] = o  

B) c ~ a2 implies  that  ~(~)  exists  and 

l i m - -  fe-~"D"P,~,(Dtf(m)dz = ~, ~,(nl ~(--S)(x)- 
,-~- s=o j l  

x 

C. c ~ ~ impl ies  that  a ( - -c~)  exis ts  and  

x 

f l im e-c~D'~P~r(D)f(x)dx = E cS . ~("-])(x) - -  c~(  - ~ ) .  
~-~ j=o \ J ]  

D. For  n ~  1 we have 

REMARK. - The cases n = 0 of A, of B and of C were proved [7, p. 135]. 

In  case n = 1 c - - 0  D yields a genera l iza t ion  of Theorem 5.1.b of [7, 

p. 128]. D wi th  any n ~  1 and c =  0 is a genera l iza t ion  of Theorem 6.1, 

par t  (a), since here  ~(t) does not necessar i ly  exist  in - - ~  < t < c<~ but  only 

in a ne ighborhood of x. 

PROOF. - Using L e m m a  5.4A we obtain 

~ m  r 1~-)1 
e-~D~P~(D)f(x)d~c = e . . . .  ~ ~,t ,2 - t W ~ ( t ) d t  - -  e . . . . .  tW~( t t d t .  

To complete  the proof of A we use Theorem 6.1(a) with ~(t) equal  to 

ect~(t). The assumpt ions  of Theorem 6.1(a) are sat isf ied since whenever  aft) 

has  k der ivat ives  in some in te rva l  so has  ec~a(t) and the same is t rue  about  

con t inu i ty  of the k - t h  der iva t ive  at  a point., 
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Cases B and C are similar but  using B and C of Lemma 5.4 and taking 

e~ ( :¢ (~ ) -  a(t)) and e " ( : q t ) -  ~ ( - - ~ ) )  for ¢~(t) respectively.  

PROOF OF D. - Using Lemma 5.4D we obtain 

7 
e-~D=-lP,~(D)f(x)  = e - ~  ~G(~=)(x - -  tje"a(t)dt + 

- -  ce~ j (~  "~x - -  t } e " ~ l t ) d t .  

Theorem 6.1(a) for n and n - - 1  with ¢~(t} equal to ee':c(t) implies D by 

some simple calculations. Q.E.D. 

Like Theorem 6.9 one can state and prove eleven more theorems which 

are the analogues to Theorems 6.1, 6.2 and 6.3 in each of the four cases (a), 

(b), (c) and (d) (the analogue of 6.1(a) is 6.9}. We  shall not write these theorems 

since both their statements and proofs are easily derived froms Theorems 6.1, 

6.2, 6.3, 6.9 and Lemmas 5.4, 5.5 and 5.6. We want to mention that the ana- 

logues of (c) and (d) are new also in case n = 0. In this case the assumption 

1 
S ~  2-Y = o(bmr) r ~ c ~  for some y 0 < ? < 2 is not necessary since :¢(t) is boun- 

ded in every finite interval (see (c, I) of Theorem 6.1). 

The combination of (e) and (d) for each of Theorems 6.1, 6.2 and 6.3 

whenever  both ¢~(')(x -+-) exist (in this case also S~ 2 - ~ -  o(b,~r) r ~ c < )  is un- 

necessary) form a j u m p  formula .  
By the same method we can obtain a j ump  formula for the convolution 

STIELTJES transform. 

7. - The inversion formula in the ease lira inf (max aT2)S~ - 1 -  O. 
m ~  k>O 

The class of convolution transforms whose related sequence l ak} satisfies 

for some order the assumption 

(7.1j l imin f  -2 -1 (maxak)S,~ --  0 
m->~ k > 0  

is large, since we know by Lemma 2.5 that whenever  Z l a k l - ~ - - c ~  for some 

0 < ~ < 2 and lak+ll ~ iakl (7.1) is satisfied. All the wel l -known examples 

of convolution transforms ((1.1), {1.2) and (1.3) with c = 0) that where given 

by HIRSCI-IMAbT and WIDDEn in their book <,The convolution transform>> [7, 

pp. 65-69] satisfy ~7.1)whenever l a k + l ] ~  [ak[. 
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W e  shall  need some l emmas  on p roper t i e s  of G~(t) when l ak} sat isfy 

17.1) that  wil l  be used  only in this sect ion and in the fo l lowing one. 

W h e n e v e r  (7.1) is satisfied,  there  exists  a subse que nc e  of in tegers  {m~} 

such  that l im(maxa72) ,%~ 1 - -  0. In  the fo l lowing l emma we shall  use the 
r.-¢.~ k > ~  r 

special  s u b s e q u e n c e  {m,}. 

LEM~A 7.1. - If  for some s u b s e q u e n c e  of in tegers  {~n~ } hm ( m a x a k "  -a}~,~-~ = 0  
r-.->oo k ~ , m  r 

~,112 I/2 
and for some real  )., b~--^~..,~ -" o(S~) (r.-~ c~), then we have un i fo rmly  in 

t ( - -  ~<~ < t < c~) 

(7.2) 
d ~ l d ~ 

lira S~  2 ~ G,~(S~2(t -{- ~ ) )  ---- - -  d-~ { e-(~-~)~/2 } 

where  n---: 0, 1, 2 ... and e,~ : o ( 1 ) ( r ~  oo) (~,,~ i ndependen t  of t). 

PnooF .  - Us ing  L e m m a  2.7 we obtain  

(7.3t I ,l = 
k ~ m r ~ - i  

The proof  is now s imilar  to that  of Theorem 7.2a [7, p. 140]. W e  def ine  

_~1,2 ( z ) ,  , <~ t2 ,  F,(z) : exp(b,~S,, z) H 1 _ ~1/2 e x p t z j a k ~  t. 
k~n~.-~l  t ~ . k ~  m / 

In  order  to comple te  the proof  we have  to note  that  

,~1/2, (which we use now in {a} the a s sumpt ion  b, v ~ XS~ 2 ---- o(~, v ~ r --,- c~ 

s tead  of b,~ ~ o(S~/2) m ---* c~) impl ies  lim F~,(z) -" e~e -~t2 un i fo rmly  in [z t ~ R 

- - z  ~ 2 
for  any R > 0 ( instead of lira F~(z)--e  t}; 

m--> oa  

(b) us ing  the method  of proving  Theorem 3.1, ease (A), and by L e m m a  

2.5 we have  for each l and m > me(l) I F~(iy)]~(1-{-K(l)y2l+2) 2 where  K(l) 
is i ndependen t  of m. Q.E D. 

