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Abstract. We develop the mathematical machinery necessary in order to describe
systematically the commutation and anticommutation relations of the field algebras
of an algebraic quantum field theory of the fermion type. In this context it is possible
to construct a skew tensor product of two von Neumann algebras and completely
describe its type in terms of the types of the constituent algebras. Mathematically
the paper is a study of involutory automorphisms of W *-algebras, of particular
importance to quantum field theory being the outer involutory automorphisms of
the type III factors. It is shown that each of the hyperfinite type III factors studied
by Powers has at least two outer involutory automorphisms not conjugate under the
group of all automorphisms of the factor.

1. Introduction. In the application of C*-algebras to the study of quantum
fields of the fermion type complications arise because of the fact that both com-
mutation and anticommutation relations need to be treated in a systematic manner.
While the algebras of local observables form a system of local algebras in the sense
of Haag and Kastler [10], this is not true of the full field algebras. In this paper we
develop the mathematical machinery necessary for a fuller description of the field
algebras. The main novelty is the definition of a W-algebra as a W*-algebra &/
provided with a *-automorphism 8 of .o satisfying 6%=1. The algebra o/ =, + %,
where %, is the subalgebra of elements A such that 64 =4 and & is the subspace
of elements A such that 4= — 4.

In §2 we present the basic theory of a Wi-algebra acting on a Hilbert space. We
define the opposed Wi-algebra, a natural generalisation of the commutant for
W*-algebras, and prove that the second opposed WiF-algebra is equal to the
original W#-algebra. We identify the centre of a W¥-algebra and see that, as in
the case of W*-algebras, a general Wi-algebra can be studied by first analysing
the W¥-factors and then using the usual techniques of integral decomposition
theory. Independently of their numerical type the W¥-factors can be classified into
three types which are described as follows. A Type A Wg-factor consists of a
W *-factor together with an inner involutory automorphism 6. A Type B W-factor
is a direct product of two isomorphic W *-factors, and the involutory automorphism
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6 interchanges elements of the two factors. A Type C W¥-factor consists of a
W*-factor with an outer involutory automorphism 8; alternatively a W¥-algebra
&, 8 is a Type C Wi-factor if and only if both &/ and %, are W*-factors.

In §3 we study tensor products of W¥-algebras. There are two ways of defining
a tensor product, the more interesting skew tensor product being the natural
infinite-dimensional, topological generalisation of the tensor product of two
associative linear algebras graded over the additive group Z,. The skew product
o ®, # contains & and # as W§-subalgebras in such a way that AB=(—)"BA
for all 4 € o/ and Be %, We show that the skew product of two W-factors is
again a W¥-factor and that its type, both in the numerical sense and in the sense
outlined above, can be completely determined from the types of the constituent
algebras. We outline two examples from algebraic quantum field theory to show
how the skew tensor product arises naturally there. The section is concluded by
explicit computations of the finite-dimensional cases for later use. The interested
reader will be able to check that the finite-dimensional complex Clifford algebras
are all Wi-factors in a natural sense [1], but there are other finite-dimensional W¥-
factors in addition.

As preparation for more detailed analysis of the Type C Wi-factors we develop
in §4 the necessary theory of representations of C¥-algebras. All of the usual ideas
about states, cyclic representations, factor representations, etc., have their ana-
logues for C¥-algebras. Irreducible representations in our sense correspond to
extremal invariant states and are divided into those of Types A and B. For most
of the section we concentrate on the class of U.H.F. C#-algebras, which have
proved important for classifying representations of the canonical anticommutation
relations—in this connection see [17]. For these we obtain a necessary and suffi-
cient condition for a state to be a Type C factor state by extending arguments due
to Powers [13]. It turns out that a product state of a U.H.F. C#-algebra is almost
always of Type C. In other words, an involutory automorphism of a hyperfinite
factor is typically outer.

In §5 we consider the major mathematical problem of the theory, the classifica-
tion up to algebraic isomorphism of all W§-factors. This can be broken up into
two simpler problems. The first is the classification of all W*-factors, and still
remains open thirty years after it was first raised. The other is the classification in a
given W*-factor of all the conjugacy classes of the involutory automorphisms in
the group of all automorphisms. It is an immediate consequence of the theorems
on the comparison of projections that any two inner involutory automorphisms of
a type III factor are conjugate, and one might hope that the same is true of any
two outer involutory automorphisms in a type III factor. We show that this is not
so by constructing two nonconjugate outer involutory automorphisms of each of
the hyperfinite type III factors studied by Powers {13). In fact we construct an
infinite number of such automorphisms, but all except one turn out to be con-
jugate to each other. Our results pose more questions than they solve, but show how
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1971] INVOLUTORY AUTOMORPHISMS OF OPERATOR ALGEBRAS 117

little is known about the automorphism group of any type III factor, and suggest
that the second problem above may be as difficult as the first problem has proven
to be.

In §6 we show how W¥-algebras are related to the theory of group representa-
tions. To do this we introduce the idea of an epigroup over a ring R, a concept
which appears to be new even at the algebraic level. Representations of 2-epigroups
are similar to spinor representations or ordinary locally compact groups.

The author would like to thank Professor I. Segal for some valuable comments
on this work.

2. Structure of W¥-algebras of operators. Let 5# be a Hilbert space and & a
set of bounded operators on ¢ such that 4 € & implies 4* € &. Let & be the
closure in the weak operator topology of the odd polynomials in elements of &,
and let &7, be the weak closure of the even polynomials. Then 7 is a von Neumann
algebra and &,- A, S A, A, - A, S A, A, - A S HA,.

PrOPOSITION 2.1. If &f =54, + &, then & is a von Neumann algebra. 4y N &, is
a weakly closed ideal whose identity element we denote by (1—P) where P is a
central projection of Z. The von Neumann algebra P/ has a unique involutory
*.qutomorphism 8 such that

Pdy={AcPsl : 0A = A} and Pstfy ={AecP : 04 = —A}.

Proof. Let %’ be the set of operators on 5’ =3 @ # of the form (4, — A4),
where 4 € & and we denote by (A4, B) the operator (£, n) — (4¢, By), and let &7
and /] be constructed from &’ as above. Then

Aog={(4,A): Ae} and ) = {4, —A): A}

and, if &' =&/+471, then &7’ is a von Neumann algebra. If P’ is the projection
P'(¢,7)=(§, 0) then P’ lies in the commutant of &/’ and by [6] P'«/’P’ is a von
Neumann algebra. But P'&/'P'=P'/ P'+P's/1P’ can be identified with
A =+, so & is weakly closed. The set £ =, N &, is weakly closed and is
stable under multiplication on both sides by elements of %4, or % and so is a two-
sided ideal. As P4, N PoZ, =0, P/ is the direct sum of P/ and P, If X € P/
we can write X' = X,+ X; uniquely where X, € P/, and X, € P</, and we define
60X = X,— X;. It is immediate that 6 is an involutory *-automorphism and that the
other statements of the proposition hold.
If & is any set of operators on a Hilbert space 5# we define

F° ={BecF(H): AB ="BAfor all A€ &}
and
S ={Be X (H): AB = —BA for all A€ &}.

We define a symmetry R on 3¢ as a bounded operator R such that R#I, R%=1,
R¥=R. If R is a symmetry and 4 € & implies A* € &% and AR= — RA, then
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AR=—RA for all Ae o/, and AR=RA for all 4 € . Therefore in this case
&y N &4, =0, P=1I, and the *-automorphism € is given by 64=RAR for all A € «.
We call such a *-automorphism 6 spatial.

If « is a von Neumann algebra with an involutory *-automorphism @ then 8 is
isometric and ultraweakly bicontinuous by [6], so oA ={4d e/ : 04=— A} and
y={A € & : 0A= A} are weakly closed. If # is the von Neumann algebra gener-
ated by 27 then £ is a weakly closed -stable ideal in &7 whose identity element P
must satisfy 8P=P and so must lie in %, N &7°. Then @ restricted to (1 —P)< is
the identity map. We now define a W#-algebra as a von Neumann algebra with an
involutory *-automorph\ism 6 such that & is generated by .

PROPOSITION 2.2. If &7, 6 is a Wi-algebra of operators on H there is a unique
W¥-algebra &, ¢ such that B =L, By=s4°, B, =% If this is called the opposed
algebra then the second opposed algebra of <, 0 is <, 0 itself.

Proof. Let us first consider the case where 8 is spatial induced by the symmetry
R of #. Defining #,=£7° and %, =% it follows from %, By < By, By B, <R,
B, - B, =R, B, B, =X, that B=%B,+ %, is a von Neumann algebra satisfying
A cHh=AS Therefore F2%°2, and if #°#s4, there exists a nonzero
A € #° N &, ; but this is impossible since then Re # N /¢ would have to com-
mute and anticommute with 4. Therefore #°=<, and Z§{=4%.

