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Circulant matrices have important applications in solving ordinary differential equations. In this paper, we consider circulant-type
matrices with the k-Fibonacci and k-Lucas numbers. We discuss the invertibility of these circulant matrices and present the explicit
determinant and inverse matrix by constructing the transformation matrices, which generalizes the results in Shen et al. (2011).

1. Introduction

Circulant matrices play an important role in solving ordinary
differential equations. Wilde [1] developed a theory for
the solution of ordinary and partial differential equations
whose structure involves the algebra of circulants. He showed
how the algebra of 2 x 2 circulants relates to the study
of the harmonic oscillator, the Cauchy-Riemann equations,
Laplace’s equation, the Lorentz transformation, and the wave
equation. And he used #n X n circulants to suggest natural
generalizations of these equations to higher dimensions.
By using the well-known results on circulant matrices for
computation of eigenvalues of the perturbation coeflicient
matrix, in computing the stability criteria, Voorhees and
Nip [2] got that the rate constants were all set equal to
one. By using a Strang-type block-circulant preconditioner,
Zhang et al. [3] speeded up the convergent rate of boundary-
value methods. Joy and Tavsanoglu [4] showed that feedback
matrices of ring cellular neural networks, which can be
described by the ODE, are block circulants. Delgado et al.
[5] developed some techniques to obtain global hyperbol-
icity for a certain class of endomorphisms of (Rf)" with
p>n > 2; this kind of endomorphisms is obtained from
vectorial difference equations where the mapping defining
these equations satisfies a circulant matrix condition. In [6],
nonsymmetric, large, and sparse linear systems were solved
by using the generalized minimal residual (GMRES) method;
a circulant-block preconditioner was proposed to speed up
the convergence rate of the GMRES method.

Circulant-type matrices include the circulant and left
circulant and g-circulant matrices. They have been put on
the firm basis with the work of Davis [7], Gray [8], and Jiang
and Zhou [9]. In [10], the authors pointed out the processes
based on the eigenvalue of the circulant-type matrices with
iid. entries. There are discussions about the convergence
in probability and in distribution of the spectral norm of
circulant-type matrices in [11]. Furthermore, the g-circulant
matrices are focused on by many researchers; for details,
please refer to [12, 13] and the references therein. Ngondiep
et al. showed the singular values of g-circulants in [14].

The k-Fibonacci and k-Lucas number sequences are
defined by the following recurrence relations [15, 16], respec-
tively,

Fk,n+l = ka,n + Fk,n—l’
Lk,n+1 = kLk,n + Lk,n—l’

where F , =0, F, =1, W
where Ly =2, Ly, = k.

Let a and B be the roots of the characteristic equation x* —
kx—1 = 0; then the Binet formulas of the sequences {F_,} and
{Ly,} have the form

Lk,n = OCn + ﬁn, (2)

where o + f = k,af3 = - 1.

Besides, some scholars have given various algorithms
for the determinants and inverses of nonsingular circulant
matrices [7, 9]. It is worth pointing out that the computational



complexity of these algorithms is very amazing with the
order of matrix increasing. However, some authors gave
the explicit determinant and inverse of the circulant and
skew-circulant involving Fibonacci and Lucas numbers. Shen
et al. considered circulant matrices with Fibonacci and
Lucas numbers and presented their explicit determinants and
inverses in [17]. Cambini presented an explicit form of the
inverse of a particular circulant matrix in [18]. Bozkurt and
Tam gave determinants and inverses of circulant matrices
with Jacobsthal and Jacobsthal-Lucas numbers in [19].

The purpose of this paper is to obtain better results for the
determinants and inverses of circulant-type matrices by some
perfect properties of the k-Fibonacci and k-Lucas numbers.

In this paper, we adopt the following two conventions
0° = 1 and, for any sequence {a,},Y_;a; = 0 in the case
1>n.

(1) Circulant matrix: the n X n circulant matrix (denoted
by Circ(a,, a,,...,a,)) with input {g;} is the matrix
whose (i, j)th entry is a(;_;1 ) mod n-

(2) Left circulant matrix: this is also a symmetric matrix
(denoted by LCirc(a,,a,,...,a,)) where the (i, j)th
element of the matrix is 4, j_») mod n-

(3) g-circulant matrix: a g-circulant matrix is an n x n
matrix as in the following form:

g - Circ(a, ay,...,a,)

a; a, . a,
an—g+l an—g+2 e an—g (3)
= an—2g+1 an—2g+2 te an—Zg N
aﬂ“ a9+2 T aﬂ nxn

where g is a nonnegative integer and each of the subscripts is
understood to be reduced modulo .