LEMMA 7.2. I f  l im (max --a -1 - ak )S~ = 0 and for some real  ), b,~ 

= o(S:( t then  k> r 

P 

(7.4 i lim~.,~ .] G~r(t)dt -: N(~) 
0 

) , 8 ~ / 2  - -  
r 
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and 

(7.5) 

where 

(7.6) 

0 

~-~lim f G,~fl)dt -- 1 - -  IV(),), 

I() ,)  = i f e_,~]~du" 
V N  

and 

Pi~ooi~. - We have by FA~ou ' s  L e m m a  and L e m m a  7.1 (for n = 0) 

0 0 

0 0 

lim~inf G~(t)dt ~ V--2-~ e-C'-~)~/2dt ----- 1 --  N(),}. 

The equali ty 7 G,~(t}dt--1 for all m completes  the proof. 

T~EOl~]~ 7.3. - Suppose  

(1) G(t) E class I, G(t) is non-f ini te ,  

(2) ~(t) ELl(a, b) for all a, b - - ~ < a < b < ~ ,  

t - - 2 , 8 - - 1  (3) l i m / m a x  ak J ~ --  0, 
r..->~ k > ~ r 

t ,~11~ o(S~)  r ~ (), is real), (4) b ~ - -  - ~  = 

(5) f ( ~ ) =  / G ( x , -  t)r(t)dt converges, 

(6) beth ~(~v±O) exist  or for n > 0 

~(t)  = 

1 b~(t - -  x) ~ -[- o(t - -  x)" 
l-~O ~ .  

~ c~(t - -  x) ~ + o l t  - -  ~)" 

t - - ~  ~c+ 

t ~ a c -  

and for 1 < n v z ' -  b~. 

Then  

(7.7) lira D~'P,,r(D)f(x) : 
r---> ~ 

t lv(x)~(x - o} + (1 - ~vix))~(x + o) 

!v(),)o. + (1 - -  N(1))b. for n > 0 

for 

Q.E.D. 

n = O  

Annali di Matematica 38 
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REMARK- If  instead of assumption (6) we assumed, as in the former 

section, that ~(~)(t) exists, a.e. in some neighborhood of x, ~(~-~)(/)is absolutely 

continuous there and in addition ~(~)(x~±0) exists, we would obtain in (7.7) 

¢~(~)(w- 0) and ~(~)(~-~-0) instead of cn and b~ respectively as a special case 

of our theorem. 

We state the inversion formula for G(t) of classes II  and I l I  and then 

prove them together with that for G(t) of class I. 

TttEOR:EYI 7.4. - If G(O E class I I  and assumptions (2}, (3}, (4}, (5), and (6) 

of Theorem 7.3 are satisfied, then (7.7) is valid. 

TttEORE~ 7.5. - Suppose 

(1) G(t)E class I I I  and is non-finite,  

(2) ~(t)E L~(a, b) for all a, b T ~  a < b ~ ~ ,  

(a) f (x)  = f~ ~ (x  - t)~(t)dt conver~es for ~ > T + b + ~ a7 ~, 
- - ¢ ¢  k ~ t  

(4) assumptions (3), 14) and (6) (for x ~  T) of Theorem 7.3 are satisfied, 

then (7.7) is valid for x ~ T. 

PROOF OF T~EO]aEMS 7.3, 7.4 A~D 7.5. - By Lemmas 6.6, 6.7 and 6.8 

the proof of Theorems 6.1-6.3 and Lemma 2.5 

~+~ 

D~P~(D)f(x) = f G(~)~,~,, -- t)~(l)dt W o(1) r - - - ~  ~ : )  

for all ~ ~ 0. Assume ~ so small that in the case where n ~ 0 

(7.8) 

and 

(7.9~ 
" I _x)~ 

~(t) -- ~, A c,(t ~ ~ ] t -- ~ I o x - - ~ t ~ x .  

Estimates (7.8) and (7.9) and the fact that for 1 ~ n b~--c~ imply 

~+~ 

f G~)(x--t)~(t)dt--N().)cn--(l-- N().))bnl'- 
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~ f n--ll  [ ~(n)__ Cn ~T( )k ,~n V(~(x - -  t) E bdt - -  x)~dt + V,~l~ - -  t) ~ .  (t - -  x)"dt --  
l ~ O  

4 - I J  u ~  -- tj n !  b~(t - - x ) ~ d t -  (1 - -  N(X)lb, 4- 
x 

+ f, 0/I t  - z I ~ dt - -  Z(~, l) + I(r,  2~ + ±(r, 3) 4- I(r,  4). 

x--'t] 

We shall prove I (r ,  j} - -  o(1) r ~ o o  for j -- I, 2, 3 and l I(r,  4Jl < zM. 

The condition lira -2 -~ (max a~ jS~r " - 0  implies, by Lemma 2.4, the existence 
r---~ ~ k > ~  r 

of % > 0 independent  of r such that S ~ ) ~ % S ~  for a I lp ;  therefore, by Theo- 

rem 4.5 we obtain for ~ > 0 and any integers n and l 

(7.10) G ~) -~ o(S~), ~ ,  ~) - -  o(S£ r} r - . - c o .  

Using integration by parts and (7.10) we get 

17.1t) l ( r ,  1) --  o(S~) r --~ c~ 

and for I(r ,  2) 

I(r, ~ = 1  O~(~ - t)~°dt - -  N(X)~° + o(S,o~) 
x--qq 

Combination of Lemmas 6.6 and 6.7 with ~ ( t ) ~  1, and Lemma 7.2 yield 

-fi 

j (7.12) I G,~r(t)dt - -  N(X) -- o(1) r ---.- cx~ 

0 

from which it is easily seen that I(r ,  2 ) -  o(1) r---~c~z. By the same method 

l ( r ,  3j - -o (1)  r ~ .  We  have 

- -  c T , ~ r i x _ t } I l t - - x l ~ d t ~  IG(~)t t ~ 

Theorem 3.8, the assumption of which is satisfied here, implies I I(r ,  4) 1 < 

< eM(n,  ~). This concludes the proof in case n > 0. 
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In  the  case n - - 0  we have  

~+~ 

J(r,  1) + J(r,  2}. 

I t  is enough  to show 

IJ(r, l) - -  N(X)c~(x - -  0~[ < ~M and iJ(r, 2) - -  (1 - -  N(),))¢~(~ + 0) I < sM 

where  M does not depend  on r. 

Le t~us  def ine  ~(u) - -  f [~(x - -  t) - -  ¢~(~ - -  0t]dt and chose ~ so smal l  that  
0 

la(u) l < eu (possible s ince by def in i t ion  ~(u) - -  o(u) u ~ 0 +).  By es t imat ion  

(7.12) and T h e o r e m  3.8 for n - "  1 we have 

~+-~ 
/ i  

I d(r, 1) - -  NO,)~(x - -  0) 1 :~ o(1) + ~ e,~,(t)[c?(z - -  t} - -  ~¢(x - -  O)]dt 
d 

*+~ ~+~ 

x x 

Simi la r ly  we  get I J(r, 2) - -  (1 - -  N(),))~(x + 0) 1 ~ EM which  conc ludes  the 

proof  of these  theorems.  Q.E.D. 

