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Abstract

Empirical mode decomposition (EMD) is a relatively new, data-driven adaptive technique for ana-

lyzing multicomponent signals. Although it has many interesting features and often exhibits an ability to

decompose nonlinear and non-stationary signals, it lacks a strong theoretical basis which would allow a

performance analysis and hence the enhancement and optimization of the method in a systematic way.

In this paper, the optimization of EMD is attempted in an alternative manner. Using specially defined

multicomponent signals, the optimum outputs can be known in advance and used in the optimization of the

EMD free parameters within a genetic algorithm framework. The contributions of this paper are twofold.

Firstly, the optimization of both the interpolation points and the piecewise interpolating polynomials

for the formation of the upper and lower envelopes of the signal reveal important characteristics of the

method which where previously hidden. Secondly, basic directions for the estimates of the optimized

parameters are developed, leading to significant performance improvements.

I. INTRODUCTION

The method of Empirical mode decomposition (EMD), introduced by Huang et. al. [1], aims to analyze

multicomponent signals [2] by breaking them down into a number of elementary amplitude and frequency
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modulated (AM/FM) zero mean signals termed intrinsic mode functions (IMFs). Recently EMD has

received much attention due to its interesting features. Among others, the most significant of them are:

• It can be applied and provide useful and reliable results regardless of the non-stationary and/or

nonlinear characteristics of the signal under consideration.

• The elementary signals are virtually monocomponent (narrowband) leading to meaningful instanta-

neous frequency estimates via the Hilbert transform or other alternative techniques [3].

• EMD results in an adaptive signal-dependent time-variant filtering procedure able to directly extract

signal components which significantly overlap in time and frequency [4].

• The physical meaning of the intrinsic processes underlying the complex signal is often preserved

in the decomposed signals. This is mainly due to the fact that the results are not prejudiced by

pre-determined basis and/or subband filtering processes.

As was pointed out in [5] EMD considers signals as “fast oscillations superimposed on slow oscilla-

tions”. The task of EMD is to iteratively reveal locally the slow oscillating part of the signal according to a

procedure called sifting which involves the computation of the upper and lower envelopes which enfold the

fast oscillating signal. The envelopes are usually spline functions which interpolate some predefined points

of the fast oscillating signal called interpolation points. The IMFs result from the successive subtraction

of the estimated slow oscillating signals from the multicomponent signal. After the extraction of an IMF,

the same procedure is repeated with the residual. Although the validity and the robustness of EMD

have been shown in a number of applications [6], [7], [8], the EMD technique lacks a well established

theoretical analysis which would permit a convergence proof and a direct, systematic optimization of the

method. Due to the nature of EMD and the obscure way it operates, the so far published modifications

of the initially proposed algorithm leading to performance improvement are limited [4], [9].

The best spline implementation is one of the most important open problems related to the EMD method

[10]. Moreover, another crucial issue which is related not only to the EMD performance enhancement but

also to the better understanding of the way the decomposition is realized, is the detection of the optimum

positions of the interpolation points. So far, the investigation of EMD has been realized in two different

ways. Either empirically, based on simulation examples and specific-heuristically defined configurations of

the EMD; or by drastically modifying the sifting procedure [11] of the method, [12] in order for the EMD

to be more easily approached analytically but, usually by compromising the performance. Moreover, the

EMD behaviour when analyzing stochastic noise-like signals has also been examined allowing important

conclusions to be drawn about the filtering characteristics of the algorithm [13].
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In this paper an alternative procedure is followed. EMD is examined by using appropriately designed

multicomponent signals which allow as to know explicitly the optimum outputs that the EMD should

“ideally” provide. The knowledge of the desired EMD outputs, is pivotal in allowing the use of advanced

techniques for the optimization of the parameters of the method which determines its behavour. The

contribution of the paper is twofold. Primarily, to facilitate our understanding of the inherent way that

EMD succeeds in decomposing signals. Secondly, to propose new methods for both interpolation points

estimation and envelope formulation that exploit the new findings and could serve as a starting point

for novel, efficient EMD variants. More specifically, the optimization procedure shows that there are

specific extrema, which are related to the signal that is to be extracted, and are able to lead to much

improved decomposition performance if the extrema of EMD are set to them. As a result, EMD can be

understood as a procedure that attempts to iteratively converge to those optimized extrema. Furthermore,

by adopting the optimized extrema, the EMD envelopes tend to be tangential to the processed signal.

Based on the observations above, signal preprocessing methods leading to interpolation points estimates

closer to optimized ones are proposed. Finally, a type of Hermitian interpolation is also proposed which

succeeds in preserving the characteristics of the optimized envelopes.

The remainder of the paper is organized as follows. In section II the basics of EMD together with

the modifications and formulations which allow the utilization of optimization techniques are presented.

Section III describes the use of a GA for the optimization of the interpolation points and the way that the

corresponding results can be exploited for the development of enhanced interpolation points estimators.

In a similar manner, the optimized interpolant is estimated and a new interpolation method is proposed in

section IV. Section V deals with the application of EMD configured with the standard and the proposed

ways to a number of simulation examples. Conclusions are then drawn in section VI.

