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Abstract: The Hausdorff approximation of the shifted Heaviside function ht0
(t) by sigmoidal

K–stage Erlangian growth curve based on the Khoshgoftaar’s [1] software reliability model is

investigated and an expression for the error of the best approximation is obtained in this paper.

The results of numerical examples confirm theoretical conclusions and they are obtained using

programming environment Mathematica. We give real examples with dataset proposed in [8]

using Khoshgoftaar’s model.
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1. Introduction

In this article we study the Hausdorff approximation of the shifted Heaviside
function ht0(t) by sigmoidal cumulative function based on the Khoshgoftaar’s
model.

We give a software modules within the programming environment CAS
Mathematica for illustrating the results.
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Some results for Erlang distributed moments of impulses are given by Agar-
wal, Hristova, O’Regan, Kopanov in [2].

For the hyper–Erlang distribution model and its applications in wireless
network and mobile computing system, see [3].

For the hypoexponential distribution, or the generalized Erlang distribu-
tion, see [4].

The Erlang distribution is now used in the fields of statistic processes, tele-
traffic engineering, biomathematics, applied insurance mathematics (see, for
instance [5]), etc.

Definition 1. Based on the Erlang cumulative distribution function
Khoshgoftaar [1] developed the following software reliability model:

M(t) = a

(

1−
k−1
∑

n=0

e−λt(λt)n

n!

)

; t, λ ≥ 0. (1)

The K–stage model (1) is a two parameter model with parameters a and λ

being the total number of errors and the error detection rate, respectively.
The model at k = 3; k = 4 is widely used in practice.

Definition 2. The generalized Erlangian software reliability growth model
proposed by Khoshgoftar and Woodcock [6] with n types of defects will have
the following function (a is the total number of defects):

M1(t) =

n
∑

i=1

ai



1−

i−1
∑

j=0

e−λit(λjt)
n

n!



 ;

n
∑

i=1

ai = a. (2)

Some investigations of the model (2) can be found in [7].

Definition 3. The shifted Heaviside function is defined as:

ht0(t) =











0, if t < t0,

[0, 1], if t = t0

1, if t > t0

(3)

We will note that the determination of compulsory in area of the Soft-
ware Reliability Theory components, such as confidence intervals and confi-
dence bounds, should also be accompanied by a serious analysis of the value of
the best Hausdorff approximation of the function ht0(t) by cumulative functions
of type (1), or (2) - the subject of study in the present paper.
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Definition 4. [9] The Hausdorff distance (the H–distance) ρ(f, g) between
two interval functions f, g on Ω ⊆ R, is the distance between their completed
graphs F (f) and F (g) considered as closed subsets of Ω× R. More precisely,

ρ(f, g) = max{ sup
A∈F (f)

inf
B∈F (g)

||A−B||, sup
B∈F (g)

inf
A∈F (f)

||A−B||},

wherein ||.|| is any norm in R
2, e. g. the maximum norm ||(t, x)|| = max{|t|, |x|};

hence the distance between the points A = (tA, xA), B = (tB , xB) in R
2 is

||A−B|| = max(|tA − tB|, |xA − xB |).

2. Main Results

2.1. A note on the Khoshgoftaar’s software reliability model (1) [1]

Without loosing of generality we will look at the following ”cumulative sigmoid”
with a = 1:

M∗(t) = 1−
k−1
∑

n=0

e−λt(λt)n

n!
. (4)

Let t0 is the unique positive solution of the nonlinear equation M∗(t)− 1
2−0,

i.e. M∗(t0) =
1
2 .

The one–sided Hausdorff distance d between the function ht0(t) and the
sigmoid (4) satisfies the relation

M∗(t0 + d) = 1− d. (5)

Let

A = −
Gamma[k, t0λ]

Gamma[k]
,

B = 1 +
e−t0λλ(t0λ)

k−1

Gamma[k]
,

where

Gamma(x) =

∫ ∞

0
tx−1e−t dt; Gamma(s, x) =

∫ ∞

x

ts−1e−t dt.
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Figure 1: The functions F (d) and G(d).

are the gamma function and incomplete gamma function, respectively.

The following theorem gives upper and lower bounds for d

Theorem. For the one–sided Hausdorff distance d between ht0(t) and the
sigmoid (4) the following inequalities hold for: 2.1B > e1.05

dl =
1

2.1B
< d <

ln(2.1B)

2.1B
= dr. (6)

Proof. Let us examine the function:

F (d) = M∗(t0 + d)− 1 + d. (7)

From F ′(d) > 0 we conclude that function F is increasing.

Consider the function

G(d) = A+Bd. (8)

From Taylor expansion we obtain G(d) − F (d) = O(d2).

Hence G(d) approximates F (d) with d → 0 as O(d2) (see Fig. 1).

In addition G′(d) > 0.

Further, for 2.1B > e1.05 we have G(dl) < 0 and G(dr) > 0.

This completes the proof of the theorem.
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Figure 2: The model (4) for λ = 15, a = 1, k = 16, t0 = 1.04453;
H–distance d = 0.218431, dl = 0.189378, dr = 0.315127.

