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Systems of differential equations with deviating argument of neutral type [1, 3, 8]

are used.  The mathematical model takes into account not only the previous

moments of time, but also the speed of their change.  These equations more

adequately describe the dynamics of processes, but their investigation faces

significant difficulties.  The qualitative behavior of solutions of neutral type

systems includes the features both, differential and difference equations [2, 9].

Stability investigations require the smallest size of the delay's speed value [7].

Recently, so-called interval, or robust stability theory has received intensive

development.  It is based on two theorems of V.L. Kharitonov [4, 5] for scalar:

equations.  However, difficulties have appeared to obtain similar results for

systems in vector-matrix form.  It is even more complicated to derive conditions

of interval stability for systems of differential-difference equations, though there

are results for scalar equation in [6, 10].
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1. Introduction

In this article, sufficient conditions of interval stability are obtained for systems of

differential equations with deviating arguments of neutral type:

BÐ>Ñ œ HBÐ>  Ñ  EBÐ>Ñ  FBÐ>  ÑÞ Ð"Ñ† † 7 7

Here  are matrices with constant coefficients and  is a constant delay.HßEßF  !7
Along with the system (1) we consider an interval system of following form

BÐ>Ñ œ ÐH  HÑBÐ>  Ñ  ÐE  EÑBÐ>Ñ  ÐF  FÑBÐ>  Ñß Ð#Ñ† †? 7 ? ? 7

where the elements of the matrices , , ,  ? ? ? ? ? ?H œ Ö . × E œ Ö + × F œ Ö , × 3ß 4 œ "ß 834 34 34

take values from some fixed, symmetric intervals

 Ÿ . Ÿ  Ÿ + Ÿ  Ÿ , Ÿ 3ß 4 œ "ß 8Þ Ð$Ñ$ ? $ α ? α " "34 34 34 34 34 34 34 34 34, , , 
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 We obtain conditions of interval (robust) stability of the system (2), i.e., asymptotic

stability with respect to the matrices , , .? ? ?H E F
   The solution  of the system (1) is called Lyapunov stable, forDefinition 1: BÐ>Ñ ´ !
arbitrary  there exist  and  such that for any solution  of the system% 5 5 !  !  ! BÐ>Ñ" #

(1),  holds for , if  and .± BÐ>Ñ ±  >  ! ² BÐ!Ñ ²  ² BÐ!Ñ ² †
" " "% 5 57 7

   The solution  of the system (1) is called asymptoticallyDefinition 2: BÐ>Ñ ´ !
stable if it is Lyapunov stable and lim .

> Ä ∞
± BÐ>Ñ ± œ !

 Here and in the following, the vector norms are given by:

± BÐ>Ñ ± œ B Ð>Ñ ± BÐ>Ñ ± œ ± BÐ>Ñ ± ß ± BÐ>Ñ ± ß†œ e f8

3œ"

#
3

"Î#

", max

² BÐ!Ñ ² œ ± BÐ=Ñ ± ² BÐ!Ñ ² œ ± BÐ=Ñ ± Þ
 Ÿ = Ÿ !  Ÿ = Ÿ !

† †
7 7max ,   max
7 7

e f e f
And the matrix norms are given by

± E ± œ ÐEE Ñ Þe f-max
X "Î#

where  is the maximum eigenvalue of the corresponding matrix.  Let us introduce the-maxÐ † Ñ
following notations:

² E  E ² œ ± E  E ± ² F  F ² œ ± F  F ± ß
± + ± Ÿ ± , ± Ÿ

? ? ? ?
? α ? "
     max ,      max

34 34 34 34

e f e f

² H  H ² œ ± H  H ± ² H ² œ ± H ± ß
± . ± Ÿ ± . ± Ÿ

? ? ? ?
? $ ? $
     max ,      max

34 34 34 34

e f e f
² ÒÐI HÑ  HÓ LÐF  FÑ ² œ ± ÒÐI HÑ  HÓ LÐF  FÑ ± ß

± . ± Ÿ ß ± , ± Ÿ
? ? ? ?

? $ ? "
X X

34 34 34 34

      max e f
² ÒÐI HÑ  HÓ LÐH  HÑ ² œ ± ÒÐI HÑ  HÓ LÐF  FÑ ±

± . ± Ÿ
? ? ? ?

