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Irreducible Virasoro modules from tensor
products

Haijun Tan and Kaiming Zhao

Abstract. In this paper, we obtain a class of irreducible Virasoro modules by taking ten-
sor products of the irreducible Virasoro modules (X, b) with irreducible highest weight modules
V(0,h) or with irreducible Virasoro modules Indy(N) defined in Mazorchuk and Zhao (Selecta
Math. (N.S.) 20:839-854, 2014). We determine the necessary and sufficient conditions for two
such irreducible tensor products to be isomorphic. Then we prove that the tensor product of
Q(A,b) with a classical Whittaker module is isomorphic to the module Indg x(Cm) defined in
Mazorchuk and Weisner (Proc. Amer. Math. Soc. 142:3695-3703, 2014). As a by-product we
obtain the necessary and sufficient conditions for the module Indg »(Cm) to be irreducible. We
also generalize the module Indg »(Cm) to Indg)\(Bén)) for any non-negative integer n and use
the above results to completely determine when the modules Indg’)\(Bén)) are irreducible. The
submodules of Ind97>\(Bén)) are studied and an open problem in Guo et al. (J. Algebra 387:68-86,
2013) is solved. Feigin—Fuchs’ Theorem on singular vectors of Verma modules over the Virasoro
algebra is crucial to our proofs in this paper.

1. Introduction

Throughtout this paper, we use Z, Z,, N, R and C to denote the sets of all in-
tegers, non-negative integers, positive integers, real numbers and complex numbers,
respectively.

The Virasoro algebra U:=Vir[Z] (over C) is the Lie algebra with the basis
{¢,d;|i€Z} subject to the Lie brackets defined by

3

[07 dl] =0 and [d“ dj] = (j—Z)dl+] +5i,7j %C, VZ,] €.

The algebra U is widely known as one of the most important Lie algebras both in
mathematics and in mathematical physics, see for example [KR], [IK] and references
therein. The Virasoro algebra theory has been extensively used in physics and other
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mathematical branches, for example, quantum physics [GO], conformal field theory
[FMS], higher-dimensional WZW models [IKUX], [IKU], Kac-Moody algebras [K2],
[MoP], vertex algebras [LL], and so on.

The theory of irreducible weight modules over the Virasoro algebra with finite-
dimensional weight spaces is fairly well developed. It is well-known that a classifi-
cation of irreducible weight Virasoro modules with finite-dimensional weight spaces
was obtained by Mathieu [M], and a classification of irreducible weight Virasoro
modules with at least one finite-dimensional nonzero weight space was completely
determined in [MZ1]. There are also some known irreducible weight Virasoro mod-
ules with infinite-dimensional weight spaces, see [Zh], [CM], [CGZ] and [LLZ]. We
remark that the tensor products of intermediate series modules over the Virasoro
algebra are never irreducible [Zk]. For non-weight irreducible Virasoro modules,
there are Whittaker modules, see [BM], [LGZ] and [MW], and other non-Whittaker
modules, see [MW], [MZ2], [LZ] and [LLZ].

The purpose of the present paper is to construct new irreducible (non-weight)
Virasoro modules by taking tensor products of some known irreducible Virasoro
modules defined quite recently. Let us first recall some notions and results which
will be used later.

For any pair (A, b) €C* xC, the Virasoro module (A, b) is defined on the poly-
nomial (associative) algebra C[J] in one indeterminant 0 over C with the action of
¥ given by

¢ =0 and d, & =\"(0+n(b—1))(0—n), Vj€Zi nel.

It was proved in [LZ] that Q(A,b) is irreducible if and only if b#1; if b=1 then
(A, 1) has a codimension one irreducible submodule isomorphic to Q(\,0). The
modules Q(1,b) were also studied in Section 4 of [BMZ].

Now let us recall the highest weight modules over the Virasoro algebra. Let
U:=U () be the universal enveloping algebra of the Virasoro algebra Q. For any
0,heC, let I(0,h) be the left ideal of U generated by the set

{di|i>0} J{do—h-1,e—6-1}.

The Verma module with highest weight (6, h) for U is defined as the quotient
V(0,h):=U/I(0,h). It is a highest weight module of U and has a basis consisting
of all vectors of the form

d*db 2 d e, and kg k_o, . k_n€Z4, nEN,

n

where vy =1+1(0,h). Each nonzero scalar multiple of vy, is called a highest weight
vector of the Verma module. Then we have the irreducible highest weight module
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V(0,h)=V(0,h)/J, where J is the maximal proper submodule of V (6, k). For the
structure of V (6, h), refer to [FF] and [A] (which is a refined version of [FF]).

