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In a récent work, the authors derived kinetic ^ .ouations for the spin autocorrélation funct ion for a pa.;.
magnctic spin System using the resummation procédure ii.croduced by Résibois and D e Leener in L e 
framework of the statistical mechanics of irréversible processes (.Uv lo Prigogine and coworkers. The , 
équations are nonMarkovian and noniinear in the highfieki, hi^r. .omperature, and Weissl imit approxi
mations. In the présent paper, methods of approximation are given to solve such kinetic équations and are 
applied to the s tudy of two important N M R problems, namely, free induction decay ( F I D ) and spin 
diffuison. The gênerai characteristics of the F I D are obtained even in the lowest order of approximation 
owing to the resummation procédure, whereas the next higherorder correction leads to very good agree
ment with the expérimental results given by B a m a a l and Lowe. T h e following asymptot ic form is aIso 
derived: 

r ( / ) = (a cosat+b smat)e-p'. 

A diffusion équation is obtained for the magnetization. From this the diffusion coefficient is computea 
and is found to be in agreement with that proposed b y several authors. However, considération of higi.er
order corrections does not seem to explain the strong dependence on the orientation of the ex temal m a g n é t o 
feW whirh was observed experimentally by Teppelmeier. 
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TABLE I . Second-order diffusion constants . D\| : parallel to the 

e x t e m a l magnetic field (h) ; Di: perpendicular to the ex temal 

magnet ic field; D^u = i{Dtx+D„,+D,^. Units are 10"" c m ' / s e c ) 

h 

[ 1 0 0 ] 6 . 9 8 2 . 3 8 3 . 9 3 

[ 1 1 0 ] 4 . 5 2 3 . 3 6 3 . 7 5 

[ 1 1 1 ] 4 . 9 8 3 . 5 9 3 . 8 6 

TABLE II . Latt ice sums. 

[ 1 0 0 ] [ 1 1 0 ] [ 1 1 1 ] 

13 .356 5 . 0 6 2 2 . 2 8 7 

3 6 . 0 8 1 2 . 7 9 7 0 . 2 3 5 

1 0 . 4 8 6 3 . 4 7 2 2 . 5 8 3 

3 . 5 8 4 3 . 4 7 2 2 . 5 8 3 

3 . 5 8 4 3 . 2 7 5 2 . 5 8 3 

3 2 . 0 4 S 0 . 6 7 S 0 . 1 7 4 

2 . 0 7 1 0 . 6 7 5 0 . 1 7 4 

2 . 0 7 1 2 . 0 1 5 0 . 1 7 4 

0 1 .275 0 . 5 8 0 

^jOii'yiiZij 0 0 0 . 5 8 0 

XjCij'ZijXi,- 0 0 0 . 5 8 0 

^i<'ii*Xiiyii 0 0 . 4 7 5 0 . 0 4 5 

0 0 0 . 0 4 5 

0 0 0 . 0 4 5 

r" 
(Z.IO.e') 
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R e r * . r " 
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Fio . 1. T h e itération process. 

(2.13) 

� (2.17) 

� .«^ en en m ÂTî™ /'L'-f 50 SO 70 B5~yi»«: 

Fio . 2. T h e free induction decay in CaFj as given by the theory. 

T h e circles represent the expérimental results of N a m a a l and L o w e 

(Réf . 18) . 

_ 0 0 -00(2) 

� : ^ - < S > ^ ' - ' 0 - ^ - : -

FiG. 3. Graphical représentation of the kernels up to fourth 

order. The V signs represent either longitudinal or transverse 

vertices, but the "self-energy" type of contrigutioûs must be 

discarded because they are already included through the resum-

mation prxx%dure (heavy Unes). 

F io . 4. T h e Kernels Gn)'», Gn)**) and their sum. 
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1. I N T R O D U C T I O N 

IN a récen t work ' ( h e r e a f t e r I ) , t h e a u t h o r s de r ived 

k ine t i c équa t ions for t h e two-spin au toco r r é l a t i on 

f u n c t i o n s in the case of p a r a m a g n e t i s m in t he high-f ie ld, 

h i g h - t e m p e r a t u r e app rox ima t ions . T h e m e t h o d used 

w a s an extension of t h a t of Résibois a n d D e L e e n e r ' ' ' 

