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IRREDUCIBILITY AND ASYMPTOTICS OF STOCHASTIC BURGERS
EQUATION DRIVEN BY «-STABLE PROCESSES

ZHAO DONG, FENG-YU WANG, AND LIHU XU

Abstract

The irreducibility, moderate deviation principle and v -uniformly exponential er-
godicity with ¢(z) := 1 + ||z||o are proved for stochastic Burgers equation driven
by the a-stable processes for « € (1,2), where the first two are new for the present
model, and the last strengthens the exponential ergodicity under total variational
norm derived in [21].

Keywords: stochastic Burgers equation; a-stable noises; Irreducibility, ¢)-uniformly ergod-
icity, moderate deviation
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1. INTRODUCTION

In [21], the strongly Feller property and exponential ergodicity have been proved for
the stochastic Burgers equation driven by rotationally symmetric a-stable processes with
a € (1,2). In this paper, we prove a stronger ¢-uniformly exponential ergodicity, the irre-
ducibility, and the moderate deviation principle for occupation measures. Before state our
main results, we briefly recall the framework of the study and results derived in [21].

Let H be the space of all square integrable functions on the torus T = [0, 27) with van-
ishing mean values. Let Au = —u” be the second order differential operator. Then A is a
positive self-adjoint operator on H. Let Aoy, := Aopyq := k% and

eor () == T cos(kx), egpi1(x) = nE sin(kx).
It is easy to see that {ey, k € N} forms an orthogonal basis of H and
Aep, = )\kelm k € N.

The norm in H is denoted by || - [|o.
For 7)0, let H” be the domain of the fractional operator Az:

H” := A™2(H) = {Z A 2age : (ar)gen C R, Zaz < —l—oo} :
k k
It is a separable Hilbert space with the inner product

(u,v), = (AZu, AZv)y = Z M(u, ex)o(v, exo-
k
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For u € H, let ||ul|, = /(u,u), if u € H?, and ||lu||, = oo otherwise. The Cj-contraction
semigroup e 4 generated by — A reads

e My = Ze’”k (u, ex)oex, t>0.
k

Obviously,
(1.1) [A7e™ ullo < sup(a?e™ )t Jullo = 47t Juflo, v > 0.
>0
Let {WF ¢ > 0},en be a sequence of independent standard one-dimensional Brownian mo-

tion on some probability space (€2, F,P). The cylindrical Brownian motion on H is defined
by

W, = Z Wtk ek.
For a € (0,2), let S; be an independent « ; 2-stable subordinator, i.e., an increasing one
dimensional Lévy process with Laplace transform
Fe "5 = e’”"'(w, n > 0.
The subordinated cylindrical Brownian motion {L; };>o on H is defined by
Ly :=Wsg,.

Notice that in general L; does not belong to H.
We are concerned about the following stochastic Burgers equation in the Hilbert space H:

where B(u) := B(u, u) for the bilinear operator b defined by B(u,v) := uv’ for v € H' and
u € H, and Q € L(H) is given by
Qu L= Zﬁk<u7 ek)Oeku u € H7
k=1

with 8 = (8Bk)ren such that there exist some 6 € (0,1) and 3 < ¢ < 0 < 2 satisfying

_o _e
(1.3) A < B <67\ %, keN
By [25, Lemma 2.1], we have
1.4)  (B(u,v),w)o < Cllulloy |V]logsillwles, o1+ 02 +03>1/2,u,w € H,v € H'.

Moreover, let

t
(1.5) Z = / e =4QdL, t>0
0
satisfies Z. € D([0, 00); H') and
(1.6) E [ sup HZtHll < oo, T >0,
0<t<T

see e.g. [21, (4.5)]. Recall that for a topology space E, C([0,00); E) (resp. D([0,00); E))
stands for the space of the continuous (resp. right continuous with left limits) maps from
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[0, 7] to E. The following result is due to [21, Theorem 4.2]. For a o-finite measure ; on E
we denote pu(f) = [, fdu, f € L' (p).

Theorem 1.1 ([21]). Let « € (1,2) and the assumption (1.3) hold for some § € (0,1) and
s<o <<

(1) Forany x € H, (1.2) has a unique solution (X[);>¢ starting at x, and
X* — 7 €C(]0,00),H) N C((0,00), H').
In particular, (t,z) — X[ is a Markov process on H.
(2) The Markov semigroup P for X is strong Feller, and has a unique invariant proba-
bility measure jio such that

(1.7) sup |B®(x) — po(f)| < C(1 + ||zllo)e™, t >0,z € H
[fI<1

holds for some constants C',~y > 0.

In this paper, we prove the following two theorems on the irreducibility, moderate devia-
tion principle of occupation measures for solutions to (1.2), and the ¥ -uniformly exponential
ergodicity for ¢ (z) := 1+ ||z||o. The first two properties are new for the present model, and
the third strengthen the exponential ergodicity (1.7) with | f| < v replacing |f| < 1.

Theorem 1.2. In the situation of Theorem 1.1, for any x € H, the solution (X[ )i>o of (1.2)
is irreducible in H, i.e.

P(| X7 —allo<e)>0, e>0,T >0,a € H.