The first row of g-Circ(a,, a,, ..., a,) is (a;,a,,. .., a,); its
(j + 1)th row is obtained by giving its jth row a right circular
shift by g positions (equivalently, g mod » positions). Note
that g = 1 or g = n + 1 yields the standard circulant matrix.
If g = n— 1, then we obtain the so-called left circulant matrix.

Lemma 1 (see [7, 9]). Let A = Circ(ay,a,,..
circulant matrix; then we have the following.

.,a,) be a

(i) A is invertible if and only sz(wk) +0,(k=0,1,2,...,

n—1), where f(x) = Z;‘Zl ajxj_l and w = exp(2mi/n);

(ii) If A is invertible, then the inverse A™" of Ais a circulant
matrix.

Lemma 2. Let A = LCirc(1,0,...,0); the matrix A is an or-
thogonal cyclic shift matrix. It holds that

,a,). (4

Lemma 3 (see [20]). The nxn matrix @g is unitary if and only
if (n, g) = 1, where Q is a g-circulant matrix with the first row

e* =[1,0,...,0].

LCirc(ay,ay,...,a,) = ACirc(a,, ay, ...
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Lemma 4 (see [20]). Agnisa g-circulant matrix with the first
row [ay,ay,...,a,] if and only if A, = Q,C, where C =
Circ(a, ay, ..., a,).

Lemma 5 (see [20]). The inverse of a nonsingular g-circulant
matrix A, is an s-circulant B, where s satisfies gs = kn + 1,
for some integer k.

2. Circulant Matrix with
the k-Fibonacci Numbers

In this section, let A, , = Circ(Fy ), Fy5,. .., Fy,,) be a circu-
lant matrix. Firstly, we give the determinant equation of the
matrix A, . Afterwards, we prove that A, , is an invertible
matrix for n > 2, and then we find the inverse of the matrix
Ak)n-

In the following, let y = F | — F .., v =
Fipi1)s$=Liy = Lippandt =Ly, — 2.

Fk,n/(Fk,l -

Theorem 6. Let A, = Circ(Fy 1, Fy 5> ..
matrix; then we have

.» Fy.,,) be a circulant

n-1
_ "
detAy, =" + anzz—vij, (5)
i=1

where Fy,, is the nth k-Fibonacci number. Specially, whenk = 1,
this result is the same as Theorem 2.1in [17].

Proof. Obviously, det A;; = 1 satisfies formula (5). In the
casen > 1, let

1
—k 1
-1 1 -k
0 0 1 -k -1
I'= . i
0 1
0 1 -k .- 0
0 1 -k -1 (6)
1 0 0. 0 0
07"20..0 1
070 10
II, =
0 1...00
0 1 - 00
be two n x n matrices; then we have
Fk,l f]in Fk,n_1 Fk,n—z - Fk,z
0 fk,n Fk,n_z Fk,n—3 ... Fk,l
0 0 U
rAk’nHI = 0 0 —Fk’n [/4 , (7)
0 0 0 _Fk,n H
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where

n-2
Jin = Fy —kF, + ZFk,iVn D,

i=1

n—1 )
I n—(i+1
fin= D Fiin? :

i=1

(8)

So we obtain

detI'det A; , detII;
n-2 (i+1) ,
=Fyy | By — kF, +sz,iVn l ] W'
i=1
o (i+1) 2 (9)
n—(1 n—.
= Fe1 | For = Fenn +Zsz [z
i=1
1 o Fe
— — i
:‘Mn +F£)nz i1’
i=1
while
detT = det I, = (-1)"" D272, (10)
hence, we have
1 2 Fei
n— n— 5t
detAk),, =y + Fk,n ZF (11)
i=1
The proof is completed. O

Theorem 7. Let Ay, = Circ(Fy 1, Fy 5. .., Fy,) be a circulant
matrix; if n > 2, then Ay, is an invertible matrix. Specially,
when k = 1, we get Theorem 2.2 in [17].

