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Dielectric resonators are key elements in many applications in micro to millimeter wave circuits,
including ultra-narrow band filters and frequency-determining components for precision frequency
synthesis. Distributed-layered and bulk low-loss crystalline and polycrystalline dielectric structures
have become very important for building these devices. Proper design requires careful electromag-
netic characterization of low-loss material properties. This includes exact simulation with precision
numerical software and precise measurements of resonant modes. For example, we have devel-
oped the Whispering Gallery mode technique for microwave applications, which has now become
the standard for characterizing low-loss structures. This paper will give some of the most com-
mon characterization techniques used in the micro to millimeter wave regime at room and cryo-
genic temperatures for designing high-Q dielectric loaded cavities. © 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4867461]

I. INTRODUCTION

Dielectric resonators (DR) are the key element in most
telecommunications such as space integrated telecommunica-
tion applications'™ and cellular base stations;>~ they allow
a better reception and increase users for an allocated band-
width. They are also very useful in many industries that re-
quire radar detection, proximity detection, as well as mili-
tary based applications such as secure transmissions, remote
guiding, navigation, and positioning systems."? Also, to re-
alize precise time and frequency references, it is necessary
to design microwave sources with high spectral purity and
precise frequency stability.®?® These characteristics are di-
rectly related to the quality of the resonant element, such as
cryogenic sapphire oscillators (CSOs), which are based on
ultra-high-Q-factor (~10%) sapphire DRs. These oscillators
are used as a secondary frequency reference and are only
oscillators of pulsing a primary standard (caesium fountain
clock) at the quantum noise limit.'%!327-2 CSOs have also
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recently been developed to test fundamental Physics, such
as a modern Michelson and Morley local Lorentz Invari-
ance tests, using either orthogonal modes or a double dielec-
tric sapphire resonators.’*3? The experiment searches for a
difference in the speed of light in two different directions:
parallel and perpendicular, the motion of the Earth around
the Sun.

Depending on the application, the requirement on mate-
rial properties and size of the dielectric, the make-up of the
resonator can vary substantially. To make the right choice of
material and dimensions, it is very important to use precise
experimental and numerical techniques®*=! to properly char-
acterize materials. In this paper, we present some important
non-intrusive resonant techniques to characterize dielectric
samples, which depend on the scale size of the sample. Fol-
lowing this, we will then describe the design of high-Q dielec-
tric resonators using multi-layered structure such as photonic
band gap and Bragg resonators at microwave and millimeter
wave frequencies. These techniques of designing microwave
resonators and the choice of electromagnetic mode excitations
are valid and can be used from micro to millimeter wave and
from millikelvin to room temperatures.

© 2014 AIP Publishing LLC
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FIG. 1. Density field plot of a Whispering Gallery mode with a number of
azimuthal variations (mm) equals to 13. The shaded region represents the di-
electric. The outer disc represents the edge of the cavity.

Il. ELECTROMAGNETIC MODES FOR MATERIAL
PROPERTIES CHARACTERIZATION

Two types of electromagnetic modes in cylindrical sys-
tems are commonly used for dielectric characterization of
low-loss materials at microwave frequencies: Whispering
Gallery (WG) modes and pure Transverse Electric (TE) and
Transverse Magnetic (TM) modes. In spherical systems, all
modes are pure TE and TM, a class of higher order modes
define a greater set of modes that whisper around the surface,
known as Whispering Spherical (WS) modes.

A. Whispering gallery (WG) modes
in cylindrical resonators

WG modes in a cylindrical resonator may be visualized
as a superposition of two rays: one moving clockwise and the
other anticlockwise, propagating around the peripheral cylin-
der in an integer number of reflections along the 6 direction
(Figure 1).

In the case where the cylindrical axis (z-axis) is aligned
to the crystal axis, there are two different types of WG modes
with electric field polarizations parallel (WGH) and perpen-
dicular (WGE) to the axis, respectively. Each polarization has
three main electromagnetic field components. WGH is de-
fined with dominant E,, H;, and Hy field components and
reciprocally WGE with E,, Ey, and H, field components, as
shown in Figure 2.

The fields may be solved by using Maxwell’s equations,
assuming the separation of variables on the axial component
of the electromagnetic field, we can write the following ap-
proximate expressions:>!