( h e r e a f t e r R D L ) , based on t h e gênerai t h e o r y of non-

equilibriurti gttttistieal meehnnie* deve loped b y 

P r igog ine a n d co-workers.* T h e y t r e a t e d t h e case of a 

H e i s e n b e r g spin System b y reorganiz ing the p e r t u r b a -

t ion expans ion of the spin au toco r ré l a t ion f u n c t i o n so 

t h a t t h e final équa t ions involve on ly q u a n t i t i e s which 

a r e m e a n i n g f u l for ail t imes, s h o r t a n d long. I n t h e case 

of p a r a m a g n e t i s m , the é q u a t i o n s o b t a i n e d a r e ( w i t h t he 

n o t a t i o n of I ) 

a ,r^"(0= f dt'ZG.nt-i' I {r'^])Tj,"{n, ( i . i ) 

�'o 

a.r^+-(/) = f di' E G „ ; + - ( / - « ' I \ v ' ^ ] ) T f + - { i ' ) 

�'o 

+ r dt' Z F^i+-{t-l', r 1 {r<̂ }) Rer,,+ - ( 0 
�'o / 

( a , / 3 = 2 , + , - ) (1.2) 

T h e a im of t h e p r é sen t w o r k is to give a s c h e m e for 

t h e solut ion of thèse équa t i ons a n d to t h u s t r e a t t w o 

m a j o r p rob lems in nuclear m a g n e t i c r é sonance , t h a t of 

t h e s h a p e of t he f ree induc t ion decay ( F I D ) a n d t h a t 

of sp in d i f fus ion . B u t let u s first m a k e t h e foUowing 

r e m a r k s a b o u t thèse é q u a t i o n s : 

(1) T h e y a re n o n - M a r k o v i a n , a n d t h e r e îs no 

M a r k o v i a n l imit because on ly one cha rac te r i s t i c t i m e 

(rrf) a p p e a r s in the p r o b l e m r d ~ w r ' , w h e r e wj is t h e 

L a r m o r f r e q u e n c y of t h e spins in t h e local field. 

(2) T h e y are nonl inear because of t h e f u n c t i o n a l 

d e p e n d e n c e of t he kernels in t h e ( F*^). T h i s d e p e n d e n c e 

ensu res t h a t 

l imG,7"^(/ | { r < ^ l ) - > 0 , 

s ihce t h e { V ^ ] themselves t e n d to zéro for long t imes . 

(3) Apply ing the rules of I , t h e ke rne l s m a y b e 

w r i t t e n fo rmal ly as 

Gifit I {r-̂ D = ê x'"G.y«^«"'(< I {r-^}), (1.3) 

n-I 

wh ich is an expansion in t h e n u m b e r n of t h e X f ac to r s 

( m e a s u r i n g the s t r eng th of t h e dipole-dipole in te rac -

t ion) t h a t a p p e a r explicitly in (1 .3 ) . H o w e v e r , we m u s t 

r e m a r k t h a t the implicii X behav io r d u e t o t he func t iona l 

d e p e n d e n c e in t he [V^] is compl i ca t ed . T h e successive 

t e r m s in (1.3) correspond respect ive ly t o t he renormal -

ized two- , three- , � � � , « -sp ins p r o b l e m s . A l though 

t h e r e exist n u m e r o u s in tu i t i ve a r g u m e n t s for i t , t he 

convergence of t he p rob lem h a s no t y e t been r igorously 

p r o v e d . T h e kernels ca lcu la ted using t h e rules g iven 

in I consis t of an infinité séries of t e rms . W e t h u s need 

a p p r o x i m a t i o n s in order to ge t explicit express ions for 

t h e au tocor ré l a t ion func t ions . I n the s h o r t - t i m e approx i -

m a t i o n , t he func t ions a re expanded in p o w e r s of t he 

t i m e , a n d t h e y are given b y the i r first f ew de r iva t ives 

a t / = 0 . I n order to ob t a in a resui t va l id for sho r t a n d 

long t imes , t he Systems of E q s . (1.1) a n d (1.2) can be 

solved numer ica l ly . T h i s has been done wi th a n approxi -

jTiateJç£rneLcontaininELllie^iirslLJwcLifirm5^f the^cpriet 



m a t i o n , t h e t u n c t i o n s a r e e x p a n d e d in p o w e r s of t h e 

t i m e , a n d t h e y a r e g iven b y t h e i r f i rs t f e w d e r i v a t i v e s 

a t / = 0 . I n o r d e r t o o b t a i n a resu i t v a l i d f o r s h o r t a n d 

long t i m e s , t h e Sys t ems of E q s . (1.1) a n d (1 .2 ) c a n b e 

s o l v e d n u m e r i c a l l y . T h i s h a s b e e n d o n c w i t h a n a p p r o x i -

m a t e k e r n e l c o n t a i n i n g t h e first two t e r n i s of t h e sé r i e s 