In the general case we define ', &g, o731, &', P’ as in the proof of Proposition
2.1. If B'=(Ap)°, Bo=(H')°, #,=(41)* we have shown that #' =%H,+ %, and
P’ € #,. Now defining #=P'B'P’, By=P'PB,P’', #,=P'#H P’ it is shown in [6]
that we can identify #,=°, #=7° and that #,cH{. As B=%,+%, and &,
generates o7, ¢ N #B,=0and &, =~¢ and #, N #,=0. We now have to show that
2%, generates Z. If this is not so there is a proper central projection P e %, N #°
such that P#, generates P# and (1 —P)%,=0. Then P e o, N &° and (1 —P)%,
=(1—-P)%#, which on taking commutants gives (1—P)s/=(1—P)s4,, which
contradicts the assumption that .4 generates /. This proves the existence of the
opposed algebra. If €, ¢ is the second opposed algebra then € =%§=, €, =%°
= and €, =B =2 ;. As €=%,+%, is a direct sum decomposition, €, ==,
and the proof is complete.

COROLLARY 2.3. Let & be a set of operators A such that A € & implies A* € &
and AE=0 for all A € & implies £=0. If there exists a symmetry R of 3 such that
AR=—RA for all A€ & then S is the closure in the weak operator topology of
the odd polynomials in & .

Proof. If o is the weak closure of the odd polynomials and 4 is the weak
closure of the even polynomials without constant terms then the conditions imply
that &, N &7, =0 and that & contains the identity operator on 5, so & =/, + %
is a von Neumann algebra. Then % =/}*=.
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Now let o, 6 be any Wi-algebra and let &, ¢ be its opposed algebra. Then
oy N oA =%, N F° and we call this abelian algebra the centre of &7, or equiva-
lently of #. Any disjoint family of projections in & N /¢ with sum 1 effects a
central decomposition of &/ into a sum of W#-subalgebras on the corresponding
subspaces of 5.

Clearly & N A=y N L+, N ¢ and if % is the von Neumann algebra
generated by &, N ¢, % is a weakly closed ideal in &/ N &/¢ stable under 8, so
its identity element P lies in &% N &7¢, Similarly & N L5=% N B° =B, N #°
+ B, N\ FB=A° N A+ AN A and if ¥ is the von Neumann algebra generated
by &% N &, then ¥ is a g-stable weakly closed ideal in & N %° so its identity
projection Q lies in B, N B° =y, N A°. As AB=BA=0 for all A € N ¢ and
B e 2% N &, it follows that PQ= QP=0. Now observe that

ANA, = BB =B NBHB,NB,=ANA+IN A
=y NI+ N ALy N A+, N A
=y NI+, N Aty N AL
We have now proved the following

PRrROPOSITION 2.4. Every W¥-algebra has a canonical central decomposition as a
sum of the following three types:

Type A. o, N =0, &N A2 generates N, AN A=ty N AL°
o N A=y N A

Type B. sy N A2=0, < NS generates NS¢, AN Ai=y N AL°,
L NH=A N A

Type C. N A=y N A}=0, N A=y N L= N A= N A,

A Wk-algebra is of Type A, B, C if and only if its opposed algebra is of Type
B, A, C respectively.

We call a W-algebra a factor if <, N /¢ consists only of scalar multiples of the
identity and see that every W¥-factor must be one of the three stated types. The
structure of factors is clarified by the following

PROPOSITION 2.5. The most general Wi¥-factors are described as follows:

Type A. o is a W¥*-factor and 8 is an inner automorphism.

Type B. & is the direct sum of a W*-factor # with an isomorphic copy of # and
0 interchanges terms of the two factors.

Type C. & is a W*-factor and 8 is an outer automorphism.

Proof. Suppose &7, 0 is of Type B. Then &/ N &° is a commutative §-stable
C*-algebra of dimension greater than one such that the subspace of 6-stable
elements is of dimension one. It follows that &/ N &/¢ has dimension two so & is
the direct sum of two W*-factors # and . As 6 does not act trivially on &7 N &7°,
6 exchanges # and ¥ which must be isomorphic.

If &7, 6 is of Type A or C then &/ N &/° has dimension one, so &/ is a W*-factor.
If 6 is inner there exists R € & with R=R*, R2=1and (X)=RXR for all X e &.
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Therefore &7, N 7§ has dimension two and &7, 8 is of Type A. Conversely if <7, 8
is of Type A the opposed algebra Z, ¢ is of Type B so o4, N A{=H N #° has
dimension two. As &, N =, N L+ N ¢ and &, N ¢ has dimension
one there exists R € &, N /¢ such that R=R* and R®=1. Then RX= — XR for
all Xes, so (X)=—X=RXR for all Xe &4 and 6(X)=RXR for all X € «,.
A special part of the following result was established in [16].

PROPOSITION 2.6. Let &, 0 be a Wi-factor. Then o/ and s, are W*-algebras of
the same general numerical type.

Proof. If &/ is semifinite with normal faithful semifinite trace ¢ then s=r+t0
is a normal faithful semifinite trace which is #-invariant. The restriction of s to %,
is still semifinite. For if 0 < A4 € &, there exists 0< B=< A4 with Be &/ and s(B) < 0.
If C=4(B+6B) then 0<C=< A, Ce o and s(C)=s(B)<. Secondly one can
show that &7, is discrete if and only if 7 is discrete. Finally if .o7 is type III and
2, ¢ is the opposed algebra then #,=.27¢ is type III by [6], so Z must be type I1I,
hence 24, must be type IIL

We include the following result for completeness, although much more general
theorems are known [11].

PROPOSITION 2.7. Every involutory *-automorphism of a Type C W¥-factor is
spatial.

Proof. We first observe that every *-automorphism of a discrete factor is inner
so every Type C factor is continuous. By consideration of the opposed algebra it is
sufficient to prove that if &7, 6 is a Type C W§-factor there exists R € &/, with
R=R* and R?=1.

Given any nonzero 4= A*= — 04 the spectral projections P and Q of A4 corre-
sponding to {A : A>0} and {A : A <0} satisfy 6P= Q, so P(8P)=(60P)P=0 and P+#0.
Let P= Q, where Q, is a nonzero projection satisfying tr [Q,]=(2n) "1 if & is type
II,, tr [Q,]=1 if & is type Il and Q,=P if o7 is type III. Then %, is a factor and
Xo=0o+0Q, is a projection in 2 such that there exist X;, X,, ... equivalent to
X, under partial isometries in U; in &%, and X,+ X;+---=1. If Q,=UF¥Q,U;
then 0,(60))=(00)0Q,=0 and Q;+00,=X;. If R=(Qo—0Q)+---+(0:—00))
+ --- then R=R*= —6R and R?=1, which completes the proof.

3. Tensor products of W¥-algebras. If &7, § and #, ¢ are W-algebras acting
on the Hilbert spaces 5 and %~ respectively then we define &/ @ # as the W*-
algebra on o ® X generated by all operators A @ B where A€ &/ and Be 4,
[6]. Since the tensor product is in fact independent of the particular spaces #, &~
used, by changing these so 8, ¢ become spatial, we see that there is a unique in-
volutory automorphism 8 ® ¢ of & ® % such that (0 ® ¢)(4 ® B)=(04) Q (¢B)
for all A € o7 and B e %. In this way &/ ® ¥ becomes a Wi¥-algebra and since

(A @B)N (A QB) =(HNA)Q(BNE)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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it follows that the tensor product of two W¥-factors is a Wi-factor unless both ./
and # are of Type B. The only nontrivial question of type is solved in the following
proposition which was obtained for a special case in [12].

PROPOSITION 3.1. Let « and B be *-automorphisms of the W*-factors </ and #
respectively. Then o ® B is inner if and only if both o and B are inner.

Proof. We show that if &7 acts on 5, # acts on & and S is a unitary operator
in & ® # such that (« ® B)4=S*A4S for all A € &/ ® &, then « is inner. There
exist £p,mo€H and £,m €A such that (S ® £€1), m0 Q 90 #0. If
NL(H QH)—>L(H) is defined by (A4)E, ) =C(A(f ® £1),7 ® 1y then A
is a bounded weakly continuous linear mapping and T=AS#0. Since M(4 ® B)
={Bé¢,, mmyAforall A e &/ and Be #, A maps & ® # onto «. For all A € &/ and
XeZLH QRQA), N(AQ DX}=A4(AX) and AMX(4 R 1)}=(AX)A4, so for all
Ae s, T(ad)=AT. Therefore for all 4 € o7

ATT* = T(@A)T* = T(Ted*)* = T(A*T)* = TT*4
and as & is a factor TT*=«l for some 0. Similarly

AT*T = (TA**T = (o~ ANT)*T
= T*(«"'4)T = T*TA

so T*T=pI for some 8#0. Then BT=TT*T=«T so =« and by normalising we
can assume that TT*=T*T=1. Then for all 4 € &/, xA=T*AT so « is inner.