WGE mode, E, =0 H, = Aun J,(k:)" cos(Bz), (1)

sin(m@)

WGH mode, H, =0  E, = A Ju(ky )" cos(B2).  (2)

sin(m@)
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Here J,, is the Bessel function of order n, and k, and k, are
the r- and z-direction propagation constants or wave num-
bers in the dielectric, respectively. The other components of
the field are directly calculable from the z-components us-
ing Maxwell’s equations. In general in dielectric cavities, ex-
act calculations are not possible (only approximate>*). Thus
for precise calculation numerical techniques must be used.
The field plots in Figure 2 were calculated using Method of
Lines, 465455

B. Whispering spherical (WS) modes
in spherical resonators

Spherical systems possess similar modes to the cylindri-
cal system that whisper around the surface of the sphere. We
call these modes Whispering Spherical (WS) modes. Gen-
eral exact solutions for E, and H, field components are given
by (3) and (4) for Transverse Magnetic (TM) and Transverse
Electric (TE) modes, respectively:

Vkr m (mb)

H =0, E, =nn+ I)TJnJr%(k,r)Pn (COS B)gimims)
3)

Vker m (mb)

E, =0, H =nn+ l)r—;JnJr%(krr)Pn (COS B)gimims)

“
where n is the mode number, &, is the wave number and m is
the azimuthal mode number in the 0 direction, the number of
27t variations in the ¢ direction, which varies from O to n. The
wave number takes discrete values corresponding to an inte-
ger number of variations in the radial direction, denoted by p.
Modes that correspond to p = 1 are the fundamental WS mode
families. In order to find a specific solution, the composition
of the system must be taken into account by solving the radial
boundary value problem. In the case of spherically symmetric
dielectrically loaded cavities, the dimensions of the system,
permittivity of the dielectric and the shielding effect of the
cavity walls set by the boundary conditions in the radial di-
rection, leads to a complete solution.

A density plot for n = 4 fundamental WS mode fam-
ily is shown in Figure 3. We distinguish the WG mode when
m = n (propagation is mainly along 6 direction) and Whis-
pering Longitude (WL) mode when m = 0 (propagation is
mainly along the ¢ direction). The rest of the modes propa-
gate around both dimensions.

The higher the azimuthal mode number, the more
the field is concentrated into the crystal and the less the

FIG. 2. (Left) Dielectric loaded cavity field density plot of a WGH or E-mode, and (right) dielectric loaded cavity density plot of a WGE or H-mode (left), as
calculated using the Method of Lines.*®3%35 We chose a high azimuthal mode number to confine all the energy into the crystal illustrated with a black contour.
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FIG. 3. Density plot of Whispering Spherical modes for azimuthal mode numbers from m = 0 to 4 and with n = 4.

cavity walls affect the resonator properties (except for spu-
rious modes). The use of the whispering gallery mode per-
mits one to make a high precision measurement of the dielec-
tric properties using a higher order azimuthal mode numbered
mode related to the high confinement of the energy in the di-
electric resonator. However, there is a high density of spuri-
ous modes and for that reason we may use an open cavity. ¢’
Depending on the electromagnetic mode polarization and the
azimuthal mode number, caution must be taken due to spu-
rious mode interactions which could occur between the cav-
ity and the crystal modes. Spurious modes, mode interactions
seen as a parasitic effect preventing one from obtaining the
highest design performance in a resonator, or from retrieving
the exact intrinsic properties of the material we would like
to characterize. Therefore to overcome this problem, we may
make measurements at different temperatures, where the cav-
ity and crystal modes have different frequency dependence, or
also use an open cavity structure which is done by replacing
the lateral cavity wall with thin conductive posts. In the lat-
ter case, the removal of the enclosure prevents cavity modes,
only Fabry-Perot type modes between the lids will remain but
their presence is not so deleterious to the precise design and/or
measurements sought. Another solution is to place the con-
ducting shield as far as possible, at least a few wavelength
away from the dielectric resonator and then only Whispering
Gallery Modes will be excited.®*-%2

C. Transverse electric and magnetic modes

There are two types of modes shown in Figure 4, a TE
and a TM. These modes have an azimuthal mode number of

TEo,1,1

=

FIG. 4. Density plot of field components of a fundamental TEo 1 1 (Eg, H;, H,) and TMq 1 ¢ (E; = 0, E,, Hg) mode in an empty cavity.

H:

Hz

m = 0. They comprise of only 3 components. Structures using
these conventional modes offer better frequency isolation than
the whispering gallery modes (i.e., a smaller spurious mode
density). Nevertheless, their quality factor is often limited by
the metallic wall losses due to lower confinement as compared
to WG modes.

D. Re-entrant cavity modes

Microwave re-entrant cavities have been studied for over
50 years for a vast variety of applications. Development of
more and more accurate structure modelling based on lumped
element analysis®*~%7 made it very valuable for making small
size high-Q resonators. These are designed for filtering ap-
plications at room and cryogenic temperatures,®®% displace-
ment sensors for gravitational bar detectors’®’> They have
also been used to develop Gunn diodes” oscillators, electron
beam tubes,’* and millimetre wave resonators.”’