( 1 . 3 ) . T h e a s y m p t o t i c so lu t i on can b e o b t a i n e d t o t h e 

s a m e a p p r o x i m a t i o n b y u s i n g t h e L a p l a c e t r a n s f o r m s 

of t h e é q u a t i o n s a n d t h e p r o p e r t i e s of t h e p ô l e s of t h e 

t r a n s f o r m e d a u t o c o r r é l a t i o n f u n c t i o n s . T h è s e m e t h o d s 

g i v e t h e t i m e d é p e n d a n c e of t h e a u t o c o r r é l a t i o n f u n c -

t i o n s f r o m t i m e < = 0 t o long t imes . 

I n t h e case of t h e f r e e i n d u c t i o n d e c a y , t h e s igna l is 

p r o p o r t i o n a l t o r ( / ) = R e r , 7 + ~ ( / ) , a n d t h e t h e o r y 

g ives s a t i s f a c t o r y r e s u l t s : ( a ) T h e second a n d t h e f o u r t h 

m o m e n t s a r e t h e s a m e a s t h o s e c a l c u l a t e d b y V a n V l e c k 

( i n t h e W e i s s l i m i t ) . ' ( b ) T h e d a m p e d osc i l l a t ions of 

t h e s igna l a r e o b t a i n e d e v e n i n t h e l o w e s t o r d e r of 

a p p r o x i m a t i o n . T h i s f a c t is d u e t o t he r e s u m m a t i o n of 

t h e p e r t u r b a t i o n s c h e m e . (c) T h e p r e d i c t e d a s y m p t o t i c 

f o r m of t h e s igna l is g iven b y 

( a c o s a / + 6 s i n a O e - ^ ' O > 0 ) , (1 .4 ) 

w h e r e a, /3, a, a n d 6 a r e c o n s t a n t s t h a t h a v e b e e n c o m -

p u t e d . ( d ) T h e a g r e e m e n t b e t w e e n the t h e o r e t i c a l c u r v e 

a n d t h e e x p é r i m e n t a l o n e is good . 

T h e p a r t of t h e sp in a u t o c o r r é l a t i o n f u n c t i o n w h i c h 

g ives t h e h y d r o d y n a m i c a l ( / -^oo , r—^oo) b e h a v i o r of 

t h e Sys t em l e a d s t o a de sc r ip t i on of sp in d i f f u s i o n . 

H o w e v e r , in t h i s s i t u a t i o n , if w e speak in t e r m s of c o n -

v e n t i o n a l p e r t u r b a t i o n t h e o r y , t he b e h a v i o r of t h e 

S y s t e m is d o m i n a t e d b y f r é q u e n t coll is ions, a n d t o 

d e s c r i b e t h i s w e m u s t m a k e a n e x t e n s i v e r e s u m m a t i o n 

of d i a g r a m s , a n d t h i s is p rec i se ly t h e essence of t h e 

m e t h o d w e use . T h i s r e s u m m a t i o n , a t a n y r a t e , is 

n e c e s s a r y in a sp in Sys t em in o r d e r to o b t a i n a d i s s i p a -

t i o n p roces s . A s p o i n t e d o u t b y R D L , t h e F o u r i e r 

t r a n s f o r m r q ( / ) of r< , i " ( / ) o b e y s a d i f f u s i o n é q u a t i o n 

f o r <—>oo a n d q—>oo. I n ou r case , t h i s a l lows u s t o 

c a l c u l a t e a d i f f u s i o n coeff ic ient fo r t h e m a g n e t i z a t i o n 

of t h e Sys t em. T h i s coef f ic ien t is in t h e lowes t o r d e r of 

a p p r o x i m a t i o n , in good a g r e e m e n t wi th t h a t c a l c u l a t e d 

b y s e v e r a l a u t h o r s , ^ ' b u t t h e co r rec t ions d u e t o h i g h e r 

o r d e r s of a p p r o x i m a t i o n d o n o t y e t seem t o g ive a g o o d 

a g r e e m e n t w i t h t h e e x p é r i m e n t a l r e su l t s of L e p p e l -

meier .* 

I n Sec . 2, t h e p r o b l e m of f r e e i n d u c t i o n d e c a y is 

t r e a t e d , a n d t h e t i m e d e p e n d e n c e of t he s igna l is g i v e n , 

b o t h f o r s h o r t a n d long t imes . W e c o m p a r e o u r r e s u l t s 