To state our second result, we recall the notion of moderate deviations (MDP). Let M, (H)
be the space of signed o-additive measures of bounded variation on H, equipped with the 7-
topology 7 := o (M, (H), B,(H)) of convergence against all bounded Borel functions, which
is stronger than the usual weak convergence topology o (M, (H), C,(H)). We denote M, (H)
the space of probability measures on H. Given a ¢ : H — R, , define

By := By(H,R) = {f € BH,R) : | f(z)| < ()}
Let b(t) : R™ — (0, 400) be an increasing function verifying

. _ b)) _

and let
1

M, = b(t)\/z_f/o (0x, — p)ds.

To characterize moderate deviations of X, from its asymptotic limit i, one estimate the long
time behaviours of

(1.9) P, (M, € A),

where A € 7 is a given domain of deviation, and P, is the probability measure taken for
the system X with initial distribution p. This problem refers to the central limit theorem
for b(t) = 1, the large deviation principle (LDP) for b(t) = /¢, and the moderate deviation
principle (MDP) for b(¢) satisfying (1.8), see [4]. We say that P, (90, € -) satisfies the MDP
with a rate function I on M (H), if the following three properties hold for any b satisfying
(1.8):
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(al) forany a > 0, {v € M (H);I(v) < a} is compact in (M, (H), 7);
(a2) (the upper bound) for any closed set F' in (M;(H), 7),
1
: 1 - T
11;n—§£p 2T logP,(My € F) < 1%f I
(a3) (the lower bound) for any open set G in (M (H), 7),

1
. o
11Trg£f (T logP,(Mr € G) > 1r01f I.

Theorem 1.3. In the situation of Theorem 1.1, let Y)(x) = 1 + ||z||o. Then the following
statements hold.

(1) The Markov semigroup P, associated with (1.2) has a unique invariant measure |ig
with pro (|| - [lo) := Jy [lllopto(dz) < oo and

sup |Pof () = po(f)] < Ce™ (14 ||zflo), €M, t>0
€by

holds for some constants C',~ > 0.
(2) For any initial distribution v with (|| - ||o) < 400 and any measurable function f
with | f1™ Yoo := supy |fY ] < oo, the limit
2

)=t 1o ([ () - ui)is) R

t—o0

exists. Moreover, the family {P,(0; € -) : t > 0} satisfies the MDP with rate
function

1(s) = sup {(f) ~ 50°(F) : f € Bi(ED) )

To prove the irreducibility using a standard argument developed in [] for SDEs driven by
cylindrical a-stable process, we will solve A control problem for the associated determin-
istic system in Section 2, and establish a maximum inequality for stochastic convolution in
Section 3. Unlike the cylindrical a-stable process where components processes are indepen-
dent, the rotationally a-stable process we considered has strong correlations between any
two components, which leads to essential difficulty to follow the line of []. To overcome the
difficulty, we propose a new procedure including the following three steps: taking a sample
path of «/2-stable subordinator ¢, solving a new control problem by mollifying ¢ as in [],
and proving the irreducibility by showing that for the stochastic systems driven by IW,,. With
these preparations, Theorems 1.2 and 1.3 will be proved in Sections 4 and 5 respectively.

2. A CONTROL PROBLEM FOR THE ASSOCAITED DETERMINISTIC SYSTEM
Consider the path space of the subordinator S;:
S = {£:]0,00) — [0, 00); ¢ is strictly increasing, right continuous and has left limit}.
For any ¢ € S, the set of jumps
JW) = {t>0:0_#1}
is at most countable. Let

v =1inf{s >0: 4, >}, t>0.
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Consider the following deterministic system in H:
2.1) dzf + [Az} + B (z})] dt = Qduy,, z§ = o,

where v : [0,00) — H is the controller to be chosen later. Let

t
(2.2) zf = / G_A(t_s)QdUgs, yf = xf — zf, t>0.
0
Then
dyf ¢ ¢ ¢ Y
(2.3) a + Ay; + B(yt + Zt) =0, ;= wo.
Define

T
(24)  te(a,T) = sup {t <3 lea — al|o < %} , T >0,e>0,a€H.

It is easy to see that t.(a,7") € (0,7'/2]. For notational simplicity, we often write t, =
te(a,T). The main result in this section is the following.

Proposition 2.1. Let { € S and o € H'. Foranye > 0, T > 0 and a € H, there exist
u € C([0, £7] ; H?) with bounded total variation and x* € D([0,T];H) solving (2.1) such
that

|27 —allo < e T¢J(0)
Moreover,
Iztlls < Cr(L+ lle™=allg + | 2. [5), 0<t<T,
where t. is defined by (2.4) and x,_ is determined by (2.1) with uy, = 0 for t € [0, t.].

To prove this result, we regularize ¢ € S by

1 19
@:5/0 bpppedr,  t>0,6 >0,

and prove the assertion for 9 replacing . It is clear that /¢ is strictly increasing and continu-
ous. Let +? be the inverse of /2.

Lemma 2.2. Forall § > 0, we have
WE WA+, V20
Proof. Denote ty = v, and ¢; = 7}, it is easy to see ) = ¢ and {,, > ¢. Observe (; =

%foé liyqrdr > tsince by >t forr > 0. If tg < t1, thent < Efo < Kfl = t. Contradiction.