II. EMD ALGORITHM

EMD aims to decompose a multicomponent signal x(t) into a number of virtually monocomponent

IMFs h(t), plus a non zero-mean low order polynomial remainder r(t):

x(t) =
N

∑

i=1

h(i)(t) + r(t). (1)

Each one of the IMFs, e.g. h(k+1), is obtained by applying a process called sifting to the residual

multicomponent signal as in the equation below

x(k)(t) = x(t) −
k

∑

i=1

h(i)(t). (2)
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The sifting process is an iterative procedure which aims to achieve improved estimates of h(k)(t) in

each iteration. More specifically, during the (n + 1)th sifting iteration, the temporal estimate of the IMF,

ĥ
(k)
n (t), obtained in the previous sifting iteration, is processed according to the following steps (some of

the quantities derived are shown in Fig. 1):

1) Specify some time instances τu = [τu,1, . . . , τu,M ], τl = [τl,1, . . . , τl,L] called nodes and the

corresponding IMF values ĥ
(k)
un

= [ĥ
(k)
n (τu,1), . . . , ĥ

(k)
n (τu,M )], ĥ

(k)
ln

= [ĥ
(k)
n (τl,1), . . . , ĥ

(k)
n (τl,L)]

called interpolation points. These points are utilized in the formation of two envelopes, an upper

and a lower one, which enfold the temporal estimate ĥ
(k)
n . The interpolation points are deter-

mined according to some criteria, e.g. to be the maximum extrema of ĥ
(k)
n (t) for the upper

envelope case (τu = {t :
dĥ

(k)
n (t)

dt
= 0,

d2ĥ
(k)
n (t)

dt2
< 0}) and the minimum extrema for the lower

case (τl = {t :
dĥ

(k)
n (t)

dt
= 0,

d2ĥ
(k)
n (t)

dt2
> 0}).

2) Interpolate, according to a predetermined scheme, (e.g. natural cubic spline interpolation), between

the points defined in the first step discussed above in order to form the upper Iτu
(t) and the lower

envelopes Iτl
(t).

3) Compute the mean envelope m
(k)
n+1(t) = (Iτu

(t) + Iτl
(t))/2.

4) Obtain the refined estimate of the IMF as ĥ
(k)
n+1(t) = ĥ

(k)
n (t) − m

(k)
n+1(t) and proceed from step 1

again for the next iteration unless a stopping criterion has been fulfilled. If the stopping criterion

is fulfilled, then set h(k)(t) = ĥ
(k)
n+1(t) and proceed to the next IMF.

For the first iteration, the residual signal x(k−1)(t) is used as initial IMF estimate ĥ
(k)
1 (t) and x(0)(t) =

x(t). Alternatively, instead of computing an upper and a lower envelope, the direct estimation of the mean

envelope can be realized by interpolating the successive inflection points of ĥ
(k)
n (t), i.e., {t :

d2ĥ
(k)
n (t)

dt2
= 0}

or, in the first iteration, of the residual signal x(k−1)(t)). Hereafter, the latter EMD variant will be called

direct mean EMD (DMEMD) in order to differentiate it from the standard algorithm for EMD [1]. Ideally,

the final result of each sifting process is the extraction of the faster oscillations preserving at the same

time their amplitude. For example, consider the case where the complex signal consists of N AM-FM

modulated monocomponent signals

x(t) =

N
∑

i=1

si(t) =

N
∑

i=1

αi(t) cos(φi(t)), (3)

with instantaneous frequencies (IF) fi(t) = 1
2π

dφa,i(t)
dt , where φa,i(t) denotes the phase of the ith

corresponding analytic signal written in complex polar coordinates. In this scenario, EMD should be able

to extract, at any time instant, this signal out of N that locally has a highest IF. Under the assumption
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Fig. 1. A multicomponent signal together with several quantities related to the EMD method.

of fi(t) > fj(t) for any i < j and for all time instances t, the ith desired estimated IMF, h(i)(t), has

to be equal to si(t). The above assumption will now be adopted since it does not affect the analysis or

the findings of this work which are still valid in the case of frequency-overlapped signal components.

Moreover, the knowledge of the desired EMD outputs, i.e. the monocomponent signals si(t), allows for

the adaptive optimization of EMD, and important conclusions to be drawn.

The estimate of h(k)(t) after n sifting iterations can be described mathematically as follows

ĥ
(k)
1 (t) = x(k−1)(t) − m

(k)
1 (t)

ĥ
(k)
2 (t) = ĥ

(k)
1 (t) − m

(k)
2 (t)

... (4)

ĥ(k)
n (t) = ĥ

(k)
n−1(t) − m(k)

n (t)

which can be written as

ĥ(k)
n (t) = x(k−1)(t) − (m

(k)
1 (t) + m

(k)
2 (t) + . . . + m(k)

n (t))

= x(k−1)(t) − M (k)
n (t), (5)

with M
(k)
n (t) defined here as the total mean envelope. Equation (5) reformulates the sifting process as

an iterative procedure for the estimation of the slow oscillating local mean of the multicomponent signal

which is a perspective that offers certain advantages as will become clear in the sequel. Assuming that

the decomposition is accurate up to the (k − 1) th signal, i.e., h(i)(t) = si(t), i = 1, . . . , k − 1 then
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from (2),(3), the residual signal is known in advance and is equal to

x(k−1)(t) =

N
∑

i=k

si(t). (6)

So, the optimum total mean envelope which leads to the accurate decomposition of the kth signal, i.e.,

h(k)(t) = x(k−1)(t) − M
(k)
opt (t) = sk(t), is given by the sum of the signals with the lower IFs up to the

signal to be extracted:

M
(k)
opt (t) =

N
∑

i=k+1

si(t). (7)

The intersection points between the optimum mean envelope and the residual signal provide useful

information with respect to the optimization of the method:

τm = [τm,1, . . . , τm,Q]

= {t : M
(k)
opt (t) = x(k−1)(t)}, (8)

which consequently can be rewritten as

τm = {t : sk(t) = 0}. (9)

In the case of DMEMD these interpolation points of the mean envelope would be the optimum ones.

In other words, the optimum interpolation points τm depend on the signal, sk(t), that we are trying to

extract. This observation can explain the difficulties and inaccuracies which arise in the case of DMEMD

when the mean envelope is estimated directly through the inflection points and at the same time the

sifting process is replaced by a partial differential equation-based formulation [11]. The latter method,

forces a piecewise cubic polynomial curve to interpolate the inflection points of the residual signal x(k−1).

