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ABSTRACT: There are two canonical approaches to treating the Standard Model as an Ef-
fective Field Theory (EFT): Standard Model EFT (SMEFT), expressed in the electroweak
symmetric phase utilizing the Higgs doublet, and Higgs EFT (HEFT), expressed in the bro-
ken phase utilizing the physical Higgs boson and an independent set of Goldstone bosons.
HEFT encompasses SMEFT, so understanding whether SMEFT is sufficient motivates
identifying UV theories that require HEFT as their low energy limit. This distinction is
complicated by field redefinitions that obscure the naive differences between the two EFTs.
By reformulating the question in a geometric language, we derive concrete criteria that can
be used to distinguish SMEFT from HEFT independent of the chosen field basis. We high-
light two cases where perturbative new physics must be matched onto HEFT: (i) the new
particles derive all of their mass from electroweak symmetry breaking, and (i) there are
additional sources of electroweak symmetry breaking. Additionally, HEFT has a broader
practical application: it can provide a more convergent parametrization when new physics
lies near the weak scale. The ubiquity of models requiring HEFT suggests that SMEFT is
not enough.
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1 Introduction

Treating the Standard Model (SM) as an Effective Field Theory (EFT) is a principled way
to organize the observable impact of new physics [1].! Defining an EFT entails choosing a
set of low energy degrees of freedom, and specifying a UV cutoff and a set of symmetries.
The EFT Lagrangian is then expressed as an expansion in terms of operators that respect
the symmetries and is truncated to a given order as determined by the power counting.
One major benefit of this approach is that constraints on an EFT are “model independent”
in that different “UV completions” can be matched onto the same set of low energy EFT
parameters. This can be contrasted with the “model dependent” approach, where one
searches for the signatures of a specific new particle(s). However, in choosing among EFT
frameworks that are distinguished by manifesting different symmetries, one necessarily
assumes certain properties of the UV completion. The goal of this paper is to elucidate how
aspects of short-distance physics determine the appropriate EFT framework for extensions
of the SM.

There are two logically distinct EFT frameworks for capturing Beyond the Stan-
dard Model (BSM) effects. The first approach is the “Standard Model Effective Field
Theory” (SMEFT), involving the most general set of local operators invariant under an
SU(3)exSU(2),xU(1)y gauge symmetry, see e.g. [14-16] along with recent reviews [17, 18].

!For reviews of various aspects of EFTs, see e.g. [2-13].



Here irrelevant operators are suppressed by a new physics scale A. Insofar as all low energy
states are modeled using fields that transform linearly under the assumed symmetries, the
observed Higgs boson h is a component of an electroweak doublet scalar H. The second
approach is what has become known as the “Higgs Effective Field Theory” (HEFT),? in
which the only manifest gauge symmetry is SU(3)c X U(1)em, see e.g. [19-33]. The funda-
mental SU(2)z, x U(1)y electroweak symmetry is non-linearly realized utilizing a multiplet
of Goldstone bosons. But since a non-linearly realized gauge symmetry is equivalent to
no symmetry at all, no relation is presumed between h and the Goldstones. In HEFT,
irrelevant operators can be suppressed by the electroweak breaking scale v.

From symmetry considerations alone, HEFT is clearly the most general parametriza-
tion of low energy physics involving only the SM degrees of freedom:

HEFT > SMEFT D> SM. (1.1)

However, SMEFT is generically more straightforward to work with than HEFT — as it
befits from a more restrictive symmetry structure — and has rapidly become the pre-
eminent framework for interpreting LHC data in terms of an EFT. To the extent that this
choice imposes assumptions about the properties of physics in the UV, we are confronted
with a pressing question: what UV physics is precluded by working with SMEFT rather
than HEFT? Equivalently, when is HEFT the only appropriate EFT for describing the
effects of BSM physics at low energies? The self-evident answer — that HEFT is the
unique choice when the interactions among the low-energy degrees of freedom only respect
U(1)em [22] — is too general to shed much light on the relevant properties of the microscopic
theory. In particular, it does not illuminate how UV theories respecting SU(2)7, xU(1)y give
rise to an EFT respecting only U(1)en. A more UV-centric answer to this question would
both delineate the space of SM extensions while also guiding the interpretation of data,
especially in the event that experimental discrepancies with SM predictions are discovered.

Historically, concrete motivation for HEFT has drawn on a connection to non-
decoupling BSM physics, especially that which could result from new strong dynamics.
The earliest work on HEFT [19] emphasized this aspect of the EFT, and explained that
power counting follows in close analogy with chiral perturbation theory. Thus, HEFT is
clearly appropriate when new non-decoupling strong dynamics spontaneously break elec-
troweak symmetry, giving rise to a Higgs-like scalar [20, 21, 23, 25, 27]. But as emphasized
in refs. [24, 26, 27], whether BSM strong dynamics favors HEFT over SMEFT is ultimately
a question of decoupling. Obviously, this implies that HEFT is required if the SM is not
recovered as all BSM masses are taken to infinity. A more subtle case occurs if a SMEFT
can in principle be written down; then HEFT can be used to effectively resum a series
expansion in terms of gv/A for some coupling g, which is relevant if the new physics scale
is close to the weak scale.