W e  shall  show now by apply ing  Theorem 7.3 in case n - - 0  to the 

S~:IELTZES t rans fo rm that  by order ing  the zeros of E(s) in d i f fe ren t  ways  and 

by  a su i tab le  choice  of the s equence  {bin} we get real  invers ion fo rmulae  

with qui te  d i f fe rent  proper t ies .  

The  S~IELT;IES t rans form F(~) of ~(t t def ined  by F(x)  = ( ~(tj dt where  
J ~,+t 

0 

~(ti E L(~, R~ for any  0 ( ~  < R ( ~ .  By su i tab le  change  of va r i ab les  (see 7, 

p. 68]) the STIELTJES t ransform becomes  a convolu t ion  t ransform with E ( s ) - -  

sin 7:s 

~ 8  

Su p p o se  both ~0(Xo ± 0) exis t  for some Xo > 0. Le t  ), be a real  n u m b e r  r, 

1 in tegers  and ~ ( n ~ l )  a sequence  sa t i s fy ing  e, = o(n-:J 2) ( n - - ~ ) .  By apply ing  

sin ~s 
and by a su i tab le  o rder ing  of the Theo rem 7.3 with n ° = 0  to E ( s ) -  us • 
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zeros of E(s} we obta in  the ope ra to r  

where  b - - 0 ,  
2 ~ 

Now as is easi ly  seen (see also [7, p. 68]) we have  

(--  1 )'~+~+~ 
,~-~ ~ ~ = ~ 0  oxp  (--b,r ,) - -  l im (m + r) I (m + l) ! { x2"~+~+'+~F('~+'+~) (~) ~('~+~) 

= N(xi~(Xo + o) + (1 - N(z)b(Xo - -  o). 

T h e  case ) , - - r - - 0 ,  1 - - - - 2  and  ~,~----0 m ~ l  is g iven  in [10, p. 350]. 

S u p p o s e  both  ~(xo ----- 0) exis t  for some Xo ~ 0. Le t  ~, r be rea l  n u m b e r s .  
s in us 

By a p p l y i n g  T h e o r e m  7.3 as in the f i rs t  e x a m p l e  to E ( s ) -  for ano the r  
~ 8  

su i tab le  o rde r ing  of zeros of E(s) we get the ope ra to r  

P*~ (D) D~f Pt,~+z4;~l+[m+~/;l(D) --  1 "4" 11 ~I - -  , 
~ = l  \ / ~=1 \ 

where  [~] = m a x  { n ] n  ~ ~, n integer}.  Now it is eas i ly  seen tha t  

[ d [~+l ~/Q 
l im Kin, x, ~ [d-~) { 0c['*+z~/~l+['~+~v~]+~ F([~+l~/~l)(s) } . . . .  = 

r n  , , z ,  ~ 

--  - /Y(~?)q~(xo-4-O)  + ( 1 - -  N(~V2~))q~(xo - O) 

( - -  1)t'~+~/;q+~ 
where  k,,,z,~ : [m -~- )~ Vm] ! [m + ~ V m ~  " 

S u p p o s e  bo th  ~ ( x ~ O )  exis t ;  we can  app ly  the same  t heo rem to the  same  

k e r n e l  by a d i f f e ren t  o r d e r i n g  of zeros and  get the  ope ra to r  

P ~ (  ) ~  1.-q- D 

Now it is easi ly  seen  tha t  

( d ) [  r~+[%J+l 1 
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I t  should  be noted  here  that  in the last  example  we get the va lues  of 

~(x) at a lmost  all the points  x > 0 by means  of the va lues  of F(~)(Xo) ( k > 0 ) .  

W e  can obtain  s imi lar  resu l t s  for the genera l ized  STIELTffES t rans form and 

i te ra tes  of the STIELTJES t ransform.  

The invers ion  for  the convolu t ion  ST:[ELTJES t ransform,  which  genera l ize  

T h e o r e m s  7.3, 7.4 and  7.5 and use  them as lemmas,  are  out l ined  in the nex t  

sect ion.  

8. - J u m p  f o r m u l a e  fo r  the  ease l i m i n f  (max -2 -1 ct~ )$2 = 0 .  
m ~  k>m 

In  this sec t ion  we shall  f ind a j u m p  formula  for a r a the r  genera l  class 

of convolu t ion  t r ans fo rms  that  will  conta in  as special  cases  the  k n o w n  j u m p  

fo rmulae  for  the LAPLACE t ransform [10, p. 298j and [2], for the S~rlELTJES 

t r ans fo rm [10, p. 351] and the i t e ra ted  STIEL~ES t rans form [1]. 

W e  shall  der ive  the fo rmula  first  by heur is t ic  cons idera t ions  and then 

prove  it d i rect ly .  

Le t  us recal l  T h e o r e m  7.3 where  for b,~ satisfying'  b~,--)..~1/2~ = o(~'~l/2}(in 

case l i m ( m a x  -2 -~ a~ }32 = 0) and some other  a s sumpt ions  we have  
ra-->~ k > m  

(8.11 lim P~(D)f(x) = N(X)cp(x - -  0) + (1 - -  N0,))?(x + 0). 

~,~1/2 ~ ~/2 
For  {b*} eef ined by b* - -  b,, + (),z-- ) b ~ ,  which impl ies  b*~ --^l~,m = 

- - o ( S  1/~) m ~ 0% using Th eo re m 7.3 again, we have 

(8.2) 
- 0,--X)s~/2 

l i m  e -  " D P d D )  = N ( ~ , I ) ~ ( x  - -  O) + (l - -  N(~q)}~(x -[- 0). 

Combining  (8 1) and (8.2) we obta in  

(8.3} l im 1 m--->~ .N(X) - -  N ( ~ I )  { e - ( ~ t - ) ' )  Slm/2D - -  1 } P g D ) f ( z )  := ¢~(~ + O) - -  ¢p(x - -  O) 

which  is a j u m p  fo rmula ;  (this is a s imple  coro l la ry  of T he o re m 7.3). 