Unfortunately, the inflection points can deviate considerably from the optimum interpolation points which,

as noted before, are exclusively determined by the zero-crossing points of the signal that is to be extracted.

In this paper the focus is on standard algorithm for EMD [1], and a question that arises is:

Are there optimum interpolation points having specific properties in the standard EMD case? If yes, how

well are they approximated by the local extrema, i.e. the maximum and minimum extrema which are

usually adopted in practice? The answer to these questions is not as straightforward as in the DMEMD

case. However, τm can reveal the possible positions of the optimum interpolation points.

The interpolation points of the upper and the lower envelope, should be selected in a way capable of

leading to estimated mean envelope equal to M
(k)
opt (t). At the same time, the upper and the lower envelope

should be over and under the mean envelope respectively. Investigating Fig. 1, it can be argued that, each

one of the intervals (τm,i, τm,i+1) can only contain interpolation points which belong exclusively to either
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the upper or the lower envelope depending on whether the residual signal is “over” or “under” M
(k)
opt (t).

In Fig. 1, the intervals that correspond to upper or lower envelopes are shown with light or dark colored

mean envelope respectively. In the next section, the optimum interpolation points will be detected by

means of a genetic algorithm (GA) heuristic search procedure [14].

III. DETECTION OF THE BEST INTERPOLATION POINTS

A. Genetic Algorithms

The GA is a searching process based on the laws of natural selection and genetics [15]. The basic

elements of a GA are the chromosomes χi = [gi,1, . . . , gi,n], i = 1 . . . N , with each one of them containing

n genes where n is the number of the unknown parameters with respect to which the optimization will

occur. The set of N chromosomes constitutes a generation and each chromosome represents a possible

solution to the problem. The GA is iteratively searching for the best or “fitter” chromosome, i.e. for the

best parameter set, through a number of successive generations which are created based on evolutionary

strategies which guarantee that the fitter chromosomes have greater chances to survive.

From an initial, randomly generated, population of chromosomes, a group of them is dedicated to

be the parents of the next generation according to a selection strategy which evaluates the fitness

of each chromosome. The fitness is computed via an error function which is problem specific. The

offspring, is generated through the crossover and mutation operations and the fittest of them replaces

some of the chromosomes in the current population leaving the size of the population constant during the

procedure. The GA cycle is repeated until the fittest chromosome remain constant for a specific number

of successive generations. In the applications of the GA which will follow, tournament selection and

multipoint crossover have been adopted.

B. EMD optimization: Best interpolation points detection

In section II it was seen that the use of appropriately designed multicomponent signals allow us to

know in advance the optimum outputs of the EMD method and consequently the intervals along the time

axes with nodes which explicitly correspond to either the upper or the lower envelope. This fact will be

exploited in order to efficiently select the best ones among all the possible interpolation points by means

of a GA-based search procedure. It must be emphasised, that a modified EMD with the GA embedded in

it is not being proposed here. The GA is simply a means to investigate the way that EMD processes the

signals in order to reveal directions leading to both performance enhancement and insight that would
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aid theoretical analysis of the method. Hereafter, with respect to the GA-based examination of EMD, the

focus will be only on the extraction of the first IMF since the procedure is valid for all others.

Consider that there are M intervals that are able to contain upper envelope nodes Tu,k = {(τm,i, τm,i+1), i :

M
(1)
opt(t) < x(t) for t ∈ (τm,i, τm,i+1)}, 1 ≤ k ≤ M and L intervals that are able to contain lower

envelope nodes Tl,n = {(τm,i, τm,i+1), i : M
(1)
opt(t) > x(t) for t ∈ (τm,i, τm,i+1)}, 1 ≤ n ≤ L. Also

assume that in each interval there is explicitly one node1. It is easy to realize that this assumption

in general results in a number of nodes similar or somewhat larger than that which results from the

standard local extrema case. The optimization which is accomplished with the aid of the GA is as

follows: Minimize the relative error between the actual mean envelope M
(1)
opt(t) and the estimated total

mean envelope M
(k)
n (t) after a preset number of n sifting iterations with respect to the adopted upper

and lower envelope node vectors τu and τl respectively.

The ith chromosome in the adopted GA has the form χi = [τ̃u,1, τ̃u,2, . . . , τ̃u,M , τ̃l,1, τ̃l,2, . . . , τ̃l,L],

where τ̃·,k denotes a random value in the interval T·,k. The fitness function comprises a number of steps:

• Split the chromosome in the upper and lower envelope node vectors τu and τl and compute the

corresponding interpolation points.

• Perform n times the sifting iteration steps 2 and 3 (see section II) using in each iteration the same

nodes as were defined by the chromosome under consideration in order to estimate the total mean

envelope M
(1)
n (t) from (5).

• Compute the chromosome fitness with the following error function2:

F =

∫

|M
(1)
opt(t) − M (1)

n (t)|dt +

∫

t:Iτu (t)<h
(1)
n−1(t)

|h
(1)
n−1(t) − Iτu

(t)|dt +

∫

t:Iτl
(t)>h

(1)
n−1(t)

|h
(1)
n−1(t) − Iτl

(t)|dt (10)

The first term deals with the main objective of the optimization procedure, i.e. to provide accurate

mean envelope estimates, while the second and the third terms prevent the GA from converging

to trivial solutions, e.g., both envelopes to coincide close to the optimum mean envelope. In fact

1The procedure explained here has also been realized for multiple nodes per interval leading to roughly the same conclusions

as in the single node case.

2Here the general expression dealing with analog signals is given. However, in practice a sampled version of the signals

examined is used so the integrals are substituted with the corresponding summations.
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these last two terms guarantee that the interpolation functions will be envelopes which will “tightly

include” the processed signal.