w i t h e x p é r i m e n t a l d a t a . I n Sec . 3, t h e c a l c u l a t i o n of 

t h e d i f f u s i o n coeff ic ien t f o r t h e m a g n e t i z a t i o n is g i v e n 

t o t h e s e c o n d o r d e r of a p p r o x i m a t i o n . F o u r t h - o r d e r 

c o r r e c t i o n s a r e c o n s i d e r e d . T h e n u m e r i c a l c a l c u l a t i o n s 

w e r e m a d e f o r a c r y s t a l of C a F j , w i t h t h e e x t e m a l field 

a p p l i e d a l o n g t h e £ 1 0 0 ] d i r e c t i o n . T h e k e r n e l s ^ w e u s e 

a n d t h e v a r i o u s l a t t i c e s u m s t h a t h a v e b e e n c a l c u l a t e d 

a r e g i v e n in t h e A p p e n d i x . 

2. FREE INDUCTION DECAY 

A. Statement of the Problem 

A n i m p o r t a n t p r o b l e m in t h e t h e o r y of n u c l e a r 

m a g n e t i c r é s o n a n c e in so l ids is t h e t h e o r e t i c a l p r e d i c -
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tion of the relaxat ion func t ion r ( / ) , which describes 

the decay of the t ransverse magne t iza t ion . Al though 

m a n y au tho r s h a v e proposed solut ions to this problem, 

none seems complete ly sa t i s fac tory . T h e first contr ibu-

tion was t h a t of V a n Vleck, ' who calculated the lowest-

order m o m e n t s a n d showed t h a t in the h igh- tenipera-

t rue approximat ion the odd m o m e n t s vanish . However , 

the convergence of such a p rocédure is ve ry slow, and 

the theory npplies m\y nmf t ime «em, Lewe a n 4 

N o r b e r g ' based theory theo ry and calculat ions on a 

séries expansion of the fo rm 

r ( 0 = £ - " r „ ( 0 , (2.1) 
n - 0 « ! 

which is ob ta ined b y spl i t t ing the secular p a r t of t he 

dipolar H a m i l t o n i a n in to two pa r t s , one of which ( t he 

Ising p a r t ) is d o m i n a n t for shor t t imes and can b e 

t rea ted exact ly . The i r theory describes the bea t s ob-

served exper imental ly , and , u p to four th order, t he 

agreement wi th the expér imenta l curve is qu i t e remark-

able. N o t e t h a t there are no physical ly clear a rgumen t s 

for neglecting higher-order terms, especially as their 

expansion diverges for long t imes. Abragam'" ha s 

po in ted ou t t h a t such séries expansion are not unique . 

T h i s f ac t is clarified by Clough and M a c D o n a l d , " who 

obta ined slightly be t t e r convergence using ano the r 

expansion which generalized t h a t of Lowe and Norberg . 

Very recent ly, E v a n s and Powles,'^ using a D y s o n - t y p e 

expansion, h a v e also ob ta ined good agreement wi th 

exper iment . 

O the r théories have been developed and are based 

on the q u a n t u m stat is t ical mechanics of nonequi l ibr ium. 

T j o n , " who also split u p the Hami l ton ian , ob ta ined 

a n integro-different ial équa t ion 

d,r(t)= f dra{T)r{-r), (2.2) 
�'o 

where a^r) is an infini te-order séries. B u t in order to 

solve this équat ion , he in t roduced the s t andard . Gauss-

ian approximat ion into the kernel , so t h a t a ( r ) = 

A exp{ — BT^), where t h e cons tan t s A and B can be so 

ad ju s t ed as to give very good agreement with experi-

m e n t . On the o ther h a n d , Mansfield, '* using the re tarded 

Green 's-funct ion m e t h o d " a n d a f requency-dependen t 

decoupling approximat ion based on a physically intui-

t ive approach , has also ob ta ined sa t i s fac tory agreement 

with exper iment . 

In the présent work, we do not , as mos t au thors did, . 

separa te the secular dipolar H a m i l t o n i a n into two par t s . 

T h e reason for th is is t h a t , a l though such a séparat ion 

is formally possible, it m a y no t serve as a basis for a 

pe r tu rba t ion calculat ion (because bo th p a r t s are of thè 

same order of m a g n i t u d e ) , unless one re ta ins ail the 

t e rms of the expans ion . " So, in order to obta in a 

mean ingfu l resuit for long t imes, we are led to in t roduce 

a r e summat ion procédure . W e then ob ta in , even in the 

lowest order of approximat ion , t he principal fea tures of 

t h e line shape ( d a m p e d osci l la t ions) . 

