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A pho toe las t i c  and  n u m e r i c a l  i nves t i ga t i on  has 

been car r ied  ou t  fo r  d i f f e ren t  ra t ios of  ho le  d i a m e t e r  

to width of t ens i l e  s t r ips  

by P. E. van Riesen and R. M. E. J. Spiering 

ABSTRACT A ph0toelastic and a numerical investigation 
has been carried out to determine the stress-concentration 
factors at the edge of a central circular hole in a tensile 
strip for different ratios of hole diameter to width of the 
strip. The photoelastic data and the numerical results 
indicate that the stress-concentration factor at the minimum 
cross-sectional area tends to a value of two if the ratio of 
the hole diameter to the strip-width approaches a value 
of one. 

Nomenclature 
Anet = m i n i m u m  c r o s s - s e c t i o n a l  a r e a  of m o d e l  ( t w o  

l i g a m e n t s ) ,  m m  2 
a = ho l e  d i a m e t e r ,  m m  

D = d i a m e t e r  t e s t  disk,  m m  
~'~ = s t r e s s - f r i n g e  c o n s t a n t ,  N / f r - m m  
h = h e i g h t  of l i g a m e n t ,  m m  
k = s t r e s s - c o n c e n t r a t i o n  f a c t o r  ( =  O'max/O'net) 
L = l e n g t h  of mode l ,  m m  
N = f r i n g e  o rde r ,  f r  
P = load,  N 
t = t h i c k n e s s  of mode l ,  m m  

w = w i d t h  of mode l ,  m m  
~, = a p p l i e d  s t r e s s  on  gross  a rea ,  N / r a m 2  

~'max = m a x i m u m  st ress ,  N / m m 2  
*'mm = m i n i m u m  st ress ,  N / m m ~  
~n,t = n o m i n a l  s t r e s s  b a s e d  on  n e t  a r e a  ( =  P / A n e t ) ,  

N / r a m S  

Introduction 
A d i s c u s s i o n  h a s  a r i s e n  a b o u t  t h e  s t r e s s - c o n c e n t r a t i o n  
f a c t o r  k a t  t h e  edge  of a c e n t r a l  c i r c u l a r  ho l e  in  a 
t e n s i l e  s t r i p  w h e n  t h e  r a t i o  a / w  t e n d s  to  one.  1,z I n  
t h e  p h o t o e l a s t i c  l a b o r a t o r y  of t h e  A p p l i e d  M e c h a n -  
ics G r o u p  of t h e  T w e n t e  U n i v e r s i t y  of T e c h n o l o g y ,  
a n  e x p e r i m e n t a l  i n v e s t i g a t i o n  ha s  b e e n  c a r r i e d  ou t  to  
d e t e r m i n e  k fo r  v a l u e s  of a / w  i n  t h e  r a n g e  f r o m  0.400 
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to  0.968. S i m u l t a n e o u s l y ,  a n u m e r i c a l  a n a l y s i s  w a s  

e x e c u t e d  b y  m e a n s  of a c o m p u t e r  p r o g r a m ,  b a s e d  on  
a co l loca t ion  m e t h o d .  

Experimental Investigation 
A S h a r p l e s  t r a n s m i s s i o n  po l a r i s cope ,  w i t h  q u a r t e r -  

w a v e  p l a t e s  a n d  a 3 6 0 - m m  field was  used.  T h e  l i g h t  
s o u r c e s  w e r e  a w h i t e  ( t u n g s t e n )  s o u r c e  a n d  a m o n o -  
c h r o m a t i c  one  ( s o d i u m  5890 A ) .  I n  c o n n e c t i o n  w i t h  
t h e  d i m e n s i o n s  of t h e  l o a d f r a m e ,  t h e  l e n g t h  L of  t h e  
m o d e l  w a s  f ixed a t  460 m m  (see  Fig.  1).  I n  o r d e r  to  
p r e v e n t  a n y  pos s ib l e  i n f l u e n c e  of  t h e  c l a m p e d - i n  e n d s  
of t h e  s t r i p  o n  t h e  s t r e s s  d i s t r i b u t i o n  n e a r  t h e  hole ,  
t h e  h o l e  d i a m e t e r  w a s  c h o s e n  to b e  a = 60 r am.  To 
r e d u c e  t h e  w i d t h  of  t h e  s t r ip ,  t h e  e d g e s  of  t h e  s t r i p  
h a v e  b e e n  m a c h i n e d  in  t w e l v e  s t e p s  f r o m  t h e  m a x i -  
m u m  w i d t h  w = 150 m m  ( a / w  = 0.400) to  a m i n i -  
m u m  of w = 62 m m  ( a / w  = 0.968). F r o m  a n  a d d i -  
t i o n a l  i n v e s t i g a t i o n ,  i t  b e c a m e  e v i d e n t  t h a t  a l i g a m e n t  
t h i c k n e s s  s m a l l e r  t h a n  1 m m  g a v e  r i se  to  i n a c c u r a t e  
r e su l t s .  
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Fig. l--Schematic of tensile strip 
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At each value of w, the model was incrementa l ly  
loaded at three levels in such a way that  the maxi -  
m u m  load produced six fringes at the m i n i m u m  cross 
section. The two other load levels were a third and 
two thirds of the max imum load, 

The loads were measured with a r ing dynamometer ,  
Araldi te  B was chosen as a model mater ial  because 
of its high sensit ivi ty (.fa = 11.7 N / f r - m m )  and its 
good machinabil i ty.  