C. GA application to EMD

The time-frequency representation of the multicomponent signal adopted here is shown in Fig. 2

together with the three monocomponent signals which it comprises. Moreover, the multicomponent signal

together with the optimum mean envelope are shown in Fig. 3a in the time domain. In this first example,

Fig. 2. Complex signal comprising three amplitude and frequency modulated signals.

the higher frequency monocomponent signal has been intentionally chosen to be well separated from

the rest of the signals. The GA is used in order to detect the upper and lower envelope nodes that

optimize the extraction of the first monocomponent signal after a predetermined number of n sifting

iterations. The GA-based optimization of the interpolation points was realized based on cubic splines

and n = 5 sifting iterations. Fig. 3(b-c) shows the error along the time axis between the optimum and

the estimated mean envelope of the signal when the latter has been obtained after one sifting iteration

applied to the signal depicted in Fig. 3a. The dark blue and the dark red areas correspond to low and

high error respectively as can be seen from the corresponding color-error map (Fig. 3d), which relates to

all similar figures in the paper. The error-bars correspond to 3rd and 5th order spline interpolation and

differently obtained local extrema, namely, GA-optimized (error-bars b1 and c1), extrema of the highest
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Fig. 3. Relative error between the estimated, after 1 sifting iteration, and the actual mean envelope (red curve in (a)) during

the first IMF extraction from the signal shown with blue curve in (a). The error bars correspond to different spline orders and

interpolation points obtained from genetic algorithm optimization (GA), extrema of the desired high frequency signal (DSE)

and local extrema of the multicomponent signal (SE).

instantaneous frequency monocomponent signal which is the one that optimally should be extracted (b2

and c2) and local extrema (b3 and c3) which have been used in EMD to date. It can be easily observed

that the optimized interpolation points estimated by the GA virtually coincide with the extrema of the

signal which is about to get extracted, i.e., the multicomponent signal of the highest frequency. Hereafter,

we will refer to the extrema, nodes and interpolation points of the desired signal to be extracted as desired

and to the extrema, nodes and interpolation points estimated by a GA procedure as optimized.

Fig. 4(b-d) shows the improvement achieved with five sifting iterations for the three interpolation points

selection methods, compared to the one-sifting iteration and desired interpolation points case shown in

Fig. 4a. In the case of Fig. 4d which corresponds to the standard EMD method, the local extrema of the

multicomponent signal are recomputed in each sifting iteration, while in the cases of the optimized (Fig.

4c) and desired extrema (Fig. 4b), the same interpolation points are used in every iteration. This illustrates

the power of EMD, which although adopting interpolation points far from the desired ones, it iteratively

succeeds in gradually improving estimates while approaching to the desired interpolation points. When
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Fig. 4. Relative error between the estimated and the actual mean envelope during the first IMF extraction. The first two error

bars correspond to interpolation points obtained from the local extrema of the desired high frequency signal and one or five

sifting iterations respectively, the third error bar corresponds to GA optimized points and 5 iterations and the last two error bars

correspond to local extrema reobtained in each iteration or just estimated before the first sifting respectively. The error map of

Fig. 3 applies here as well.

the extrema obtained from the multicomponent signal at the first sifting serve as interpolation points

throughout the rest of the sifting iterations, the results are disappointing (see Fig. 4(e)).

The findings of this subsection are not totally unexpected. The essence of EMD is to identify the

oscillatory mode that corresponds to the high frequency signal by its characteristic time scales in the

residual signal [16]. The time scales of a signal are determined by the distance between its characteristic

points such as zero crossing points or extremes. It is not surprising, that the EMD method performs better

when it is directly supplied with the characteristic points of the fast oscillating signal.

In practice, neither the extrema of the desired signals are known, nor can they be estimated with the

aid of a GA. The maxima and minima of the multicomponent signal serve as estimates to the desired

interpolation points and it should be expected that the closer the estimated extrema are to the desired

ones the better the decomposition performance is. The challenge is to find ways of estimating the desired

interpolation points from the multicomponent signal more accurately than the standard extrema method

does. The development of optimized methods for the interpolation points is beyond the scope of this

paper. However, a discussion on the possible directions that could be followed and the likely difficulties

which may arise is attempted in the next subsection.

D. New interpolation points estimation techniques

In many cases the extrema of the multicomponent signal fail to approach the extrema of the desired

highest instantaneous frequency signal and, to make matters worse, there are circumstances where

extrema can be missed, i.e transformed to smooth riding waves [1]. The appropriate preprocessing of the

multicomponent signal in order to enhance its high frequency component leads to local extrema which
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are closer to the desired interpolation points. Here, two such preprocessing methods are briefly examined.

The differentiation and the high pass filtering method.

The fast oscillating signal enhancement goal can be realized with differentiation. For example, the

second derivative of the multicomponent signal is able to track the changes of the faster oscillating signal

better because the latter is characterized from faster acceleration. Moreover, the local extrema of even

order derivatives of the multicomponent signal are more likely to be closer to the desired extrema than

the extrema of the multicomponent signal itself. A sketch proof is outlined in appendix I for the case

of signals comprising both constant amplitude and frequency monocomponent signals. The potential of

using the local extrema of higher order derivatives of the multicomponent signal has already been reported

[17]. However, the authors’ starting point was quite different, namely the form of the curvature of the

signal which is given as a function of the first and the second derivative:

c(t) =
d2x(t)/dt2

(1 + (dx/dt)2)3/2
(11)

Apparently, the relation between the curvature extrema and the differentiation method as means for

estimating IPs closer to the desired ones provides a new viewpoint to the inherent function of the

curvature extrema method.