$
X X

3 34

max ,e f
² ÐE  FÑ L H Ð E  FÑ LÒÐI HÑ  HÓ ²X X? ? ? ?

œ ± ÐE  FÑ L H Ð E  FÑ LÒÐI HÑ  HÓ ± Þ
± + ± Ÿ
± , ± Ÿ
± . ± Ÿ

max
? α
? "
? $

? ? ? ?
34 34

34 34

34 34

X Xe f

   The system (2) is called asymptotically stable, if its solution  isDefinition 3: BÐ>Ñ ´ !
asymptotically stable.

   The system (2) is called interval stable, if it is asymptotically stable for allDefinition 4:

matrices , ,  with elements as given in (3).? ? ?H E F
 Herein and after, it is assumed that the “stability" condition for the difference operator, i.e.,

² H  H ²  "? , is fulfilled and the system without delay

BÐ>Ñ œ ÐI HÑ ÐE  FÑBÐ>Ñ Ð%Ñ† "
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is asymptotically stable.  Then there always exist a Lyapunov function of quadratic form,

Z ÐBÑ œ B ÐI HÑ LÐI HÑB LX X  where the symmetric, positive definition matrix  is a

solution of the Sylvester matrix equation

ÐE  FÑ LÐI HÑ  ÐI HÑ LÐE  FÑ œ  G Ð&ÑX X

for arbitrary positive definite matrix .G
 Consider the interval system without delay, i.e., 7 œ !À

BÐ>Ñ œ ÒÐI HÑ  HÓ ÒÐE  FÑ  Ð E  FÑÓBÐ>ÑÞ Ð'Ñ† ? ? ?"

We obtain conditions for the interval stability of the system (6) under the assumption that the

system (4) is asymptotically stable.

 Theorem 1:  Let  be an asymptotically stable matrix and there exist aÐI HÑ ÐE  FÑ"

symmetric positive definite matrix  such that , whereL PÐLÑ  !

PÐLÑ œ -minÒ  ÐE  FÑ LÐI HÑ  ÐI HÑ LÐE  FÑÓX X

Ð(Ñ

 # ² ÐE  FÑ L H Ð E  FÑ LÒÐI HÑ  HÓ ² ßX X? ? ? ?

- -Ð † Ñ ß Ð † Ñmin max are minimum and maximum eigenvalues of corresponding matrices.  Then

the system  is interval stable.Ð'Ñ
   Take as Lyapunov function the following quadratic form:Proof:

Z ÐBÑ œ B ÒÐI HÑ  HÓ LÒÐI HÑ  HÓB Ð)ÑX X? ?

where the symmetric, positive definite matrix  is a solution of the matrix equation (5).  ForL
an arbitrary matrix  satisfying the “stability" condition, this function is positive definite.?H
 Consider the total derivative along solution of (6):

Z ÐBÐ>ÑÑ œ B Ð>Ñ ÒÐE  FÑ  Ð E  FÑÓ LÒÐI HÑ  HÓ
† X Xe ? ? ?

f ÒÐI HÑ  HÓ LÒÐE  FÑ  Ð E  FÑÓ BÐ>Ñ? ? ?X .

Using the matrix equation (5), we obtain

Z ÐBÐ>ÑÑ œ  B Ð>ÑGBÐ>Ñ  #B Ð>ÑÒ  ÐE  FÑ L H
† X X X ?

 Ð E  FÑ LÐI HÑ  Ð E  FÑ L HÓBÐ>Ñ? ? ? ? ?X X .

If

- ? ? ? ? ? ?minÐGÑ  # ± ÐE  FÑ L H Ð E  FÑ LÐI HÑ  Ð E  FÑ L H ±X X X

then the total derivative of the Lyapunov function is negative definite for all matrices ,?H
? ?E F, , the elements of which are given as in (3).

 On the basis of this theorem, it is possible to formulate more rigid, but easier to check,

conditions of interval stability for the system (6).