Ifty > t1+0, we have ¢;, .5 < t, otherwise ty < t; 4+ 9. Consequently, éfl = %foé lppdr < t

since £y, 4, < t forall r € [0, 0], but £ = ¢, contradiction. Hence, to € [t1,t; + ). O
Lemma 2.3. Forany T > 0,¢ > 0,6 > 0,a € H, let t. = t.(a,T) is defined by (2.4) and
take

(2.5) w =11 @1 (DQ'F(3)), te[0,64],

where ~ is the inverse function of 2 and

t t
(2.6) F(t) := xf6—xfj+/ Ax§6ds+/ B(z")ds, tel[t,T).
te

te
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Then u € C([0,¢5] ;H?) and F € C([t., T]; H*) with

2.7 IF0)la < Cr(1+ [le™*=allg + ] [}) < 00, ¢ € [t,T],

28)  [F(t) = F(t2)lla < Cr(1+ e~ =all§ + |2 1))t — to], 1,2 € [t2,T).

Moreover, let z°° € C ([0,T] ; HY) solve the system (2.1) for (% replacing (. Then
| 2% — allo < /2.

Proof. We first observe that l‘fé has the representation

t
(2.9) 2 = e Mg+ / e A B )ds, 0<t <1,
0

5 t—1t. _ T —t s
(210) .Z’f :r;se At€a+T—t5xfs7 tEStST

Indeed, by (2.5), u; = 0 forall ¢ € [0,£) ], the system (2.1) is a deterministic Burgers

equation, which admits a unique solution =% € C ([0, t.]; H') given by (2.9). On the other

hand, for ¢ € [t.,T], substituting /" with the form (2.10) into the left hand of the system
(2.1), we obtain

Quy = F(t), te€lt.,T],
where F(t) is defined by (2.6). Taking

u=Q 'F(v), tel[e 6],

we immediately obtain that (x, u) solves the system (2.1) for ¢ € [t., T].

Next, since 24 = e =g and |le~*<a — al|o < £/2, we have || z& — al|o < £/2. It remains
to verify the claimed properties of « and F'. By the regularity of Burgers equation (see the
appendix below) and e~“* respectively, mfj € H° and e~ A<q € HO. For all t € [t.,T], we

have

& _ S
" la < lle™*<alle + |2 [,

1B < Cllef’ 12 < ¢ (e a

S
2+t 12)

6+ llze.

6)
where the second inequality is by [25, Lemma 2.1]. Combining the above inequalities, we
immediately get (2.7) and (2.8), as desired. Therefore, F' € C([t.,T];H*), which, together
with the assumption of @ and (2.5), yields u € C([0, (5] ; H?).

Finally, it is easy to see that ||xf;s l¢ < oo. Below we present a proof for completeness.
Noting that 2’ € H' for all ¢ € [0,t.], letting ¢, = t./3,t, = 2t./3, t3 = t. and taking

J4z 0 < € (e =alls + I lls) < € (1+ e a
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6 € (0, 1), we have
t
o'l < e aall+ [ 1415 A Bt s
0
t
(2.11) < Ct 2|zl + C/ (t — s)70)| 2% ||2ds
0

< (¢ Haoll + 0 sup L ).t 0.1

<t<ts

where the last inequality is by (1.1) and (1.4). Now taking xfé as the initial data, we obtain

1) _ _
1l < e A2, + / AT e AC1 9 B(a2)|ps25ds

2.12) <iC@—h)WﬁmyH?/@—s)“WdWQs
t1
< o= etlaot -0 s 1), te (oot
t1 <t<ts

Similarly, taking ¢, as the initial data we get

5 _ 5 S
@3 Jaf'le = € (-0 bl ¢ s IR e ]

to<t<ts

This completes the proof. U
Lemma 2.4. Forallt > 0, let

t ¢
0 0
Then

(2.14) 128 = 2{lla < Cr(1+lle™*=all2 + [z, |25, ¢ €[0,T]\ T(0).
Proof. By (2.5), we have u; = 0 forall 0 < ¢ < ¢! . Since {;, < (2,
(2.15) Ad=2=0, telot].

Using integration by parts, we get

t
(2.16) 2t = Quy, —/ Ae_A(t_S)Qwsds.

0
It is easy to see by (2.5) and (2.7) that forall 0 < ¢t < T,

IQuallz = IF ()l < sup [IF(3,)ll2 < Cr(1+[le™**a 6);
0<t<T

3
6+ ll,

andthatforall 0 <¢ <Tand 0 < s <t
[Ae™ ) Quy, [l = [le” 1 < || Quy,

< Cp(1+ [le™al2 + |22 |12).

s
@17 (72) |
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Hence,
Izll2 < Cr(1+[le*all§ + [z [13), 0<t<T.

Similarly,
| 28]l < Cr(1 + [le a2 + ||z |?), 0<t<T.