Proof. When n = 3 in Theorem 6, then we have detA; ; =
[K*(k = 1) + (-k* + k = 1)*](K* + k + 2) #0; hence, A is
invertible. In the case n > 3, since F,, = («" — ")/(a — ),
where a + f =k, o - f = -1, we have

£ (@)
= ZFk’j(wt)]_l
j=1
- ACEII G
j=1
_ 1 [e(-a) ﬁ(l—ﬁ”)]
a-f| 1-aw 1 - Bt

(because 1-aw #0,1- o+ 0)

_ 1 —((X—ﬁ)—((xnﬂ—ﬁn+1)+(xﬁ((xn—ﬁn)wt]

a-p| 1-(a+ ) +afw?

t
I- Fk,n+1 - Fk,nw

T Tk b

(12)

If there exists @ (I = 1,2,...,n— 1) such that f(wl) =0, then

we obtain 1 — Fy ., — Fk,nwl = 0 for 1 — ko' — w? #0; thus,
= (1 - Fy,,;1)/Fj,, is areal number. While
2lmi 21 21
wl:exp<£>:cos—ﬂ+isin—n, (13)
n n n
hence, sin(2l7r/n) = 0, so we have ' = —1 for 0 < 2In/n <
27. But x = -1 is not the root of the equation 1 - F; ,,, —

Fi,x = 0 (n > 3). Hence, we obtain f(wt) #0 for any w'(t =
1,2,...,n—1), while f(1) = Z}Zl Fj = —(1/k)(1 = Fyppy —
Fy,) #0. Hence, by Lemma 1, the proof is completed. O

Lemma 8. Let the matrix G = [g; ;] i 2 be of the form

8 i=J
gi,j = _Fk,n’ 1 = _] + 1, (14)
0, otherwise.

Then the inverse €' = [gl] ije >\ of the matrix € is equal to

i-j
) Fk,n P>

gy ={ur 5P (15)
0, i<j.

In particular, when k = 1, we get Lemma 2.1 in [17].

Proof. Letg; = ZZ;? gi’kg,'c’ j- Obviously, ¢;; = 0 fori < j. In
the case i = j, we obtain
’ 1
Gi= gi,igi,i =4 ; =1 (16)

Fori > j+ 1, we obtain

n

! ! !

Gj= zgi,kgk,]’ = 9ii-19i-1,; T 9ii9ij
k=1

17
pioil pii 17
k,n kn
=Pt =0

Hence, we verify €€ ~' = I,_,, where I,_, is (n — 2) x (n - 2)
identity matrix. Similarly, we can verify €'€ =1_,. O

Theorem 9. Let A, = Circ(Fy , Fy,, ...
circulant matrix; then we have

n— k F]l( 1

-1 n—i* k,n
Ak’n f C1rc< Z
k.n i=1

) i—1
< Fen1-ifen 1 Fry

E,) (n>2) bea

ket y e Tk (1)
Zl w woop
M3""’ Mnfz

where fi, = Fe; — kFy,, + Yol E V" Y. Specially, when
k =1, this result is the same as Theorem 2.3 in [17].



Proof. Let
1 _fk,,n Pn—2 P1
F. F,
0 1 ——;’"2 —%
k, k,
=1 0 o o | )
0 0 0 1
where
n-2

—(i+1)
Jkn =Fey —kFep + ZFk,i'Vn -
i=1

n—-1 )
I n—(i+1
fk,n - ZFk,Hlv >
i=1

(20)
i
p F Fk yeees
' fkn g
fkn
Pn—2 fkann 2 Fk,n—l'
Then we have
TALLIL =2, 09, (1)

where 9, = diag(Fy ;, fi,,) is a diagonal matrix and &, @ &
is the direct sum of &, and &. If we denote IT = IT,IT,, then
we obtain

A, =T(2'eg™")T. (22)
> _(Fk,n—Z/fk,n)>

Since the last row elements of matrix ITare 0, 1

_(Fkn 3/ fim)s s =(Fial fin)s —(Fie1/ fin)> by Lemma 8, if
Ak = Clrc(xl,xz,.. ,X,), then its last row elements are
given by the following equations:
= k 1 Fkn 1- zFllcnl
2 - )
fkn fkn, 1 ("l
= 1 F,
K
fk,n u
4= ; >
fk,n i=1 ("l fk,n["
e = 1 Fk4 1Fll<n1
5= At kn
fkn; 1 #l
k Fka lF;cnl N Fi,
fkn, 1 /’ll fk,n/’l’
! fk,n i=1 ”1
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k "SFsiFin
fkn, 1 u