S ince  (S.3) is val id  for  all  )~1 we have  

~p(x + 0) - -  ¢p(x - -  0) = lira lira 1 { e-0,1-),)sfz) ~_,+), ,,_~ ~ N(Xl) - -  NO,) - -  1 } P, , (D)f(x)  

(changing fo rmal ly  the order  of l imits) 

= Iim lim ) , -  ;~1 [___.~1 (e_p,l_x)s~/2v 

- -  V ~ e  ~'~/2 tim 1/2 - $2 DP,~(D)f(z), 
m.-->~ 

- -  1}) PgD)f(~)  
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Thus  fo rmal ly  we obta in  

(s.4) 1/2 
~(Z + 0) ~ ¢~(X - -  0) = V2-~ e ~s/2 lim Sm DPdD)f(x~). 

rn ...¢, ~ 

The fol lowing three  theorems  s ta te  genera l iza t ions  of {8.4) for ke rne l s  of 

c lasses  I, I I  and I I I  and will  be proved  together.  

THEOREM 8.l.  - Suppose  

(1) G(t)~ class  I and G(t) is non- f in i te ,  

~2) ~(t) E L~(a, b) for all  a, b - -  cx~ ~ a < b < co, 

. ~112 1/2 
(3) b,~ - -  z~'£~ = o(S~ ) (r ~ ~x~) 

ak ~S.,~ = O, (4) l i r a (max  -2 -1 
r . ~  k > m  r 

(5) f(z)- ~ G ( x -  t)~(t)dt converges, 

(6) both ~ ( z ± O )  exist,  or for n > 0 

(X is real), 

l n 1 
f o  V~ b,(t - ~)' + o(t - x) o 

~(t) = ~ 1 c~(t - x) ~ + o(t - ~)" 
l , = O  

t ~ x +  

Then  

n- -1  ) 
~3/2 1/2 n + I  

I8.5) l im V ~  e S~, r D Pm~(O)f(x) -- X G(~f°(O)(b, c3 = 
r ---> ~ l ~ 0  

= ~  ~(x-4- O) - -  ~(x - -  O) for n - - O  

b~--v~ for n > O .  

THEOREM 8.2. - I f  GIt)E class I I  and a s sumpt ions  t2), 13), (4), (5) and (6) 

of Theorem 8 1 are  sat isf ied,  then  conc lus ion  (8.5} is valid.  

THEOREM 8.3. - Suppose  

(1) G(t) E class  I I I ,  G(t) 

(2j ~(t)e Ll(a, b) for all 

(3} a s sumpt ions  (31, (4) 

co 

(4) f{x) f G(~c t)~(t)dt converges  for x >  T + b +  E -1 - ' -  ~ a , k  , 

then conc lus ion  (8.5} is val id  for $ > T. 

is non- f in i te ,  

a, b sa t i s fy ing  T < a < b < c~z, 

and (6}, for ~c > T, of T h e o r e m  8.1 are  satisfied,  
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REMARK. - W e  cannot  use our  es t imates  for  the  l imit  of G~(0) in (8.5) 

as given in L e m m a  7.1, s ince (7.2) impl ies  only 

~ % / ~  dt~ (e-°-~)~/~)~=°I < ~(ro) for r > to, 

o r  

~+~ (=+~) 

I G(~)(0)-  K .  S,~ : I < ~(r0)S,~, 2 where  K --  
1 d ~ 

V ~  dt~ (e-('-x)'/~)'=°' 

PRoo~  o~ THEOREMS 8.1, 8.2 A~D 8.3. - By  L e m m a s  6.6, 6.7 and  6.8 and 

the proof  of T h e o r e m s  6.1, 6.2 and 6.3 we have  

oo 

e~:/2S~/2 ( G(~+l)t~c (8.6) V2-~ e~~/28~J~2D'+~P~(D)f(x) - V2-~ ~ j ,~ , - t)~(t)dt - -  

- - ¢ , 0  

• - ~  ~+~  

f } = V2-~ ~ ~,,~ t + + G(~:+~){x - -  t)~(t)dt =-- l(m~, 1) + I{¢m, 2) + I(m~, 3) 

where  l(m~, 1) --  o(S'~) and I(m~, 3) ---- o ( ~ )  

any  ~ > 0. 

I t  is suf f ic ien t  to e s t ima te  

r ~  for any  in teger  l and 

l ~ O  

W e  choose 8 so that  

(8.7) I ~(t) - -  Z ~ b~(t - -  x)~{ ~ ~ It - -  x {" 
lEO • 

and 

(8.8) !~(0-- ~' l c ~ ( t -  ~ ) ~ t ~ I t - ~ l  ° 

for  z < t ~ x q - ~  

for  x - - $ ~ t  < x. 

By [8.7), (8.8) and the t r iangle  inequa l i ty  we obta in  

L = V~  ~.j~s~/~ oE~,=o f b,T! (t - -  **~a(~+'%, .~ , - Oat - -  ~(~-~)'0'~ [ ~ "  ~ '~'l + 

x-b~ 

n--1 f Cl 

x 
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+ 

+ 

+ Z(5). 

x 

x+~ 

\ 2-~ o - = ,  j ~ ]  {t - -  x)~G~+')(x - -  t)dt --}- c, + 

x 

1 ~, :Oc~+~hw - -  t) [ [ x - -  t I" dt  ~-- L(1) + L(2) + L(3) -}- L(41 + 

- - o o  

By T h e o r e m  3.7 we obta in  

(8.9) 
m 

w h e r e  the ex i s tence  of c¢ and the a s sumpt ions  of Theorem 3.7 are  impl ied  

by L e m m a  2.4. In t eg ra t ing  by par ts  and us ing  Theo rem 4.5 for  t = ~ 8 ~ 0 

we obta in  for all 1 > 0 

(8.10) L(1) - -  o(S~,,), L(2) = o(S~r) r --~ ~ .  

F r o m  L e m m a  7.1 we der ive  now 

x 

- -  - -  )s/2 1[2 
(8.11) lim \ / 2~  ox~128~12 ( G' ix - t)dt = - -  lira V2r:e"  S2,r {(L~,(0 ) - G,v(~)) "- - -  1 

m r ~ mr~ 

and  s imi lar ly  we  obta in  

(8.12 t lira V2--~ e~"2.~/2 f  ' -'~r O~,r(x, - -  t)dt ---- 1. 
r--> e~ 

x 

In t eg ra t ing  by par t s  us ing  Theo rem 4.5 and l imits  {8.1i) and {8.12} we 

obta in  for  any  l > 0 

(8.13) L(3) = o(S~,) and L(4) = o(S~) r --~ ~ .  

Combin ing  (8.9), (8.10} and (8.13) we comple te  the proof  for  n > 0. The  
u 

case n - -  0 is s imi la r ly  proved  us ing  the func t ion  :¢(u) --/[¢p(~c-- t ) - -  ¢p(x--O)]dt 
0 

and the me thod  used  in the proof  of T h e o r e m s  7.3, 7.4 and  7.5. Q.E.D. 