 Corollary:  Let  be asymptotically stable and there exist a positiveÐI  IÑ ÐE  FÑ"

definite matrix , such that the inequalityL

-minÒ  ÐE  FÑ LÐI HÑ  ÐI HÑ LÐE  FÑÓX X
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 # ÐLÑÒ ± E  F ± ² H ²  ² E  F ² Ð ± I H ±  ² H ² ÑÓ  !- ? ? ? ?max

holds, then the system  is interval stable.Ð'Ñ
 Using the obtained conditions of interval stability for the system without delay (6)

consider the system (2).  Denote a surface level of the Lyapunov function  by ,Z ÐBÑ œ `Zα α

and the region bounded by this surface by , that isZ α

`Z œ BÀ B ÒÐI HÑ  HÓ LÒÐI HÑ  HÓB œ ßα e fX X? ? α

Z œ BÀ B ÒÐI HÑ  HÓ LÒÐI HÑ  HÓB  Þα e fX X? ? α

 Lemma 1:  Let  be a solution of  and for arbitrary  there exist  suchBÐ>Ñ Ð#Ñ  ! X  !α
that , and for  .  Then for all , theBÐX Ñ − `Z  Ÿ =  X À BÐ=Ñ − Z À  Ÿ Ÿ Xα α7 ) 7 )
following inequality holds true:

± BÐ Ñ ±  ² BÐ!Ñ ²  ÐLÑ ± BÐX Ñ ± ß Ð*Ñ† †) :7
? ?

?
²E E²²F F²

"²H H²
È

where

:ÐLÑ œ
-max

min

ˆ ‰ÒÐIHÑ HÓ LÒÐIHÑ HÓ? ?

-

X

ÒÐIHÑ HÓ LÒÐIHÑ HÓ? ?X Þ

   Regarding the inequality of quadratic form and the conditions of Lemma 1, weProof:

have:

- ? ? ) )minÐÒI HÑ  HÓ LÒÐI HÑ  HÓÑ ± BÐ Ñ ± Ÿ Z ÐBÐ ÑÑX #

 Z ÐBÐX ÑÑ Ÿ ÐÒÐI HÑ  HÑ LÒÐI HÑ  HÓÑ ± BÐX Ñ ± Þ- ? ?min
X #

That is why

± BÐ Ñ ±  ÐLÑ ± BÐX Ñ ± Þ Ð"!Ñ) :È
Regarding the form of system (2), conditions of Lemma 1 and the relation (10)

± BÐ Ñ ± Ÿ ± H  H ± ± BÐ  Ñ ±  ± E  E ± ± BÐ Ñ ±  ± F  F ± ± BÐ  Ñ ±† †) ? ) 7 ? ) ? ) 7

 ± H  H ± ± BÐ  Ñ ±  Ð ± E  E ±  ± F  F ± Ñ ÐLÑ ± BÐX Ñ ± Þ†? ) 7 ? ? :È
Constructing an analogous estimate for , we obtainBÐ  Ñ† ) 7

± BÐ Ñ ±  ± H  H ± ± BÐ  # Ñ ±† †) ? ) 7#

 Ð ± E  E ±  ± F  F ± ÑÐ"  ± H  H ± Ñ ÐLÑ ± BÐX Ñ ± Þ? ? ? :È
Let , where , .  Then) 7 7 7 7œ 8  ! Ÿ  8   "" "

± BÐ Ñ ±  ± H  H ± ± BÐ  Ð8  "Ñ Ñ ±  Ð ± E  E ±  ± F  F ± Ñ† †) ? ) 7 ? ?8"

† Ð"  ± H  H ± á  ± H  H ± Ñ ÐLÑ ± BÐ>Ñ ± Þ? ? :8 È
Thus,  and we have± H  H ±  "?

± BÐ Ñ ±  ± BÐ  Ð8  "Ñ Ñ ±  ÐLÑ ± BÐX Ñ ± Þ† †) ) 7 :±E E±±F F±
"±H H±
? ?

?
È
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Relation (9) follows here.

 Theorem 2:  Let  be asymptotically stable and there exist a sym-ÐI HÑ ÐE  FÑ"

metric, positive definite matrix  such that inequalityL

PÐLÑ  # ² ÒÐI  Ñ HÓ LÐF  FÑmÐ"  ÐLÑÑD -? ? :X È
Ð""Ñ

 %mÒÐI HÑ  HÓ LÐH  HÑm ÐLÑlBÐX ÑlÞ? ? :X mE HmmF Fm
"mH m
? ?