1 Fkn 3- zFIIcnl
fkn, oW

2 i—1
1 k (= Fknlekn
X = I

f fk nj=1 Mi
1 n_3Fkn 2— 1Fllcnl
fkn1 1 Ml
(23)
Let CY) = Z] 1 (Fr joi- zF;ml/P‘) (j=1,2,...,n—-2); then
we have
2 F ., F' kF F
Cc? — kcV = ZM _ kL _ Tk
" s W uooo@
kC"? 4 =3
_ S -1
_ K 2Fk n—l—zFllc,n n nz;j’Fk,n—Z—zF;cn
i1 3 -1 3
-3 e i~1
B kFy \Fi,, . "23 (kFyp1-i + Frnai) By,
Mn—Z = Ml
_ 1
iFk — 1F11c n
( +2) ( +1) ()
Cn] - kCn] - Cn]
) i1 ) i1
_ ka,jH—iFli,n _ kji Fk,j+2—iFIl<,n
i1 w i1 w
i i~1
_ Z]:Fk,j+1—iFllc,n
i=1 w
) - )
~ F,F., FoF, kF,F,
- Hj+1 + ‘uj+2 - Hj+1
. i—1
+ i (Fk,j+3—i - ka,jJrz—i - Fk,j+1—i) Fllc,n
-1 W
j+1
_ Fk,n .
= (j=12,...,n-4).
(24)
Hence, we obtain
-1
Ak,n
cl? —k

~ Cire ( 1+kCI2 4 C¥
fk,n fk,n
1) @ (1 3) @ 1)
oy cP kel Y -kcl - Cf
fk,n fk,n fk,n

Cﬁn—z) _ kc(n—3)

(n—4)
n - Cnn )
f k.n
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k.,

_k le
:—C1rc nlk"
g1 g et

n—

_k+z knleIlcn1 __’_FL;,
i1 U
E, Fk3>
‘143 i Mn—Z
(25)
O

3. Circulant Matrix with the k-Lucas Numbers

In this section, let B, = Circ(Ly,,Ly,...,L;,) be a
circulant matrix. Firstly, we give a determinant formula for
the matrix By ,,. Afterwards, we prove that B ,, is an invertible
matrix for any positive integer #, and then we find the inverse
of the matrix By ,,.

Theorem 10. Let B, =
circulant matrix; then we have

CirC(Lk)l, Lk)2a~--)Lk,n) be a

det By, = ks"'

o))

(26)
where Ly, is the nth k-Lucas number. In particular, when k =
1, we get Theorem 3.1 in [17].

Proof. Obviously, det B, = k satisfies formula (26); when
n>1,let

1
K +2
1
k
-1 1 -k
Y= 0 0 1 -k -1 |,
0 1 .
0 1 -k . 0
0 1 -k -1
(27)
1 0 0--00
tn—2
0<—> 0 01
Sn—S
t
0<—> 0---10
Q= s
o L 1..00
N
0 1 0--00

be two n x n matrices; then the form of B ,Q), is given as
follows:

Ly by Liny Lina - Liy
0 lk,n 8n 8,,_1 83
0 0 s
0 0 -t s , (28)
0 0 -t s
where
K42
6, = Lk,i - TLk,i—p i=3,...,n

K +2
lew =Ly ———

n-2 t n—(i+1)
Ly, + Z‘%z(;) ,(29)
in1
n-1 —(i
, t n (l+1)
len = ZLk,iH(;) :
in1

Hence, we obtain
det X det By, det O,

K +2 n-2 £\ (i+1) 5
X Lin +Zaz‘+2(;) s
n—(i+1) s
=Ly, 5+Z8z+2(s> S

n—1 2 i—
_ _ ko+2 s\ !
= ks" ! + kt" 22 <Lk,i+2 - k Lk,i+1> (Z) >

(30)

= Lk,l |:Lk,1 -

while
detX = detQ, = (~1)mD=2/2, (31)
thus, we have

det By, = ks"™'

(5]

(32)
O
Theorem11. Let By, = Circ(Ly 1, Ly, ..., Ly,) beacirculant

matrix; then By, is invertible for any positive integer n.
Specially, when k = 1, we get Theorem 3.2 in [17].