The electromagnetic field pattern of the re-entrant cavity
fundamental mode presents a very high capacitance between
the internal post and the lid of the cavity, shown in Figure 5.
The high electric field confinement has been useful for study-
ing absorption process in small liquid and solid materials’®7°
and also gases breakdown due to the electric E-field.”-3°

lll. MATERIAL CHARACTERIZATION USING WG
AND TE MODES

We can determine the suitable electromagnetic modes
for characterizing dielectric samples their thicknesses and the

TMo.1,0

Ez He
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E-field
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FIG. 5. Density plot of the only two field components for the fundamental re-entrant cavity mode and a 3D view of the opened cavity without lid.

resonance frequencies of interest. Depending on the sam-
ple thickness, and the resonance frequency, the Whispering
Gallery mode technique may not be used if the electromag-
netic modes cannot be excited into the sample. Additionally
this means low loss materials are needed when using the WG
measurement technique. Typically at microwave in X-band,
the following techniques can be used according to the sample
dimensions:

® The gallery modes
techniques for a thickness from cm
to a few mm. This is the most accurate technique to
characterize low-loss material properties;

* TE modes in a metallic cavity can be used for any
thickness?3-40-44.46.49.51.33.85.86 apd is good for mea-
suring lossy materials or material samples below a few
mm in thickness.

whispering
15,27,47,48,55-61,81-84

These discriminating criterions could be scaled with re-
spect to the resonance frequencies.

Mode excitation is achieved by using probes with coaxial
cables or with waveguides. The latter is more difficult to set
up but this is only solution known at high millimeter-wave
frequencies (Figure 6).

Commonly some field components are not used because
it is harder to implement, such as E, and H;. A loop probe
oriented either horizontally or vertically is used to excite a
particular magnetic field component, H, and Hy, respectively.
A straight probe placed sideways to the cavity couples to E,,
from top or bottom of the cavity it couples to E,.

A. Whispering gallery mode technique

The presented technique is valid in both topologies of
Whispering Gallery modes, as shown in Figure 7.

In both cases, the sample is supported with a loaded
spring system in order to hold tightly the sample and en-
sure a good thermal conductivity. The cavity may be closed
or opened depending of the azimuthal number of the mode
we excite and the losses in the dielectric sample. However,
the higher the azimuthal mode number the higher the field
confinement in the sample, which is quantified by the electric

filling factor (p,.). This is the fraction of electric field energy
in the dielectric sample compared to the total volume of the
electric energy in the cavity. The geometric factor (G) is de-
fined by the magnetic energy density applied on the metallic
walls compared to the magnetic energy in the volume. Those
parameters are calculated with rigorous electromagnetic sim-
ulation software, in our case it is based on the Method of
Lines.**>*35 The formulas for both p, and G are given be-
low in Egs. (5) and (6) and their evolution with the azimuthal
mode number in Figure 8:

wﬂf woH - H*dV

G=—"
#H,-H,*dS
N

EmaterialE . E*dV

_ W enaterial _ Vinaterial

pe=— =
€Total jﬁ e()E - E*dV

\4

&)

(6)

The general formulas to determine the intrinsic properties of
the material are as following Eq. (7):

07! = Obronet + 20" + Oprover
Qo=0r+B1+p2)O0r1,

where Q is the unloaded Q-factor, Qy is the loaded Q-factor,
and B, the coupling factors for input and output probes,
respectively.

To ensure the measurement of the intrinsic material prop-
erties, we need to be under-coupled, that means the contri-
bution of the probes (input: (1)) and (output: (2)) to the to-
tal losses is negligible. Then the measurement given by the
loaded cavity Q-factor (Q,) will be equal to the unloaded Q-
factor (Q,), which is the contribution of the dielectric (Qd)
and the cavity wall losses (Qm), Egs. (8) and (9):

p~0 0;'~0;' =0,'+0;" ®)

(N

al R
-1 _ ei L 8,‘ —S 9
Q' =) peitand;+ ©)

i=1

3

l [3)= |

I r_'\\] [
—R— = =
Loop probe:
coupling to magnetic field

Straight probe:
coupling to electric field

o | ;3‘

"~ — Electric field
— magnetic field

FIG. 6. Coupling methods to excite electromagnetic modes into a cavity with the associated field pattern for both coaxial cable and waveguide.
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ia,mple
N
straight

support probe

FIG. 7. (Left) Design for a spherical topology, and (right) design for a cylin-
drical topology to characterize the dielectric sample.