For W§-algebras there is also a skew tensor product @, whose definition is more
complicated than that of &, but which is more interesting. We leave the reader to
verify that if &/ and % are finite dimensional then & ®, # coincides with the
tensor product of 27 and # in the category of associative algebras graded over Z,,
as described for example by Chevalley [2]. If o7 and & are Wk-algebras defined on
H# and A we define &,; as the ultraweakly closed linear subspace of & @ %
generated by all A @ B where 4 € o4 and B e &, for i=0, 1 and j=0, 1. The prod-
ucts of elements of two Z; lies in another of the 9, for example 2,,-2,,< 2,,.
Moreover the &,; are disjoint, being alternatively defined by

Dy ={XeAd @A :(0Q DX =(-)Xand (1 ® p)X = ()X}

so that {& Q@ HBo=Doo+%; and {& Q B} =Dy, +P,,. We identify
L(H @ A ® C?) with the set of 2 x2 matrices with entries in L(+# ® H#") and
the obvious operations.

We define €= @, B=L(H# Q@ A ® C?) as the set

A+B C+D
% = {(C_D A_B) :Ae@oo,Beglo,Cegm,DE@u}
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and define

A D
g():{(—-D A) :AG@OO,DEQH}

and

B C
%1 = {(C _B) . BE@IO’ CEQM}-

All of these are selfadjoint ultraweakly closed linear spaces of operators. Direct
calculation yields €, N 6, =0, €,+%, =%, %, 6., €,-€.<%,, €, -G,<%.,
%,-%,<%,. Therefore € is a W*-algebra and there is a unique involutory *-
automorphism ¢ of € such that Y(Cy+ C,)=C,—C, for all C, €%, and C, € %,.
There is a natural *-isomorphism = of {& ® %}, onto %, given by n(4+ D)
=(4p D) for all 4 €Dy, and D € Z;,. There is a natural *-isomorphism X of &/
into % given by

)‘(A0+A1)=(A0®1+A1®1 0 )

0 A, ®1-4, Q1

for all A, € & and A, € &, and X(0A4)=y(AA) for all 4 € &/. There is a natural
*.ijsomorphism u of &# into € given by

1®B, 1Q B,
1®@B, 1®B,

and p(pB)=y{(uB) for all Be #. If A e/, and B e %, then

uw(Bo+ By) = ( ) for all B, € %, and B; € #,

0 AQ®B

IR B

M) =
so that for all 4 € &, B %,, where i=0, 1 and j=0, 1,

(A4)(pB) = (=) (uB)A4).

The W*-algebra generated by %, contains A(#4) and u(%,) and hence AM(«/) and
w(B); therefore this W*-algebra is €. Noting that &/ @ # is independent of the
particular Hilbert spaces on which &/ and & act, the same is true of & @, # and
we have proved

PROPOSITION 3.2. Given two Wi-algebras o and # there is a Wi¥-algebra
& Q% defined independently of the Hilbert spaces on which & and # act, with
the following properties: s/ and # are embedded as W¥-subalgebras of o Qo #
and generate S{ Q, #. For all A € 4, where i=0, 1, and B € #,, where j=0, 1, we
have AB=(—)'BA. {& Q, &), is isomorphic as a W*-algebra with {4 Q %}, and
is the ultraweak closure of the linear subspace generated by all products AB where
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AX Be(Ayx Bo) V(A X B)). {F Qg B}y is the ultraclosure of the linear subspace
generated by all products AB where A x B € (yx %,) U (4, X %B,).

We can now indicate the relation of the skew tensor product to algebraic field
theory [7]. For a mixed boson-fermion field we associate to every open bounded
subset U of space-time a W *-algebra & (U), the field algebra, on a given Hilbert
space. If U< ¥ then F(U)<Z (V) and we define & as the norm closure of the
union of the #(U). The C*-algebra &% must have an involutory *-automorphism 6
which leaves each of the algebras #(U) invariant, so we can write F(U)=%(U)
+%(U). If U and V are causally unrelated regions then for any 4 € #(U), where
i=0, 1, and Be Z(V), where j=0, 1, we suppose that AB=(-)"BA, as for the
skew tensor product above. The field operators of fermion type associated with
the region U all lie in #(U) while the boson field operators and observables asso-
ciated with U lie in &(U). The #(U) form a system of local algebras in the sense
of [10].

The above work also allows us to generalize Segal’s theory of regular gauge
space valued distributions [15] to arbitrary operator-valued distributions. If 5 is
a real Hilbert space and <7, § a Wi-algebra we define a (bounded reflection in-
variant) distribution to be a linear map from 5 to the selfadjoint elements of &
with range contained in &, If T;;: 3, — &7, 6" are two distributions for /=1, 2 then
the skew product is the distribution T=T,+T,: # +#; — & @, &2 and
clearly satisfies (74,)(T4,) = — (T#4:)(T#,) for all £, € #, and 4, € H#,. Segal’s finite
trace on &7, 8 can now be replaced by an arbitrary state, and we need not suppose
that the von Neumann algebras involved are of finite type.

The following proposition will be used later but since its proof is rather routine
we give it in outline only.

PROPOSITION 3.3. If &7, B, € are Wi-algebras there is a W-isomorphism of
(& Ry B) Q2 € onto A Q4 (B Ry €) which identifies o/, B, € under their natural
embeddings as W§¥-subalgebras of the two algebras.

Proof. Both the algebras consist of certain *-algebras of 4 x4 matrices with
values in Z(# Q@ A Q MA). For i, j, k=0, 1 there are natural maps

M:AXBXxC > (F Qe F) Q¥
and
A: X By %G, — A Ry (# Ry F).

It is sufficient to find a unitary map on C*, actually obtained by a permutation of
the coeflicients, such that if U is the corresponding scalar-valued 4 x 4 matrix

MAXBXxC) = U*(Ax Bx CYU
for all A € o, Be #;, Ce%,.
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As preparation for a more detailed study of the central structure of €= Q, %
we note the following equations, obtained by direct computation:

%n%c={( 4 3) :AE-@ooﬁw@é’é’)i,De@nﬁ(d@ﬂ)i'}’

A D
b NE = {(-—D A) tA€Dy N(A Q B3, DeDy; N (A ®.9«?)§},

B C
CLNE = {(C —B) : Be Dy 0 Dy N Dy, CE@mr\@&n@i‘o}'

PRroPOSITION 3.4. If o, 0 and B, ¢ are Type A W¥-factors then & Q, & is a
Type A W¥-factor.

Proof. Let 64A=RAR and B=SBS for all Aes/ and Be#. Then
T=R ® ScD,, commutes with D, Z;; and anticommutes with Z,q, Z;;.
Therefore

(T )(A+B C+D)(T )_(A—B —C+D)_¢(A+B C+D)
T/\C-D A-B 7/ \-C-D A+B ] "\C-D A4-B

s0 ¢ is inner on ¥. &/ ® & is a factor of Type A so
En €5 =(HF QBN (L QB
has dimension two. Therefore €, N €° has dimension one and ¥ is a W¥-factor.

ProrosITION 3.5. If #, 0 is a Type A Wx-factor and &, ¢ is a Type B W¥-factor
then o Qg # is a Type B W-factor.

Proof. Let 84=RAR for all 4 € &/ and let #Z be the direct product of the factor
%, with an isomorphic copy of itself. &/ ® %, can be represented by 2 x 2 matrices
& % with entries in &/ @ %, in such a way that R ® 1 is taken to (* _,); then
every element of € is given by a pair of such matrices, and

K L K L K -L K’ -L’
0o (e ») (e W)= {00 W) WP
M N/ \M'" N —-M N -M N
aoo(y )G w)p={Ge )G )
i\ N\ N T\ N\ N
Then {* 1), ("' _1)} €Dy, so (¥ Q B) N D& =0. Therefore 2, N (¥ Q B3,
Do N (F Q@ H)} and D, N DS, N DL, are all zero. Also & @ # is a W¥-factor so

(d®'@)on(d®g)c=900n(ﬂ®g)§+gun(d®g)i

has dimension one. Therefore €, N €¢=C1 and %, N ¥€$=0. Also one calculates
that Z,; N 2§, N D%, has dimension one so €, N % has dimension one. Therefore
% is a Wi-factor of Type B.
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PROPOSITION 3.6. If &7, 0 and B, ¢ are Type B Wi¥-factors then & R, % is a
WZ-factor of Type A.

Proof. There exists a W*-factor & such that &/ Q £ is the direct product of
four isomorphic copies of & and

(0 @1)K,L,M,N) = (L, K, N, M),
(1 @K, L, M,N) = (M, N, K, L).

Then (1, — —1D)eDy, so (& ® BN D%=0. Also (1,1, —1, —1)e D, so
( ®£)n@ 1—0. DN (A QAB=C(, —1, —1,1) and Do N (¥ R F)§
=C(1, 1, 1, 1). Therefore €; N €5=0, €, N €$ and %, N €% have dimension one,
and ¥ is a Type A W¥-factor.