Proof. Since Ly, = " + ", where a + 8 = k, «ff = -1, we
have
£ (o)
=S (w) = 2 (@) ()
= =1
Ca(l-a")
1-aw
B -p")



6
(“+ﬁ)—(txnﬂ+ﬁ"+1)+ocﬂ(oc”+ﬁ”)wt_2(x[;wf
_ (o p)f + afw?
k-L P 2—-L " o
- kl)ilkwf_wztk’) (t=12,...,n-1).
(33)

If there exists ' (I=1,2,...,n—1) such that f(wl) =0,
then we obtaink—L; ., +(2-Ly,) w' = 0for 1-ke'-w? #0;
thus, @' = (k — Ly 1)/ (Ly,, — 2) is a real number. While

2mi 21 2l
wl:exp<£>:cos—n+isin—ﬂ, (34)
n n n

hence, sm(Zer/n) =0, sowehavew' = —1for0 < 2ln/n < 2.
But x = -1 is not the root of the equation k — Ly, +
(2 = L;,)x = 0 for any positive integer n. Hence, we obtain
f(wk);éO for any o (k = L,2,...,n — 1), while f(1) =
Yo Lij = (F1/K)(k+2=Ly 1 ~Ly,) #0. Thus, by Lemma 1,

the proof is completed. O
Lemma 12. Let the matrix I = [h; ;]} i 2, be of the form
s, 1=},
hip=qt i=j+1, (35)

0, otherwise;

!

then the inverse Z ™ = [h; ] il

of the matrix 7 is equal to
£
g1 12D (36)
0, i<j.

!
W, =

Specially, when k = 1, we get Lemma 3.1in [17].

Proof. Letr;; = Zj h,-’kh,'c, i Obviously, r; ; = 0 fori < j. In
the case i = j, we obtain
' 1
rii=hih=s- 5 =1. (37)
Fori > j+ 1, we obtain
n-2
!
r j = Zhi,khk,j = hi,i 1% 1] +hlzhz]
k=1 (38)

fimi-1 =i
=(-t)- Jemy +5'Si_T =0.

Hence, we verify ## " = I_,,whereI,_,isan (n—2)x(n-2)
identity matrix. Similarly, we can verify %' % = I,_,. Thus,
the proof is completed. O
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Theorem 13. Let By, = Circ(Ly ), Lys,- -,
lant matrix; then we have

Ly.,) be a circu-

-1
Bk,n

= iCirc <1 " rf (Lk,n+2—i - ((kz + 2) /k) Lk,n+1—i) #1

] bl
k,n s'

(39)

In particular, when k = 1, the result is the same as

Theorem 3.3 in [17].

Proof. Let
ll
1—% A, A,
811 63
1 - -2
Q, = lien ben |, (40)
0 0 1 ... 0
0 0 0 1
where
1 [l (= (R 4 2) ) L)
i k lk)n ki-1 | >
i=3,4,...,n,
K +2
81 = Lki A Lkl—l’ 1 3, ,n
’ k
K+2 (41)
an_Lk,l_ k Lk,n

+2 t n—(i+1)
+Z<Lk1+2 Lk1+1)<s> >
, n-1 t n—(i+1)
n o ZLk,i+1<_> .
i=1 S

Then we have

B, 00, = D, 0 Z, (42)
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where 9, = diag(Ly ;, f,) is a diagonal matrix and &, ® #
is the direct sum of &, and . If we denote Q) = Q,Q),, then
we obtain

B, =Q(2,) o7 ")z (43)