There are a number of problems related to the application of higher-order derivatives in EMD. First, in

the case of closely sampled signals, the machine precision can easily be overcome due to the subtractions

involved in the numerically computed derivatives, leading to noise-like effects and “false” additional

extrema. Interpolation of the signal samples before the differentiation can eliminate this problem. Second,

it is well known that differentiation can result in noise amplification. Thus, differentiation has to be

accompanied with some form of appropriate filtering, with Savitzky-Golay smoothing filter [18] and

specialized wavelet techniques [19] being possible candidates. Additionally, the adoption of adaptive -

smoothing splines [20] can be an extension of EMD in the presence of noise. Third, the use of derivatives

can alter the meaning of certain signals such as intrawave frequency modulated signals [17]. Fourth, the

existence of discontinuities and/or abrupt changes in slowly oscillating nonlinear signals can result in

extrema that do not belong to the desired monocomponent signal. For all the cases above, it is an open

issue to develop techniques that fit to and exploit the special characteristics of EMD. Fig. 5(b-e) shows

the error (absolute time difference) between the desired nodes which correspond to the extrema of signal

s1(t) of Fig. 5(a) and the nodes that correspond to the local extrema (b), the curvature extrema (c) the

local extrema of the second derivative of the multicomponent signal (d) and the local extrema of the

fourth derivative of the multicomponent signal (e). The filled circles in (b) denote missed extrema. For
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Fig. 5. Error in time instances between the optimum and the estimated nodes for several derivation-based nodes estimation

schemes. ∆f indicates the ratio of the frequency of signal s1(t) over the frequency of s2(t) along the time axis.

the numerical computation of the derivatives the central formula of order four:

f ′(x) ≈
−f(x + 2d) + 8f(x + d) − 8f(x − d) + f(x − 2d)

12d
, (12)

was used with d being the sampling period which was chosen low enough in order to prevent the

production of round-off errors during the differentiation. Observe that the differentiation leads in general

to more accurate estimates with the second derivative and the curvature method exhibiting similar

performance.

Apart from the high frequency enhancement methods based on differentiation, it is possible to resort to

high pass filtering methods. The extrema of the filtered multicomponent signal are expected to lie closer

to the desired ones due to the fact that the energy of the lower frequency signals which are responsible for

the shifting or even the hiding of the observed extrema will be decremented. Still this proposed direction

for interpolation points estimation is accompanied by a number of difficulties and is open to research



14

issues. First of all, the group delay that the filter introduces to the processed data must be known since

it will result in a further shifting of the observed extrema. Linear phase finite impulse response (FIR)

filters lead to constant and easy to compute group delay. However, the long delay which they usually

entail, may be a disadvantage for some applications. Second, it remains an open question as to how the

filter cutoff frequency should be selected. To make things more complicated, the cutoff frequency may

need to be adaptive and in a sense to “track” the frequency changes of the fast oscillating signal.

Fig. 6. Error in time instances between the optimum and the estimated nodes for several FIR filtering-based nodes estimation

schemes.

Fig. 6 shows the estimation error for different configurations of an FIR filter applied to the signal of

Fig. 5a. In the cases shown in Fig. 6(a)-(c), the cutoff frequency was set equal to the mid frequency

point between signals s1(t) and s2(t) and the length of FIR filters was chosen to be 100, 200 and 500

taps respectively. Observe that the optimum extrema detection performance is in general improved with

the increment of the filter lengths. However, the longer the filter length, the longer the group delay and

the less the signal length which is effectively processed correctly. This is apparent from the errors which

appear at the rightmost hand side of Fig. 6.

When it comes to the selection of the filter cutoff frequency the rules seem to be quite different from

other filtering cases. The multicomponent signal is filtered not in order to isolate the high frequency

signal but in order to “decontaminate” it from the low frequency ones. From this perspective, it may

even be acceptable, if not required, to filter out large amounts of energy of the high frequency signal if

this serves the extrema estimation. For example, in Fig. 6(d) where with only 200 taps, better performance

than in the case of a 500 taps long filter is achieved by increasing the cutoff frequency by almost 50%,

i.e. Df = 0.015Hz.
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IV. IMPROVED PIECEWISE INTERPOLATION METHODS

In Fig. 3 it was observed that incrementing the order of the natural splines leads to an improvement

in the performance of EMD. However, this is not a general conclusion as can be seen in Fig. 8 and

particularly in the first and the second error bars where the example signal of Fig. 5 has been adopted

and the 3rd and the 9th order splines have been used respectively. Observe that the higher order natural

splines lead to an improved performance only when the frequency of the desired signal is at least twice

the rest. In the next subsection, a GA-based optimization of the piecewise polynomials which form the

upper and the lower envelopes will be realized while the interpolation points will stay fixed to the desired

ones.

A. EMD optimization: Investigation on improved interpolation schemes

For the construction of the envelopes, e.g. the upper one, it is assumed that the corresponding in-

terpolation points x(τu,i), 1 ≤ i ≤ M are linked with M − 1 4th order polynomial curves3 Pi(t) =

au,it
4 + bu,it

3 + cu,it
2 + du,it + eu,i, τu,i ≤ t ≤ τu,i+1. Moreover, the polynomials share the following

properties

Pi(τu,i) = x(τu,i) (13)

Pi(τu,i+1) = x(τu,i+1) (14)

dPi(t)

dt
|t=τu,i

=
dPi−1(t)

dt
|t=τu,i

(15)

The continuity in the first derivative guarantees at least the minimum smoothness at the transitions between

the polynomials at the interpolation points.