B. Calculation of the Free-Induction-Decay Shape 

T h e fo rm of the signal is given b y 

T r { 5 , ( / ) 5 . ( 0 ) } (2.3) 

o r 

r(OK^^costoo/), (2.4) 

where 



T h e t i m e évolut ion of t h e enve lope r ( / ) is given b y 

t h e équa t ion 

d,r(0= Ç d t ' JiGik+-{i-i' I {r- 'nrco, (2.6) 

wi th 

d, Rel^ -{t) = / ' dl' Gi,+ <' I ( r-^l ) Rer+ -(/') ) 
�'o 

(2.7a) 

a n d 

d,r"(/) = f dt' Gii^'ii-1' 1 {r**»} ) r"(i'), (2.7b) 

�'o 

where F and t h e {F"*) a re normal ized . T h e kernels in 

t h e second a n d f o u r t h o rder of app rox ima t ion are given 

in the Append ix . 

Short-Time Behavior 

I n th is case, t h e cu rve is g iven b y i ts moments , the 

first of which a re ca lcu la ted to be 

i 

lf4=81/(16)2 

X C 3 ( Z ^ o ^ ) ' - ( 3 i V ) - ' £ ^ . / ( ^ > * - ^ . * ) ' - Z - 4 . / ] . 

(2.8) 

Compar i son wi th V a n Vleck ' s resul ts shows t h a t , 

whereas t h e second m o m e n t s are identical , the fou r th 

m o m e n t s d i f ïe r only b y t e r m s of t h e order of A 'e t r ' 

(where î^M is t h e n u m b e r of effect ively in terac t ing 

spins; we recall t h a t t h e t e r m s of this order a re neglected 

in th is t h e o r y ) . 

Long-Time Behavior 

I n order to solve t h e s y s t e m (2 .6) , (2 .7) , where (a) 

a n d (b) are coupled nonl inear and n o n - M a r k o v i a n 

in tegro-di f ferent ia l équa t ions , we use a numerical 

me thod , because ana ly t ica l f o r m s of thèse func t ions 

canno t be ob t a ined . T h i s m e t h o d is based on an i téra-

t ive process a n d a R u n g e - K u t t a t y p e of solution. 

I n t h e second-order a p p r o x i m a t i o n , the System (2 .6 ) , 

(2,7) becomes 

d . F ( / ) = - A 2 / i i / r ' ^ ' ' r " ( ' - 0 R e r + " ( ' - ' ' ) r ( 0 , 
i �'o 

d,Reî^-{t) = -^J2Ai,^['^dl'T"it-t')Rer^-it-n'ReT+-{t'), 

d,r"(/) = - i 2 ] . l . / / " ' r f / ' [ R e f + - ( / - 0 ? r " ( 0 - (2.9) 
y �'o � 

T o solve this s y s t e m , we use a n i térat ion process (see Fig. 1 ) . T h e successive l inear a p p r o x i m a t i o n s of (2 .9) are 

the following: 

d.T^il) = - A Z ^ . / f dl' F,„,"(/-/') Ref <„)+-«-/ ' )r(„(0. (2-lOa) 

i �'o 

a. Ref (»,+ -(/) = - A E ^ v ^ / ' dl' F,„,"(/-/') Ref („_!,+ -(<-<') Ref („,+ -(<'). (2.10b) 

d,F,„)«(/) = - J E ^ . - / f ' dl' [Rer(„_,)+ - ( / - / ' ) ]T (n , " (0 , (2-lOc) 
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a n d for «—»«, the solut ions of (2.9) a n d (2.10) a r e 

t h e same. I n order to s t a r t t h e i téra t ion process, we 

choose Rer(o)"'"~(0- T h i s choice is of course a r b i t r a r y , 

b u t we t ake a func t ion which a l ready possesses the 

character is t ics of Ref+~(/) i tself , in order to ob t a in a 

good approx imat ion even if we i t e ra te only t o small n . 

T h e calculat ion of t h e m o m e n t s of Rer+ ~ ( / ) gives 

I t t h u s appea r s t h a t t h e usual Gaussian a s s u m p t i o n is 

n o t appropr ia te , and we use t h e empirical f o rm which 

t akes in to account the Gauss ian decrease and t h e oscil-

la t ions of the c u r v e " : 

ReTm+-(l)=exp(-a'P) {sinbt/bl), (2.11) 

where a^=3 .801 a n d ô = 3.195, a and b be ing ca lcula ted 

b y fitting the second a n d f o u r t h m o m e n t s of Rer+~(/) 

to (2 .11) . W i t h this func t ion w e pe r fo rm t h e i t é ra t ion 

process u p to « = 2 , a n d t h e solut ion of t h e é q u a t i o n 

d,r(/) 

^ - ^ Z A i , ' f dfT,,,"it-n Rerc«+-(/-or(/ '), 
} �'o 

(2.12) 

ob ta ined on an I B M 7040 compu te r , is g iven in F ig . 2. 