Annali di Matemati ta 39 
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Application to the Stieltjes transform. - Using substi tutions of [7, p. 66.68] 

and section 7 for STIELTffES transform 

(8A4) 

~o 

F ( ~ )  = ( ~ ( t )d t ,  

J x + t  
0 

sin us  
namely taking E ( s ) -  us and a 2 ~ - - - k  a2k- t  - - - -  k we obtain by some cat. 

culation in the case where both ¢p(xo-+-0) exist 

(8.i5) l i m V ~ ( m l m  v | -~,\ d-~] x~+*F(~+~)(x) = ~ ( X o + 0 ) - - ~ ( X o - - 0 )  
r - ~  • Ix~x 0 

which is a completely new formula. Similar formulae which give ¢~(x + 0) 

- - ~ ( x -  0t in terms of F(~)(Xo) where Xo is a fixed point can be achieved 

following the method of section 7. 

The inversion and j u m p  formulae for the convolution transforms achieved 

in the theorems of section 7 and this one can be generalized for the ease 

eonvolution S~IEL~ZES transform. 

THEOREM 8,4. - Suppose 

(1) G(I} E class I and is non-finite,  

(2) :¢(t) E B.V.(a, b) for all - -  oo ~ a < b < c~, 

¢o 

(3) f ( x ) -  [ G ( z -  t)ec'd~(t) converges, 

(4) l im{max -~ -~ a~ )8~ = 0, 

(5 )  b , ~  - ..~,~J~ = o(S~ ~) ~ - - -  ~ ,  

(6) a(t) satisfies for some a~ and n 

l=o l! 

- -  (t - z)  ~ + oil - -  x) ° 
l=o 1T 

t - - , - x+  

t - - . - x - -  

{for n -  0 this assumption is obviously satisfied). 

Then for B~(z) and cz(x) defined by 

Bl(x) -- cJbz_i(x), 
J 

01(x)-- ]Z_o (j) cicl-J(x} and 
- - 2  - - I  

Z... = Z... = 0 
I ~ 0  l ~ 0  
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we have:  

A) a~ < ~ < a~ and  (6) ex is t ing  for the same n also for  x~ implies  

I. l im V2-~ eZ~12S1/,,,:z i/e~D~+'P~,(D)f(x) + 
r -¢ .  

X l  n--I (n--l) } 
_ r, G ~  (0)[B~(~) - -  C , (~) - -  B~(xO + A ( x d ]  = 

l = 0  

= B,,(x.) - -  Cn(x) - -  (B,(x d - -  C~(xd). 

II. 

x 

t :  ._l ,°_,_, l im e-c~DnP,~(D)f(x?dx- Z G,~ (0)IBm(x)- C~(~e)- 
r . . - )o¢ ~ d 1-----0 

x 1 

- B,(xd -- A(xd] } = _~(x)(Co(~) -- Co(xd) + (i -- N(X))(Bn(~) -- B.(~d). 

I. 

B~ c ~ a2 implies  

}im V~e~}28:~21 -- f e-~D'+IP,~r(D)f(x)dx --- 
x 

n--I (n--l) } 
- -  Z O,~ (0j[B~lx)-  C~(w)] = B.(x) - -  Cn(~). 

t--~-O 

II.  

I. 

eo  

lim - -  e-**DnP,~JD)f(~)dx --  Z G (0 ) [B , (x ) -  C~(~ 
r.--> oo l ~ O  

x 

= N t x ) c . ( x )  + (t  - N(ZI )Bn(~  - -  :~,(o~).  

C) c < 0¢~ implies  

x 

~lim¥.o ~e~"12S~21 f e-c~D'+lP'~r(D'f(x~)dx + 

m--i ('~--0 } 
- -  Z G , ~  r O ) [ B , ( x ) -  Cdx)] = B,(x)-  C,(x). 

I - -O 

II .  

x 

lira e-*~D"P,~.(D)f(~c)dx~-- Z G~ (0}[ , ( x ) -  C,(~ = 
r - ->~o  l ~ 0  

= N(),)C,(x) + (i - -  N(X))B,(x~)- e"o:(-- o~). 
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D) For  every  real  c 

I. 
l n--1 (n_O 

lim V ~  e~t2S~ 2 e-~D~P.~(h)f(x ,) - -  Z G~ (0) [B,{x)-  Uz(x)] + 
r--~ ~ l~0 

n--1 (n--t--l) } 
+ ~ Z G. ,~ (0)[Bz(x) - -  C~(w)] - -  B.(m) - -  C.(x), 

t=O 

and in e a s e  n >_ 1 

II.  lira t e-~D'-~  P'v(D)f(x) - -  
r.-) oo 

n--1 
E G~-~-~)(O)[Bz(x)-- Ct(xi] + 

l=O 

+ \~=0 e,~ (0)[B~(x)-  C,(x)] = N ( k ) ( C , ( x ) -  C._~(x)) + 

+ (1 -- N(X))(B~(x) - -  B._~(x)). 

TaEORE:~ 8.5. - Suppose  assumpt ions  (2), (3), (4), (5) and (6) of T h e o r e m  

8.4 are  sa t isf ied and G(t)E class II ,  then conc lus ions  A, B and D of Theorem 

8.4 are  valid.  

TI:tEOaEM 8.6. - Suppose  

(1) G(t)E class  I I I  and is non- f in i te ,  

(2) a(t) EB(a ,  b) for  all  T < a < b < 0% 

(3) f(~¢) = /~ G(x - -  t)ec'da(t) converges  for  x > T., 
_0o 

(4) a s sumpt ions  (4), (5) and (6) for x g rea te r  than T) of T he o re m 8.4 

are  sat isf ied,  

then conclus ions ,  A, B and D of Theorem 8.4 are  val id  for w > T. 

PROOF OF TKEOREMS 8.4 ,  8.5 AND 8.6. - Us ing  L e m m a  5.4, 5.5, 5.6, the 

fact  that  unde r  a s s u m p t i o n  (6) of T he o re m 8.4 we have 

e-c(--,)~(t) = 

B,(~) (t -~Ix)' + o f f  - -  x~  ° t ~ ~ + 
l=O 

~ c ~ ( x ) ( t  t !  + o ( t  - ~c) o t ~ ~ - 
I=O 

and some computa t ions  s imi lar  to those of T he o re m 6.9, we  der ive  our  theo- 

rems  f rom Theo rems  7.3, 7.4, 7.5, 8.1~ 8.2 and 8.3. Q.E.D. 

A special  case  of Theorem 8.4 which  is rasher  in te res t ing  (8.4. D.I. in 

ca~e n = 0, k - -  0 and mr - -  m) is: 
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COnOLLAR~ 8.4.a. - Suppose  a s sumpt ions  (1), (2) and (3) of Theorem 8.4 
- -2  - -1  

are sat isf ied,  l i m ( m a x  ak )S~ - - 0  and b = -  o~.~1/2t ~ ~ m ~  cx~, then 
m--+ ~ k > m  

(8 6) l im V ~  1/:  -o~ S:  e P~(D)f(x) = ~(x, + )  - -  ~(x+ --) .  