The dielectric Q-factor Qg is determined by the filling factor
Pe, 1.€., the percentage of the electric energy confined in the
sample and its loss tangent. The metallic Q-factor Q,, is given
by the Geometric factor G and the surface resistance Rs (in
Ohms) of the material used to make the cavity shield, which is
related to the conductivity (o) of the metal and the frequency
/27 (Hz) of the mode we have chosen (Eq. (9)),

1 ) 2
R, =— with §= .
o} W,o

(10)
The determination of R; is obtained by measuring the empty
cavity, i.e., the cavity without the sample. Then it is straight
forward to deduce the loss tangent of the material. Determi-
nation of the permittivity of the sample is achieved by retro-
simulation using finite element analysis, mode matching, or
in our case the Method of Lines (MoL).*3%55> MoL has been
used to develop rigorous electromagnetic simulation software
for the purpose of material characterization; therefore, the ex-
traction of the filling factors, geometric factor, and complex
permittivity determination is obtained automatically.

The method can be used for isotropic and anisotropic ma-
terial from a thickness of a few cm to a few mm. This is the
most accurate technique to determine the intrinsic properties
of the sample by the fact that p, in the dielectric tends to 1 for
a large azimuthal mode number. However, this method is no
good for thicknesses below a few mm, because the excitation

1 041

—_

o
]
=

Geometric factor (GF)
-
(=]
-

1011
-.-..
10" e T1111 L
10° 10' 10?

Azimuthal mode number (m)
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of whispering gallery modes is not possible in samples with
flat aspect ratios.

The aspect ratio of the crystal that we would like to apply
the Whispering Gallery mode technique to depend on the field
pattern of the electromagnetic mode and the frequency we de-
sire. Generally, it tends to be equal close to unity (1.25).%” The
larger the height, the higher is the chance of spurious modes.
However, the tuning of spurious modes can be achieved by
changing either the height or radius. The frequency sensitivity
is greater with radial variations than that of the height. On one
hand, a very small aspect ratio means a large diameter com-
pared to height, which means the frequency, of the first funda-
mental mode will be lower than in the case with unity aspect
ratio. On the other hand, a large aspect ratio means a small ra-
dius compared to the height, which means a higher resonance
frequency for the first fundamental modes than unity aspect
ratio.

Depending on the Whispering mode polarization WGH
or WGE, two of the three main electromagnetic field compo-
nents could be excited, i.e., (Hy, E,) or (H,, E;), respectively.
The type of excitation depends on the field strength. If a field
is very weak you can bring the straight probe very close to the
crystal or you will need a bigger loop which could be an issue
with the gap size between the cavity wall and the dielectric
crystal. Reciprocally, a large field requires pulling away the
straight probe or reducing the size of the loop.

B. Transverse electric mode technique

In this section, we present the technique for character-
izing dielectric samples from a few um to few nm. The
measurement is done in three steps using the fundamental
transverse electric mode (TEg;;). The method consists of in-
serting a dielectric sample through a slot into a cylindrical
cavity where the electric field is maximum, and then of mea-
suring the perturbations in frequency and Q-factor.

Step 1 consists of measuring the properties of the cavity
itself. This allows us to know the conductivity of the metal
and calibrate the simulation software with the measurement.
We have then set the initial conditions of the measurement.

10°

Electric confinement in dielectric (pe)

10'1 0 6 & I L 2
10° 10’ 10°
azimuthal mode number (m)

FIG. 8. (Left) Evolution of the Geometric factor (G) vs the azimuthal mode number (m), and (right) evolution of the filling factor (p.) vs the azimuthal mode

number (m).
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FIG. 9. Density plot of the Electric field component (Eg) for the three different steps of characterization superposed on the cavity design. (From left to right)

Empty cavity, substrate, and substrate + deposition loaded cavities.

The initial Q-factor has to be very high in case of very low loss
materials and therefore should not being limited by the cavity.
This calculation is related by the equations given previously
(Egs. (6)-(9)).

For the step 2, we insert the substrate slowly to be able
to track the mode frequency shift in order to deduce the right
permittivity by retro-simulation. The Q-factor drop indicates
the loss contribution of the dielectric, thus we can deduce the
loss tangent of the substrate Eq. (11):

-1 Ry

Q—G. (11)
pe

tand =

Finally the step 3, we insert the same substrate sample with a
deposited material of few nm. In the same way we determine
the permittivity and the loss tangent of the thin film material.

This technique is not so accurate compared to Whisper-
ing Gallery mode because of a lower filling in the sample
(Figure 9). However, it is the only method for thick and thin
films characterization. The method is also limited to the char-
acterization of isotropic material but is not limited by the sam-
ple thicknesses. This technique may be alternatively used for
lossy material.