W e h a v e also c o m p u t e d a fou r th -o rde r correct ion b y 

t ak ing into accoun t t h e é q u a t i o n 

a . r ( 0 = - A Z ^ v ' 

X f dl' Tm"{t-l') ReTm+-(l-l')r{t') 

�'o 

+ fdi'Gm^*->it-f)T(i'), (2.13) 
�'o 

where G(2)̂ '̂ is given in the Append ix a n d consists of 

double in tégrais over t h e p r o d u c t s of r(2)" a n d Rer(2)"*' ~ 

T h e solut ion of (2.13) is also p lo t t ed in F ig . 2. 

Asymptolic Behavior 

I t is also possible to ob t a in T{l) for v e r y long t imes 

b y t ak ing the Lap l ace t r a n s f o r m of (2.6) : 

f ( 5 ) = r(0)/C 5 + G ( 5 ) ] , (2.14) 

whe re G{S) is t h e t r a n s f o r m of the kerne l . W i t h t h e 

usua l Gauss ian a p p r o x i m a t i o n , we ob ta in 

G ( 5 ) = 5 . 1 2 w ( i 5 / 4 . 4 9 ) , (2.15) 

where 

« ; ( z ) = e - ' ^ e r f c ( ï z ) . (2 .16) 

T h e inversion of (2.14) for v e r y long t i m e s can be 

ob ta ined by de t e rmin ing numer ica l ly t h e pôles of T{S) 

closest to the imag ina ry axis. Using t ab le s for the 

complex error f u n c t i o n " a n d tak ing in to a c c o u n t t h e 

proper t ies of w{z), we find 

w i t h 5 ' = 1 . 4 0 ± 0 . 0 1 a n d 5 " = 4 . 5 3 ± 0 . 0 1 . 

Apply ing the res idue t h e o r e m , a n d because t h e nex t 

pôles are sufficiently fa r f r o m the imag ina ry axis 

( S'> 2T) to be neglected for /—>� » , we h a v e b y Lap lace 

inversion 

r < * » ( 0 = [ 0 - 3 8 8 COS0.113/-I-0.314 sin0.1130e-<' <^', 



inversion 

r i - . „ ( 0 = [ 0 . 3 8 8 COS0.113/+0.314 sin0.113/]e-<' '»«', 

( 2 . 1 7 ) 

w h e r e / is in m i c r o s e c o n d s . T h i s r e su i t is a l so d r a w n in 

F i g . 2. I t s h o u l d b e n o t e d t h a t t h e G a u s s i a n a s s u m p t i o n 

w a s m a d e i n o r d e r t o s i m p l i f y t h e c a l c u l a t i o n s , a n d t h a t 

a n o t h e r t y p e of a p p r o x i m a t i o n would n o t d e s t r o y t h e 

osc i l l a t ions o r t h e e x p o n e n t i a l dec rease of t h e c u r v e . 

C . Conc lus ions 

I t c a n b e s e e n f r o m F i g . 2 t h a t t h e s e c o n d - o r d e r 

a p p r o x i m a t i o n g ives t h e m a i n f e a t u r e s of t h e c u r v e a n d 

t h a t i t is q u a l i t a t i v e l y c o r r e c t . T h e f o u r t h o r d e r , a s 

e x p e c t e d , c h a n g e s t h e b e h a v i o r for l onge r t i m e s a n d is 

in g o o d a g r e e m e n t w i t h t h e e x p é r i m e n t a l c u r v e " u p t o 

t h e s e c o n d zé ro . F o r still l onger t imes , t h e n u m e r i c a l 

m e t h o d w e h a v e u s e d b e c o m e s i n n a c u r a t e , so t h a t 

r e s u l t s a r e n o l onge r s ign i f i can t . I t is b e l i e v e d t h a t a n 

é q u a t i o n of t h e f o r m 

ô , r ( / ) = f dt' ZG^'^(t-t')+G^*^(t-l')^T(i'), (2 .18) 