ProrosITION 3.7. If &£, 0 and B, ¢ are W¥-factors and either is Type C then
A Ry R is a W¥-factor of Type C.

Proof. Suppose 4 is of Type C. Then by Proposition 3.1, & & # is a W-factor
of Type C so

o NEE = (¥ QBN (A O B);

has dimension one. By Proposition 2.4, ¥ is a W¥-factor of Type Bor C. If & ®, %
is of Type Band &isa W¥-factor of Type Bthen (2 ®, ) Q; #=D R, (& R H)
is a W¥-factor of Type A, which we have just shown cannot occur. Therefore
< Ry % must be of Type C.

For comparison we now tabulate the types of &, &, & Q #, & Q. # together.
If & and & are W¥-factors so are & @ # and & ®, % in all but one case,
indicated below:

A B A QR A QB
A A A A
A B B B
B B B+B A
A C C C
B C B C
C C C C

As far as the numerical type is concerned the following considerations suffice for
a complete solution. The numerical type of & ® # can be calculated from that of
&/ and 4 by [6], [14]. The numerical type of & ® % is the same as that of (& ® %),
and the numerical type of &/ ®, & is the same as that of (& ®, #),, by Proposition
2.6. Moreover (o ® %), is isomorphic with (& ®, %), by Proposition 3.2.

We turn now to the study of the finite-dimensional W-algebras. For each integer
n there is exactly one Type B Wi-factor of dimension 2n2, isomorphic as a W*-
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algebra with A#(n, C) @ A (n, C) with 0 exchanging the terms of the two sub-
algebras. We call this factor F(n).

If p, g are two positive integers and n=p+q, let e,;, 1 £i, j<n, be a set of matrix
units whose linear span is #(n, C). Let R be the operator R=>7.; e;— >Ff-pi1 €y,
s0 R=R* and R%=1, and let 8 be defined by 8(X)=RXR for all X e #(n, C).
Then #(n, C), 8 describes the most general finite-dimensional Type A W-factor
and we denote it by F(p, q), or by F{|p—q|, p+4}. If = is the positive trace on
M (n, C) normalised by 7(1)=1 then 7 is 6-invariant and |7(R)|=|p—ql(p+¢)~*
is called the discrepancy of #(p, q). Note that 8§ may be induced by R or —R.

We define a set of matrix units for a finite-dimensional Type A W¥-factor to be
a set of elements e;;, 1<i, j<n, whose linear span is the factor and such that
e ="0uey, ef=e;, >i_1e,=1 and 6(e;;)= +e; This last condition implies
O(e;)=ey for all i and divides the index set {i : 1 £i<n} into two equivalence
classes such that 7, j are in opposite classes if and only if 6(e;))= —e,;.

PROPOSITION 3.8.
F(m) Qs F(n) ~ F{0, 2mn},
Fir, m} @z F(n) ~ F(mn),
Fir, m} Qy Fis, n} ~ Flr, m} @ F{s, n} ~ F{rs, mn}.
Proof. All the above tensor products are finite-dimensional W¥-factors by our

general analysis, and the exact type can be found from the following dimensional
results, valid for arbitrary finite-dimensional W#-algebras &/ and #:

dim (& @ #) = dim (& Q; #) = dim & dim &,
dim (& ® %B), = dim (¥ R, X), = dim &, dim %, +dim &, dim &,
dim (& @ %), = dim (& Q,; %), = dim &, dim %, +dim & dim %,
These equations come immediately from the definitions.

PROPOSITION 3.9. The algebra F{r,n} contains a W¥-subalgebra B~F{s, m}
if and only if one of the following occurs:

(i) r=5=0 and m|n. m and n must both be even.

(ii) r#0, s50, s|r, m|n, rn=* < sm~* and the integers rs~* and mn~—* are both even
or both odd.

Proof. If the conditions are satisfied we can construct such subalgebras using
Proposition 3.8. Conversely suppose F{r,n} contains #Z~F{s, m}. Then
A =F{r,n} N\ %° is a O-invariant W*-factor so either the action of 8 on & is
trivial or & ~ F{t, p} for some integers ¢ <p which are necessarily both even or
both odd. F{r, n}~/ ® % in the W¥-algebra sense, from which the resulit follows.

4. Representations of C}-algebras. In order to investigate further the structure
of W¥-factors it is necessary to introduce the class of C¥-algebras and study their
representations.
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We define a C¥-algebra as a C*-algebra &7 together with an involutory *-auto-
morphism 6 such that o4 ={4 € & : 4= — A} generates & in the norm topology.
We caution the reader that because of the different topologies involved a
Wi-algebra need not be a C¥-algebra. We always assume for simplicity that o/
has an identity element. We define a representation of </ on a Hilbert space J to
be a *-homomorphism A of &7 into the bounded operators on 5 such that there
exists a symmetry R on # (said to be associated with A) such that A(6X)=R(AX)R
for all X e /. We also suppose A(1)=1. If &, is the weak closure of A(«4) for
i=0,1 and & is the weak closure of A(s/), then &, %,, #, define a Wi-algebra
(called the enveloping W¥-algebra of the representation) whose involutive *-
automorphism is spatial, being induced by R. If A is a representation of &/ on ¢
and P is an orthogonal projection such that P(AX)=(AX)P for all X € &/, and PR
= RP for some symmetry R associated with A, then A is said to be the direct sum
of the subrepresentations obtained by restricting A to P# and (1—P)s#; this
agrees with the obvious definition of the outer direct sum of two representations.
A representation is said to be a factor representation if the enveloping W-algebra
is a Wk-factor and to be irreducible if it cannot be written as a direct sum of proper
subrepresentations in the above sense. If &7 is a C¥-algebra and A: & — L(F),
N:of — P(H') are two representations of &7, we say A and X are unitarily equiv-
alent if there is a unitary operator U: 5 — 5’ such that A(X)= U*(X' X)U for all
X in «/. We say they are quasi-equivalent if there is a *-isomorphism T of the weak
closure Z of A2/ onto the weak closure #’ of A’ such that T(AX)=X'X for all X
in &/, Unitary equivalence implies quasi-equivalence and the *-isomorphism T
must necessarily be a W¥-isomorphism. Finally we say that A and A" are algebraically
equivalent if # and #’' are isomorphic as W-algebras.

We define a cyclic representation of .27 on £ to consist of a *~homomorphism
A — L(H), a symmetry R of # and a unit vector £ € # such that RE=¢,
(AZ)¢ is dense in 5, and M(8X)=R(AX)R for all X € &/. We define a state of o/
to be a positive linear functional ¢ on & such that ¢(1)=1 and (8 X)=e¢(X) for
all Xe . If A, R, ¢ is a cyclic representation the functional (X)={(AX)é, £ isa
state. Conversely every state of &/ defines a cyclic representation of .« where
JH, X and ¢ are given by the Gelfand-Segal construction and R is defined by
R(AXE)=AX¢E for all X e o/, and R(AXE)= —AX¢ for all X € &, Finally if ¢ is the
state associated with a cyclic representation A, R, £, the cyclic representation con-
structed from ¢ is unitarily equivalent with A. Every representation is a direct sum
of cyclic representations so every irreducible representation is cyclic. We define a
pure state of o/ to be a state ¢ such that if ¢ is a 6-invariant positive functional on
&/ with ¢ £ p then Y=agp for some real ¢, 0= 1.

PROPOSITION 4.1. Let A, R, ¢ be a cyclic representation of a C¥-algebra </, 0 on

H. Then the following statements are equivalent:
(i) A, R generate the W*-algebra £ ().
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(ii) (X)=<AXE, & is a pure state of .
(iii) A is an irreducible representation.
If X is an irreducible representation the enveloping W¥-algebra %, 0 of A is a
W¥k-factor of Type A or B and the propositions (Ai)—(Aiii) are equivalent, as are the
propositions (Bi)—(Biii).
(Ai) The W¥-algebra opposed to & is isomorphic to F(1).
(Aii) A is an irreducible representation of the C*-algebra </ unitarily equivalent
to the representation 6.
(Aiii) A is an irreducible representation of <, 0 of Type A.
(Bi) The W¥-algebra opposed to # is isomorphic to #(1, 1).
(Bii) A=p+ub where p is an irreducible representation of the C*-algebra </
which is not unitarily equivalent to p0.
(Biii) A is an irreducible representation of Z, 6 of Type B.

Proof. (iii) = (i) is obvious. We prove (i) < (ii), (i) = (Ai) or (Bi), (Ai) = (Aii)
= (Aiii) = (iii) and (Bi) = (Bii) = (Biii) = (iii).

(i) <> (ii). There exists a one-one correspondence between the positive linear
functionals ¢ on &/ with ¢ < ¢ and the operators 4 € (A7)~ with0=< 4 <1 given by
W(Y*X)=<CANXE, AYE) for all X, Ye . ¢ is O-invariant if and only if AR=RA.