?
È

holds.  Then system  is interval stable for arbitrary deviations .  Moreover, for(2) 7  !
arbitrary solutions  of the system ,  for  if BÐ>Ñ lBÐ>Ñl  >  ! mBÐ!Ñm  Ð Ñ +8.(2) " "% 5 %7

mBÐ!Ñm  Ð Ñ†
7 5 %# , where

5 % % :"Ð Ñ œ Î ÐLÑßÈ
5 %#

PÐLÑ#mÒÐIHÑ HÑÓ LÐF FÑmÐ" ÐLÑÑ

%mÒÐIHÑ HÓ LÐH HÑm
Ð Ñ œ ’ ? ? :

? ?

X

X

È

 ÐLÑmE EmmF m
"mH Hm

V
ÐLÑß

? ?
?

%
:

È d•: È (12)

V "ß=minš ’PÐLÑ#mÒÐIHÑ HÑÓ LÐF FÑmÐ" ÐLÑÑ

%mÒÐIHÑ HÓ LÐH HÑm

? ? :

? ?

X

X

È

 Ð ÐLÑ  "Ñ ÞÈ •: mE EmmF Fm
"mH Hm

"
? ?

?

 Proof:  Let  be a solution of the system (2) satisfying the condition BÐ>Ñ mBÐ!Ñm  Ð ÑÞ7 5 %"

Then the solution , , is found inside the set  which is contained in theBÐ>Ñ  Ÿ > Ÿ ! Z ß7 α

V%-neightborhood of the origin, if

α % -œ ÐV Ñ ÐLÑ#
min .

We show that this is prserved for arbitrary . If not for arbitrary, some value  such>  ! X  !
that .  Now consider the total derivative of the Lyapunov function (8) along theBÐX Ñ − `Z α

solution of the system

B œ ÒÐI HÑ  HÓ ÒÐE  FÑ  Ð E  FÑÓBÐ>Ñ  ÒÐI HÑ  HÓ† ? ? ? ?" "

† ÐH  HÑÒBÐ>  Ñ  BÐ>ÑÓ  ÒÐI HÑ  HÓ ÐF  FÑÒBÐ>  Ñ  BÐ>ÑÓÞ† †? 7 ? ? 7"

This system is obtained from (2) by means of the transformation:

Z ÐBÐ>ÑÑ œ B Ð>Ñ ÒÐE  FÑ  Ð E  FÑÓ LÒÐI HÑ  HÓ  ÒÐI HÑ  HÓ
† X X Xe ? ? ? ?

f† LÒÐE  FÑ  Ð E  FÑÓ BÐ>Ñ  #B Ð>ÑÒÐI HÑ  HÓ? ? ?X X

† L ÐH  HÑÒBÐ>  Ñ  BÐ>ÑÓ  ÐF  FÑÒBÐ>  Ñ  BÐ>ÑÓ Þ† †e f? 7 ? 7

Taking into account that the matrix  satisfies equation (5), we deriveL
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Z ÐBÐ>ÑÑ Ÿ 
†

-minÐGÑ ± BÐ>Ñ ±  # ± ÐE  FÑ L H  Ð E  FÑ LÐI HÑ# X X? ? ?

 Ð E  FÑ L H ± ± BÐ>Ñ ±  # ± ÒÐI HÑ  HÓ LÐH  HÑ ±? ? ? ? ?X # X

† ± BÐ>Ñ ± ± BÐ>Ñ  BÐ>  Ñ ±  # ± ÒÐI HÑ  HÓ LÐF  FÑ ± ± BÐ>Ñ ± ± BÐ>Ñ  BÐ>  Ñ ± Þ† † 7 ? ? 7X Using

PÐLÑ as defined in (7), we have

Z ÐBÐ>ÑÑ Ÿ  PÐLÑ ± BÐ>Ñ ±
† #

 # ± ÒÐI HÑ  HÓ LÐH  HÑ ± ± BÐ>Ñ  BÐ>  Ñ ± ± BÐ>Ñ ±† †? ? 7X

 # ± ÒÐI HÑ  HÓ LÐF  FÑ ± ± BÐ>Ñ  BÐ>  Ñ ± ± BÐ>Ñ ±? ? 7X .

According to the assumption, for  we have  and for :> œ X BÐX Ñ − `Z  Ÿ =  Xα 7
BÐ=Ñ − Z α.  Therefore, using the inequality (10) and relations