Denote by U the Lie subalgebra of 2 spanned by all d; with i>0. For n€Z,
denote by QTE:L) the Lie subalgebra of U generated by all d; for i>n. For any U, -
module N and §€C, consider the induced module Ind(N):=U(U)®y(y,)N, and
denote by Indg(N) the module Ind(N)/(¢—80)Ind(N). From [MZ2] we know that
for an irreducible U -module N, if there exists k€N such that dj, acts injectively
on N and d;-N=0 for all >k, then Indyp(N) is an irreducible U-module for any
0eC.

The present paper is organized as follows. In Section 2, we obtain a class of
irreducible non-weight modules by taking the tensor product of (\,b) with the
highest weight module V' (6, h) or with the modules Indg(/N) (see Theorem 1). In
Section 3, we determine the necessary and sufficient conditions for two irreducible
modules Q(\,0)®@V and Q(N,')®V’ to be isomorphic (Theorem 2). In Section 4,
we compare the tensor product modules Q(\, b)®V with all other known non-weight
irreducible modules in [LZ], [LLZ], [MZ2] and [MW]. In particular, we prove that
the tensor product of Q(A,b) with the classical Whittaker module (see [OW] and
[LGZ]) is isomorphic to the module Indg »(Cm) defined in [MW]. As a by-product,
we obtain the necessary and sufficient conditions for the modules Indg »(Cp) to be
irreducible which was not solved in [MW] (Theorem 5). From these we conclude that
the modules Q(X\,b)®V are new when V are not the classical irreducible Whittaker
modules. In Section 5, we generalize the modules Indg »(Cm) which were defined
and studied in [MW] to the modules Indy, ,\(Bs(;n)) for any n€Z,. More precisely,
for n€Z,, AeC*, first we define the subalgebra of U as follows

bx,n =spanc{d,—A*""d, 1k >n}.

For any 0€C and s=(sp,Sp+1, -, S20,) EC"TL, we define the 1-dimensional by -
module Bén) on C by

(de—M""%1d, 1) 1=s5, n<k<2n.
Then we have our Virasoro module
Indg »(B{™) := (Indy,  BI)/(c—0)(Indy,  BM),

where Ind%ﬁ)nb’é”):U(%)@U(ENH)B&). We use the above established results to

obtain the necessary and sufficient conditions for the modules Indy, A(Bén)) to be
irreducible in Theorems 7, 8 and 9 for different cases of n. We remark that the
three cases are totally different. We also study the submodules of Indy, A(Bé")) in
Theorem 10. As a by-product, Corollary 11 solves the open problem in [GLZ], i.e.,
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Indy, ,\(BE(;O)) has a unique maximal submodule. Our main technique used in this
paper is Feigin—-Fuchs’ Theorem in [FF] on singular vectors of Verma modules over
the Virasoro algebra.

Using the present paper’s results, we further study irreducibility for the tensor
product of finitely many modules of the form Q(A, b) and Indg(N) in the subsequent
paper [TZ].

2. Constructing non-weight modules

In this section we will obtain a class of irreducible non-weight modules over U
by taking the tensor products of (A, b) with two classes of other modules, which
is the following

Theorem 1. Let AeC* and be C\{1}. Assume that'V is an irreducible module
over 0 such that each dy, is locally finite on V' for all k> R where R is a fized positive
integer. Then Q(X,0)QV is an irreducible Virasoro module.

Proof. From Theorem 2 in [MZ2] we know that V has to be V (6, h) for some
0,heC or Indg(N) defined in [MZ2]. Let W=Q(\,b)®V. It is clear that, for any
veV, there is a positive integer K (v) such that d;-v=0 for all I> K (v).

Suppose M is a nonzero submodule of W. It suffices to show that M=W.
Take a nonzero w:Z;ZO ¥ ®vj€M such that v;€V, v5#0 and s is minimal.

Claim 1. s=0.

Let K=max{K (v;):7=0,1,...,s}. Using d;-v;=0 for all I>K and j=0,1,...,s,
we deduce that

Aldpw=> (0+1(b—1))(0-1) @v; € M, VI>K,
§=0

which right-hand side can be written in the following form

s+1 )
(2.1) > PwjeM, VizK,

§=0
where all the w; €W are independent of the choice of [ (>K). Taking (=K,
K+1,..., K+s+1, we see that the coefficient matrix of the w; is a Vandermonde
matrix. So each w;€M. In particular,

0#£wsy1=(b—1)(-1)°®@uvs € M.
Consequently, s=0.
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Claim 2. M=W.

From Claim 1 we know that 1®@ve M for some nonzero v€V. By induction on
t and using

di-0'@v = (AH(9+1(b—1)) (0—1)") ®@v
= MNO-D)" @+ (0-1) @,

where > K (v), t€Z, we deduce that 9*@veM for all teZy, i.e., QN b)@vCM.
Let X be a maximal subspace of V such that Q(X, )@ X C M. We know that X 0.
Clearly, X is a nonzero submodule of V. Since V is irreducible, we obtain that
X =V. Therefore, M=W.