I n t e r p r e t i n g  (8.16) for  the STIELTJES t r ans fo rm gives its k n o w n  j u m p  

fo rmula  [10, p. 351] and for the second i terate  of S~IELTJES t r ans fo rm it 

gives the k n o w n  j u m p  fo rmula  (see [1]), Of course,  (8.16) y ie lds  a s imple  j u m p  

fo rmula  for  the convolu t ion  S T I E L T J E S  t ransform,  s ince  s imi lar  corol lar ies  

can be s ta ted  for  G(t)E class I1 or c lass  I I I .  Fo r  the LAPLACE t r ans fo rm 

(8.16), when G(t)E class II,  y ie lds  its known  j u m p  fo rmula  [10, p. 298]. 

- - 2  - - 1  
9. - I nve r s ion  and j u m p  t h e o r e m s  for  t he  ease lira (max!ak)S :~  = 1. 

r---~ ~ k>m,  r 

82) W h e n e v e r  the a s sumpt ion  S ~ , - - m a x  ak - -  ~_ ~S,, for some ~ inde- 
k>m 

penden t  of m 0 < ~ < 1, m ~ l, 2 , . . . ,  fails, there  exis ts  a s u b s e q u e n c e  of 

{ m }, { mr } sa t i s fy ing  

l i m ( m a x  -2 - ,  S -1 o(max - 1  

r-->~ k > m  r k > r a  

r ~ o o .  

-1 (this is u n i q u e  choice  for  r ~ r o ) .  W e  can choose  Def ine  (a~) -1 ~ m a x  a~ 
k>m 

a s u b s e q u e n c e  m~ such  that  sgn a + = -  cons tant .  

The fo l lowing two theorems  are needed  for the proof  of the invers ion  

and j u m p  formulae .  

Tn'EOnEM 9 . 1 . -  I f  for an inf ini te  s u b s e q u e n c e  Imp} of in tegers  8 ( 1 ) -  m r 

- -  o(max -2 , , --  ak ) r ~ ~ ,  where  all a,~ r are of equa l  sign (a,~ are those ak sa t i s fy ing 
k>m~ 

-2 ~ ~1/2 I/2 
(a~) - 2 -  max  ak ), and  for some real  )~ b,~ - -  ^~:,~r - - o ( S ~  ) r--+-c~, then 

0 

(9.1) ,-+lim- f G~,(t) -- 

~ao 

e-~-ll ) , ~ - - l k  > - 1  } if a * ~ > 0  

0 ) , ~ 1  I if a ~ < 0  
1 - - e  ~-1 k < 1 

* * t PROOF. - Suppose  f irs t  a,= r::> 0o W e  def ine  G=r+l( ) by  

(9.2) J * U G+ (0 = g+( )G*+(t - -  u)au 
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where  

l --1 , 
e a,~, exp  (a~(u - -  b,~)) 

o 

u < (a*~) -~ ÷ b,~ 

u > (a*~,) -1 + b~. 

W e  have  (see [7, pp.  55.56]) 

and  

(9.3) 

c~ 

f lG*+l( t )d t  - -  0 

G*~+~(t)dt ~ i - ~ ,~ . 

Denote  for n, r ~ t  8 ~ , ~ ( n a * ~ )  -1. Given  e > 0  and  n, then  for r ~ _  

re(n, ~1 

f * t 1 S O ) ~ l _ _ e .  1 ~ e,~+l(t)d ~ 1 - - ~  ,~ 

(9.4) 

oo / .  
G,~fl} - -  gmju)G~+ f l  - -  u )du  

J 

f G * ~ + l ( t -  u)g:~(u)du ~l~-~l<~(man g*(u)) f G*+ll t  -- u )du  

W e  shal l  e s t ima te  f G , ~ f l ) d t  as r ~ .  Suppose  ) , >  - -  1. Fo r  n >  (l ~ 1) - I  
o 

and  r ~ ri in,  ~. ~) > re to > 0 and  the re fo re  

~r(t)dt ~ e-la*~r(1 - -  e) exp  (a~r(t - -  b~ r - -  ~))dt - -  

0 0 

to 

= e-I(a~r}(1 --  ~) exp  (--  a * ~ ) f  exp  (a~r{t - -  b,~r))dt = 

9 
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1 

n 

- -  e ~ /(1 - -  ~) e"dz = (1 - -  e)e ~(e ~ - -  e-~-~+°°) L 

- - ~ . - ~ - o ( 1 )  

Since  n and e are  a rb i t r a ry  

oo 

l im inf  ( G,~(t)dt ~ 1 - -  e-(~+~). 

0 

By the same method  

0 

l i m  i nf  f G,~{t)dt 

Since  f Gz~(l)dt = 1 we conc lude  the proof  in the case X > -  1. Suppose  

X ~ - - 1 .  W e  have  the t r ivial  e s t i m a t i o n  F Gmr(t)dg~_O. Also by the above  
0 

0 

a r g u m e n t  (using (9.4)) we obta in  lira f G,~( t )d t~  1 and this conc ludes  the 

proof  in the case  a*~ r > O. r . . . .  

The  proof  of (9.1) in the  case  a* < 0 is s imilar .  Q.E.D. 
m r 

TttEORE~ 9.2. - I f  the  a s sumpt ions  of T h e o r e m  9.1 are  sa t i s f ied  for  X----0, then 

1/2 
(9.5) l im S~, G~,(~)  = 1 

r - ~  0o 

where  ~,~ is the only m a x i m u m  point  of G,~(t) and for a f ixed  rea l  v 

,~1/2 . . . .  1]2 ^~8~/2,~ J e~-~ if v < 1 and a ~ >  0 
(9.6) ~--,~lim As,~, O~mrqVD,nr --~ u( '~r ~) --" ~ e--~--i if v > - -  1 and  a,~* < 0. 

PROOF. - F rom the fac t  tha t  Sr~ ~ (a'mr) -2 r ~ ~ and the proof  of case  

B of L e m m a  7.1 of [7, pp. 138-139], bu t  taking 1 + s in place  of 2, we get 

S~G~, (~r )  ~ {1 -{- e) :/2 

and s ince  e is a rb i t r a ry  

(9.7) lira sup  S~2 G~,~,~,} <_ 1. 
r--~eo 
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Since ~ arc the max ima  points  of G,~fl), we get from (9.4) 

2 2 

Le t t i ng  n tend to in f in i ty  and s to zero, we obtain 

(9.8) l im inf  8~12emr(~::)>~ 1. 
r - ~  ¢0 

Combining (9.7) wi th  (9.8) we obtain (9.5). 