Also from the 60 s, the dielectric resonator technique, for
measuring permittivity and losses of low-loss dielectrics, was
proposed by Hakki—Coleman.®® They used a TE;; resonant
mode in a rod resonator terminated on both sides by metal
conducting planes. This technique was applied by Courtney
to measure more parameters, i.e., both the complex permittiv-
ity and the complex scalar permeability of microwave ferrites
at frequencies greater than their ferromagnetic resonance fre-
quency. Courtney’s work benefited from a very simple mea-
surement configuration for introducing and removing sam-
ples. The technique became known as the Courtney method®’
and was proposed as one of the International Standards IEC
techniques® for measurements of the complex permittivity
of low-loss solids. For the TE(;; mode, the applied electric

Spherical Bragg Resonator

Cylindrical Bragg Resonator

FIG. 10. Spherical and Cylindrical Bragg resonators design for n, m layer
structure. R; describes the radii, t; and a; the thicknesses of ith layer in z and
r directions.

field is continuous across the sample boundary, so air gaps
between the dielectric and metal planes do not play a major
role. As a result, high precision measurement of the permit-
tivity can be achieved. The Courtney resonant characteriza-
tion method has its resonance frequency imposed by the di-
mensions and permittivity of the sample. As an example, the
higher the permittivity, the lower the resonance frequency;
and the thinner the sample height with small permittivity, the
higher the resonance frequency becomes. The main disadvan-
tage of the Courtney method is that the surface resistance of
metal plates cannot be measured without the sample, as in
cavity methods.”" This is why in our case we do not use this
method. However, this difficulty has been overcome by mea-
surements of two different modes: TE(;,, modes on the two
dielectric samples made of the same material.”> Therefore, for
a simple material characterization, the method becomes com-
plex to use. In the referenced articles, they stress this is the
only technique for measuring DC applied field, polarization
into ferroelectrics. However, it is also possible to achieve this
measurement using a resonant cavity technique. As the metal
lids are separated, such resonator can be used with added DC
electric field bias when the top or the bottom lid is insulated
from the remaining part of resonator.

IV. DESIGN OF HIGH-Q DIELECTRIC RESONATORS
USING THE BRAGG EFFECT

The Bragg effect occurs when using one or several spher-
ical or cylindrical reflectors. The reflector is defined by two
dielectric layers of different permittivity. In our case, the re-
flector will be defined by a dielectric layer and a layer of free-
space (Figure 10). The central region is free-space. The com-
bination of several reflectors allows a larger concentration of
field inside the low loss central region.

The Q-factor enhancement is not so significant after the
addition of the first three Bragg reflectors. This is due to the
dielectric loss added by the Bragg reflectors.!>14-18:20.93 The

FIG. 11. (Left) Density plot of the spherical Bragg cavity where the field is
highly confined in region 1 with an anti-resonance between 2 and 3, defined
as a resonator. The right figure shows the simple modelling of the field pattern
in 1D.
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FIG. 12. Realizations of spherical Bragg resonators made with Teflon and YAG crystal (right picture).

amount of the electric field concentration achieved within the
central region using this type of structure with three Bragg
reflectors is about 90%.

High-Q dielectric resonators using a Bragg effect have
most of its importance for room temperature design com-
pared with other structures such as Whispering Gallery mode
resonators. As the field is more than 80% trapped in the
free-space inner region of the Bragg structure, therefore the
Q-factor does not improve consequently at cryogenic
temperatures.

In the following, we summarize the work done on the de-
sign of Bragg resonators in two different topologies: spherical
and cylindrical cases, respectively.

A. Spherical Bragg resonator

In order to realize a spherical Bragg resonator, we im-
pose boundary conditions between layers. First, we study the
fundamental transverse electric mode without azimuthal vari-
ation, without taking into consideration the propagating mode
in the dielectric. We assume the separation of variables in
spherical coordinates is valid and the field pattern can be
decomposed along one propagation direction. The spherical
Bessel function goes to zero at the interface of the reflec-
tor and the edge of the cavity and is maximum at the inter-
face dielectric/free-space in the reflector, region 2 and 3 (Fig-
ures 11 and 12). The region 1 is a free space area. This is a
one dimensional equation solving case.!®2%% The left figure
shows the field pattern of the fundamental Bragg mode into
the spherical cavity with the anti-resonance in the reflector
and resonance in the central region.

The frequency and wave number of the resonator is de-
termined in a similar way to a mode in an empty cavity and is
given by

k
fozc—1 where k| = X

1
2 ria/€1 ’
where x ; is the first root of the spherical Bessel function. The
wave number also may be calculated in all the other regions
subject to the “quarter wavelength” analogy. For evenly num-
bered regions, we calculate:

12)

!/ — .
fyy = it XLy

€2 (rai — 12i—1)

For odd numbered regions, we calculate:

i=1tj.  (13)

Xit1 = Xis1
V&2 (raig1 — rai)
Here j is the number of Bragg reflector pairs. For example, if j
= 1, there is one Bragg reflector pair given by region 2 and 3,
and if j = 2, the second pair will be given by region 4 and 5.
The reflectors must come in pairs to ensure the cancellation of
the field in the reflectors. Also, x’; is the ith root of the deriva-
tive of the Bessel function and y; is the ith root of the Bessel
function. Now, to calculate the frequency and dimensions, the
wave number in all regions must be equated.