± BÐ>Ñ  BÐ>  Ñ ± Ÿ ± BÐ>Ñ ±  ± BÐ>  Ñ ± ß7 7

 ± BÐ>Ñ  BÐ>  Ñ ± Ÿ ± BÐ>Ñ ±  ± BÐ>  Ñ ± ß† † † †7 7

for , we obtain> œ X

Z ÐBÐX ÑÑ   PÐLÑ ± BÐX Ñ ±  # ± ÒÐI HÑ  HÓ LÐH  HÑ ± ± BÐX Ñ ±
† # X? ?

† Ò ± BÐX Ñ ±  ± BÐX  Ñ ± Ó  # ± ÒÐI HÑ  HÓ LÐF  FÑ ± Ð"  ÐLÑÑ ± BÐX Ñ ± Þ† † 7 ? ? :X #È
Taking into account inequality (9) of Lemma 1, we obtain

Z ÐBÐX ÑÑ   ÒPÐLÑ  # ± ÒÐI HÑ  HÓ LÐF  FÑ ± Ð"  ÐLÑÑ
†

? ? :X È
 % ± ÒÐI HÑ  HÓ LÐH  HÑ ± ÐLÑÓ ² BÐX Ñ ²? ? :X #²E E²²F F²

"²H H±±
? ?

?
È

 % ± ÒÐI HÑ  HÓ LÐH  HÑ ± ± ± BÐ!Ñ ± ± BÐX Ñ ± Þ†? ?X
7

If there exist a positive definite matrix , satisfying inequality (11), then withL

² BÐ!Ñ ² †
7

? ? :

? ?’PÐLÑ#²ÒÐIHÑ HÓ LÐF FÑ²Ð" ÐLÑÑ

%²ÒÐIHÑ HÓ LÐH HÑ²

X

X

È

“È ÐLÑ V Ÿ "²E E²²F F²
"²H H²

V
ÐLÑ

? ?
?

%
:

: È ,  

the total derivative of the function  at  is negative definite.  This providesZ ÐBÐ>ÑÑ > œ X
BÐ>Ñ − Z >  !α for all .

 As it follows from Lemma 1, in this case

± BÐ>Ñ ± † ’PÐLÑ#²ÒÐIHÑ HÓ LÐF FÑ²Ð" ÐLÑÑ

%²ÒÐIHÑ HÓ LÐH HÑ²

? ? :

? ?

X

X

È

“È ÐLÑ²E E²²F F²
"²H H²

V
ÐLÑ

? ?
?

%
:

:  È
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 ÐLÑ VÞ²E E²²F F²
"²H H²
? ?

?
È: %

In order that  holds true for , it suffices to set variable according to (12).± BÐ>Ñ ±  >  !† %
 The sufficient condition given by inequality (11) imposes rigid restrictions on th system

parameters and their admissible perturbations.  It is possible to weaken the assumptions of

Theorem 1 and obtain conditions of interval stability, depending on the size of delay.

 Lemma 2:  Let  be a solution of the system  such that .  Then, forBÐ>Ñ Ð#Ñ ² BÐ!Ñ ² 7 5
!  > Ÿ 7 , the following inequality holds:

± BÐ>Ñ ±  Ð"  # ² H  H ²  ² F  F ² Ñ / Þ Ð"$Ñ? ? 7 5 ²E E²? 7

 Proof:  Write the system (2) in the form

BÐ>Ñ œ BÐ!Ñ  ÐH  HÑÒBÐ>  Ñ  BÐ  ÑÓ? 7 7

 ÒÐE  EÑBÐ=Ñ  ÐF  FÑBÐ=  ÑÓ.=Þ'    >
!

? ? 7

Under , the relation!  > Ÿ 7

BÐ>Ñ   # ± H  H ±  ± E  E ± ± BÐ=Ñ ± .=  ± F  F ±5 ? 5 ? ? 57'    >
!

holds. Using the inequality of Gronwall-Bellman, we derive

± BÐ>Ñ ±  Ð"  # ± H  H ±  ± F  F ± Ñ Þ? ? 7 5%±E E±? 7

From here it follows (13).