The theorem follows from Claim 2. [

Ezample 1. Let A1, A2,0€C and let J be the left ideal of U(Uy) generated
by di—MA1,d2—M\a,ds,dy,.... We define N:=U(0,)/J. Then V=Indy(N) is the
classical Whittaker module (See [OW] or [MZ2]). From [LGZ] we know that if
A1#0 or A2#£0, then V is both an irreducible U-module and a locally nilpotent
mf)-module. By Theorem 1 we know that Q(\,b)®V is an irreducible U-module
for any AeC* and beC\{1}. These modules will be studied in detail in Section 4.

3. Isomorphisms

In this section we will determine the necessary and sufficient conditions for two
irreducible tensor products defined in Theorem 1 to be isomorphic, which is the
following

Theorem 2. Let A\, \'€C*, b,b'eC\{1}, and let V and V' be two irreducible
modules over S0 such that each dj, is locally finite on both V and V' for all k>R
where R is a fized positive integer. Then QA 0)QV and QN ,b)®V’ are isomor-
phic as B-modules if and only if (A\,b)=(N,b") and V=V as U-modules.

Proof. The “If” part of the theorem is obvious. We need only to prove the

“only if” part. Let ¢ be an isomorphism from Q(X,b)®V to Q(N,b)@V".
Take a nonzero element 1@veW. Suppose

n
p1en) =" daw;,
=0
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where w; €V’ with w,, #0. There is a positive integer K =max{K (v), K (wo), K(w1),
..., K(wy)} such that d;-v=d;-w;=0 for all integers {>K and 0<j<n. For any
1,I'>K, we have

(A=Al dy) - (1) = (1-1) (b—1) (1&w).

Then

(1-1)(b-1) Zn:aj@awj

=0
=(\ld=A""dr) > e,
§=0
)\/

zjio(<)\X/)l(6+l(b’—1))(8—l)j— (X)l/ (01 (¥ —1)) (a—l’)J) ;.

‘We deduce that

12 l / 4
()~ Yoroman

So M'=\. The previous equation becomes

n

(1-1)(b-1) En:aj@wj =Y (V' =1)(U0-1) -V (0-1')") @w;

n

+> " 0((0-1y —(0-1")) @w;,

Jj=0

where [,I'>K. If n>0, the coefficient of ("*! is (—1)"(b'—1)(1®w,) which is
nonzero, yielding a contradiction. So n=0, hence ' =b. Thus there is a one to one
and onto linear map 7:V — V"’ such that

(3.1) o(lev)=1®71(v), YveV.

Since
p(di-(1ov)) =d;-(p(10v)), VI>K,

that is,

Ap(@@v)+X1(b—1) (107(v)) =N (007 (v)) +A1(b—1) (1@7(v)),
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we see that ¢(0®v)=0®7(v). Hence, ¢((d;-1)®@v)=(d;-1)®T(v
o(d;-(1®v))=d; - (¢(1®v)), jEZ we can deduce that ¢(1®(d;-v))=
So

),jEZ. From
1®(d;-1(v)).

7(dj-v)=d;-(7(v)), Vj€Z, veV.

Clearly, ¢(c-(1®v))=c-(¢(1®v)) implies that 7(c-v)=c-7(v). Thus 7:V =V’ is a
$0-module isomorphism, i.e., V2V’. This completes the proof. [

4. New irreducible modules Q(X\, b))V

In this section we will compare the irreducible tensor products in Theorem 1
with all other known non-weight irreducible Virasoro modules in [LZ], [LLZ], [MZ2]
and [MW].

For any s€Z,, l,m€eZ, as in [LLZ], we denote by

wl(,sTZL = Z <S> (_l)s_idlfmfideri S U(SZ])

. (3
=0

Proposition 3. Let AeC*, beC\{1}, and let V be an infinite-dimensional
irreducible U-module such that each dy, is locally finite on V' for all k>R for a fixed
ReN.

(i) For any positive integer n, the action of QTT) on Q(A,b)QV is not locally
finite.

(ii) For any integer s>4, there exists veV,m,l€Z such that in QN b)QV we
have

w), - (18v) £0.

Proof. As we mentioned before, V has to be V (6, h) for some 8, h€C or Indy(N)
defined in [MZ2]. Part (i) follows from considering df-(1®v) for any nonzero veV
and any keN.