�'o 

w i t h r e n o r m a l i z a t i o n s c a l c u l a t e d f r o m (2 .7 ) b y t a k i n g 

t h e f o u r t h - o r d e r k e r n e l s i n t o a c c o u n t , w o u l d g ive b e t t e r 

a g r e e m e n t . W e fee l c o n f i d e n t a b o u t t h e c o n v e r g e n c e of 

t h e e x p a n s i o n , e v e n t h o u g h t h e r e exis ts no m a t h e m a t i c a l 

p r o o f ; t h e n e x t - h i g h e r c o n t r i b u t i o n b e h a v e s l ike f o r 

s h o r t t i m e s a n d will t h u s n o t in f luence t h e p r e c e d i n g 

t e r m s , w h i l e f o r l ong t imes , t h e h i g h e r - o r d e r t e r m s of 

t h e k e r n e l s will d é p e n d on m o r e a n d m o r e { V ^ ] f a c t o r s 

a n d wil l t h u s d e c r e a s e v e r y r a p i d l y . T o c o n c l u d e , l e t 

u s recal l t h a t o u r t h e o r y is a b l e t o p r e d i c t t h e a s y m p -

t o t i c f o r m of r ( / ) . 

3 . S P I N D I F F U S I O N 

S p i n d i f f u s i o n is t h e t r a n s p o r t of Z e e m a n e n e r g y o r 

m a g n e t i z a t i o n v i a t h e d ipo le -d ipo le i n t e r a c t i o n s a n d 

h a s b e e n p r o v e d i m p o r t a n t b o t h t h e o r e t i c a l l y a n d 

exper imenta l ly in t h e e s t a b l i s h m e n t of a sp in e q u i l i b -

r i u m in m a n y r e l a x a t i o n processes . T h e first t o r e c o g n i z e 

t h e i m p o r t a n c e of such processes w a s B l o e m b e r g e n , 

w h o w a s a l so t h e f i rs t t o p r o p o s e a s i m p l e m o d e l t o 

c o m p u t e a d i f f u s i o n coefficient .^ Us ing first-order p e r -

t u r b a t i o n t h e o r y , h e o b t a i n e d a d i f fu s ion é q u a t i o n f o r 

t h e m a g n e t i z a t i o n . H o w e v e r , h i s a r g u m e n t s a r e m a i n l y 

p h e n o m e n o l o g i c a l . I m p o r t a n t s t eps t o w a r d s a m o r e 

s o p h i s t i c a t e d t h e o r y w e r e m a d e b y L e p p e l m e i e r ' a n d 

b y G a d e a n d L o w e , ' w h o cons idered a n i n h o m o g e n e o u s 

d i s t r i b u t i o n of m a g n e t i z a t i o n , b u t w h o h a d t o i n t r o d u c e 

a n i m p o r t a n t h y p o t h e s i s a b o u t t he t i m e é v o l u t i o n of 

t h e d e n s i t y m a t r i x of t h e System. B u i s h v i l i a n d 

Z u b a r e v " o b t a i n e d a d i f f u s i o n é q u a t i o n f o r t h e m a g -

n e t i z a t i o n b y m e a n s of t h e s t a t i s t i ca l t h e o r y of i r r é v e r s i -

b l e p roces se s . Ai l t h è s e a u t h o r s h a v e o b t a i n e d s i m i l a r 

exp re s s ions f o r t h e d i f fu s ion coeff ic ient , d i f f e r i n g o n l y 

b y n u m e r i c a l c o n s t a n t s ; b u t no one h a s b e e n a b l e t o 

e x p l a i n t h e s t r o n g d e p e n d e n c e of th i s c o n s t a n t o n t h e 

o r i e n t a t i o n of t h e m a g n e t i c field r e l a t ive t o t h e c r y s t a l 

ax i s w h i c h w a s e x p e r i m e n t a l l y o b s e r v e d b y L e p p e l m e i e r . * 
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I t bas been shown in I t h a t t he Four ier t r ans fo rm of 

t h e magne t i za t ion corrélat ion func t ion obeys the fol-

lowing équa t ions : 

d,To{t) 

r' ' ^ 
= - / di'Go'^ii'l {r-^Dro(/-/'), "! 