Each chromosome in the GA has 2× (L + M) genes χ = [D
(1)
u,1, . . . , D

(1)
u,L, D

(2)
u,1, . . . , D

(2)
u,L, D

(1)
l,1 , . . . ,

D
(1)
l,M , D

(2)
l,1 , . . . , D

(2)
l,M ] which represent the values of the first and the second derivatives of the polynomials

at the interpolation points, i.e.:

dPi(t)

dt
|t=τu,i+1

= D
(1)
u,i+1 (16)

d2Pi(t)

dt2
|t=τu,i+1

= D
(2)
u,i+1 (17)

Equations (19)-(17) form M − 1 linear systems of equations from which the unknown parameters

{au,i, bu,i, cu,i, du,i, eu,i} and hence, the upper envelope can be easily computed. Using the last 2 × M

3The fourth order that is adopted here is not restrictive, and the same procedure could be realized with polynomials of higher

or lower order.
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genes of the chromosomes, the lower envelope can be computed in a similar way. The mean envelope is

computed for all the chromosomes and their fitness is given by:

F =

∫

|M
(1)
opt(t) − m

(1)
1 (t)|dt (18)

Note that, in contrast to (10) a simpler fitness function is used here. In the case of the interpolation points

optimization, the extra terms guaranteed that the interpolants would have an “envelope like” behaviour.

Now that the subject of optimization is the envelopes themselves it is sensible to minimize the extraction

error unaltered. The task of the GA is to search for the optimum derivatives that the piecewise polynomial

should have at the interpolation points. Presumably, the derivative values determines the shape of the

envelopes.

B. Novel interpolation methods

The above GA-based optimization procedure was applied on a portion, namely from 3000 to 4500

sec. of the multicomponent signal depicted in Fig. 5a which can be seen in Fig. 7 represented by the

thick line. In the same figure, the thin line and the dashed line correspond to the upper envelope when

it is constructed using natural cubic splines or the polynomials optimized by the GA respectively. It can

Fig. 7. Upper envelope constructed either by natural cubic spline interpolation (thin curve) or by GA-optimized piecewise

polynomial interpolation (dashed curve). The stars denotes the optimum interpolation points which have been adopted for the

optimization procedure.

be observed that the difference in the behavior of the two envelopes. The spline envelope often crosses

the signal, whereas the GA optimized envelope usually stays above it, and more importantly it tends to

be tangential to the signal at the interpolation points, (which is indicated by the stars). In other words,
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the first derivative of the envelope at the interpolation points coincide with that of the multicomponent

signal.

The above observation brings directly to mind Hermite piecewise polynomial interpolation [21] which

allows the determination of the value of derivatives at selected points. More specifically, in our case and

kth order interpolation the following conditions are fulfilled in each knock τ·,i:

Pi(τ·,i) = Pi+1(τ·,i) = x(τ·,i) (19)

dPi(t)

dt
|t=τ

·,i
=

dPi+1(t)

dt
|t=τ

·,i
=

dx(t)

dt
|t=τ

·,i
(20)

djPi(t)

dtj
|t=τ

·,i
=

djPi+1(t)

dtj
|t=τ

·,i
, 2 ≤ j ≤ k (21)

Fig. 8. Relative error corresponding to the first IMF extraction from signal of Fig. 5a when the desired interpolation points

have been used. The first two error bars correspond to cubic and 9th order natural splines and the last two correspond to cubic

and 5th order Hermite polynomial interpolation with estimated first derivatives.

The performance improvement that is achieved can be observed in Fig. 8. The first two error bars

show the relative error when 3rd order and 9th order spline interpolation was used on the total length

of signal shown in Fig.5a. The third error bar corresponds to the cubic Hermite interpolation with the

first derivatives of the interpolation polynomials at the interpolation points set equal to the estimated

first derivatives of the multicomponent signal. The fourth error bar corresponds to the 5th order Hermite

interpolation where the derivatives higher than the first order are equal between the polynomial pieces in

a similar manner to natural splines. In fact, the improvement is even better as the order of interpolation

increases.

V. EVALUATION OF THE NEW TECHNIQUES

The findings of this paper are evaluated through studying four simulation examples. In all the cases, the

extraction of the highest frequency signal is considered since the procedure is simply repeated after the

extraction of each signal. As performance measure, the mean square error (MSE) between the extracted
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IMF and the higher frequency signal, i.e., MSE =
1

Ns

Ns
∑

n=1

(h(1)(n) − s(n))2 is adopted where Ns is

the total number of samples and in general s(n) = si(n), where i corresponds to the signal that has the

higher frequency in the specific n. For simplicity here, the s1(t) has been always allowed to have the

higher frequency along the time axis. Sampling frequency issues are not taken into account here [5], [22]

and the multicomponent signal has been sampled at least 50 times faster than the Nyquist frequency.

Moreover, when derivatives are needed, either for the extrema estimation or for the Hermite interpolation,

they are estimated using (12).

A. Simulation Example I

Fig. 9. The high frequency signal of the signal shown in Fig. 6a and its estimates provided by several configurations of EMD.

In this example, the multicomponent signal of Fig. 5a is used and concerns the extraction of signal

s1(t), which is shown in Fig. 9a. In all the cases 500 sifting iterations have been applied. In Fig. 9b the

results of the natural cubic splines and local extrema configuration of EMD which is the standard one

used in the literature are shown. Fig. 9(c) corresponds to the scenario where Hermite interpolation was

used instead of natural splines. The adoption of higher order Hermite interpolation (see Fig. 9d), and

local extrema does not lead to better performance. However, when the desired interpolation points are

used (Fig. 9(e)-(f)) each increment of the interpolation order leads to better decomposition performance.

Remarkably, EMD with 23rd order Hermite interpolation and desired interpolation points succeeds in
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separating signals that approach the other in frequency as close as f1 = 1.05f2. Note that the separation

which is achieved with natural splines and desired interpolation points regardless the interpolation order

is accurate only for the frequency relation f1 < 2f2. Finally, for Fig. 9(g) EMD has not been provided

with the optimum interpolation points but the second derivative of the multicomponent signal is used in

each sifting iteration for their estimation. Observe that the performance of this setting approaches that

with the desired interpolation points.