Using integration by parts again, we further get
t
zfé — zf = Q(ueg — uyg,) — / Ae_A(t_S)Q(ugg — uy,)ds
0
which, together with (2.5) and (2.8), yields

t
6
2 = zll2 < HF(Wg)—F(%)Hﬁ/ 1Q(ueg = ug, )| ads
0

n HF(Wg)—F(wt)Her/O 1E (ver) — F(e.)||adss

t
< Or(1+ [le=al2 + [l |12) {ng — el +/ [ves —7§S|d8]
0

t
= o1+ e al} + o) 1= 1+ [ 15 = as]
0
where the last equality is by 7?5 = t for all £ > 0. By the definition of 7., if t ¢ J({), i.e. t is
t
a continuous point of ¢, we have 7, = t. Therefore, by Lemma 2.2, we have
t—l < lt=v0l+ |, =] < lt—7el+0d <6, te[0,TI\NT)

Since /. has at most countably infinite jump points, Lebesgue measure of 7 (¢) is zero. Thus,
t
/ s =70 |ds < 16, te[0,T)
0

and

l2f = 2fll2 < Cr(L+ lle™<allf + [l 13)5, ¢ € [0, T]\ T (0).

We are now at the position to prove Proposition 2.1. t

Proof of Proposition 2.1. Let 6 > 0 be small enough to be chosen. By Lemma 2.3, the
equation

(2.18) o‘lggf‘S + [Aa:fé + B(xf‘s) dt = Qdu@, xff = Xy

is solved by u € C([0,¢5] ;H?) and 2" € C([0,T];H'), which have the forms (2.9)-(2.6)
and

|2 allo < /2
We will compare Eq. (2.18) with d the following equation:

(2.19) doy + [Azy + B(z))] dt = Qduy,, o = 0.
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S §
Denote ¢ = ¢ — 2{ and y*’ = 2’ — 2", Then

d
j;; + Ay’ + Blal) =0,y =,

dyt

& + Ayt + B(xt) 0, yé = 2.

By (2.15), we have
5
yt —yt =0, telo,t.].
Write Ay = yf — y¥ Azt = 2! — 2 and Azl = 2! — 22 for t € [t., T]. Then

t t
(2.20) 1Ayl + 2/ | Ay |[Fds <2 / (Ayf, B(at) — B(af))ods|.
te te

Noting that
B(z') — B(a") = B(2!,Az!) + B(Ax 2

S s? S

= B(Awl) + B(Aal,al) + B, Axf)

S

= B(AyY) + B(AZY) + B(AY, AZY) + B(AZ, AyY) + B(Az!, 2") + B(a¥, Adb),

CRias] S

and that (x, B(z,z))o = 0 for x € H!, we obtain

(Ays, Blat) = B(al))ol < [ Aytlo [HB(AZﬁ)Ilo +[1B(Ay;, Azg)llo + |1B(Az, Ayg)llo

§17s

B 2o+ 1B Al
Combining this with (1.4) and the inequality 2ab < a® + b? for a > 0 and b > 0, we arrive at
(Ayl, B(al) = Bzl )l < CIIAyfllo[IIAZ§II?+ 1Ay [l Azl + IIAﬂfﬁlllllxﬁélll}
< CllAyllo {HAZﬁH? + I AG A + 1Ay 124 | + HAszlele]
< AGE + CIAGLIE (1AZEIE + 122'13) + ClAZEE
This, together with (2.20) and (2.14), implies

t t
§
8001 < € [ NauilE (18540E + 125 1) ds+ € [ facliias
te te

t
<C [ 180 (18R + laf'I7) ds + Or(1 + | e alld+ [ln )62, ¢ € [tT)
te

By Gronwall’s inequality, we obtain

T
|Ayel < Crexp [O | (rastig + 1 12) ds} (L4 e all? + o, 3)6°
t

£

On the orther hand, (2.10) implies

5 _ S _ 5
lz I < lle™all + lzill < C(Ile Atsa||6+||$f€||6>, t €t T],
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which, together with (2.14), leads to
g g A A
—Ate 4 4
| (a2 418 1) ds < Crl1+ e all + ot 1)
te
Hence,

6+ [l [15)0%.

— 3 _
1Azl < Crexp [CT(HHe Heallg + =i 15) | (1 + le™a

Combining this with (2.14), as long as ¢ > 0 is chosen to be sufficiently small we obtain

62

|A27]§ < 2[Apzllg+ 2012205 < . T ¢TI0
Therefore, it follows from Lemma 2.3 that
laf—ally < [A2%]o+ laF —alo < &, T e
The proof is then complete. U

3. ESTIMATE OF CONVOLUTIONS
For/ € S, T > 0andu € C([0,£7]), let z{ be given in (2.2), and define

t
(3.1) 7l = / e~ E=94Qdw,,  t>0.
0
Lemma 3.1. ForanyT > 0, v € [1, 0 — %) and p > 1, there exists a constant C' > 0 such
that
(3.2) E[ sup || Zng] <Ol res.
0<t<T

Proof. Using integration by parts, we have

t t
A / e A=) QAW,, = QW,, + / Ae A QW, ds.
0 0
By (1.3) and the martingale inequality, we obtain