A measured Q-factor of about 22 000 was achieved with a
single Teflon layer Bragg resonator at 13.8 GHz which would
give us, by scaling the parameters, with a sapphire crystal, a
Q-factor of about 260 000 (Figure 13, Table I).

The comparison between simulation and measured re-
sults clearly shows that we have successfully demonstrated

koiv1 = for i =1toj. (14)

Mag s
21
{a8) Bw:635,115kHz
Q21,837
.55 | Loss: -64.031dB
65 |

as L

-85 |

| s ;
center frequency: 13.860230683GHz

Span: 5SMHz

FIG. 13. (Left) Measurement in transmission at room temperature of a single Bragg spherical resonator made of Teflon, and (right) schematic for dimensions

of the structure.
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TABLE I. Results from simulation and measurement of a single Bragg spherical resonator.

rl (mm) r2 (mm) r3 (mm) Fo (simulated) Fo (measured) pel pe2 pe3 G Qo
15.47 19.19 25 13.869 GHz 13.869 GHz 0.6942 0.1684 0.1374 2531.43 22000
the concept of the spherical Bragg resonator. The main (Eq. (15)):

limitation of the Q-factor is the dielectric loss of the Teflon. v VXL

An enhancement of Q-factor was obtained with respect to a o = T ap = —2

dielectric resonator limited by the loss tangent of the mate- 0 kovy®s —1

rial. This Q-factor of 22 000 is 3.5 times greater than the loss ty = kN ay; = 14 it = XL i) (15)
tangent limit due to the trapping of the field into the inner 2ko ! ko/y2—1 / RAE

vacuum space. Y

If we replace the hollow spherical piece of Teflon by
a YAG crystal, using the YAG Qf (Q-factor x frequency, f)
product, and the electric filling factor in the dielectric (pe;)
we can determine the Q-factor we should obtain. The Q.f
product at room temperature in the microwave regime of a
YAG crystal*’-%+% is about 6 x 10°. To evaluate the en-
hancement of the Q-factor, we compare the Q-factor of a bulk
YAG crystal resonator (inverse of the loss tangent) with the
spherical Bragg resonator in YAG. It gives an improvement of
3.9 times (Figure 14).

B. Cylindrical Bragg resonator

We have also investigated similar cylindrical Bragg res-
onator structures. To establish the design model, we assume
the fundamental transverse electric mode. We also assume
that separation of variables is valid in cylindrical coordinates
so the field pattern can be decomposed in both propagation di-
rections, r and z, respectively. The radial direction is a Bessel
function and in the axial direction; this is a sine function. Both
functions go to zero at the interface of the reflector and at the
edge of the cavity. They are maximum within the Bragg re-
flector at the interface dielectric and free-space.'? 1518 The
density field plot shows both anti-resonance in the reflectors
and the high field confinement into the central part of the res-
onator (Figures 15 and 16).

A linear combination of modes discovered, which
links both directions with the following parameter y

Bw: 249.576kHz

Mag
(d8) 321 Qu: 105,207

-40 | Loss: -42.203dB

L L L L L

Center frequency: 26.257283263GHz Span: 500kHz

FIG. 14. Measurement in transmission at room temperature of a single Bragg
spherical resonator made in crystal YAG.

b4

T e KA
Equation (15) describes the thickness of each layer of the
cylindrical Bragg resonator in both directions, referring to the
indices a and ¢ given for a multilayered distributed Bragg res-
onator illustrated in Figure 10. For a single Bragg resonator
as shown in Figure 15, indices will become 1, t;, ¢, and ay,
ap, ap.

The simultaneous equations above are used to solve for
i axial Bragg reflectors and j radial Bragg reflectors where
thi—1 and ay_; define the thickness of the dielectric layers
of the Bragg resonator in z and r directions, respectively. A
one layer cylindrical sapphire Bragg resonator with Q-factor
of 230000 was achieved at 9.7 GHz'* (Figures 16 and 17).
This is higher than a Whispering Gallery mode resonator at
room temperature at the same frequency (Qwgy ~ 200 000,
Qwge ~ 100 000)83%8496-190 and equivalent to a single spheri-
cal Bragg resonator.”’ However, the machining and assembly
are much easier in the spherical case.

During measurements, we noticed higher order confined
modes existed, as shown in Figures 18 and 19.

The mode properties shown in Figure 18 has two varia-
tions in the central region and one or two in the reflectors. The
Q-factor is about 94000 at 12.4 GHz both of them, which
is equivalent to a WGE mode resonator at room tempera-
ture. However, the spectrum 500 MHz around the resonance
is overmoded.