The calibration has been carried out with a small  
cylindrical  disk loaded by two radial  opposite com- 
pressive forces P. These forces were increased from 
100 N up to 500 N in steps of 100 N. 

The stress-fr inge constant Sa was evaluated from 
the formula 

8P 

nND 

where N is the fringe order at the center of the disk. 
The stress-fr inge constant has been measured before 
and after the experiments.  There was no significant 
difference between these two values. 

From the fr inge pat terns of the loaded tensile strips 
dark-  and light-field photographs were taken (see 
Figs. 2, 3, 4). The fringe orders across the l igament  
at x = 0 have been plotted in  Fig. 5 for a/w = 0.400, 
0.700 and 0.968. For a/w tending to one, the curves 
become linear, with the zero fringe order approach- 
ing the outside edge of the strip. Hence, the conclu- 
sion can be drawn that the s tress-concentrat ion factor 
tends to two when a/w tends to one. 
The values of k also have been calculated from the 
formula:  

k -- o'm____~_~ -- Nmax ~ / P 
O'net T Anet 

In  Fig. 6, k has been plotted against a/w. 

Fig. 2--Dark-field fr inge pattern, a/w = 0.400; 
a = 6 0 m m ; P = 2 7 6 4 N  

Fig. 3--Dark-field fr inge pattern, a/w = 0.700; 
a =  6 0 m m ; P  =824N 

Numerical Investigation 
The numerica l  analysis has been done with a com- 

puter  program developed at the Twente Univers i ty  
of Technology. This program gives the numerica l  
solution for stresses and displacements of plane elas- 
tostatic problems by a poin t -matching  technique, as 
described by C. J. Hooke. s This technique combines 
the collocation method with the method of least 
squares. 

Equi l ibr ium and compatibil i ty conditions are satis- 6 
fled in the region by a number  of functions, each of 
them mult ipl ied by an u n k n o w n  coefficient. The 5 
number  of boundary  conditions can be taken larger 
than the number  of unknown  coefficients. In  this case, N 4 
the number  of boundary  conditions has been taken 
about twice as large as the number  of coefficients, l 3 

An  advantage of this method is that one can di-  / 
rectly see from the difference between the numerica l  z 
values of the prescribed and the calculated boundary  
conditions how well the prescribed boundary  condi- 1 
tions are satisfied. 

The results which are given in  Fig. 6 indicate that  o 
k tends to two for a/w approaching the value of 0.968. hole edge 
This is, in fact, the max imum value of a/w at which 
the calculations gave reliable results. 

Fig. C--Dark-field fringe pattern, a/w = 0.968; 
a = 6 0 m m ; P = 7 5 N  
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Fig. 5---Fringe orders across the l igament at x = 0 
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Fig. 7 "S t ress  dist r ibut ions for some values 
of x (ram) 
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Fig. 6--Stress-concentration factors for 
tensi le str ips contain ing a central 
c i rcular  hole 

TABLE 1--COMPARISON 0F DISPLACEMENT 

a / w  k 

0.909 0.899 
0,938 0.928 
0.952 0.944 
0.968 0.961 

x = r a t i o  of  the displacement at x = 0 found by the point. 
m a t c h i n g  t e c h n i q u e  a n d  f o u n d  by Ko i te r .  

With the program, it is also possible to compute  
stresses and /o r  displacements in i n t e r -bounda ry  a n d  
inter ior  points. This made  it possible to check the 
assumption made by Koi ter  4 of a l inear  stress distr i -  
bution through the height  h of the l igament  for a / w  

approaching one. 
F rom Fig. 7, where  the computed stress dis t r ibut ion 

is given, i t  c lear ly  appears that  Koi ter ' s  assumption 
is admissible. Fur thermore ,  the displacement  at x ---- 
0 found from the formula  stated by Koi ter  4 was com- 
pared with  the computed displacement  for  different  
values of a / w  (see Table 1). 

For  a / w  = 0.968, the displacements of the center  
line of the l igament  wi th  respect to the displacement  
at x = 0 were  computed for a number  of values of x 
(Xmax = 20) and the results were  compared wi th  
Koiters '  formula.  The differences be tween  these two 
values were  smal ler  than one percent.  

Conclusions 
For a number  of values of a / w ,  the s t ress-concen-  

t ra t ion factor k at the edge of a circular  hole in a 
tensile strip has been measured by photoelast ic means  
and calculated wi th  a po in t -match ing  technique.  T h e  
results are given in Fig. 6. These results c lear ly  indi-  
cate that  the s t ress-concentrat ion factor tends to two 
when a / w  tends to one. 

The numerica l  results indicate that  Koi ters '  as-  
sumption of a l inear  stress dis t r ibut ion for small  l iga-  
ment  widths is admissible. 
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