For  v < l we have, us ing  0.4}, 

8,:/2,~ ,~:/2,  ~1/2 , -1 ( 1 1/2 1 ) 

1 

e "(1 - -  ~)(1 + o(1)) r ~ ~ .  

(9.9) 

Hence  for v < l  and a ~ > 0  we obta in  

• o 

l im ln t  ~ (¢,~(-'~ + 
r - - )  

c , 1 1 2  z c ,  1 1 2 ,  
For  t = VO,~r + 0 ( ~  ~, r ~ ~ w e  obta in  

~1/2 1/2 . < 
5,~ r e ~ ( ( v  + o(1))S~//} < ~S~! 2 maxg*,~(u) + (1 -- st8~ max  o,~tu) 

- -  i r ~ r x  t ~  

~:/e , ,~i/2--1 , ~ ,,1/2 0 t/2 
< ~Om~ a ~  + (1 ~ s } ~  e a*,,~ exp am~(VO~ "4- 8 -- b~ + (S~ })) _< 

1 

< s(l + o(1)) + (1 - -  s)e~-~+;(t + o(1)) r ~ <x~. 

H e n c e  

,~:/2~ , ,.1/2 0 1/2 19.10) lira sup '~'v t*'~(v°'v + (S,:r)) < e~-:" 

Combining (9.9) wi th  19.10) we derive (9.6) for v < 1 

case v >  --  1 and a* < 0  is similar• 
m r 

and a *  > O. The 

q 

The inversion formula  will be descr ibed in the fol lowing theorem. 
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THEOREM 9.3. - S u p p o s e  

(1) G(t) E class  I, G(t) is non - f in i t e ,  

(2) ¢~(t) is in t eg rab te  on  every  f in i te  in te rva l ,  

(3) f(w)--- F V ( x -  O~(t)dt converges ,  

(4) the  in f in i te  s u b s e q u e n e e  of in tegers  {mr} sat isf ies  for some real  X, 

b% - -  ^o,~ r "  ° U 2  --- o [~ ,~  ~'U2~), _,~,¢(~) ---- o(max ak- 2) r - --  ~ and  a*,~ is of cons t an t  s ign  (where  
k > m  r 

(a~) -2 - -  m a x  a-2); 
k--r tz  r 

(5) for  a real  x and  ~ > 0  ~(~)(t) exis ts  for some n ~ O  a.e. in ( x - - 8 ,  

at-t-8) a n d  in ease n ~ 1 we m a k e  the  add i t iona l  a s s u m p t i o n  tha t  q~c--~)(t) is 

abso lu te ly  c o n t i n u o u s  in  ( x -  ~, x - t - 8 ! ;  

(6) {a~} sat isfy B ( n - - 2 ,  {m~}) for  the same n of a s s u m p t i o n  (5) (the 

void a s s u m p t i o n  in ease n = 0, 1 or 2); 

(7) both  q~(')(x- 0) exist .  

T h e n  

(9.11) 

lira D"_P~r(D)f(x ) --- 
r . ~ ¢ o  

(1 - -  e-~-~)cpC')(~v --  0) + e-)--~c~(")(x + 0) if ~ > - -  1 t a* > 0 

(1 - -  eX-1)~(n)(x -4- 0) Jr  eZ-l~(=)(~: - -  0) if ~ < 1 t a* < 0 

¢~(~)(a~ - -  0) if ). :>  1 ) ,~r 

Prtoo~'. - By L e m m a  5.1 we have  

D"P,~r(D)f(z) --  -4- A- G,~r(~ --  tl~(t)dt I(r, 1) ~- I(r, 2) ~- I(r,  3). 

By  L e m m a s  6.7 and  6.8 we have  for every  8 > 0 and  l > 0 

I(r, 1) ---- o(S~) and  I(r, 3) - -  o(S~r) r ~ ~ .  

I n t e g r a t i n g  by par t s  n t imes  and  us ing  T h e o r e m  4.6 we obta in  

+ o{s  l = x(r, 2, 1) + Z(r, 2, 2) + e lse , )  r --.- 

AnnaIi di Matematica 40 
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Suppose  a ~  ~ 0 and  ), 2 > -  1. Us ing  the es t imat ion  of I(r, 1) for  ~( t ) - -1  

and  The o r e m 9.1 we obtain 

" - 0 ) ] d ~  I l lr,  2, 1 ) -  (1 - -  e-~-~)c?(~l[x - -  0)] --= J G~,(z)[~(~)(~c - -  z) - -  ¢p(~)(x -+- o{1) 

0 

r ~ o,D. 

Def ine  

t 

• (,) = f - _ _ o ) ] d z  
0 

i I(r, 2, 1) - -  (1 - -  e-~-*l~(")lx, -- 0) 1 = f G;,r(z)Wlz)dz -{- o(1) 

0 

(since W ( t ) -  o(t) t - - . -0-{-  and  us ing  Theorem 3.8) 

-.(f,o.(o)o,do)+o(1) 
0 

= o ( 1 )  r - -  ~ .  

Simi lar ly  we can der ive  

lim I(r, 2, 2) - -  e-Z-:~(x ~- 0). 
r.--> ¢~ 

There fo re  

lira D"P,,~(D)f(w) --  (1 - -  e-~,-:)~(")(x - -  0) + e-~-*¢~(")(~c + 0). 
r--~, ¢o 

The proof of the o ther  tbree  cases is similar .  Q.E.D. 

Analogous  resul t s  for classes I I  and III ,  wi th  the obvious necessa ry  

changes  llike d ropping  assumpt ion  (6) in case of G(/ )Eclass  III)  and  (9.11) 

being of in teres t  only a *  ~ 0 (since Gtt) Eclass I I  or I I I  imply  a , , ~  0), can 

be achieved (see also Theo rems  6.1, 6.2 and 63), but  we shall  not  wri te  them 

here.  
(:) -2 

T h e . j u m p  fo rmula  for the convolu t ion  t r ans fo rm sa t i s fy ing ~S,, r ----o(max a~ ) 

r ~ c~ is s ta ted in the fol lowing theorem,  k>'~r 

TltEOREM 9.4. - Suppose  

(1) assumpt ions  (1), (2), (3), (4) and (5) of T h e o r e m  9.3 are  satisfied,  

(2) {ak} sat isfy B ( n - - 1 ,  {mr}) (the void assumpt ion  in the case n - - 0  

or n - -  1), 
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(3) both ~(")(x--) exist (x defined in (5} of Theorem 9 3), 

then for ) , > - - 1  and a* ,~>0 or ) , < 1  and a*~,~<0 

(9.12) lim exp (1 -}- ), sgn a*r)S~/2 f f+~P,v(D)f (x  ) = ~(')(x + )  - -  ~(")(x --) .  
r,-.-> c ~  

PROOF. - By the method used in proving Theorem 9.3 we have for 

a * ~ > 0  and ) , > - - 1  

e~'Jf'is~'2Dn'3t'x'~)rar(D'f(~'--"e~'~'l~l/2!f~ xf,~ ~} 
- I(r,  1) + I(r,  2) + Z(r, 3). 