B. Simulation Example II

The high frequency resolution that the Hermite interpolation exhibits comes with a potential disadvan-

tage in the cases of signals with relatively fast amplitude modulation. Lets take an example of a signal

with sinusoidal AM, x(t) = cos(a(t)) cos(φ(t)). Using product-to-sum trigonometric identities such a

signal can also be equivalently written as x(t) = 1
2 cos(a(t) − φ(t)) + 1

2 cos(a(t) + φ(t)). As a result,

it is a question of whether EMD is going to interpret a particular x(t) as a single AM/FM signal or as

two FM signals [9],[23]. Naturally, EMD supported by the high resolution provided from the Hermitian

interpolation will tend to extract the two sinusoids separately, i.e. as different IMFs, particularly in the

cases where the AM frequency is large enough in order to separate the two FM signal components

significantly. The example of Fig. 10 explores such a scenario where the high frequency component

along the time axis is formed by a constant FM signal amplitude modulated by a linear chirp 10(b).

This signal is well separated in frequency with two other constant frequency signals together with which

it forms the signal shown in Fig. 10(a). The error-bar (c1) correspond to the error between the signal

in Fig. 10(b) and the first IMF, h1(t) extracted after 500 sifting iterations with 9th order Hermitian

interpolants. Clearly, EMD succeeds in interpreting correctly only a small portion of the signal on the

left of the time axis. However, after the extraction of the second IMF, h2(t), the initial AM/FM signal

can be reconstructed as is shown in the error-bar (c2) where h1(t)+h2(t) is compared with the signal in

Fig. 10(a). If 150 sifting iterations are used instead, the behaviour of EMD remains the same. The EMD

with natural cubic splines exhibits the same phenomenon but for much higher AM frequencies as can be

seen in error-bars (d). In fact, the two corresponding FM signals are gradually separated in slower AM

oscillations as the number of time siftings increases.

C. Simulation Example III

The signal adopted here is a harsher version of the multicomponent signal previously used in section

III-C and is depicted in Fig. 11. The MSE on logarithmic scale with respect to sifting iterations is shown
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Fig. 10. The error-bars corresponding to the error between the high instantaneous frequency signal (b) and the first IMF or

the sum of the two first IMFs produced after 150 or 500 siftings and interpolation methods 9th order Hermite (c) and natural

cubic splines (d). The total multicomponent signal is shown in (a).

in Fig. 12 for a number of different configurations of the EMD method. In this figure, curves (1) to

(5) correspond to desired interpolation points and the rest to the cases where the interpolation points

were estimated from the local extrema of the multicomponent signal. In the cases of natural splines of

order 3 and 7 (curves (1) and (2) respectively), the performance deteriorates with increasing order of the

splines. In contrast, when Hermitian interpolation is used instead, the performance achieved is orders of

magnitude better than with splines and it is enhanced with an increase in the interpolation order (curves

(3) and (4)). Also observe, that the use of high order Hermite interpolation for a relatively short number

of sifting iterations and then swapping to cubic Hermite interpolation leads to even better performance

as shown in curve (5).

When the interpolation points are estimated from the local extrema, the spline method fails to decom-

pose the signal and the cubic Hermite interpolation (curves (8) and (6) respectively) behave in a similar
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Fig. 11. Multicomponent signal used in simulation example III.

manner. However, for high order Hermite interpolation (polynomials of order 13) it performs very well and

even outperforms the spline method with desired interpolation points as curve (7) shows. Unfortunately,

in this simulation scenario better performance with the use of differentiation or FIR filtering was not

achieved.

D. Simulation Example IV

In the last simulation example, two out of five signals that comprise the complex signal, are charac-

terized by intrawave frequency modulation [1] given by

s(t) = cos(2πft + ǫ sin(2πft)). (22)

These signals are s1(t) and s4(t) as they are shown in Fig. 13 having f = 1/150, ǫ = 0.5 and

f = 1/500, ǫ = 0.7 respectively. These kind of waves exhibit harmonic distortion similar to a Stokes

wave producing a sharp crest and a rounded-off trough.

The MSE results with respect to sifting iterations are shown in Fig. 14. As far as the estimated extrema

case is concerned, the estimates of the local extrema outperform the estimates from the derivative or the

filtering methods. This happens not as a result of inaccurate estimates, but due to the fact that the intrawave

frequency modulated signal of the high frequency signal was translated as a series expansion of different

sinusoids. It is a phenomenon similar to that observed in the case of fast amplitude modulated signals.
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Fig. 12. MSE between the actual and the estimated highest frequency signal w.r. to the number of sifting iterations.

Fig. 13. Multicomponent signal containing intrawave frequency modulated signals.

With respect to interpolation points estimates via the multicomponent signal local extrema, as can be

seen in curves (8)-(10) the cubic spline (curve (10)) method almost achieves the optimized case (curves

(1) and (2)) and slightly outperforms the Hermite interpolation corresponding to curves (8) and (9). It

seems that in this case, the Hermite interpolation method is more sensitive to the accuracy of the estimated

extrema which force the EMD to decompose the intrawave frequency modulated signal into two parts.

It is very important to note that although the high frequency signal which is about to be extracted

is nonlinear of the form described in equation 22, the behavior of the Hermite interpolation with the

desired interpolation points (see curves (3)-(6)) remains the same as has been seen throughout the paper,
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Fig. 14. MSE between the actual and the estimated by EMD first signal component w.r. to the number of sifting iterations.

i.e. exhibiting the best performance which is improved with an increase in the interpolation order. It is

the view of the authors that further analytic investigation in this direction will add significantly towards

a theoretical basis [10] for this promising decomposition technique.

E. Summarizing our understanding of EMD - Remarks on future research

There are some final clues to the actual function of EMD that can be now drawn based on both the

GA-optimization and the simulation examples. As we saw, EMD attempts to iteratively approach a set

of extrema which characterize the signal with the higher IF and EMD performance would appear to

be maximized when the algorithm is supplied in each sifting iteration with the same desired extrema.