Following the modelling of simple Bragg resonator, we
added a second reflector. This was made from alumina in or-
der to prove the principle. However, the field is so confined
into the centre, it has been impossible for us to couple to the
high-Q mode (estimated to be 500 000).

anti-resonance

rresonance

ric

FIG. 15. (Left) Density plot of the cylindrical Bragg resonator where the
field is highly confined in the centre with anti-resonance in the reflectors in
both directions. (Right) It shows the simple modelling of the field pattern in
2D of a quarter of a structure.
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Loop probe
excl

axial magnetic
field (Hz)

FIG. 16. Pictures of the single Bragg resonator realizations followed by a schematic of the assembly of the different pieces.

(an|S21 ' " Bw: 42.756kHz :‘:l:g Sar
-55 Qu: 227,830 20
Loss: -55.837dB

-65 30 |
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-85 50 |
| -53.990dB
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Center Frlequenc\lf: 9.?41I14e?35t.3Hz émn:muz Center Frequency: 9.708312355GHz ~ Span:500MHz

FIG. 17. (Left) Measurement with Vector Network Analyzer (VNA) in transmission (S;;) at room temperature of a single cylindrical Bragg resonator. The
Q-factor measurement is given with a 10% uncertainty, value obtained directly from the VNA (right) the plot shows a clear spectrum of modes 500 MHz around
the resonance using a VNA. Data have been taken with 1601 points with a sweep time of 4 s. We also ensured the loop excitation probes were not introducing
any losses by reducing their coupling as such the loaded and unloaded Q-factors are equal.

TEL:.

m: Radial mode number
n: Azimuthal mode number
p: Axial mode number

g: Radial mode number into the reflector
s: Axial mode number into the reflector

TEcH 1 TEo 2.1 TEo 2.1

FIG. 18. Electric field density plots calculated using the method of lines software**>1-52 of the three different Bragg modes. The designation of each Bragg
mode illustrated here is based on the electromagnetic field distribution followed by the definition of indices and exponents we use for it.
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FIG. 19. (Left) Measurement in transmission at room temperature of the second Bragg mode of the Figure 18, and (right) 500 MHz span around the resonance.
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FIG. 20. (Left) Measurement in transmission at room temperature of the Hybrid Bragg mode, and (right) density plot of the 3 main electromagnetic components

of this WGE and Bragg like mode.

During the characterization of the alumina, we discov-
ered a high Q-mode at 13.4 GHz (Figure 20) which exhibits an
unloaded Q-factor of about 190 000 which is six times greater
than the loss tangent limit of the alumina. A retro-simulation
was required to identify which type of mode it could be de-
pending on our field excitation with the coupling probes. Then
it was identified as a Hybrid yet Bragg like mode with an az-
imuthal number (m) different to zero (m = 2)!3 as illustrated
in Figure 20.

V. PHOTONIC BAND GAP RESONATOR (PBGR)—
STEP TO MILLIMETRE-WAVE HIGH-Q DESIGN

The High-Q Bragg mode design has been very successful
in the microwave and lower millimetre wave frequency bands.
We are now able to make Bragg resonators at different fre-
quencies and symmetries and we also discovered an enhanced
Bragg mode with azimuthal variations, which is promising at
higher frequencies. However, for coverage across the entire
Extremely High Frequency band, this technique is still very
difficult to adapt due to the tiny dimensions as well as diffi-
culties of coupling to the Bragg mode. Also in this frequency
band, the dielectric material loss may be a problem and the
choice of the right material may be limited. Diamond for ex-
ample could be a good candidate®* %! for building resonators
in the millimeter-wave regime. Thus, we have begun applying
optical technology and concepts to the millimetre wave band.
In the optical domain, hollow-core photonic crystal fibers are
the most advanced manifestation of beam confinement by
a photonic crystal. The beam is confined within a hollow-
core by an out-of-plane 2-dimensions photonic bandgap crys-
tal cladding that forbids field extension in the plane of the
crystal.!??

This principle could also work in the microwave regime
if we excite an electromagnetic mode perpendicular to the
crystal arrangement, the same as a Bragg mode excitation.
This is called out-of-plane mode excitation. This design in
microwaves will give a scaling factor to the resonator dimen-
sions compared with standard microwave resonator structures
presented in the above. We mean by a scaling factor that the
size in the millimeter wave frequency band of an out-of-plane
photonic bandgap resonator (PBGR) will be greater than dis-
tributed Bragg, TE-mode and WG-mode resonators. For ex-
ample, we have designed an out-of-plane photonic band gap
resonator (Figure 21).103:104

The simulation has been realized with the help of
COMSOL software. The density plot shows the principle for 2
layers of silica rods. We have then built the PBGR resonators
to prove the concept by confining the field into the centre of
the structure as was done in the Bragg designs (Figure 22).
The effective refractive index (n.y) (Eq. (16)) for an out-of-
plane hollow core photonic band gap in the microwave regime
is defined as

Neff = kﬁ’ (16)

where f§ is the propagation constant (i.e., projection of the
propagating vector along the propagation axis), ko is the
wave-number in vacuum (kg = 27 f/c) with c is the speed
of light in free space and f is the resonant frequency.