(ii) Take v to be the highest weight vector of V if V.=V (8, h) for some (0, h)€C?,
otherwise v can be any nonzero vector of V. Let S={v,d_ov,d_3v,...,d_s_2v}. In
the case V=V (0, h), by Theorem 3.1 in [A] we see that S consists of nonzero el-
ements with pair-wise different weights, which means that the elements in S are
linearly independent. If V=Indg(N), from the structure of Indg(N) described in
[MZ2] we can easily see that S consists of linearly independent vectors. Obviously,
there exists a positive integer K (depending on v and s) such that d;-S=0 for
I>K. Letting > K and m=s+2, and noting that wl(fi)m-l:O in Q(A,b), we deduce
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that

S

(S) (1®U (S) S Zlerm zd7m+z (1®U)

(s) "N dpgm—i 1)@ (d_ i -v)

@

=0

®

<5 s z>\l+m Z(8+(l+m_z)(b 1))®(d—m+i'v)a

O

1=

which is clearly nonzero. [

Let us recall the known non-weight irreducible U-modules. We first recall the
irreducible Virasoro modules A, defined in [LZ] where b'€C and A is an irreducible
module over the associative algebra C[t, ¢!, t%]. The action on Ay is

cw=0 and dn-w=(t"0+nb't")w, VYneZ, weA,
where 5':75% and the left hand side is associative algebra action.

Let a,: ‘Z]+/‘I]+T , 7€Z, and let d; be the image of d; in a, for 0<i<r. Now
let us consider the modules N'(M, ) described in [LLZ], where M is an irreducible
module over a, such that the action of d,. on M is injective, 3€C[t*!]\C. We know
that V' (M, 8)=M @C[t*1], and the action of U on N (M, B) is defined by

dno(vath) = (k;zH—Z( )-v)@t"+k+v®(ﬁt"+k),

c~(v®tk) =0, n,keZ, veM.

Corollary 4. Let A\eC*, beC\ {1}, and let V be an infinite-dimensional irre-
ducible B-module such that each dy, is locally finite on V' for all k>R for a fixed
ReN. Then Q(A\,b)QV is not isomorphic to any one of the irreducible modules
Indy(N), Ay, and N (M, ) for corresponding parameters.

Proof. Since there is an n€N such that the action of Qﬁf) on the modules
Indy(N) is locally finite, from Proposition 3(i) we see that Q(\,b)®V is not iso-
morphic to any module described in [MZ2].

Now let us consider an irreducible Virasoro module Ay. We may assume that
Ais C[t§ ] torsion-free, otherwise A will be a weight Virasoro module. From the
proof of Theorem 9 in [LLZ], we know that

wl(’sn)fAb/ =0, Vi,meZ, s>3.
From Proposition 3(ii) we see that Q(XA,b)®V is not isomorphic to the modules Ay .
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Note that if 7=0 in the definition, the modules N (M, 3) with €C[t*!]\C
are some modules of the form Ay (see the beginning of Section 6 in [LLZ] and
Section 4.1 in [LZ]). From the computation in (6.7) of [LLZ] we see that

(s)
wl,m

“(N(M,B))=0, VI,meZ, s>2r+2.
From Proposition 3(ii) we see that Q(A,b)®V is not isomorphic to the modules
N(M,B). O

Now we compare our modules Q(\,b)®V in Theorem 1 with the modules
Indg A (Cpy) defined in [MW]. Let us first recall the definition for Indg x(Cm)
from [MW].

Let A€C*, denote by by the subalgebra of U generated by dj, —A\*~'d;, k>2.
For a fixed 3-tuple m=(msz, m3, my)€C3, Mazorchuk and Weisner defined a by-

module on C by
1) (de—N"tdy)-1=my, k=234
4.1
(de—=A"1dy) 1= (k=3)ma N " —(k—4)msAF 3, k>4,

The by-module is denoted by Cp,. Note that the second equation in (4.1) depends
on the first one. For a fixed #€C, the module Indg »(Cy) is defined as follows

(4.2) Indg A (Cm) :==U(V)@u(6,) Con/(c—=0)U (V) Ry (6, ) Crn-

From Theorem 1 in [MW] we know that the U-module Indg »(Cy,) is irreducible if
(ma, m3,m4) €C? and AeC\{0} satisfy the following conditions

(4.3) s #my, 2 ma#ms, 3Ams#2my  and  N2mo+my # 2 ms.

Now we are ready to prove the following

Theorem 5. Let AeC*, §€C, m=(m1, ma, m3)€C? and let Indg \(Cm) be
defined by (4.2).