The model

M∗(t) = 1− e−15t − 15e−15tt− 225
2 e−15tt2 − 1125

2 e−15tt3 − 16875
8 e−15tt4

−50625
8 e−15tt5 − 253125

16 e−15tt6 − 3796875
112 e−15tt7 − 56953125

896 e−15tt8

−94921875
896 e−15tt9 − 284765625

1792 e−15tt10 − 4271484375
19712 e−15tt11

−21357421875
78848 e−15tt12 − 320361328125

1025024 e−15tt13 − 4805419921875
14350336 e−15tt14

−4805419921875
14350336 e−15tt15

for λ = 15, a = 1, k = 16, t0 = 1.04453 is visualized on Fig. 2.

From the nonlinear equation (5) and inequalities (6) we have: d = 0.218431,
dl = 0.189378, dr = 0.315127.

2.2. Numerical example.

We examine the following data presented in Table 1, was proposed in [8]. The
week index is from 1 week to 18 weeks, and there are 176 cumulative failures
at 18 weeks in Dataset.

The fitted model M(t) based on the data of Table 1 for the estimated
parameters: a = 176; λ = 1.93382 is plotted on Fig. 3.
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Week Index Failures Cumulative failures

1 28 28
2 1 29
3 0 29
4 0 29
5 0 29
6 8 37
7 26 63
8 29 92
9 24 116
10 9 125
11 14 139
12 13 152
13 12 164
14 0 164
15 1 165
16 3 168
17 2 170
18 6 176

Table 1: Dataset [8]

The example results show a good fit to the presented model.
Obviously, studying of phenomenon ”super saturation” is mandatory ele-

ment along with other important components - ”confidence bounds” and ”con-
fidence intervals” when dealing with questions from Software Reliability Models
domain.

For some software reliability models, see [10]–[42].
We hope that the results will be useful for specialists in this scientific area.
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Figure 3: The fitted model M(t) with a = 176; λ = 1.93382.

References

[1] T. M. Khoshgoftaar, Nonhomogeneous Poisson Processes for Software Reliability Growth,
”8th Symposium in Computational Statistics, August 1988” (Compstat’88), (1988), 11-12.

[2] R. Agarwal, S. Hristova, D. O’Regan, P. Kopanov, P-moment exponential stability of
differential equations with random noninstantaneous impulses, Int. J. of Pure and Appl.
Math., 109(1) (2016), 9-28.

[3] J. Fang, Hyper-Erlang distribution model and its applications in wireless mobile net-
works, Wireless Network, 7 (2001), 211-219.

[4] K. Kim, N. Thomas, A fitting method with generalized Erlang distribution, Simulation
Modelling Practice and Theory, 19 (2011), 1507-1517.

[5] N. Kyurkchiev, Uniform Approximation of the Generalized Cut Function by Erlang Cu-
mulative Distribution Function. Application in Applied Insurance Mathematics, Inter-
national Journal of Theoretical and Applied Mathematics, 2(2) (2016), 40-44.

[6] T. M. Khoshgoftaar, T. G. Woodcock, Software reliability model selection: a case study,
In: Software Reliability Engineering, Proceedings of the International Symposium on Soft-
ware Reliability Engineering, Austin, TX, IEEE Computer Society, (1991), 183-191.

[7] V. Ivanov, A. Reznik, G. Succi, Comparing the reliability of software systems: A case
study on mobile operating systems, Information Sciences, 423 (2018), 398-411.

[8] C. Stringfellow, A. A. Andrews, An empirical method for selecting software reliability
growth models, Emp. Softw. Eng., 7 (2012), 319-343.

[9] B. Sendov, Hausdorff Approximations, Boston, Kluwer (1990).

[10] H. Pham, A new software reliability model with vtub-shaped fault-detection rate and
the uncertainty of operating environments, Optimization, 63(10) (2014), 1481-1490.

[11] M. Ohba, Software reliability analysis models, IBM J. Research and Development, 21(4)
(1984).

[12] H. Pham, System Software Reliability, In: Springer Series in Reliability Engineering,
London, Springer-Verlag (2006).



448 N. Pavlov, A. Iliev, A. Rahnev, N. Kyurkchiev

[13] S. Yamada, Software Reliability Modeling: Fundamentals and Applications, Springer
(2014).

[14] S. Yamada, Y. Tamura, OSS Reliability Measurement and Assessment, In: Springer Series
in Reliability Engineering (H. Pham, Ed.), Springer International Publishing Switzerland
(2016).

[15] I. H. Chang, H. Pham, S. W. Lee, K. Y. Song, A testing coverage software reliability
model with the uncertainty of operation environments, International Journal of Systems
Science: Operations and Logistics, 1(4) (2014), 220-227.

[16] K. Ohishi, H. Okamura, T. Dohi, Gompertz software reliability model: Estimation algo-
rithm and empirical validation, J. of Systems and Software, 82(3) (2009), 535-543.

[17] D. Satoh, S. Yamada, Discrete equations and software reliability growth models, In: Proc.
12th Int. Symp. on Software Reliab. and Eng., (2001), 176-184.

[18] A. Abouammd, A. Alshingiti, Reliability estimation of generalized inverted exponential
distribution, J. Stat. Comput. Simul., 79(11) (2009), 1301-1315.