(i) = (Ai) or (Bi). Let €, ¢ be the W¥-algebra opposed to #, ¢ and observe that
Re%,. If R=P— Q where P, Q are orthogonal projections then yP=Q. If Ce ¥
and 0S C<P then 0y C= Q and (C+yC) € %, satisfies (C+yC)R=R(C+¢C).
By hypothesis we conclude C+yC=«l so C=«P. It follows that for all Ce ¥,
PCP=coP and QCQ=0. If PCQ=0 for all Ce %, then ¥ is generated by P, Q
and is isomorphic with &#(1). On the other hand suppose there exists a nonzero
Ce ¥ with C=PC=CQ. If D% and D=PD=DQ then PDC*=DC*=DC*P
so DC*=aP for some «; similarly C*C=8Q for some B#0. Then D=DQ
=B 1DC*C=B"'«PC=B"1«C. Therefore ¥ is a four-dimensional W*-factor
with basis elements P, Q, C, C*, and it follows that €, y~%(1, 1).

(Ai) = (Aii). A maps & onto a weakly dense subalgebra of €5=(C1)°=.L ()
so A is an irreducible representation of the C*-algebra /. A0X=R(AX)R for all
X e s 50 Ais equivalent to Af.

(Aii) = (Aiii) = (iii). For some unitary U, A0X=UQAX)U* for all Xe <.
Then AX=U?AX)U*?2 and A is irreducible so U2=qal. If U= £ 4/«R then R=R*
and R?=1 and A0X=R(AX)R for all X € /. Therefore A is a representation in the
C¥-algebra sense and it is irreducible of Type A.

(Bi) = (Bii). In a suitable matrix presentation % is the set of all 2x2 scalar
valued matrices, R=( 3), and &/ =% is the set of all matrices (§ J) where 4
and B are arbitrary. Therefore AX=(f ,%) for all X e/ where n and v are
inequivalent irreducible representations. As A0X=R(AX)R=(¢ %) we conclude
v=uf.

(Bii) = (Biii) = (iii). A=p+p6 is a representation in the CF-algebra sense
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since in the above matrix presentation R=({ }) is an associated symmetry. One
verifies explicitly that % ={¢ 9) :«,BeC} and € ={§ §:0¢,8eC} so
€~%(1,1) and A is a representation of Type B. If R is any symmetry associated
with A then R, € %, and

0 eiB
R, = (e w0 0) for some 4.

Then {A&Z, R,}*={X€%, : RyX=XR,}=Cl so Ais irreducible.
Since the structure of Type A and Type B factors is quite clear, from now on
we concentrate on the study of Type C factors.

PROPOSITION 4.2. Let &/, 0 be a C}¥-algebra and ¢ a state of /. Let Te oA,
satisfy o(T*T)=1 and let ¢, be the restriction of ¢ to 4, ¢, the restriction of
X — o(T*XT) to s, Then ¢ is a Type C factor state if and only if ¢ is a factor state
in the C*-algebra sense, and o, is a factor state of <y, and ¢, is quasi-equivalent to
P2 on .

Proof. Let A, R, £ be the cyclic representation of &7, 8 on S# constructed from ¢
and let # be the enveloping Wi-algebra of A7, If ¢ is a factor state in the C*-
algebra sense then & is a W-factor of Type A or Type C. If # is of Type C then
HBy=(\sZ,)~ is a factor and it is immediate that ¢, and ¢, are quasi-equivalent
factor states of <7,

Suppose on the other hand that & is of Type A, and that S=S*e %, S$2=1,
implements the involutory *-automorphism of #. In general R# S but S 'R € 4°
always. We can write S=P— Q where P, Q are disjoint central projections in %,,.
The two subrepresentations of &%, A; on P3# defined by A, X=P(AX)P and A; on
Qs defined by A, X= Q(AX)Q, are disjoint, that is, not quasi-equivalent, factor
representations. If £, =P¢ and £, = Q¢ are both nonzero vectors then for all X € &

P1(X) = QX (€14 &), b1+ &) = QAXEL, ED+(AXE, &

$0 ¢, is a mixture of two disjoint factor states of ., and is not a factor state. On
the other hand if one of these vectors is zero, say P¢=¢, and if y=AT¢ then,
because T € 4, Qn=n and, because ¢(T*T)=1, ||5|=1. The two states ¢, and
@, induce the subrepresentations A; and A, respectively and so are disjoint.
Generalizing [9], we now define a U.H.F. C¥-algebra to be a C¥-algebra <7, 0
which is the norm closure of an increasing sequence of finite-dimensional Type A
Wi-subfactors <7,. We suppose that o, ~F(p.,q,) and that the involutory
*-automorphism of 7, is induced by + R, €.9,. If we write B,=s, N 5 _;
then %, is a W*-factor invariant under 6. Either #,, is a W¥-factor with involutory
*_automorphism induced by S,, € %, or the action of 6 on %, is trivial in which
case we write S,,= 1. &, can be identified with %7, ., ® %, and this is also a W¥-
isomorphism with R,,=R,,_; ® S,. If w, is a state on %,, (in the W¥-sense or an
arbitrary state if S, =1) there is a unique state w on 2, which we call the product
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state, and which satisfies w(B;:--B,)=w,(B;) - -w,(B,) for all B,e% and
i=1,2,.... We recall for reference the following important theorem of Powers
[13].

PROPOSITION 4.3. Let the C*-algebra € be the norm closure of the increasing
sequence of finite-dimensional W*-subalgebras €,, all of these algebras having the
same identity element, and let ¢, 5 be two states on €. Then ¢, is a factor state if
and only if it has the asymptotic product decomposition property and the factor
states ¢, and @, are quasi-equivalent if and only if they are asymptotically equal.

We note that Powers’ proof makes no essential use of his condition that the €,
be factors.

THEOREM 4.4, If w is a product state on the U.H.F. C¥-algebra &/ then w is a
Type C factor state if and only if T [)2 » |w(S)|=0 for all m=1,2,3,....

Proof. Since w has the asymptotic product decomposition property it is a factor
state of Type A or C. If w has the stated property we show that it satisfies the
conditions of Proposition 4.2. Since %4 is the norm closure of the increasing
sequence (=4,), of finite-dimensional subalgebras (not factors) we do this by using
Proposition 4.3 on 4.

To prove that w; =w|%, has the asymptotic product decomposition property
it is more than enough to prove that if x € &7, and & > 0 there exists m > n such that,
for all ye o N ()5, |o(xX)w(y)—w(xy)| <el|y]. For any m if y e o N (&4,)8,
y=3(1-Rp)y1+3(1+Ry)y, where y;, yo € & N Z7 and | y4|, [ y2]| £ | y|. Also

(1) w(y) = }o(l — Ry)w(y1) +3a(l + Ry)w(ys)
and
(i) w(xy) = do{x(1-Ry)lw(y1) +1o{x(l + Ru)lw(ys)
because w is a product state. Now let {¢;}{*19 be a set of matrix units of <, chosen
so that

Pn Pr+an

R, = Z €y— Z ey and w(ey) = S,
i=1 i=pp+1

Then let x=73; x;;e;; $0 w(x)=>F21% x,A and observe that

Pn Pptdan .
Ry = Ry(R,Ry) = D ey(RuRn)— . eu(RuRn)
i=1 i=pp+1l

and R,R,=S,,1--S, commutes with all the e,. Therefore

Pn Pntan
W(XRp) = D Xghw(RuRm)— D Xuho(RuRon)
i=1 i=pp+1
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and |w(R,R)| =] [fant1 |wi(S)| — 0 as m — co. Therefore given £>0 by choosing
m large enough we obtain from (i) and (ii)
@) lw(y)—Few(y) —3w(ya)| < de|x| |yl
(ii") [w(xy) — 3w (x)ew(y1) —3o(ys)| < defy|
which together imply
lw(xy) —w(x)a(p)| < ] y].