(i) The module Indg x(Cp) is isomorphic to Q(X,b)QV where V is the clas-
sical Whittaker module described in Example 1 and b, A1, Ay are given by

b=14+X"4(my—Ams3),
(4.4) A =A"3(2my —3Ams3),
Ay = )\72 (TTL4 72/\m3+)\2m2);

(ii) The module Indg x(Cwm) is irreducible if and only if Amg#ma, and 3Amg#
2my or A2mo+my#2Xms.
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To prove the theorem, we need the following

Lemma 6. Suppose V is a cyclic UB-module with a basis
{dir . dy 1 dy vineN, kj ki1, kjn €2, )

where vEV is a nonzero vector, j is a fized integer and d,-v€Cuv for all integers
p>j. Then for any pair (A, b)eC*x C\{1}, the tensor product Q(A\,b)QV is also a
cyclic B-module with a generator 1Qv and a basis

45)  {dyrdP AV A 10 eN, ki, kg kot e kjon €24 ).
Proof. Tt is easy to see that (A, b)®V has a basis
B={oFrr@d . dP Ay v €N, kjia, kg, ko, e kjon € 24}
Let us define a partial order on B as follows
O @dir . d T d o < i @dir . dird
if and only if
(k_]a kj—la ) kj—na 07 07 oty 07 kj-‘rl) < (l]a lj—17 ) lj—m7 07 Oa 0y 07 lj-‘rl)

in the lexicographical order where the first zeros are m copies and the second zeros
are n copies, i.e.,

(a1, a2, ...; Gmint2) < (b1, b2, - brnini2)
—— (Ir>0)(a;=bVi<r)(a, <b.).
When we expand the elements in (4.5) into linear combinations in terms of B:
A A AP (1ev) = N ght e (d . di 7 d o) +lower terms,

the leading terms are exactly the corresponding basis elements in B. Thus (4.5) is
a basis for Q(A,b)®V, and this implies that Q(X,b)®V is a cyclic U-module with
a generator 1Qv. [

Now we can prove Theorem 5.

Proof of Theorem 5. Let b, A1, A2€C be given by (4.4). Then
Mo = Aa— A\ + A% (b—1),
(4.6) mz=A?(=A1+2A(b—1)),
my =N (=A1+3A(b—1)).
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Denote by v=1®1+J€V and by W=Q(\, b)®@V. Clearly, Q]SS)"UCCU. Since V
has a basis
{d . d" P dEovin ey, ko koy, .k n €24 ),

by Lemma 6 and Theorem 1 we see that
(a) W is cyclic with a generator 1®v and a basis

Qi ={d"r . d" e d A@v ik ko, ko1, kon €2y, nEZL);

(b) W is irreducible if and only if b#1, and A; #0 or A2#0.
In W, for k=2, 3,4 we compute that

(de—N1dy) (10v) = (d—A"1dy) (D) @v+10 (d— A 1dy) (v)
=N ((0+k(b—1)) = (0+(b—1))) @v+1® (6k 2 2 — A" A1) ()
= (N (k—1)(b—1) =N "IN 40k 200) (1®0)
=m(18v).
It follows that
(de—XNF"1dy) (1@v) = ((k—3)maA 4 = (k—4)m3\"?) (1owv),

for all k>4. Because of the universal property of the module Indg »(Cy) we have
the following surjective (onto) homomorphism of modules

7 Indg A (Cm) = W,
uniquely determined by 7(1)=1®v where
1:=1®14(c—0)U(V)®y(py) Cm € Indg 1 (Crn).
Clearly, Indg »(Cp,) has a basis
Qo={d" . d" o d TineZy, ki koko1, o kn€Zy ).

Since 7|g,:Q2—Q1 is a bijection, this means that 7:Indg »(Cpm)— W is an isomor-
phism. Hence (i) holds.

From (i) we see that Indg »(Cy,) is irreducible if and only if W is irreducible; if
and only if b#1, and A; #0 or Ay #0; if and only if m4—Amg#0, and 2m4—3Ams#0
or my—2Am3z+A?my#0. This is (ii) and completes the proof. [

Note that Theorem 5 actually gives the necessary and sufficient conditions for
the module Indg »(Cy,) described in [MW] to be irreducible.
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5. Applications

In this section we will generalize the construction of the Virasoro modules
Indg »(Cm) described in [MW].
Let n€Z4 and sy, Snt1, ..., S2n, A, 0€C with A#£0. Let

by = spanc{dkf/\kfnﬂdn_l k> n},

which is a subalgebra of 2. Denote s=(s,,8n11,--,52,) EC"TL. We define the
action of by, on C by the following

(dp—NF"Td, 1) 1=sp, Vk=n,n+1,..,2n;
(5.1) (de—=A"""d, 1) 1
= —(k—2n)s9n, 1 A\ 72" (B —2n+1)s9, A\ 72" VE > 2n,

where we have assigned that s_;=0. We denote the corresponding b ,,-module
by B{™. Note that the second equation in (5.1) follows from the first. Let
Ind%;nBén):U(Q])®U({,Ayn)8§n). Then the induced 2U-module from Bé") is defined
as following

(5.2) Indgx (B{™) := (Indg,  B{™)/(c—0)(Indy,  BM).