Since the last row elements of the matrix Q are
0,1, (K + 2)/K) Ly — L)/l (K + 2)/K)Ly,, —
Liw )/l » (K + 2)/K)Ly, = Li3)/li,,» by Lemma 12,
if B,;ln = Circ(yy, ¥, - - > ¥y)> then its last row elements are
given by the following equations:

kz +2 Ln 28n+1 -it

G R A R
16,
)’3——E?)
kd, 285 it
y4=——— -

Slk,n lk niml st

Y5 =

>

2 i—1 3 i—1
O, ko™ 10

Slk,n lk,n -1 st lk,n i1 st (44)

n—4 n-3 i—-1
Y, = Z(Sn 1 'z + iz(sn—zt

i i
lk,n i-1 S lk,n i1 S

n-2 11
- 8n+11

bl
lknll Sl

1 n36 11
yl——+— +

n-2 i-1
k ' Oniit
lk n lk,n i=1 Sl

i
lk,n i=1 S

Let DY = 37 (L jrai = (& + 2)/K)Ly iy )15 (j =
1,2,...,n—2); then we have

i 2
kD(l) B D(z) _ k63 B i&S,itl 1 B (k + 4)[’
" s < s kst
i=

(n-3) (n-2)
D" + kD,

n— 1 1 n-2
Z + Z 8n+1 —i
- s

i=1

-3 -3 i—1
+ nz 6n—itl k6n+1 —i
- . st st
3 -3 i—1 2
— 54tn + nz: 8n+2—itl nz 6n+2 i

Sn—2 Si Sl

i=1 i=1

7
() (j+1) (j+2)
D, +kD,)" - D,
i i-1 1 1

&0t k]H Ojiqit £ 2 05 it £
B Z st Z s Z st (45)

i=1 i=1 i=1

K+ 4ttt ,
:Tsfj (_]:1,2,...,1’1—4).

Hence, we obtain
By,
DU — (K +2) k)

lk,n

> >

1+ D" 4 kD"
= Circ ( a a
lk,n

DY kD’ -p& DV +kD? - DY

>

IEEEE)

bl
lk,n lk,n lk,n

D;n—4) + kDﬁln—?ﬁ) _ Di,n_Z) )
lk,n

_ b
B lk,n
x Circ (1 + niz(Lk,rwz—i - ((kZ n 2;> /k) Lk)nﬂ_i) i |
i=1 S
- k2 +2 + 5 (Lk’nﬂ_i B ((kz + 2) /k) Lk,n—i) ti—l
k i=1 Si R
K +4 (k +4) (k +4) (k +4)t”‘3
ks ok Tk ke )
(46)
]

4. Left Circulant Matrix with the k-Fibonacci
and k-Lucas Numbers

In this section, let A'kﬁ = LCirc(Fy 1, Fy 55 ..., Fy,,) and B,’m =
LCirc(Ly;, Ly 5. .., Ly,) be left circulant matrices. By using
the obtained conclusions, we give a determinant formula for
the matrices A}, and B,'m. Afterwards, we prove that A, is
an invertible matrix for n > 2 and B,: , is an invertible matrix
for any positive integer n. The inverse of the matrices A'k,n and
B,’m is also presented.

According to Lemma 2, Theorem 6, Theorem 7, and
Theorem 9, we can obtain the following theorems.

Theorem 14. Let A'k’n = LCirc(Fy 1, Fy, - ..
circulant matrix; then we have

s Ey,,) be a left

n-1

F. .
det A}, = (-1)" V02 [M”“ + Fe? vl—’il] (47)

i=1

where F, is the nth k-Fibonacci number.



Theorem 15. Let A'k’n = LCirc(Fy,, Fi s ... Fy,,) be a left
circulant matrix; if n > 2, then A'km is an invertible matrix.

Theorem 16. Let A'k,n = LCirc(Fy y, Fy 5, .. .> Fy,,) (n > 2) be
a left circulant matrix; then we have

; , Py SRR
T ¢

k.n

_ i1 -3
Al = ! LCirc (1 + rka’nfiF;(’n Fle
kn = 7 — 7

Fk,n 1 k = Fk,n—l—iFli,_n1 )
T T Tkt >
U U -1 ¢
(48)
where
n—-2 )
Jin = Fry — kB, + ZFk,ivn_(Hl)- (49)

i=1
By Lemma 2, Theorem 10, Theorem 11, and Theorem 13,

the following conclusions can be attained.

Theorem 17. Let By, = LCirc(Ly;,Ly,,...,Ly,) be a left

circulant matrix; then we have

detB, = (-1)" V2

x [ks"‘1 + k"2

nl K +2 i-1
x ) (Lk,i+2 - %Lk,m) (;) ] ,
i=1

(50)

where L, ,, is the nth k-Lucas number.