Now let {e,}i5t% be a set of matrix units for &4 chosen so that w(e;)= 8,
where p; #0and p,, 1 #0, and let T=ce, ,, ,; Where « is chosen so that w(T*T)=1.
We observe that T €./ and that the state w'(X)=w(T*XT) is again a product
state, the product of w, of %4, where w,=w, for n>1. To prove that w,=w’| is
asymptotically equal to w; =w|. it is more than enough to prove that for all
&> 0 there exists m so that |w;(y) —wa(y)] <& for all y € & N (,))5. Given m and
such a y we can write y=3(1+R,)y:+3(1 — R,)y: where y,, y, € & N /¢ and

I»1ll, ¥z <1y Then
|w1(y)—w2(»)]
= [Hwi(Rp)wi(y1) —3wi(Rp)wi(y2) — dwa(Rp)wa(y1) + Jwa(Rp)wa(y2)|
= %|{w1(R1) ~ w(R)}w(Ry Rp)o(y1) +{wi(R1) — w1 (Ry)}ow(R, Ry)o(y2)|
< 2|y | |w(RiRy)|

=2y D |w(S)| >0 asm—co.
i=2

We now prove that if all the stated equalities are not satisfied and if p,=g¢, for
all i=1,2,... then w is of Type A. Suppose [ [[2,+1 |0(S;)|=A>0 and choose
x=R, € (). For any m>nchoose y=41+R,) € 4, N (&,)5. Let a=w{3(1 + R,)}
so that w(x)=2«—1. Let

B = 4o(1+R,R,)
s0
128—1] = |&(Sns1-+-Sw)| 2 A
Then
xy = 3Ry(1+Ry) = 3(1+ RuP(1+ Ry Ry) — (1 — R (1 - R.R,)
50 w(xy)=eBf—(1 —)(1 —B). Similarly
y = 31+ R)3(1+ RyRn) +3(1 — R (1— RyRy)
s0 w(y)=aBf+(1—a)(1—pB). Therefore

lw(xy) = w()(y)] = |af—(1—a)(1—B)—(2a—1){eB+(1 —a)(1-H)}
= [2e(1 = )28~ 1)} Z 2|1 —<)|A.
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Since o and A are independent of m, w; can only have the asymptotic product
decomposition property if =0 or 1. Let us suppose this happens. Then w(R,)
= +1 and because w(R,)=w(S;)---w(S,) with |w(S)| <1 it follows that w(R,)
=w(S)=+1.

Using the fact that p,=gq,, let {e,}?"» be a set of matrix units for 7, such that
R,=3"2, (en—ep, +1,p,+1) and w(e;)=38,A. Then either =0 for all i<p, or
A=0forallizp,+1.

Suppose for definiteness that the first of these possibilities occurs and define
T=32,€,,+: 50 o(T*T)=1 and T e(s4,),. We define w, as the restriction of
X — w(T*XT) to <4,. For any m>n we define y=4(1 + R,,) € &, N (,)5. Then

y = 31+ R)3(1+ Ry Ry) +4(1 - R)3(1 - RyRy)

and
T*yT = %(1 - Rn)%(l + Ran) +%(1 + Rn)'%(l - Ran)
SO
y—= T*yT = '%(1 +Rn)Ran_%(1 _Rn)Ran = Rp.
Therefore

|wy(¥)—wa(¥)] = |w(y—T*yT)|
= |w(Rm)l = 'w(Rn)w(Ran)I
= |w(RuR)| Z A > 0

s0 w; and w, cannot be asymptotically equal on 7,

We have now only to deal with the case where p,;#¢; for some i. Let &/ =%#(1, 1)
and &' =% @ %, so B ~F(pi+q;, pi+q). Let wi§ §=c and o =w; @ w, s0
[wi (S7)] =|wi(Sy)]. Let & be the infinite tensor product of {#}2, and /" the
infinite tensor product of {#;}>, so &/"=2/' @ & is a C¥-algebra and for the
product states w”=w’ ® w. All these states are factor states and w’ is a pure state
and so is of Type A. By Proposition 3.1 applied to the enveloping W-algebras
of the representations w is of Type C if and only if w” is of Type C. But for the
latter state we have computed the condition for this to happen, and the general
result follows.

We finally include a result to show how badly behaved even a single involutory
*-automorphism of a separable C*-algebra can be. We shall need to use the
theory of Z*-algebras and use the notation of [3], [4]. If <7 is a separable C*-
algebra its spectrum & has two Borel structures. The Mackey-Borel structure .#
is defined as the quotient Borel structure for the natural map v: P(&/) — of where
P(«7) is the set of pure states of /. The other Borel structure & is smaller than .4
and is defined in terms of the central elements of the o-envelope o7~ of &7, Effros
[8] has shown that these need not be equal, although they are in case %7 is a sepa-
rable G.C.R. algebra [3].

If 8 is an involutory *-automorphism of 7, it induces an involutory auto-
morphism 8~ of &/~ and involutory Borel automorphisms, which we again call 6,
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of P(), (M: M) and (Ja/, %) in an evident fashion. By Proposition 4.1 the unitary
equivalence classes of irreducible representations in the CF-algebra sense corre-
spond one-one to the #-orbits of .Ja/, each of which has either one or two points.
Accordingly we define Jaf:,={7r e Or ==} and M;:{w o : On £},

PROPOSITION 4.5. The set <2, is not necessarily a Borel set in o for the Borel
structure %.

Proof. Let 7, 6 be the U.H.F. C¥-algebra constructed as the norm closure of
the union of an increasing family of finite-dimensional Type A W¥-subfactors 7,
where &, N S =B,~F(1,1). Let « be a pure state of F(1,1) such that
|e—o8]=2 and let o, «,0 be the corresponding pure states of %,. Let X
={(x)2-, : x,=0 or 1} and for x € X let ¢, be the product state on &/ whose
restriction to 4, is «, or «,0 according as x, =0 or 1 respectively. Let 1 be the Haar
measure of X as a compact abelian group and for x € X let (x),=0 or 1 according
as x,=1 or O respectively. It is known that ¢, is a pure state of &/ and by Prop-
osition 4.3, ¢, is not unitarily equivalent to gy, for any x € X. It is easy to show
that for all 4 € &, x — ¢,{A) is continuous and

o) = | pdduian)

where 7 is the unique normalised finite trace on 7. It follows that for all 4 € &~,
x — @3 (A) is a bounded Borel function on X and

() = [ (A

Similarly if B and y are two states on #(1, 1) such that §=86 and y=y8 and
[B—7v] =2 we let ¢, be the product state on o/ such that ¢,|%, =8 or y according
as x,=0 or 1 respectively. .=, for all x e X and

7~(4) = f b (Apu(d)

forallAe s/~ If d; were a Borel set in o/ for & we could find a central projection
P e s/~ such that ¢ (P)=1 for all xe X and 4;(P)=0 for all xe X. But then
+~(P) would equal zero and one, which is false.

5. Hyperfinite W}-factors. The finer structure theory of U.H.F. C¥-algebras
exhibits certain pathologies which do not occur in the theory of U.H.F. C*-
algebras [9] and it is necessary to clarify these before we can proceed. The basic
difficulty is caused by the fact that F{0, n} @ F{r, m}~F{0, mn} so that F{0, n}
has many inequivalent embeddings in #{0, mn}. Let the U.H.F. C¥-algebra <, 6
be the norm closure of the union of the increasing sequence of finite-dimensional
Type A Wjt-subfactors &4, ~F{r,, n,}.

PROPOSITION 5.1. If {e,}7,-. is a set of matrix units in o/ and ¢>0 then there
exists an integer q and matrix units {f,}7 ;=1 in <4, such that ||e,—f,;| <= and 6(f,)
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= 1 f;; according as 0(e;)= +e;; respectively. Moreover there exists a unitary
u € &, such that u*fiu=ey; for 1 i, j<p provided >0 is small enough.

Glimm’s proof of the corresponding result for U.H.F. C*-algebras [9] needs
very minor modifications.

COROLLARY 5.2. If &/ is a U.H.F. C¥-algebra and B< </ is a finite-dimensional
Type A Wx-subfactor then either s¢ N %° is a U.H.F. C¥-algebra or 9 is trivial on
L N B, in which case 8 is inner on .

Proof. We can assume that #< .27, for some n. Then & N #° is the norm closure
of the union of &7, N %, which are #-stable finite-dimensional W*-factors. Either
the action of 8 on all of these is trivial or they are all W¥-factors for large enough
m. The result follows.

Let o, § be a U.H.F. Cf-algebra. We say ./ is degenerate if 8 is inner. We say
& is regular if it is nondegenerate and contains no Wj-subalgebra isomorphic to
F1{0, n} for any n. We say it is singular if it is neither degenerate nor regular.
Finally we say it is completely singular if o N 28° is singular for every finite-
dimensional Type A W¥-subfactor & of «/.

PROPOSITION 5.3. The U.H.F. C¥-algebra & is regular if and only if r,, #0 for all
m=1,2,... and the monotonically decreasing sequence o, =r,n,?* is not eventually
constant. If a=1im «,, and for all primes p we define

r(p) = sup {k : p*|r, some m},
n(p) = sup {k : p*|n,, some m},

then two regular U.H.F. C¥-algebras & and /' are isomorphic if and only if o =o'
and r=r' and n=n'.

Proof. We follow Glimm’s arguments [9] closely.

If «7 is regular then r,#0 for all m. Conversely if /2% ~%{0, n} then by
Proposition 5.1, o,2%'~%{0, n} for some m and then &, ~% Q {&, N (#')%}
so r, =0 by Proposition 3.8. If «,, ,=«, for all m=1 then the action of f on &7, ,,
N off is-trivial s0 R, =R, for all m=1 and 8 is inner. Conversely if «, is not
eventually constant by passing to a subsequence we can assume o, 1 <ao,, for all
m so that the action of 8 on each algebra %=, N (o, _,)° is nontrivial. If w,,
is a pure state on %, such that |w,—w,8]| =2 and w is the product state, then w
is a pure state on the C*-algebra &7 such that w is not unitarily equivalent to w®.
This shows that 8 is not inner, and moreover proves that every nondegenerate
U.H.F. C}-algebra has an irreducible Type B representation.