�'o 

d.r,(0 

= f di'[G^o'it' I {r-^}) -Go'^d' I { r - ^ l ) ] r , ( / - o , 

�'o 

(3.1) 

where 

r<,(0 = i ; r . 7 " e x p ( / V r , y ) , (3.2) 
j 

a n d 

^Q""= E G o " » e x p ( t q T . y ) . (3.3) 

I t can easily be shown t h a t 

lim CG,<»(/1 {r'^t)-G„»»(/1 { r -^} ) ] - ' - I q |^ (3.4) 
|q|-^ 

I n the l imit i q | —>0, we recover a relaxation t ime 

Td I q which is much longer than the dissipation t ime 

Td. W e m a y then wri te 

d,r,(0 

+ 0 ( q « ) , (3.5) 

which is a diffusion équa t ion 

â,r,(/) = - YlMa'Daa'T^it), [a, a'=x, y, z) (3.6) 

where 

1 
. (3.7) 

2 \_dqadqa' JQ Jlql-0 

Again us ing the Gaussian assumpt ion in order to s im-

pl i fy t h e calculat ions, we obta in in the second-order 

approx ima t ion 

Daa' = \{i^/S^A,n"' z Ainra)ii{ra')ii. (3.8) 

Thi s resui t is similar to t h e ones obta ined b y d i f fé ren t 

a u t h o r s . ^ ' ' " T h e first s teps toward the évalua t ion of 

t h e four th -order correct ion h a v e been taken , a n d i t m a y 

easily be seen t h a t the t e rms are of t he type 

i 

i � 

and 

y � 

A first éva lua t ion of th is correction does no t seem to 

give the i m p o r t a n t var ia t ion wi th or ien ta t ion which 

was exper imenta l ly observed by Leppelmeier . ' Neve r -

theless, no defini te conclusions can be d r a w n , a n d 

c o m p l e m e n t a r y calculations have been u n d e r t a k e n . 

Numer ica l resul ts are given in Tab l e I . 
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A P P E N D I X : K E R N E L S A N D LATTICE S U M S 

T h e kernels df^it \ [V^]) are given by an infinité 

séries of te rms, thèse t e rms being associated with t h e 

so-called " renormal ized basic irreducible skeleton 

g r a p h s . " T h e first g r aphs of th is séries are given in 

F i g . 3 . 

Using the calculat ion rules given in I , we obta in in 

t h e infinité t e m p é r a t u r e approx ima t ion 

G<, '*»>=i^</ R e f + - R e r ^ - - ( A l ) 

G*r« l / ( 2 X 4 » ) [ i ; / I < / ^ . , » - 8 l ] ^ . / ^ . - . ^ ; . > . . 

« � 

(A2) 

G . , « ' = - D c r , (A3) 

Gij+ -m =-\ARer+ - P " , (A4) ' 

G«+ - ( « = - </ R e f ^ - F " , ( A5) 

i 

j 

= [ I S E ^ (37/2) iM « ^ y ] * ^ 
y.t y,* 

v ^ - (19 /2 ) Z ^ . / ^ < * ^ * ; > c , (A6) 

).k i.k 

where 

M t ) = (1 /64 ) / ' dt' f dl" R e f + - ( < - 1 ' ) 
�'0 �'o 

X R e f + - ( / - / " ) R e r + - ( 0 ReP+-{t")r"{l-l"), 

0 ^ ( 0 = (1 /128) f ' d t ' f dt"ReT+-{l-l') 

�'o �'o 

X R e l ^ - ( / ' - < " ) R e f + - ( / " ) r " { l ' ) r " { t ' - t " ) , 

«1,(0 = (1 /128) f d l ' f ' dt"Reî^-{l-i') 

X R e f + - { f - i") R e l ^ - ( / ' ) ' ? " ( / ) ? " ( / - / " ) , 

(^c(<) = ( 1 / 1 2 8 ) / ' ( i / ' / ' R e f + - ( / - / ' ) ; 
�'o �'o 

X R e f + - ( / ' - / " ) R e f + - ( / " ) r " ( < ) r " ( < " ) - (A7) 

I n Sec. 2, we have used the no ta t ion G(2)'^~*'' a n d 

G(2)*~^*\ which respectively represent G+~<" a n d 

G+-<̂ > renormalized by and R e f ( 2 ) + - . T h e two 

t w o former kernels a re given in Fig. 4 with their sum. 

W e have also compu ted var ious la t t ice sums in t h e 

th ree or ienta t ions [ 1 0 0 ] , [ 1 1 0 ] , and [ 1 1 1 ] for C a F j ; 

t h e y are given in Tab l e I I . I t should be noted t h a t 

<?.�,= ( 1 - 3 COS20.y)/l r ,y | ' , 

where di,- is t he angle be tween r,y and the external field, 

a n d an is dimensionless ( | >"« | is g iven in the reduced 

un i t s of t he l a t t i ce ) . T h e s u m s are compu ted over t h e 

1330 first neighbors . 