E sup [QW,[5 <E sup [|[QW:f
0<t<T 0<t<tr

< CypE sup (W%,
0<t<tlr

2
< Cp Bl WerlP g < Coor .
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For+' € (v,0' — 3), (2.1) implies

p t p
<& s ([ Iae 20w, as)
0

- 0<t<T

E sup
0<t<T

¢
/ Ae~M=)QW, ds
0

t p
—E sup ( / HAHM’eA<ts>QA’Y’VW@S|\7ds)
0

0<t<T
p

t
< s ([-9 o as)

0<t<T

¢ P
< C,.,oE sup (/ (t—s) 1t HWZSHW’(”dS) :
0

0<t<T

Since
t

t
[t W lads < sup [We s [ (257 ds
0 0<t<T 0
S C’Yv’ylvT Sup ||W€s ||’7l_0l’
0<t<T
by the same argument as the above we get

t
/ Ae A QW, ds

0

p
p/2
< 0777’»9':p»T£T :
¥

E sup

0<t<T

Collecting the above inequalities, we obtain the desired estimate. U

Lemma 3.2. Forany( € S, T > 0ande > 0,

IP’( sup || Zf — 2| < 5) > 0.

0<t<T

Proof. For any N € N, let Hy = span{e; : i < N} and let H be its orthogonal com-
plementary. Let Iy : H — Hy and IIV : H — H” to be the corresponding orthogonal
projections. We have

P( sup 12 — 2|l sf-:)
0<t<T

> P sup I1Ix(Z — ) <
o<t<T

o

sup V(20— 2] < —)

0<t<T -2

9

2

€ 15
:P( sup [T (2 — =)l < 5)1@( sup [T (2 — )|l < 5),

0<t<T 0<t<T

where the last inequality follows from the independence of I1yZ/ and IV Z{. Below, we
estimate these two probabilities respectively.
For the first one, using integration by parts, we get

t
20— 2t = QWi — ) + / Ae QW — ug,)ds.
0

Obviously, there exist a constant C'yy > 0 such that
| Ty [Q(We, — ug,)] |1 < Cn|[[Hn [We, — ug,] [lo,
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and
t t t
HHN/ Ae A Q(W,, — uy,)ds S/ HN/ Ae QW — uy,)|| ds
0 1 0 0 1
t
<y [ W, = ) ods
0
<TCy sup ||Ux Wi —w]lo-
0<t<br
Hence,

sup [|[IV(Z; — z |1 < TCx sup ||y [We, — ug] [lo
0<t<T 0<t<T

<TCy sup ||y [Wy—w]lo.

0<t<lr

It is clear (IIyW});>0 and (IInut)s>o can be identified with an N dimensional standard
Wiener process and a continuous function in C([0, o) ; RY). Since the support of a Brownian
motion is the whole continuous function space, we have

]P’( sup [Ty (W — uy) ||o < (5) >0, 6 >0.

0<t<lp
Therefore,
¢ ¢ €
(3.3) ]P’( sup ||In(Z; — 2)|1 < 5) > 0.
0<t<T

On the other hand, by (3.2) with v € (1,6’ — ), Chebyshev’s inequality and the spectral
inequality || TTVz||; < A} '||z||, for 2 € H, we have

e 13 _
P( sup TV (Z! = D)l > —) < P( sup || (26 =Dl > =A% )
2 0<t<T 2

0<t<T

2E {SUpogth | Zﬂ‘v] + 28upg<i<r Hsz’Y

< P
EAN

From the previous inequality and (3.2), choose a sufficiently large IV, we get

IP’( sup |[1¥(Z{ — )|, > %) <1,

0<t<T

equivalently,

(3.4) ]P’( sup ||TIV(Z! — 20|l < 5) > 0.
0<t<T 2

Combining (3.3), (3.3) and (3.4), we finish the proof. Ul
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4. PROOF OF THEOREM 1.2
For ¢ € S, let Z; be in (3.1), and let X solve

(4.1) dX} = [-AX] — B(X))]dt + QdW,,, X =o€ H.

Then Y/ := X} — Z/ satisfies

4.2) %ﬂ + A+ B+ 2 =0, Y!=a.

Proof of Theorem 1.2. Since S. € S a.s., it suffices to show that foreach ¢ € S,
(4.3) P(|| X5 —allo < &) > 0.

Since X} € H! for t > 0, by the Markov property, we may and do assume that x, € H'.
Below, we prove (4.3) for 2y € H!.

By Proposition 2.1, there exist u € C([0,77];H*) with bounded total variation and z‘ €
D([0,T]; H') solving

such that
lo —allo <e/2, T ¢ T(0).
So, when T' ¢ J (¢) we have

3 £
POIX — all <€) 2 P11 X5~ oflo < 5. 16F —all <
¢ ¢ £ 00 £ ¢ ¢ £
v =P(Ix bl <) 2P(IE - obllo < 5.0 25— sl < 5)
_P(H Vi-oblo 5 s 112 - sflo< ), £ € (0.2/)
4" o<i<T

where z{ = fot —At=s) Qd’LLg and y! are in (2.2).
Write AY) =Y/ — y!, AX! = X! — 2l and AZ! = Z! — 2!. Then (2.3) and (4.2) yield
dAY;Z
dt
which clearly implies

+ AAYY + B(X{) = B(z;) =0, AYy =0,

s

t t
N / JAY?|2ds < 2 / (AYY, BX) — B(a%))olds.