Moreover, we have shown that the desired extrema can be approached by appropriate high-pass filtering

operations. Our notion is that in each sifting iteration EMD performs a high-pass filtering operation on

the signal under consideration reducing the energy of the signal components having lower frequencies.

This in turn results in improved extrema estimates, i.e. local extrema closer to the desired ones. The

next sifting iteration results in further filtered low frequency components and more accurate extrema

estimates. An the same time, the high-pass filtering characteristics are such in order to prevent the fast

oscillating signal from being filtered out. This is possible since the local extrema, on which the sifting

iteration is based, mainly carries information about the fast oscillating signal. Very recent advances in

the theoretical exploration of EMD [23] support analytically such a notion, namely a signal dependent

high pass filtering process, for the sifting. Moreover, the EMD behaviour shown in Fig.10d supports the
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findings reported in [23].

The interpolation method clearly plays an important role in the sifting process determining the frequency

resolution that can be achieved. This is the difference between Hermitian interpolation and cubic splines

interpolation. In terms of an equivalent iterative high-pass filtering process, the Hermitian interpolation

might be translated to both higher cutoff frequencies and “steeper”, i.e. closer to the optimum, filter shapes.

From our point of view, the goal would be the development of interpolation methods which would have

controlled and/or data-dependent resolution capabilities. The work in [24] is likely to provide directions

for such a development.

Finally, the incorporation of the desired interpolation points as fixed will facilitate the analytical

exploration of the method providing at the same time upper performance bounds. Furthermore, the cubic

Hermitian interpolation is a local interpolation method in the sense that the corresponding piecewise

polynomials depend only on the two nearest nodes. This renders the later interpolation method easier to

handle mathematically than natural cubic splines.

VI. CONCLUSION

In this paper, the empirical mode decomposition algorithm was investigated from a novel perspective,

that of a genetic algorithm based optimization. The approach facilitated a better understanding of the

method and offered significant information about the interpolation points, the envelopes and their improved

settings in several simulation examples. In this manner, a significant performance enhancement of EMD

has been achieved. Moreover, the findings regarding the optimized interpolation points and envelopes

will be useful in assisting the development of a more thorough mathematic analysis of EMD.
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APPENDIX I

Consider a multicomponent signal comprising N constant amplitude and frequency sinusoids:

x(t) =
N

∑

i=1

si(t) =
N

∑

i=1

ai cos(2πfit), (23)
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where f1 > fi, i = 2 . . . N and its second derivative

x(2)(t) =
d2x(t)

dt2
= −4π2

N
∑

i=1

aif
2
i cos(2πfit) (24)

The time instances where the extrema of the high frequency signal s1(t) reside are given by ts1,k = k
2f1

,

k ≥ 0, i.e., the time instances where the first derivative of the signal becomes zero. Without loss of

generality we are going to deal with the first extremum of the signal ts1,1 = 0. For ease of notation

purposes the value k will be omitted, i.e. ts1,0 ≡ ts1
. In other words, our analysis is restricted to the time

interval T = [− 1
4f1

, 1
4f1

]. In the presence of the N − 1 lower frequency signals
∑N

i=2 si(t), the position

of the extremum will shift from ts1
with a deviation which depends on the first derivative of the latter

sum. More specifically, the time instance tx where the corresponding extremum may occur is given by

dx(t)

dt
|t=tx

= 0 ⇒

2πf1a1 sin(2πf1tx) + 2π

N
∑

i=2

fiai sin(2πfitx) = 0 ⇒

tx =

arcsin













−

N
∑

i=2

fiai sin(2πfitx)

a1f1













2πf1
(25)

In a similar way, the time instance tx(2) that corresponds to the extremum of x(2) is given by

tx(2) =

arcsin













−

N
∑

i=2

f3
i ai sin(2πfitx(2))

a1f
3
1













2πf1
(26)

It is easy to realise that each of the time instances in the interval T corresponds to a value between

[−1, 1] of the argument of the arcsin. Moreover, the time instances tx and tx(2) coincide with ts1
= 0

when the argument of the arcsin is equal to zero and achieve their highest deviation from ts1
for the

values 1 or -1. In the cases where the absolute value of the argument of the arcsin is greater one, i.e.

the arcsin is not defined, the corresponding extremum will be lost. In order to prove that the extrema of

the second derivative of the signal are closer to the extrema of the high frequency signal than the ones

of the signal itself it would be sufficient to show that
∣

∣

∣

∣

∣

∑N
i=2 fiai sin(2πfitx)

a1f1

∣

∣

∣

∣

∣

>

∣

∣

∣

∣

∣

∑N
i=2 f3

i ai sin(2πfitx(2))

a1f3
1

∣

∣

∣

∣

∣

. (27)
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Although (27) can not be guaranteed to be true, it can be proven that the maximum possible deviation

between the optimized extrema and the extrema of the signal itself is always larger than the maximum

possible deviation of the optimized extrema and the extrema of the second derivative of the signal. Taking

into account that both fi and ai are positive, we can observe that

N
∑

i=2

fiai sin(2πfitx)

a1f1
≤

N
∑

i=2

fiai

a1f1
and

N
∑

i=2

f3
i ai sin(2πfitx(2))

a1f
3
1

≤

N
∑

i=2

f3
i ai

a1f
3
1

. In fact, these are the quantities that correspond to the highest possible

deviation that can occur with the two methods. It can be easily shown that
∑N

i=2 f3
i ai

a1f3
1

≤

∑N
i=2 fiai

a1f1
, (28)

or
N

∑

i=2

fif
2
1 ai >

N
∑

i=2

f3
i ai, (29)

which is valid since f1 > fi for all i > 1.
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