As in Theorem 9.3 we can show 

I(r,  1) - -  o(S~,) and I(r ,  3) = o(S~,) r --.- 

~+~ x 

,(r, r }G ' ( x  - -  t)V(')(t)dt + o(£~)  = 

- -  S ;  --I(r,  2, 1)-]-I(r, 2 ,  2 ) - [ - o ( m r )  r ~ cx~. 

In  order to calculate I(r,  2, 1) we derive, using Theorem 9.2, 

S ~  2 G:r(z)dz t 9"13) f 
o 

: 5~!2G~(~) - -  8~2G~(0) -~ - -  e-Z-~ "4- o(1) 

Given ~ < 0  there is a 8 > 0  such that t~(~)(a~--z)--~(~)(w--)[> • for 

0 < z : ~  8 and by (9.13) we have 

0 

~eX+~S~t2~2G,,r(~r) -4- G,~r(O ) -{- G~r(~)) -}- 0(1) 

,4e~+'(1 + 0{1) + 0{1) r --~ cx~. 

This completes the proof in the ease ~ > -  1 and a~ r > 0. The proof of 

our theorem in the case where ), < 1 and a~ r < 0 is similar, Q.E.D, 
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Similar results for G(t) belonging to classes I I  and I I I  can be achieved, 

(see for partial  results the first author 's thesis [3], Chapter 7) but we shall 

not introduce them here. 

Results analogous to Theorems I 6 9, 8.5, 8.6, and 8.7 for inversion and 

jump  formulae of the convolution STIELTJES transform where a subsequence 

[mr} which satisfies S ( t ) -  o( m a x  a~"2~ r - - - , - ~  exists, can also be achieved. 
k > m  r 

(For partial  results see [3], Champter 7.) We shall in t rnduee one of the 

above mentioned results, others will be omitted being similar. 

THEOREM 9.5. - Suppose 

(1) G(Oe class II,  

(2} a:(0 , is of bounded variation in any finite interval, 

c o  

(3) f(w) - - ~ G ( ~  - -  t)e~d~(t) converge for w > ~'~, 

(4) assumptions (4) of Theorem 9.3 and (2) of Theorem 9.4 are satisfied, 

(5) for a real x and $ > 0, :¢(~)(t) exists for some n _ ~ 0  a.e. in ( ~ -  ~, 

-{-~) and in case n ~ 1 we make the additional assumption that a("-~)(t) is 

absolutely continuous ; 

(6) both ~¢(~)(x--) and a(~)(x-t-) exist. 

Then for ), > - -  1 

(9.14) lira eX+IS~12e~l~ P,~r(D)f(x) -- ~(~)(x +} - -  ~(~)(x --). 
r--> O0 

RE~.RK. - In  ease n = 0 only assumptions (1), (2), (3) and (4) are needed. 

P~ooF. - Similarly to the derivation of Theorem 6.9 from Theorem 6.1 

we can obtain our theorem from the analogous Theorem for G(t)e class I I  

to Theorem 9.4. Q.E.D. 

10. - Some remarks on inversion and jump formula  for the  ease. 

- -2  ~--i 0 < lim inf (max  a~-2)S -1 ~ lim sup ( m a x  a k }S < 1 
ra-~O0 k > m  m-.>~O k > m  

Inversion and jump formulae were found for the general  case in section 

6 and in the two extreme cases lim inf ( max a~-2)~ -1 = 0 (in sections 7 and 8) 
m.-.> oo k > ra 

and lim sup ( m a x  au2}S - 1 - -  1 (in section 9). The results that were achieved 
m-.)O k > m  
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suggest that we can assume less on ~(t) and its derivatives in a neighborhood 

of x if we hnow more about  the sequence {ak}. 

In the case lira sup {max a;-2)(~ - l <  1 we have S ,~ - -max  a~ -2~a¢S~ 
m--> ca k > m  k > m  

> 0 independent  of m (see section 2} and therefore S(~) ~ ~S~ (see Lemma 

2.4 b This allows us to use all the theorems of section 3, and therefore by 

methods similar to those of sections 7 and 8 we obtain an inversion formula 

for the case b~ = o(S~2l r - -~  ~ and 

(10.1) 

0 

lim f G~(t)dt .~- A ; 

and a j ump  formula for the case b~ "-o(S~! 2) r ~ ~ and 
'r 

(10.2) lira S~:G~(O) --  B > O. 
r 

h. subsequenoe {mr}, for which the limits (10.1) and (10.2) exist, can 
0 

be found since 0 ~  t G ' ~ ( t ) d t ~ l '  0 s S ~ 2 G ~ < _  V2 (see [7, p. 138], always 

and we can choose b~ r so that ~ _< S~G~(O) <_ V2 (see [7, p. 126]) (for B > 0). 

The inversion results  will be those of §7  taking A instead of N(k) and 

the j u m p  formulae will be those of section 8 taking B -~ instead of V2r:e z2. 

EX~IPLE:  Choose ak ---- q~-~ > 1 and b,~ = 0. 

0 0 0 

= A  

1 1 
S~2G'40) --  V ~  q - ~ "  G(0}q~ --  V ~ - ~  (G(0) - -  B. 

W e  also want to mention that even in the case lira sup { max a~-2)S -~ ---- i 
m---> ¢o k > m  

we can have inversion and j u m p  formulae if (10.1)and {10.2} are satisfied 

for a sequence that does not satisfy S( 1] -" o(max a ;  "2} r--.-c<~; in this case 
k > m  r 

we shall need restrictions stronger than those used in section 7 on the de- 

termining function ~(t) in the neighborhood of X. 
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Assuming lim sup (max a72)S -~ < 1 we have S~) > aS~ 0 < a and the- 
r n ~  k ~ m  

refore (Lemma 2.4t 8(~)~ a~S~. In Theorem 6.1(b) we can take tim sup (max 
m . ~  ~¢ k :> ra 

a k )S 2 < 1 instead of assumption (5} and 

rI (t - + o(t  - -  x)  t ~ x  

instead of assumption (4); dropping the assumption on the existence of 

¢p(=)(a~ -4- 0) we obtain 

lira D ~ P~(D)f(x) = b.. 
t~(~oa 

Analogous results can be achieved for kernels of classes II and III. 
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