Since (x, B(x,))o = 0 for z € H', we have
[(AY], B(X,) — B(x))ol
= (A, B(AX{))o + (AYf?B(AXf? z))o + (A, B(x, AX{))o
= (AY), B(AYY, AZ£)>o + (AY], B(AZ;, AY[))o + (AYY, B(AZ,, AZ))o
+(AYY, BAX], 7))o + <AY B(x, AX))o,

S
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which, together with (1.4) and the inequality 2ab < a® + b? for a, b > 0, implies
(Y, B(X{) = B(x{))ol

s

< Y oAV W IAZE + AT IAZE? + e Ao JAX )
1 1
< CUOAZIE + I IAYIR + CIAZIR +  SIAVIIE + J1AXIE)

< CUAZR + = IDIAYIIE + A + ClAZR

for some constant C' > 0. Hence,

¢ ¢
||AY;£||2§C/ (HAZf||%+||93§||%)|!A5§€||3d5+0/ 1AZ;][3ds
0 0
t
< C( sup [|AZ{|); + sup Hl’fH%)/ IAY[3ds + CT sup [[AZf])}, 0<t<T.
0<t<T 0<t<T 0 0<t<T

When supg<;<7 [|AZ{]jo < €', we have
t
IAYS]* < C((')* + sup ||~"Uf!|f)/ IAY{([5ds + CT (<),
0<t<T 0
By Gronwall’s inequality,
AV < CTexp O+ sup ladl)T| (€ if s 182110 < 2.
0<t<T 0<t<T

Since supy<,<7 ||zf]|1 < oo, when €’ is sufficiently this implies
[AYflo < 5, if sup [AZ{]o <"
4 0<t<T

Hence, for small enough &’ > 0,

£
P17~ vhlo < 5, sup 1125 = sl <&') =B(11 25 - sl <) > 0.
0<t<T

This and (4.4) yield that (4.3) holds for 7" ¢ 7 (¢). Since X, is right continuous and the set
[0,00) \ J(¢) is dense, (4.3) holds for all 7" > 0. Then the proof is finished. O

5. Y-UNIFORMLY EXPONENTIAL ERGODICITY AND MODERATE DEVIATION

5.1. Galerkin approximation. Recall that {ej }cn is an orthonormal basis of H. For any
m € N, let H,, := span{e; : & < m} with orthogonal projection I1,,, : H — #,,. Then the
Galerkin approximation of (1.2) reads

(5.1) dX™ + [AX™ 4+ B™(X™)dt = QdLY", X =a™,

where 2™ = Il 2, B™(z) = I1,,[B(z)] for x € H, and L}* = II,,,L, = W§' with W™ being
an m-dimensional standard Brownian motion.

Since the Lévy measure of Vg, can not be approximated by those of Wg', the approxima-
tion procedure in [] does not apply. Alternatively, we show that A X" = X ;" — X" converges
to zero. The advantage of this new procedure is that the approximation of W, 1s avoided.



IRREDUCIBILITY AND ASYMPTOTICS OF STOCHASTIC BURGERS EQUATION DRIVEN BY a-STABLE PROCESSHS

Theorem 5.1. For allt > 0, P-a.s.
(5.2) Tim [IX7" = Xl = 0.
Proof. Let X, solve (1.2) with X, = x, and denote X;" = II,,,X;. Then
(5.3) dX{" + [AX]" + B™(Xy)]dt = QdL}", X' =z2™.
By (1.6) and Theorem 1.1,

77lliiréOHXtm—XtHl:O, t>0.
Combining this with Lemma 5.2 below, we finish the proof. U
Lemma 5.2. Let AX]" = X" — X!, Then P-a.s.

nll_rgoHAXthl =0, t>0.

Proof. (1) We first prove that for some constant C' > 0,
(5.4) sup || X™2 < Ap, T>0,meN,

0<t<T,meN

holds for
T
Ap = 2exp <C’/ (1+ \|Zs||f)ds) {HxHS—i—T sup |Z||T| +2 sup [|Z]|3.
0 0<t<T 0<t<T
For/ € S, let

t
zZMt = / e QAW
0

Then
m,l
1z Ny < 120y, veR.
By (3.2) with v = 1, we have P-a.s.

(5.5) sup HZtm’ZHO < sup ||Ztm’£|]1 < sup HZle < 00.
0<t<T,meN 0<t<T,meN 0<t<T

It is easy to see that Y;™" := X" — Z™* solves the equation
(5.6) QY™ + AY™ + BV + Zzm =0, XM =am
Applying the chain role to ||Y;"*||2 gives

t t
6D TR [ s = a2 [ B s 2
0 0

Letting B™(x,y) = B™(x,y) + B™(y, x), the relation (Y™, B™(Y™*)) = 0 implies
(Y4 B (Y™ + Z0)|

| (Y4 B (Y™ 20 + B (Z0)]

CIY oY 125 + CIY™ ol 25113

C+Z DTN + 1T + 1221t

C+ N ZADIYT NS + Y13 + 12201,

ININIA
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for some constant C' > 0 independent of m and 7. Combining this with (5.7) and ||z™]|¢ <
|||, we arrive at

t t
105 < llellf+C [ (L 1Z23) 1Y eds + [ 1Z2]3ds.
0 0

By Gronwall’s lemma this implies

t t t
197412 < exp <c / <1+||Zf||%>ds) lal? + / exp [c / <1+||Zf||%>dr} 124,

so that (5.4) holds.
(2) By the equations (5.6) and (5.3), we have

OHAX™ + AX™ + B™(X™) — B™(X,) =0, AX=0.