   Lemma 3À Let  be a solution of system  and for an arbitrary  there existBÐ>Ñ Ð#Ñ  !α
>  BÐ=Ñ − Z  Ÿ =  X BÐ>Ñ − `Z = œ X7 7 such that  for  and  for .  Then the followingα α

equality holds:

± BÐX Ñ  BÐX  Ñ ±  % ² H  H ² ² BÐ!Ñ ² 7 ? 7
? ?

?
²E E²²F F²

"²H H²

Ð"%Ñ

† ÐLÑ ± BÐX Ñ ± ÞÈ: 7

 Proof:  Write the system (2) in the following form

BÐX Ñ œ BÐX  Ñ  ÐH  HÑÒBÐX  Ñ  BÐX  # ÑÓ7 ? 7 7

 ÒÐE  EÑBÐ=Ñ  ÐF  FÑBÐ=  ÑÓ.=Þ'    X
X7

? ? 7

Taking into consideration conditions of Lemma 3, we obtain

± BÐX Ñ  BÐX  Ñ ± Ÿ ± H  H ± ± BÐX  Ñ  BÐX  # Ñ ±7 ? 7 7

 Ò ± E  E ±  ± F  F ± Ó ÐLÑ ± BÐX Ñ ± Þ? ? : 7È
Constructing an analogous estimate for the expression ± BÐX Ñ  BÐX  # Ñ ± À7
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± BÐX Ñ  BÐX  Ñ ± Ÿ ± H  H ± ± BÐX  # Ñ  BÐX  $ Ñ ±  Ð"  ± H  H ± Ñ7 ? 7 7 ?#

† Ò ± E  E ±  ± F  F ± Ó ÐLÑ ± BÐX Ñ ± Þ? ? : 7È
Let  for  and .  Continuing the iterative process, we obtainX œ 8  ! Ÿ  8   "7 7 7 7" "

± BÐX Ñ  BÐX  Ñ ± Ÿ ± H  H ± Ò ± BÐX  8 Ñ  BÐ!Ñ ±  ± BÐ!Ñ  BÐX  Ð8  "Ñ Ñ ± Ó7 ? 7 78

 Ò"  ± H  H ± á  ± H  H ± Ò ± E  E ±  ± F  F ± Ó ÐLÑ ± BÐ>Ñ ± Þ? ? ? ? : 78" È
So long as , we get (14).± H  H ±?
 Lemma 4:  Let  be a solution of the system  for an arbitrary  there existBÐ>Ñ Ð#Ñ  !α
X  ! BÐ=Ñ − Z  Ÿ W  X BÐX Ñ − `Z = œ X such that  for  and  for .  Then theα α7
estimate

± BÐX Ñ  BÐX  Ñ ±  % ² H  H ² ² BÐ!Ñ ²  ² BÐ!Ñ ²† † †7 ? ’ “7 7
? ?

?
²E E²²F F²

"²H H²

Ð"&Ñ

 ÐLÑ ± BÐX Ñ ±Š ‹ È²E E²²F F²
"²H H²

#
? ?

? : 7

holds.

 Proof:  Regarding the form of the system (2), we have:

± BÐX Ñ  BÐX  Ñ ±  ± H  ± ± BÐX  Ñ  BÐX  # Ñ ±† † †7 ? 7 7

 Ð ± E  E ±  ± F  F ± Ñ? ?

† % ² H  H ² ² BÐ!Ñ ²  ÐLÑ ± BÐX Ñ ± Þ’ “È? : 77
? ?

?
²E E²²F F²

"²H H²

Continuing, we obtain

± BÐX Ñ  BÐX  Ñ ± Ÿ ± H  H ± ± BÐX  8 Ñ  BÐ!Ñ ±  ± BÐ!Ñ  BÐX Ð8  "Ñ Ñ ±† † † † † †7 ? 7 78c d
 "  ± H  H ± á  ± H  H ± Ð ± E  E ±  ² F  F ² Ñc d? ? ? ?8"

† % ² H  H ² ² BÐ!Ñ ²  ÐLÑ ± BÐX Ñ ± Þ’ “È? : 77
? ?

?
²E E²²F F²

"²H H²

That follows

± BÐX Ñ  BÐX  Ñ ± Ÿ % ± H  H ± ² BÐ!Ñ ² † † †7 ? 7
? ?