We will determine the necessary and sufficient conditions for Indy, A(Bé")) to
be irreducible in the next three theorems for different cases of n. It is interesting
to remark that the three cases are totally different. Our main technique used here
is Feigin—Fuchs’ Theorem in [FF], or Theorem A in [A] (which is a refined version
of Feigin—Fuchs’ Theorem).

For convenience to study the irreducibility of the U-module Indy, ,\(Bén)), we
will denote by

1:=1@1+(c—0)(Indy, B{™) €lIndy s (BM)

in the rest part of the section.
We first consider the case n=0. Obviously, the action (5.1) of by ¢ on Béo),
where s=(sg)€C, is equivalent to the following action

(5.3) (dp—Ado)- 1=k sy, k>-1.

For convenience, we shall use (5.3) to deal with the irreducibility for Indg ,\(Bén))
in the case n=0. Recall that the Verma module V' (,0) over the Virasoro algebra
was defined in the introduction. Now we have the following
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Theorem 7. Let s=(sg)€C, 0€C, AeC* and denote
M(6,0)=V(6,0)/U(V)(d_1(1+1(6,0))).

(i) The module Ind97>\(6§0)) is isomorphic to Q(\,b)@M (0,0), where b=so+1.
(ii) The module Indg)\(Béo)) s irreducible if and only if sq#0 and 0#1—

2
6(?;3)_ for any coprime integers p,q>2.

Proof. Let b=so+1. Denote by
v=14U(V)(d-1(14+1(0,0))) € M(6,0).
Since dj-veCuv,j>—1 and M(6,0) has a basis
{d]i‘n"...dli_;’ win>2, koo, ... k_n €74},
by Lemma 6 we see that Q(\, b)®@M (6, 0) is cyclic with a generator 1®v and a basis
Qi={d"r..d"2d" 1evin>2, ko kg, ko €24 ),

and by Theorem 1 we deduce that Q(X,b)®@M (6,0) is irreducible if and only if b=£1,
and M (0,0) is irreducible.

Now let us consider the irreducibility of M (,0). From Theorem A in [A] we
know that M (6,0) is not irreducible if and only if the maximal proper submod-
ule 1(6,0) of the Verma module V (6,0) cannot be generated by only one singular
vector; if and only if Conditions ITI_ and III; in [A] are satisfied; if and only if
sz €C, where the parameters p, g€ C* are such that the straight line
lp,0:pk+ql—p—q=0 in the plane C?(k,l) contains infinitely many integral points
(k,1) with kl>0; if and only if 0:1—6% for any integers p,q with p,q>2
and ged(p,¢)=1. Thus Q(\,b)®@M(0,0) is irreducible if and only if so7#0 and

97&1—6% for any integers p, q with p,¢>2 and ged(p, ¢)=1.

By simple computation we can obtain that
(5.4) (de—Nedo) (1@v) = kAF(b—1)(10v) =kM\Fso(1@v), k>-1.

Comparing (5.3) with (5.4) we deduce that there exists a U-module homomorphism
and hence epimorphism p:Indg,,\(Béo))%Q(A, b)®M(6,0) uniquely determined by

p(1)=1®w. Since Ind97,\(B§0)) has a basis
Qo={d""..d" Tk 1, k_, €2y, neEN},

noting that p|g,:Q2— Q1 is a bijection, we see that p is an isomorphism and (i)
holds.
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Therefore, Ind97,\(8§0)) is irreducible if and only if Q(X,b)®M(6,0) is irre-
ducible. By sp=b—1 and the irreducible conditions for Q(\,b)®@M (#,0) we can
deduce (ii). This competes the proof. O

We now handle the case Indg)\(Bél)) for s=(s1, s2).

Theorem 8. Let A\eC*, §€C and s=(sy, s2)€C?.

(i) The module Indgy,\(Bél)) is isomorphic to Q(\,b)@V (0, h), where
b= 1+)\_2(52—)\81),

(55) h=A"2(s5—2\s1).

(ii) The module Indgy,\(Bél)) is irreducible if and only if so—As1#0 and
(5.6)

52—2/\81 kli—1 52—2/\81 kl—1 (kQ—l2)2
<7A2 +e(k)+ 5 )( 2z +e(l)+ 5 >+ T #0, Vk,leN,

where o(j )—70 —1)(0 13), jeN.