The resonator has been made with silica rods. The reso-
nance has been found at 30 GHz, the Q-factor obtained was
about 5000 with 4 layers of rods. The Q-factor for a dielec-
tric loaded cavity depends on the electric energy filling fac-
tor, the metal surface resistance, and the geometric factor of
the mode. For our case, the Q-factor is mainly limited by the
metallic wall losses rather than the loss tangent.

A more compact version has been built at the same res-
onance frequency by optimizing the electromagnetic field
confinement inside the inner region of the hexagonal metallic
cavity based on out-of-plane two-dimensional photonic band-
gap crystal cladding. A resonator was constructed with silica
rods to prove the concept at frequencies around 30 GHz. It

-—h
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Effective index
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30 40 50
Frequency (GHz)

FIG. 21. Dispersion diagram of effective indices versus frequency of modes
supported by the PBG crystal with one rod removed in the centre (hollow-
core).!% Shaded areas delimited with plain red curves show domains where
the cladding array supports modes delimiting the band gap (dash line). On the
right hand side, the density plot of the fundamental mode superposed with the
3D view of the structure without the top lid shows where the electric field is
confined in the hollow-core.



031301-11 Le Floch et al.
Mag ' 3 rings
(dB) Sa 3 rings gl"""'.
-45 CO T
BEEEER
EEEEE
'55 R ]
e t‘\
-65 4 rings I,Od
EEEE
-75 BEEREE]
BERERE
BEREEERE
TEEEEREER
-85 BEENEEE
TERERR
: : - : EREEEN
Center frequency:30.074GHz  Span=250MHz RN

FIG. 22. Transmission measurement (Sy1) at room temperature of a 3 and
4 rod-rings resonators. On the right, the assembly of 3 and 4 rings of rods
distinct with a different color tone is shown.

is shown that the technique can reduce the resonator size by
8.1 times without loss in the quality factor value.'?!

VL. CONCLUSIONS

This paper has reported some of the techniques achieved
at microwave and millimetre wave frequencies to design high-
Q dielectric loaded resonators and to characterize material
properties. We have successfully demonstrated an enhance-
ment of Q-factor was obtained with respect to a dielectric res-
onator limited by the loss tangent of the material using Bragg
resonator in two different topologies and could be extended
to photonic band gap resonator from the optics. This was be-
cause the mode exists mainly in the inner free-space region.
To improve the Q-factor of this type of resonator, a low-loss
and high refractive index dielectric should be used. For im-
provement of the PBGR, it is necessary to limit the metal
losses by confining the electromagnetic field far from the top
and bottom metallic lids by placing horizontal reflectors as
previously demonstrated with the Bragg resonator. High re-
fractive index dielectric material will help enhance and opti-
mize the Q-factor of the resonator through better field con-
finement in both directions.

For material characterization either we have perturbation
of a resonant cavity mode with the dielectric “under test”
(dUT) and we look at the frequency shift and Q-factor change
(TE mode cavity for example), or we fix a resonant mode con-
fined in the dUT under different polarizations (such as Whis-
pering Gallery Mode), to retrieve the permittivity and loss
tangent of the dUT. In the case of the proximity to spurious
modes, the TE mode cavity may present a problem depend-
ing on the permittivity under investigation. In other words,
if the permittivity is big enough for the resonance mode to be
identifiable through the mode interaction then you will still be
able to track the frequency shift. On the other hand, if the fre-
quency shift overlaps with a nearby spurious mode, retrieving
the intrinsic properties of the dUT becomes impossible with
this technique. Another issue which may occur, depending on
the dielectric losses affecting the mode confinement; a lossy
dielectric will be better characterized with a TE mode cavity
technique and an ultra-low loss dielectric with a Whispering
Gallery mode cavity technique.

Rev. Sci. Instrum. 85, 031301 (2014)

The characterization of materials with Bragg resonators
is not very convenient for inserting bulk samples; that’s the
reason why no dimensions are given. However, a Bragg res-
onator as well as a Photonic Band Gap Resonator could be
used for sensing gas. Therefore, the resonator size will be
function of the gas particle resonance frequency you want to
detect. Recently, the use of Bragg resonators has been inves-
tigated for detecting the spin transition in the microwave do-
main of an optically pumped rare earth ion.
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