If &7 is regular then the discrepancy «, of &, is characterised by

1—o, =sup{r(4%) : 4 = A* = —04 and |4| = 1 and 4 e &}

50
l-o=sup{r(4%): 4 =A4* = —04 and |4 £ 1 and 4 e }.
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Moreover by Proposition 5.1
{n(p), f(p)} = sup {{k, 1} : p*|n and p'|r and &/ 2 & ~ F{r, n}},
0 «, n, r only depend on the isomorphism class of 7.

If o7, 8 is regular with parameters «, n, r then, by Proposition 3.9, &, or equiva-
lently Ug., &, contains a Wy -subalgebra isomorphic to F{s, m} if and only if
sm~1>a and r(p)—sup {k : p*|s}=0 and n(p)—sup {k : p*¥|m}=0, while for p=2
these last two expressions must also be either both zero or both finite nonzero or
both infinite. The point is that this condition depends only on «, n, r. Now suppose
that 7 and &' are two U.H.F. C¥-algebras with =o', n=n" and r=r'. Suppose
A is an isomorphism of % into 4. Then & N ¢ is the closure of the union of
€=, N and is regular with parameters ao !, rril, nn7t. Similarly
&' N (A is the closure of the union of ;=4 , N (A%)° and is regular with the
same parameters, ee; !, rr !, nni . By our above observation there is an integer k
and an isomorphism p of %] into €,. Then p ® A~' is an isomorphism of 7, ,
into &4, which extends A~!. Repeating this procedure inductively provides an
isomorphism of & with &7’.

PRrROPOSITION 5.4. The U.H.F. C¥-algebra o7, 0 is completely singular if and only
if there is a subsequence m(i), i=1,2, ..., such that r,;=0 for all i and

iy N S -1y = FAO, Npyid - 1)}
for all i. If for all primes p we define
n(p) = sup {k : p*|n,, some m}
then two completely singular U.H.F. C¥-algebras s/ and s/’ are isomorphic if and
only if n=n'.

Proof. We call a sequence with the properties of %, a standard sequence. The
proof that a completely singular algebra has the required properties follows from
Proposition 5.1, and the converse follows as in the previous proposition. Similarly

n(p) = sup {k : p*|n for some F{0,n} ~ # < A}
and since for a standard sequence n,n; 1, is even, n(2)=co. Therefore &7 contains
a subalgebra isomorphic to F{s, m} if and only if sup {k : p*|m} < n(p) for all p,
a criterion which depends only on n. The rest of the proof is as in the previous
proposition.

PROPOSITION 5.5. If & is a regular or completely singular U.H.F. C¥-algebra
and if B, and B, are isomorphic finite-dimensional Type A W¥-subfactors of o/ then
o N\ FB§ and L N\ B are isomorphic. If o/ is singular but not completely singular
this may not be true.

Proof. If </ is regular with parameters «, r, n and %, ~%{s, m} then &/ N %f
are regular with parameters o', r', n’ given by so’ =me and

r(p) = r'(p)+sup {k : p*|s},
n(p) = n'(p)+sup {k : p*|m}.
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By Proposition 5.3 the two commutants are isomorphic. A similar argument works
if &7 is completely singular.

If o is singular but not completely singular then for large enough i the following
holds. 7 has discrepancy zero and & N ° is regular with parameters «, r, n.
&7, contains two subalgebras #,, %, both isomorphic to {0, m} with =4 N %
~F{r, nm~1} and &, N B~ F{s, nym~1} with r#s, r#0 and s#0. Then o N %5
and & N %5 are regular with parameters «y, r, #; and oy, ry, ny satisfying «;
=ragm~ e and «g=snym 1o, If «#£0 then «; #a, and the two commutators are not
isomorphic.

PROPOSITION 5.6. Let w; and w, be two Type C factor states of a U.H.F. C¥-
algebra o/ which is regular or completely singular. Then w, and w, are algebraically
equivalent if and only if there is an automorphism v of & (as a C¥-algebra) such that
w, and wyv are quasi-equivalent.

Proof. This important theorem is due to Powers [13]. If %, @ is the enveloping
Wx-algebra of the representation we must be careful to construct all the unitary
operators of [13, Lemmas 3.1-3.6] to lie in %,. In [13, Lemma 3.3] we must assume
that 4 is a Type C Wi-factor in order to use the conclusion that %, is a factor,
and also make use of Proposition 2.6.

Now let us suppose that &, 6 is a U.H.F. C¥-algebra and &7, N of5_,
=%, ~F{r, n} for all m, so & is regular if r#0 and completely singular if r=0.
Suppose w is the product of the states w, on 4, all of which correspond to the
same state wo on F{r, n}. If R induces the involutive automorphism of F{r, n}
then, by Theorem 4.4, w is a Type C factor state of &7 if and only if |w(R)|#1.
Let o be constructed in the same way from another state o, on F{r, n}.

ProposITION 5.7. If w and o are algebraically equivalent states then for any e>0
there exists an integer k such that the following holds. Suppose # is a W¥-factor
isomorphic to F{r¥,n*} and N, i=1,..., k, is a factorisation of # into Wg-
subfactors with isomorphisms A: A, — F{r, k}. Let w;=wo) on N, and let o' be
the product state on #. There exists a factorisation My, M, of B, states p,, ps on
M\, M, -respectively, and an isomorphism p: My — F{r, n} such that p,=o.u and
lp: ® pa—o'|<e.

This is again obtained by minor modifications of Powers’ proof [13].

From now on we shall restrict our analysis to the completely singular U.H.F.
algebra 7, 6 whose parameter n is given by n(2)=oc0 and n(p)=0 for p#2. If ¢
is any state on {0, 2n} then matrix units e;; can be chosen for #{0, 2n} so that
o(e;;)=38,;A,. If the involutory automorphism of £{0,2n} is induced by
R=3}_; (es—enrins+1), the set of eigenvalues with multiplicities is divided into
two classes according as i=n+1 or i<n. The multiplicity of each eigenvalue in
each class is independent of the particular set of matrix units chosen, although the
two classes are interchanged if we replace R by —R.
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For any integer k by taking a suitable subsequence of the generating algebras
we can assume that each of the algebras %, =4 N &/°., is isomorphic to F{0, 2¥}.
If 0<A<i let p, be a state on F{0, 2} whose eigenvalues are A{(1—A)*~f with
multiplicities (kD{(i")(k—)!}~1, the eigenvalues being divided into two classes of
equal size by a set of matrix units of #{0, 2¥} chosen to diagonalise p,. Let p be
the product state on &7, 8 whose restriction to each %, is carried onto p, by the
isomorphism of #{0, 2*} with %,. Under these circumstances we call p a product
state of 7, 8 associated with A, 0<A<3.

THEOREM 5.9. The product states of «, 0 associated with each A\, 0< <3, fall
into exactly two algebraic equivalence classes. Each of the hyperfinite type 111
Jactors of Powers has at least two involutory outer automorphisms which are not
conjugate under the group of all automorphisms of the factor.

Proof. We first take k=2, so %= N o4°, is isomorphic to F{0, 4}. Let
{e;3t;=1 be matrix units for F{0, 4} so that the involutory *-automorphism of
FH{0, 4} is induced by R=e,; + €55~ €33 —e4,. Let w, be the state

4
wo( Z xﬁe,,) = A(I ot /\)xu + A(l - /\)x22 + A2x33 + (1 - /\)ZX44,
i

=1

and let o, be the state

4

00( Z xueu) = A2X11 + A1 = N)xzg + A1 — A)xaz + (1 — A)?x4q.
i,j=1

We prove that the conclusion of Proposition 5.7 is invalid for e= 2%, so that the

product states w and ¢ on &7, 8 are not algebraically equivalent in the CF-algebra

sense. Since they are clearly algebraically equivalent in the C*-algebra sense this

proves the second statement of the theorem.

Using the notation of Proposition 5.7 it is immediate that the eigenvalues of w’
on # are AX(1—X)% -t with multiplicities (2k)!{(i")(2k—i)!}~* and that these are
divided into two classes according as i is even or odd. Let us call this set of eigen-
values T and let g, ..., , denote the eigenvalues of p; on #,, with multiplicities
included, so the eigenvalues of p; ® py are A%u;, A(1—MN)p;, A1 =Ny, (1—A)u,
where 1 Zi<1/, multiplicities being included. Comparing the eigenvalue lists of «’
and p; ® p, separately for the two classes we obtain as in [13]

!
lpy ® pe—o'| 2 Z 8
i=1

where
5= | APpy— 1|+ A0 = Ny — tia) + | A1 — Dy — tia] + (1 — X% — 144
Z |tip—ti|

and where #;;, 1 £j<4, 1£i</, is a suitable parametrisation of the elements of T.
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For each i the two eigenvalues A(1 — A)y, are of opposite class, so 4, and #;3 are of
opposite class. Therefore

|tis—tia| Z max {tis, tig}A(1—A) "%
We also have by hypothesis

v

1
2> |py ® pa—o| 2 D [2M(1 =N —tia—tis]
i=1

Sy
201 =)y — (12 + t13)}

v

1
i=1
!
i=1

= 2X1-1— zt: (tiat+ 1)

SO
1 1
z max {t;z, tis} = Z (tiz+ 1)
=1 i=1
2 201 =-)—-22 > A1 =N).
Therefore

I
"pl ® Pz—w'” > Z max {tiZ’ tga}A(l—A)_l > AZ
i=1

which contradicts the above hypothesis.