Proof. Let b,h€C be given by (5.5). Denote by W=Q(X,b)@V (6,h). From
the structure of V(6,h) and Lemma 6 we see that W is a cyclic module with a
generator 1®wgy and a basis

Qi={d",..d" 1 df 1@ugin> 1, ko ko1, kon €24 )

And by Theorem 1 and the well-known Kac’ determinant formula (see, for exam-
ple [K1]) we can deduce that W is irreducible if and only if b#1 and 6, h satisfy the
following condition:

(57) (rretor+ 52 <h+gp(l)+(kl—1)>+(k2—12)2 o

2 16

where @(j):w, jeN.
By simple computation we can obtain the following equalities

(5.8) (de—A¥do) (1@vg) = A (k(b—1)—h) (1), keN.
For k=1, 2 we have
(5.9) s1=Ab—1—h) and s;=A*(2(b—1)—h).
Equations (5.8) and (5.9) imply that
(d—Afdo) (1@vg) = (—(k—2)s1 A" 1+ (k—1)s2A" ) (1®10), k>2.
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Comparing (5.1) in the case n=1 and (5.8) we can deduce that there exists a
2U-module homomorphism and hence epimorphism o:Indg, ,\(Bél))—>W uniquely de-
termined by o(1)=1®uvg. Since Indg’,\(Bél)) has a basis

Qo={d"r..d" 1 dl Tiko, kv, .k €2y, nEN}

and since o|g,:Q2—Q1 is a bijection, this means that ¢ is an isomorphism and (i)
follows.

Therefore, Indy, A(Bél)) is irreducible if and only if W is irreducible; if and only
if b#1 and (5.7) holds; if and only if s5—As1#0 and
(5.10)

(82—2)\81 kl—1>(82—2)\81+ +k‘l—1>+(k2—l2)2

e telk)+—; = tel)+—; o 70, VkIeN,

where @(j)z@#, j€N. This is (ii) and completes the proof. O

Before treating the case Indg,,\(Bén)), n>1, let us first recall the Whittaker
modules Ly, ¢ defined in [LGZ].
Let neN and (v, Ay i1, ..., A2) EC"HL. Define 1, :0" ") C by the following

wn(dj):ajv j:n7n+1572n7

(5.11)
Un(d;)=0, j>2n.

This can actually define a Q]f:l_l)—module action on C by d;-1=1,(d;), j>n. De-
note the %Tﬁl)—module by Cy, . Then

(512) L,pmg = U(‘B)@U(mina))(C%/(C—Q)U(iU)@U(m(ffl))(Cwn.

From Theorem 7 in [LGZ] we know that Ly, ¢ is an irreducible U-module if and
only if a,—17£0 or @, #0. Moreover, it is easy to see that Ly, ¢ is a locally finite
Q?fn)—module.

For the modules Indg)\(Bs(;nH)), where s=(S,41, Sn12, -, S2n12) EC"T2 with
n>1, we have the following

Theorem 9. Let n€N, s=(8,11, 5112, -, S2n42)EC" 2 0€C and \eC*.
(i) The module Indg,A(BénH)) is isomorphic to Q(X,b)® Ly, o, where
(5.13)
b=1+A""""2(s2n12—As2n41),
a, = )\7”72 ((n+1)82n+2 — (n—|—2))\32n+1),

ap = sp— N2 (—(k—2n—2)/\52n+1 —|—(k:—2n—1)52n+2), n+1<k<2n.
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(ii) The module Indg,,\(Bs(;nH)) is irreducible if and only if
(5.14)  sapy2—AS2p41#£0, and
(515) Soan—1 # A73(3A82n+1 *252n+2) or Sopn 7é )\72(2>\52n+1 7827,,_’_2)7

where we have assumed that s1=0 if n=1.

Proof. Take b,y iy 1, -.., a2 €C to be determined by (5.13). Then
(5.16) s =MN(k—n)(b—1)+(x—A\""a,), n+1<k<2n+2.
Let a=0, k>2n, and let Ly, ¢ be defined by (5.11) and (5.12). Denote

U:1+(679)U(m)® Cwn GLQ,T“Q

)
and W=Q(\,b)®Ly,, 9. Clearly, %(" Y.ycCo and L., ¢ has a basis
{d od, b Lroim>1, ko, knem €24 )

Then by Lemma 6 we know that W is a cyclic module with a generator 1®v and a
basis
Ql - {dn m n_lld]:Ln '1®U0 im > ]-a k—m7 ceey kn—la kn € Z+}

By Theorem 1 and the irreducible conditions for the Whittaker module Ly, o we
can deduce that W is irreducible if and only if b1, and «ag,_17#0 or asg,#0.
For k>n we compute

(de=N7"dy) (1@v) = (de —A"""d,,) (1) @v+1® (d— A "d,) (v)
= (N (0+k(b—1)) = A*(0+n(b—1))) @v+1® (ap — A" "ay, v
= (VW (k=n)(0=1)+ (=2 ""ay)) (10w).
Noting (5.16), we obtain that
(dr,—N7"d,) (1@v) = s5,(10v), n+l1<k<2n+2.
Then
(de—A""d,,) (12v)
= (—(k—2n—2)82, 1 A" "1 (k= 2n—1) 82,422 2" %) (1®W),

where k>2n-+2. Noting that Indg,,\(BénH)) satisfies (5.1) in the case n+1 and has
a basis
Qo= {d oAt dEe T m > 1, iy oo kn—1, kn € Zy },
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we see that there exists a U-module homomorphism from Indg, ,\(Bgnﬂ)) to W,

whose restriction to @)z is a bijection from Q2 onto Q1. Thus this U-module homo-
morphism is an isomorphism. Hence (i) holds.