Then there exists a constant C' > 0 such that
2570 < [ e [BuX) - Bal)] lods
(5.8) = / et [BXI") = B(X,)] lods
0
< ¢ [t HBO - B g
Since B(x) = B(z™ + (z — 2™)) for z € H', it follows that

B(X") — B(X,) = B(X!") — B(X") — B(XI", X, — XI") — B(X, — X",
(z,

where B(z,y) = B(z,y) + B(y,z) for z,y € H'. Applying Eq. (1.4) with oy = 209 =
—1,03 = 0, we obtain

IBXY) = BXD)lls < (1BAXT, X)) + | BX" AXT)]| s
< [[AX ol X o + [[AX ol X" o

< (ﬁw sup ||Xt||o) JAX™ .
0<t<T

Combining this with (5.8) gives
t
2x71 < ¢ 0= o7 (VA + sup [Pl ) 18X ods

t
e / (t = 5)75 (1Kol Xs = X7 + | Xy — X7|2) ds
0

Noting that
IAXE o < 16" lo + 1 X7 [l0 < sup [[Xiflo + / Ar < 0o, €0, 7],
0<t<

by Fatou’s lemma we get

t
limsup [|AX]"]|2 < C/ (t—s)_% (x/AT + sup ||Xt||0) limsup [[AX|lods, 0<t<T,
0 o<t<T m—o0

m—0o0
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so that by Gronwall’s inequality,
limsup |[AX]"|lo = 0, t € 10,77

m—0o0

g

5.2. vy-uniformly exponential ergodicity and moderate deviation. We will use the follow-
ing exponential ergodicity result in [9].

Theorem 5.3 (Theorem 5.2 (b), [9]). Let (X;);>0 be an irreducible and aperiodic Markov
process on a Polish space E with Markov semigroup P,, and let 10 > 1 be a measurable
function on E. If

Pap(xz) < At)Y(x) +blg(x), te€(0,T],z€FE

holds for some constants T, b > 0, a measurable petite set KC on E, and a bounded function \
on [0, T] with \(T') < 1, then X, is 1-uniformly ergodic, i.e., there exist constants C,~y > 0
such that

(5.9) sup |P.f(x) — po(f)] < Ceap(x),  t>0.
<y
Proof of Theorem 1.3(1). Since 1+||||o is comparable with /M + || - ||2 for any M > 1, we

will take ¢ (z) = /M + ||z||3 instead of 1+ ||z||o for M > 1 large enough to be determined.
(1) We first observe that it suffices to find out a constant C' > 0 such that

| @6+ Q) = o) = (Qu Vool d)
(5.10) " .
< C(l—i——), ™ e H™, ™ € H,, = span{e; : 1 < m}.

VM

Let £™ be the generator of X;™ given by (5.6). Since (z™, B,,(z™)) = 0, it is easy to see that
L™p(x™) = —(Ax™ + B, (2™), Vb(z2™))o

[ @ Q)= vl — (@ T el i) in(dy)
N
neD

where the last equality is by (z™, B,,(z™)) = 0. Let ,,, = {&™ € H™ : ||2™]; < M}. By
(5.10) and (5.2), we have

+ /mw(:vm + Qy) — P (a™) = (Qy, VY (2™))oLjjyo<1)Vm (dy).

Lrap(z™) < —w(xm)+o(1+m)
™M M R
R R G/

< —(z™) + \/M+C(

™ e K,,.

L),
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On the other hand, if 2™ ¢ KC,,, then e ||z™||; > M and thus

o (. =113 L
L7(x™) < w($)+c o(l+ )

VM
M+ ) oL
(5.11) W(z™) VM
< —%w(ﬂf )+ Cao(l %)

1
as long as we choose M > 1 sufficiently large. In conclusion, when M > 1 is large enough
there exists a constant b > 0 such that
1
Lrpam) <~
, Theorem 5.1 (d)], this implies
E[p(X;")] < e

™) + bl (™),
. Since lim,, o ||2™

— zllp = 0 and lim,,_,o || X
m — 0o we obtain

)+ bk, (™), m > 1.
By [

t>0.