Theorem 18. Let B,'(’n = LCirc(Ly,Ly,...,Ly,) be a left

circulant matrix; then By, is invertible for any positive integer
n.

Theorem 19. Let B,’c,n = LCirc(Ly Ly ys...>Lg,) be a left
circulant matrix; then we have

-1
Bk,n

lk,n

n-2 (Lk,n+2—i - ((k2 + 2) /k) Lk,n+1—i) ti_l

xCirc<l+Z - R
s

i=1

(k2 + 4) 3 (k2 + 4) 2
ksn—Z et Jes3 >
(F+4)t 1a K12
ks> ks k
. ’f (Lk,n+1—i - ((k2 +i2) /k) Lk,n—i) £ > ‘
i=1 S

(51)
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5. g-Circulant Matrix with the k-Fibonacci and
k-Lucas Numbers

In this section, let A, = g-Circ(F;, Fy,, ..., F,) and
Bykn = g-Circ(Lyys Ly, - -> Ly,) be g-circulant matrices.
By using the obtained conclusions, we give a determinant
formula for the matrices A ;, and B ,. Afterwards, we
prove that A ; , is an invertible matrix forn > 2 and B, is
an invertible matrix if (1, g) = 1. The inverse of the matrices
Aginand By, is also presented.

From Lemmas 3, 4, and 5 and Theorem 6, Theorem 7, and
Theorem 9, we deduce the following results.
Theorem 20. Let Ay, = g-Circ(Fy, Fiy, ..., Fr,) be a g-
circulant matrix and (n, g) = 1; then we have

n-1 F, ;
det A, = detQ, [;/"1 + F;;szi—ﬁ] . (52)
i=1

where F, is the nth k-Fibonacci number.

Theorem 21. Let A, = g-Circ(Fy, Fys,..., Fy,) be a g-

circulant matrix and (n,g) = 1;ifn > 2, then A, is an
invertible matrix.
Theorem 22. Let Ay, = g-Circ(Fy, Fry, ..., Fi,)(n > 2)
be a g-circulant matrix and (n, g) = 1; then we have
: 1 "EFoniFion
Aglkn = [—Circ (1 + Zk’n—lik’n,—k
H fk,n i=1 U
- i~1
" E sz,n—l—iFIlc,n =
& #l > M >
2 -3
_Fk,n _Fk,n _Flzl,n @T
#2 > [43 PICIC ) [,[”’2 g)
(53)

where fi, = Fi, — kFy, + 27;12 Fk,i”"_(i+1)~
Taking Lemmas 3, 4, and 5 and Theorem 10, Theorem 11
and, Theorem 13 into account, we have the following theo-

rems.

Theorem 23. Let B, = g-Circ(Ly;, Ly, .., Ly,) bea g-
circulant matrix and (n, g) = 1; then we have

det B ko

n—-1 2
= detQ, [ks”_1 + kt"_zz ((Lk,i+2 - kTJrsz,iﬂ)
i1

)]

where Ly, is the nth k-Lucas number.

(54)

Theorem 24. Let B, , = g-Circ(Ly,, Lyy,...,Ly,) bea g-

circulant matrix andg (n, 9) = 1; then B, is invertible matrix.
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Theorem 25. Let B, = g-Circ(Ly, Ly, -
circulant matrix and (n, g) = 1; then we have

»Ly,) bea g-

-1
gk.n

| L
- lk,n
n-2 (Lk,n+2—i - ((k2 + 2) /k) Lk,n+1—i) tl;l

><Circ<1+z g R

i=1

(kz + 4) 3 (kz + 4) 2
ks”‘2 e kS3 >
(k2+4)t k2+4 k2+2
ks ks k
Sl @)
i=1 s
x Q.

(55)

6. Conclusion

Circulant-type matrices have a very nice structure, and
the k-Fibonacci and k-Lucas numbers also have amazing
properties. The related problem of circulant-type matrices
and some famous numbers are studied in this paper. We not
only study invertibility of circulant-type matrices with the
k-Fibonacci and k-Lucas numbers but also give the explicit
determinants and explicit inverses. We would get a lot of good
results if we combine famous numbers with circulant-type
matrices, and the results would be used in solving ordinary
differential equations. We will still focus our attentions on
specific matrices and famous numbers in the future.
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