[19] I. Ellatal, Transmuted generalized inverted exponential distribution, Econom. Qual. Con-
trol, 28(2) (2014), 125-133.

[20] S. Rafi, S. Akthar, Software Reliability Growth Model with Gompertz TEF and Opti-
mal Release Time Determination by Improving the Test Efficiency, Int. J. of Comput.
Applications, 7(11) (2010), 34-43.

[21] S. Yamada, M. Ohba, S. Osaki, S-shaped reliability growth modeling for software error
detection, IEEE Trans, Reliab., R-32 (1983), 475-478.

[22] S. Yamada, S. Osaki, Software reliability growth modeling: Models and Applications,
IEEE Transaction on Software Engineering, SE-11 (1985), 1431-1437.

[23] A. L. Goel, Software reliability models: Assumptions, limitations and applicability, IEEE
Trans. Software Eng., SE-11 (1985), 1411-1423.

[24] J. D. Musa, Software Reliability Data, DACS, RADC, New York (1980).

[25] Z. Chen, A new two-parameter lifetime distribution with bathtub shape or increasing
failure rate function, Stat. and Prob. Letters, 49(2) (2000), 155-161.

[26] M. Khan, A. Sharma, Generalized order statistics from Chen distribution and its char-
acterization, J. of Stat. Appl. and Prob., 5(1) (2016), 123-128.

[27] S. Dey, D. Kumar, P. Ramos, F. Louzada, Exponentiated Chen distribution: Properties
and Estimations, Comm. in Stat.-Simulation and Computation, (2017), 1-22.

[28] Y. Chaubey, R. Zhang, An extension of Chen’s family of survival distributions with
bathtub shape or increasing hazard rate function, Comm. in Stat.-Theory and Methods,
44(19) (2015), 4049-4069.

[29] A. Pandey, N. Goyal, Early Software Reliability Prediction. A Fuzzy Logic Approach,
In: Studies in Fuzziness and Soft Computing (J. Kacprzyk, Ed.), London, Springer 303
(2013).

[30] P. K. Kapur, H. Pham, A. Gupta, P. C. Jha, Software Reliability Assessment with OR
Applications, In: Springer Series in Reliability Engineering, London, Springer-Verlag
(2011).



INVESTIGATIONS OF THE K–STAGE ERLANGIAN... 449

[31] Q. Li, H. Pham, NHPP software reliability model considering the uncertainty of operat-
ing environments with imperfect debugging and testing coverage, Applied Mathematical
Modelling, 51 (2017), 68-85.

[32] J. Wang, An Imperfect Software Debugging Model Considering Irregular Fluctuation of
Fault Introduction Rate, Quality Engineering, 29 (2017), 377-394.

[33] N. Pavlov, A. Iliev, A. Rahnev, N. Kyurkchiev, Some software reliability models: Ap-
proximation and modeling aspects, LAP LAMBERT Academic Publishing (2018), ISBN
978-613-9-82805-0.

[34] N. Pavlov, G. Spasov, A. Rahnev, N. Kyurkchiev, A new class of Gompertz-type software
reliability models, International Electronic Journal of Pure and Applied Mathematics,
12(1) (2018), 43-57.

[35] N. Pavlov, G. Spasov, A. Rahnev, N. Kyurkchiev, Some deterministic reliability growth
curves for software error detection: Approximation and modeling aspects, International
Journal of Pure and Applied Mathematics, 118(3) (2018), 599-611.

[36] N. Pavlov, A. Golev, A. Rahnev, N. Kyurkchiev, A note on the Yamada-exponential
software reliability model, International Journal of Pure and Applied Mathematics, 118(4)
(2018), 871-882.

[37] N. Pavlov, A. Iliev, A. Rahnev, N. Kyurkchiev, A Note on The ”Mean Value” Software
Reliability Model, International Journal of Pure and Applied Mathematics, 118(4) (2018),
949-956.

[38] N. Pavlov, A. Golev, A. Rahnev, N. Kyurkchiev, A note on the generalized inverted
exponential software reliability model, International Journal of Advanced Research in
Computer and Communication Engineering, 7(3) (2018), 484-487.

[39] N. Pavlov, A. Iliev, A. Rahnev, N. Kyurkchiev, Transmuted inverse exponential software
reliability model, Int. J. of Latest Research in Engineering and Technology, 4(5) (2018),
1-6.

[40] N. Pavlov, A. Iliev, A. Rahnev, N. Kyurkchiev, Analysis of the Chen’s and Pham’s
Software Reliability Models, Cybernetics and Information Technologies, 18(3) (2018). (to
appear)

[41] N. Pavlov, A. Iliev, A. Rahnev, N. Kyurkchiev, On Some Nonstandard Software Relia-
bility Models, Compt. rend. Acad. bulg. Sci., 71 (2018). (to appear)

[42] N. Pavlov, A. Iliev, A. Rahnev, N. Kyurkchiev, On the extended Chen’s and Pham’s
software reliability models. Some applications, Int. J. of Pure and Appl. Math., 118(4)
(2018), 1053-1067.



450