— X¢|ly = 0 as. fort > 0, by letting

E[(X)] < e (a) +ble(z), t20,
where K := {z € H : ||z||; < M} is a compact (hence petite) set in H. By Theorem (5.3)
we prove the ¥-uniformly exponential ergodicity of X,

(2) It remains to prove (5.10). Obviously,

[ a4 Qu) = o)~ (@ Vo e nln)
(5.12) <

/|y0<1(¢<x +Qy) - v - <@y,vw<x7”>>o>um<dy>‘
‘/|y||o>1 2"+ Qy) — (2 ))Vm(dy)‘

By Taylor’s expansion,

[W(x™ + Qy) — Y(x™) — (Qy, Vib(z™))ol

2 m 2
y Y,z + 6Qy
< sup |l __ [ 0L o 2.
pe01] | (2™ 4+ 0Qy) PA(am + 0Qy) M
«a F(m—i—
Since v,, has a density i ”mm fory € H,, with C,,,

’/” | <1(¢(£Bm + Qy) - @Z)(l'm) — <Qy7 V¢($m)>0)l/m(dy)’
C,

2C,|Sm-1]
< y may— // ri=*drdo,,_ = —
VM Jjy0< | HOHZJH * Sm_1 ' 2—a)VM
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where |S,,_1| = 2(”) /2) is the volume of S,,,_;. Moreover,
Cm|Sm_1| - m 2—a S m 2—a
F@)T (52 T0n/D) = T ()T (52) Do /2)
QZQ%F (—) 271'7”/2 azamﬂ.m/Q )
= <sup ————+— ="' < .
F(Z)T (59 Tm/2) ~ma T (59T (3)
Hence,
Cl
m+ _ my ’v m o d S .
‘/mqw”j @)= ") - @n VU] < 7

Similarly, there exist constants C'g > 0 such that

] / yl‘0>1<w<xm L Qy) - w<xm>>vm<dy>'

n(dy)| < d
’/|y||o>1 (2™ +9Qy) vm{dy)| < /”y0>1 1Qyllovim (dy)

o C
/ ||y||oum<dy>‘ <o o [~ [ Drarao, s <o
llyllo>1 m2>1 1 IS T

Therefore, (5.10) holds for some constant C' > 0. Il

< Cq

Proof of Theorem 1.3(2). We follow the argument in [18, p. 429-431]. Given f € B,(H),
consider the following Feynman-Kac formula

t
Pota) = & e (3 [ s0e0s) g0xn)| g€ B
0
For any 0 > 0 and |\| < §, we have
1M glly < VW g])y.

So, A = P g € B, is holomorphic for all || < 4.

When A = 0, P g = E[g(X{)] with g € B,,. By the exponential ergodicity result (5.9), we
get that 1 is an isolated simple spectrum of P, and the constant function is the corresponding
eigenfunction. Denote P, be the projection with respect to the eigenvalue 1, which is defined

by
Pog = p(9), 9 € By
The spectrum of the P; (I — Py) has a spectrum radius less than p from (5.9).

By Kato’s holomorphic perturbation theorem, for any r € (p, 1? ) there exist some 6 €

0,0) such that for all Dz = {\ € C : |\ < 5} the operator P A acting on B, has the
5 P g Y

following properties: (1) Pf ! has a single simple eigenvalue o(\) with the largest modulus
of the spectrum, moreover, there exists some number ¢ € (%, 1) such that [o(A)| > ¢ (2)
P, is the projection of P,/ corresponding to o(\), A € D; — Py € L(By) is holomorphic
and [|Px1 — Pol||, < e with some sufficiently small e € (0, 1); (3) the spectral radius of

PM (I — P,) is strictly less than .
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By (3), the following relation holds

N := sup (I — zPl’\f(I — 77,\))71“%%&/} < 00,
zeS(1),xeD;
where S(1/r) = {z € C: |z| = 1}.
By Cauchy integral we have
1o

(Pf\f(] - 7))\))” = ’I’L‘ Oz (I - Z‘Pl)\f(] - P)\))_1|2’:0
1 _ A(T -1
_ b (I —2PMN (I —="P))) dz,
2mi Js(1y Zntl

from which we get
1P = o (M) Palls, 5, = 1P (I =P 5,8, < NI™
Since HPtAfHBwﬁBw < el for 0 < ¢t < 1, by a standard argument and the semigroup
property of Pt’\f , we have
(5.13) 1P — exp (tlog a(N)) Palls,—5, < Cr'.

For any probability measure v with v(1)) < oo, by (5.13), for all large ¢ so that Crf < 1,
log fH PtAf 1dv are holomorphic on Dj. Moreover, by the inequality in (2),

lim sup sup
1200 | \|<d veA(L)

1
—log/ PM1dv — log O'()\)‘ = 0.
H
By Cauchy’s theorem for holomorphic function, for any e € (0, §) we have

lim sup sup
t=00 |\ <e viv(

d* 1 Af dx
v tlog P; 1d1/—Wloga()\) =0, kel

By the C?-regularity criterion in [, Theorem 1.2], we have

: 1 v 2 1 2
lim sup | log B exp (F(OMUS)) - 30 (f)‘ -0,
where 9, (f) := <f0 s)ds — (f)> with b(t) — ooand% — 0ast — oo, and
d2 1 t 2
o*(f) = lim —log Pﬁfldu oo = lim —B# ([ (F(X) — p(f))ds
t—o00 d)\2 t—oo t 0
By [4, Chapter 6], we 1mrnediately obtain the MDP result in the theorem. U
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