To prove the first part of the theorem let p be a product state constructed from
po on F{0, 2k}. If the eigenvalues A'(1 — A)*~* are divided into two classes according
as i is even or odd then it follows quickly from Proposition 5.6 that p is alge-
braically equivalent to w. We show that if this is not so then p is algebraically
equivalent to o.

We suppose there exist integers , j either both even or both odd and eigenvalues
A1 =¥~ and M(1—X)k~7 of opposite classes. If i+j=2x then

{/\x(l _A)k—x}2 —_ Ai(l _A)k—l,Al(l _A)k—l

s0 A2%(1 —X)2¢-2* occurs in both classes of the eigenvalue list of p|&f N 24° , for
every i. It is therefore sufficient to consider the case where k is even and the two
classes of eigenvalue lists of p, say py, . . ., uyand py, 1, . . ., gy, have some common
entry, say pu; =p, ;. Here each p, is of the form X(1 —A)*~/ and 2y=2%.

Let >0 and let n be any integer. The eigenvalues of p| <7, are u*- - - ui2¥ where
ri+---+ryy=n. We can write {(r;, ry41) : 02r,+r,,15n} as a disjoint union
of sets Sy, ..., S;, S such that each set S; consists of two points

{ri, rysa+1), i+ 1, ry00)} and S S {(r, rys1) i1 = 0}

Foreach ry, ..., 7y, Fyyo, ..., ey and each set S; the two eigenvalues

i, v, vr1+1, Tye2 | T2y
(251 By By+1l  Hy+2 Mey
and
1+1 .12 T2y
[ W 20 M2y
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are equal numerically but lie in opposite classes. Moreover the sum of the remaining
eigenvalues is not greater than the constant coefficient of

(pax+pat - +pa)* = (1—p)* +xf(x).

Therefore for sufficiently large n we can divide the eigenvalues of p|<, into three
sets T, U, V such that the eigenvalues in T, U are the same with the same multi-
plicities but lie in opposite classes, and the sum of the eigenvalues in V is less than
/4. If the multiplicity of the eigenvalue A;=A(1—X)*~*in T (or in U) is n; then we
have shown that

2n; < (k)H(EYmk—i)1}~1
and

nk

Z [(rEV{(EDY(nk — )1}~ 1 =2, )N (1 — )™~ < /4,

i=0
Similar arguments apply to the state ¢ on &7, 8 and for large enough » we can find
sets 7, U’, V' such that if the multiplicity of A; in T’ (or in U’) is m; then

2m; < (mk)V{(iN(mk—i)1}?
and

g: [(r) DMk — )1}~ =2m N (1 — )™t < &/4,
If p,=min (m;, n;) then

‘2 [(nk) Gk — i) 12 = 2p, A1 = D)™ < /2

and T, U, T', U’ each contain subsets T, U,, Ty, U; such that the eigenvalue X,
occurs in each subset with multiplicity p;. The eigenvalues of T; and U; (as of T}
and U;) lie in opposite classes so by changing the notation if necessary we can
assume that the eigenvalues in 7, and 73 (or in U, and Uj) lie in the same class.
It is now straightforward to construct a unitary operator U € {#,}, such that

lo(-)—p(U*- V)| < e

Exactly the same argument can be applied to the restriction of p and o to
o N . Inductively it follows that there exists a sequence m, and a sequence of
unitary operators U, € {&, }o N {4, _,}° such that

le(-) = p(Uz - Up) | S, O i, J| < 1/2

If « is the unique *-automorphism of & such that o(X)=U}XU, for all
Xest, Nn{sd, _} and p'(X)=p(aX) then p’ is algebraically equivalent to p and

lo—p") | L, O {y, _}°|| < 1/2%

The proof is completed by proving that o and p’ are asymptotically equal, and so
quasi-equivalent.
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Let p, be the state on .« which has a product decomposition given by

pn=0 ons, N{f, ¥ fori<n,
pn=p onsh, N{, ¥ forizn

It is easy to check that |p,—ps.1] <2'~" and also that o—p'=27"_; (pn—pr-1)s
the limit certainly existing in the weak* topology of «/*. Therefore

lo—p") | o N fspe| < D 227t = 22-n
n=1

so o and p’ are indeed asymptotically equal.

We leave as an open question whether each of the hyperfinite type III factors
has an infinite number of nonconjugate involutory automorphisms. We also leave
the interested reader to work out for himself the much easier problem for the
hyperfinite II, factor. The classification of the involutory inner automorphisms is
of course trivial.

6. Group representations. In this section we show how our study of Cj-
algebras and W j¥-algebras is related to the theory of group representations and
give some illustrative examples. To do this we have to introduce the idea of an
epigroup and, since this seems to be new even at the algebraic level, we do this
more generally than will be needed in the application.

An epigroup (G, ¢, z) over a ring R is defined as a group G together with a
homomorphism ¢ on G onto (R+); we define G,=ker ¢ and suppose G,=G\G,
generates the group G; we also suppose r — z' is an isomorphism of (R+) into
the centre of G with range contained in G,. If R has an identity element 1 we write
zt=z. If (G, ¢, z) is an epigroup we define a homomorphism « from (R+) to
Aut (G) by «,(g)=2z°9-g and write ¢; =« if R has an identity element.

If (G, ¢, z) and (H, ¢, w) are two epigroups over R we define their skew product.
The definition

(& h)(g1, ) = (881, W™ ®*Vhhy)

makes the set G x H into a group. The subset {(z, »°) : r, s € R} isacentral subgroup
and we define the skew product G x, H as the quotient group of G x H under the
homomorphism #: Gx H— G x; H whose kernel k is {(z', »~") : re R}. We
define X: G x; H — (R+) by X{=(g, h)}=¢(g) +(h) and define x: (R+)—>G x, H
by

x" = (2", e) = n(e, ).

These definitions make (G %, H, X, x) into an epigroup over R and the maps
g — (g, e) and h— n(e, h) are one-one embeddings of G, H as subepigroups of
G %3 H in an obvious sense. G x, H is generated by G, H subject to the relations
z"=w" for all r € R and hg =¥ @9gh for all g€ G, he H.

We define a 2-epigroup (G, ¢, z) to be an epigroup over R=Z, such that G is a
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separable locally compact group and both G, and G, are closed. We define a
representation U of a 2-epigroup (G, ¢, z) on a Hilbert space 5 to be a unitary
representation such that U,= —1 and such that there exists a symmetry R on ¢
such that U,R= — RU, for all g € G,, or equivalently U,,=RU,R for all geG.
We then define

"Q¢i=li_n{Uga:giEGi}

for i=0, 1 where lin is the weak operator closed linear span. Then for all 4, € <,
A;R=(—)RA; s0 A N =0 and o =, + o4 is a Wi-algebra which we call the
enveloping algebra of the representation. The type of the representation is identified
with the type of . It is easy to define the skew tensor product of two represen-
tations of two 2-epigroups in such a way as to correspond naturally to our definition
of the skew tensor product of two WjF-algebras. We now give some examples
of 2-epigroups.

ExaMPLE 1. Let Pin (n) be the double covering of O(n) constructed in [1] and
let 4: Pin (n) — Z, be the homomorphism whose kernel is Spin (n). Let «w be the
central element of Pin (n) of order two which maps to the identity under the cover-
ing map of Pin (n) onto O(n). Let G be the semidirect product of Pin (n) with R"
under the obvious action of O(n) on R". Let z be the element of G corresponding
to w; z is central of order two since w acts trivially on R™. Let ¢ be the homomor-
phism of G onto Z, whose kernel is the semidirect product of Spin (1) with R™.
Then G is a 2-epigroup and its irreducible representations can be calculated from
Proposition 4.1 and the theory of induced representations.

ExampLE 2. Let Gy,=SL (21, R) and let B: G, — G, be the Cartan involution
B(A)=(A")"1. Then we define G as the semidirect product of G, by B8 and let
¢: G — Z, be the homomorphism with kernel G,. If we define z= —1 then (G, ¢, 2)
is a 2-epigroup. It is possible to associate such a Lie 2-epigroup canonically with
several of the symmetric spaces in this way.

ExAMPLE 3. If (G, ¢, z) is an abelian 2-epigroup then (G, ¢, 2) is an abelian
2-epigroup if we define $=z and Z=4¢.
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