?
±E E±±F F±

"±H H±

† % ² H  H ² ² BÐ!Ñ ²  ÐLÑ ± BÐX Ñ ± Þ’ “È? : 77
? ?

?
²E E²²F F²

"²H H²  

We obtain inequality (15).

 With the given lemmas, we obtain the conditions of system (2) interval stability which

depends on argument deviation.
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 Theorem 3:  Let  be asymptotically stable matrix and condition ÐI HÑ ÐE  FÑ Ð(Ñ"

holds.  Then with , where7 7 !

7 ? ?!
PÐLÑÐ"²H H²Ñ

#Ð²E E²²F F²Ñ ÐLÑ
Xœ ² ÒÐI HÑ  HÓ LÐF  FÑ ²?

? ? :È c
Ð"'Ñ

 ² ÒÐI HÑ  HÓ LÐH  HÑ ² “? ?X ²E E²²F F²
"²H H²

"
? ?

?

system  be intervally stable.  And also, for arbitrary solution  holds ,Ð#Ñ BÐ>Ñ ± BÐ>Ñ ± " %
>  ! ² BÐ!Ñ ²  Ð ß Ñ ² BÐ!Ñ ²  Ð ß Ñ† if  and  where7 75 % 7 5 % 7" #

5 % 7"
/

"#²H H²²F F² )²H H²
PÐLÑÐ" Î ÑÐ ß Ñ œ ßminš ²E E²

!
? 7

? ? 7 ?
7 7 '

ÒÒÐI  IÑ  HÓ LÐF  FÑ ²  ² ÒÐI HÑ  HÓ LÐH  HÑ ²? ? ? ?X X

›† Ó ß Ð"(Ñ²E E²²F F²
"²H H²

V
ÐLÑ

? ?
?

%
:

 È

5 % 7#
PÐLÑÐ" Î ÑÐ" Ñ

)²H H²†²ÒÐIHÑ HÓ LÐH HÑ²
V
ÐLÑ

Ð ß Ñ œ 7 7 '
? ? ?

%
:

!
X  ,È

V œ "ßminš ’ PÐLÑÐ" Î ÑÐ" Ñ

)²H H²†²ÒÐIHÑ HÓ LÐH HÑ² ÐLÑ

7 7 '

? ? ? :
!
X È

“È ÐLÑ ß²E E²²F F²
"²H H²

"
? ?

? :

and  is arbitrary constant.!   "'
   Let  be a solution of system satisfying the condition  .Proof: BÐ>Ñ ² BÐ!Ñ ²  Ð ß Ñ7 5 % 7"

Then, as follows from inequality (13) of Lemma 2, for arbitrary , , the solution% 7 !  !
BÐ>Ñ ! Ÿ > Ÿ Z œ ÐV Ñ ÐLÑ V for  is contained by set , , which is contained in -7 α % - &α #

min

vicinity of coordinates origin.  Show the same for .  So by contradiction, exist ,>  X X  7
that  holds.  Estimate the total derivative of function   along the solutionBÐ>Ñ − Z Z ÐBÑ Ð)Ñα

BÐ>Ñ Ð#Ñ of system .  If transformations of Theorem 2 are repeated, we obtain

Z ÐBÐ>ÑÑ Ÿ  PÐLÑ ± BÐ>Ñ  # ± ÒÐI HÑ  HÓ LÐH  HÑ×
† # X? ?

† ± BÐ>Ñ ± † ± BÐ>Ñ  BÐ>  Ñ ±† † 7

 # ± ÒÐI HÑ  HÓ LÐF  FÑ ± † ± BÐ>Ñ ± † ± BÐ>Ñ  BÐ>  Ñ ±? ? 7X .

Along the assumption, for  the right outcome of solution  to level  surface takes> œ X BÐ>Ñ Z α

place.  With inequality (14) and (15) by Lemmas 3 and 4 we obtain

Z ÐBÐX ÑÑ   PÐLÑ ± BÐX Ñ ±  # ± ÒÐI HÑ  HÓ LÐF  FÑ ±
† # X? ?
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† % ² H  H ² ² BÐ!Ñ ²  ÐLÑ ± BÐX Ñ ± ± BÐX Ñ ±š ›È? : 77
? ?