Therefore, Indy, A(B£n+1)) is irreducible if and only if Q(X,b)®Ly, ¢ is irre-
ducible; if and only if b#1, and ag,—17#0 or as,#0; and if and only if (5.14) and
(5.15) hold. This implies (ii) and completes the proof. O

Note that the modules Indg x(Cp,) defined in [MW] are just the modules
Ind97)\(6§2)) we defined here for s=(mg, ms,my4).

Now we will characterize the submodules of Indy, )\(Bén)). Because of Theo-
rems 7, 8 and 9, it is enough to consider submodules of Q(\, b)®@V where V is
determined by Theorems 7, 8, 9, which is the following

Theorem 10. Let neN, AeC*, b,0€C, and let V' be a highest weight module
or Ly, o over‘U.

(i) If b#1, then each submodule M of Q(A\,0)QV s of the form QA b)®@X
for some submodule X of V.

(ii) If b=1, then each submodule M of Q(\,0)QV is of the form OQ(\,1)®
X142\ 1)® Xy where X1 and Xo are submodules of V.

Proof. (i) b#1.
Then Q(A,b) is an irreducible U-module. Let Y be a nonzero submodule of
QA D)@V

Claim 1. If Zj‘:o ' @u;eY, where v;eV, then QN b)@v;CY for all j=
0,1,...,s.

Using the same arguments as in the proof of Theorem 1 we can deduce that
QA b)®vs,CY and hence Q(\, b)®v;CY, j=0,1,...,s, by induction on j.

Claim 2. Y=Q(\,b)®X, where X is a submodule of V.

Let X be the maximal subspace of V satisfying Q(X,b)®X CY. The max-
imality of X forces that X is a submodule of V. Using Claim 1 we see that
QN D)X =Y.

Thus (i) follows.

(ii) Now consider the case b=1.

Let Z be a submodule of Q(A,b)®@V. Take a nonzero w:Z;ZO Meu;eZ
where v;€V.
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Claim 3. Q(\, 1)®vyCZ and O\, 1)@v;CZ for all j>1.

We will prove this by induction on s. This is true for s=0 by simple com-
putations. Now suppose s>0. As in the proof of Theorem 1, we can take K=
max{K (v;):j=0,1,..., s} such that d;-v;=0 for all [>K and j=0,1,...,s. Then

drw=Y MNo@-1)ev;eZ, VI>K.

=0

Since the coefficient of * is (—1)!\'d®v, which has to be in Z, by simple compu-
tations we deduce that 9Q(X\,1)®@vs;CZ. Claim 3 follows.

Let Sz be the set consisting of the submodules of Z in the form Q(\, 1)@ H1 +
00 (A, 1)® Hy where Hy, H, are subspaces of V. Note that the U(2)v; are subspaces
(actually, submodules) of V. By Claim 3 we can easily deduce that Q(\, 1)®@U (0)vg
and 0Q(\, 1)U (Y)v;, 1<j<s are submodules of Z. Then for each 1<j<s, we
have Q(X, 1)@U (V)vo+0Q(\, 1) QU (V)v,; €Sz #D. Let X1, X5 be two subspaces of
V such that Q(\, 1)@ X7 +9Q(A, 1)® X5 is a maximal element of Sz. It is easy to see
that X; and X5 are submodules of V. Using again Claim 3 it is not hard to deduce
that Z=Q(\, 1)®X1+90Q(A, 1)@ X5. This is (ii) and completes the proof. [

Note that when 6=0, the modules Indy, ,\(Béo)) are exactly the highest weight-
like modules defined in [GLZ]. Now we can answer the open problem in [GLZ]: if
s=s0€C*, whether or not Indg, ,\(Béo)) has a unique maximal submodule. From (i)
of Theorem 10 we know that the maximal submodules of Indy, )\(Béo)) correspond
to the maximal submodules of M (#,0). Since M (6,0) is a highest weight module,
it has a unique maximal submodule, so does Indy, ,\(Béo)). In the special case =0,
the conclusion is certainly true. Therefore, we have the following

Corollary 11. Let \,s=s0€C*. Then Indoﬁ,\(Béo)) has a unique mazimal
submodule.
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