?
²E E²²F F²

"²H H²

 # ± ÒÐI HÑ  HÓ LÐH  HÑ ±? ?X

† % ² H  H ± ² BÐ!Ñ ²  ² BÐ!Ñ ²†š ’ “? 7 7
? ?

?
²E E²²F F²

"²H H²

’ “ È ÐLÑ ± BÐX Ñ ± ± BÐX Ñ ± Þ²E E²²F F²
"²H H²

#
? ?

? : 7

The right-hand side of the transformation gives

Z ÐBÐX ÑÑ   PÐLÑ  # Ò ± ÒÐI HÑ  HÓ L
† š ²E E²²F F²

"²H H²
X? ?

? ?

† ÐF  FÑ ±  ± ÒÐI HÑ  HÓ LÐH  HÑ ± ÓÞ? ? ?X ²E E²²F F²
"²H H²
? ?

?

™È c† ÐLÑ ± BÐX Ñ ±  ) ² H  H ² ± ÒÐI HÑ  HÓ LÐF  FÑ ±: 7 ? ? ?# X

 ± ÒÐI HÑ  HÓ LÐH  HÑ ± ² BÐ!Ñ ²“? ?X ²E E²²F F²
"²H H²
? ?

? 7

 ) ² H  H ² ± ÒÐI HÑ  HÓ LÐH  HÑ ± ² BÐ!Ñ ² Þ†? ? ?X
7

Let us set

7 ? ?!
PÐLÑÐ"²H H²Ñ

#Ð²E E²±F F²Ñ ÐLÑ
Xœ Ò ² ÒÐI HÑ  HÓ LÐF  FÑ ²?

? ? :È
 ² ÒÐI HÑ  HÓ LÐH  HÑ Ó? ?X "²E E²²F F²

"²H H²
? ?

?

and designate .  For the estimation of total Lyapunov's function derivative in time0 7 7œ Î !

> œ X  the following inequality holds:

Z ÐBÐX ÑÑ   PÐLÑÐ"  Ñ ± BÐX Ñ ±  ) ² H  H ² Ò ± ÒÐI HÑ  HÓ LÐF  FÑ
†

0 ? ? ?# X

 ± ÒÐI HÑ  HÓ LÐH  HÑ ± Ó ² BÐ!Ñ ²? ?X ²E E²²F F²
"²H H²
? ?

? 7

 ) ² H  H ² ± ÒÐI HÑ  HÓ LÐH  HÑ ± ² BÐ!Ñ ² Þ†? ? ?X
7

Let

5 ? ? ?"
PÐLÑÐ" Ñ
)²H H²

X XŸ Ò ± ÒÐI HÑ  HÓ LÐF  FÑ ±  ± ÓÐI HÑ  HÓ0 '
?

† LÐH  HÑ Ó Ð")Ñ? ²E E²²F F²
"²H H²

" V
ÐLÑ

? ?
?

%
:È

5#
PÐLÑÐ" ÑÐ" Ñ

)²H H²±ÒÐIHÑ HÓ LÐH HÑ±
V
ÐLÑ

Ÿ ß0 '
? ? ?

%
:X  È

is proposed with -arbitrary constant.  Then  is negative defined and!   " Z ÐBÐX ÑÑ
†

'
BÐ>Ñ − Z >  ! ± BÐ>Ñ ±†α holds for all .  Let us estimate the value . Inequalities (9) and (18)

give us that if , thenBÐ>Ñ − Z α
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± BÐ>Ñ ± † PÐLÑÐ" ÑÐ" Ñ
)²H H²±ÒÐIHÑ HÓ LÐH HÑ±

V
ÐLÑ

0 '
? ? ?

%
:X  È

 ÐLÑV²E E²²F F²
"²H H²
? ?

?
È: %

holds. Therefore, in order for , , the inequality± BÐ>Ñ ±  >  !† %

V Ÿ ’ PÐLÑÐ" ÑÐ" Ñ

)²H H²±ÒÐIHÑ HÓ LÐH HÑ± ÐLÑ

0 '

? ? ? :X È
Ð"*Ñ

“È ÐLÑ²E E²²F F²
"²H H²

"
? ?

? :

is sufficient.  That allows us to obtain (17).
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