These previous studies made significant progress towards understanding when HEFT
might be necessary. However, they largely take a bottom up point of view (though some
scenarios have been studied from the top down, e.g. [34]), and do not systematically char-

2 Alternately, the Higgs-Electroweak Chiral Lagrangian (EWChL).



acterize the underlying microscopic physics. They also generally leave unresolved the am-
biguities raised by field redefinitions [35], which can appear to blur distinctions between
EFTs formulated in different bases. One of our main goals of this paper is to develop robust
criteria that can be used to determine when it is possible to write down SMEFT, which we
will then utilize to explore the implications for perturbative UV models.

In recent years, significant progress has been made towards identifying general crite-
ria for when HEFT is required. A seminal step in this direction was made by Alonso,
Jenkins, and Manohar (AJM) in refs. [28, 29], in which they introduce a natural geometric
interpretation of HEFT by treating the Higgs and Goldstone bosons as the coordinates on
a Riemannian manifold. They argue that HEFT is required if no O(4) fixed (invariant)
point exists on the moduli space.?> This provides a natural criterion at the level of the
two-derivative part of the action, but leaves open the possibility that the O(4) symmetry
is violated in the zero-derivative sector, i.e., the potential. A complementary approach
was introduced by Falkowski and Rattazzi (FR) in [33], where it was argued that HEFT is
required when the scalar potential as expressed in terms of the electroweak doublet H is
non-analytic at H = 0.* As FR [33] emphasizes, such non-analyticity is a hallmark of inte-
grating out new states that acquire all of their mass from electroweak symmetry breaking,
thereby violating decoupling. Both approaches highlight the irrelevance of the linear versus
non-linear parametrization of the Higgs field itself in distinguishing HEFT from SMEFT,
insofar as the two are related by field redefinitions; the distinction ultimately depends on
the properties of the Lagrangian in a given parametrization.

In this work, we develop a unified set of geometric criteria for distinguishing HEFT
from SMEFT based on the properties of the scalar sector up to two derivatives, extending
the framework of AJM [28, 29] and unifying it with the perspective of FR [33]. In extending
the geometric approach of AJM, we introduce generalized invariants on the scalar manifold
whose finiteness yields criteria that are sensitive to the structure of the scalar potential
and robust against field redefinitions.’

The existence of an O(4) fixed point on the EFT manifold and the smoothness of
functions in its vicinity determine whether a SMEFT expansion is admissible around v = 0,
but are not sufficient to determine whether a SMEFT expansion captures physics around
the observed vacuum where v # 0. To this end, we extend the geometric approach (for the
case of BSM scalar sectors at tree level) by identifying the submanifold of the UV scalar
manifold on which the EFT resides. This allows us to determine if the O(4) invariant fixed
point where electroweak symmetry is restored connects smoothly to the observed vacuum.
If such a submanifold exists and satisfies certain conditions, then we will argue that such a

3This point, which maps to itself under the action of all O(4) group elements, corresponds to the point
at which electroweak symmetry is restored. The appearance of the O(4) symmetry group here is due to the
assumption of custodial invariance in the UV, which is assumed in this paper as well. For the fully general
HEFT, this condition would be to identify an SU(2)z xU(1)y fixed point, see section 6 of AJM [29] for the ex-
plicit construction. The corresponding geometric interpretation of SMEFT was recently formulated in [36].

“More precisely, HEFT is required when the non-analyticities cannot be removed by a field redefinition.
This argument is anticipated, to a certain extent, in [19], cf. footnote 9.

5We explore the detailed connection between the geometric approach in AJM [28, 29] and the unitarity
arguments in FR [33] in a companion paper [37].



model can be matched onto a physically relevant realization of SMEFT, in the sense that
the SMEFT expansion converges in the observed vacuum. What is surprising about this
picture is that it is sensitive to the properties of the entire submanifold, as opposed to only
requiring properties near one of the special points. Although our submanifold analysis
is formulated strictly for extended scalar sectors at tree level, it illustrates a number of
qualitative features that hold more generally.

Our geometric criteria are illuminated by a number of concrete examples, which high-
light the relevance of HEFT even when the microscopic physics is weakly coupled. We
emphasize that these examples are primarily for illustrative purposes; some examples are
likely ruled out by current Higgs data, while others remain viable. The phenomenologi-
cal relevance of these examples will be explored in further detail in a pair of companion
papers [38, 39]. The matching calculations in these examples are facilitated by a new
formalism enabling the computation of the two-derivative contribution to the effective La-
grangian to all orders in the fields. Insights garnered from these examples motivate us
to take a further step beyond our unified geometric picture, conjecturally classifying mi-
croscopic theories that lead uniquely to HEFT. Our conjectured physical interpretation
of HEFT is that it uniquely describes the low energy physics when there is a source of
electroweak symmetry breaking that persists when the Higgs vacuum expectation value
(vev) is zero, or when a state whose mass is fully determined by the Higgs vev has been
integrated out, building on observations in FR [33].

Although the majority of this paper is devoted to distinctions between HEFT and
SMEFT in principle, we also explore distinctions between HEFT and SMEFT in practice,
highlighting aspects of the rate of convergence of the two EFTs. While the formal criterion
for when HEF'T is required can be considered as a condition near the point in field space
where the Higgs vev vanishes, considerations of convergence imply that HEFT has broader
applications even when the SMEFT expansion exists.

This paper is organized as follows. We begin in section 2, by reviewing concrete
parametrization of SMEFT and HEFT. The rest of the paper is then devoted to more
formal aspects of the distinction between SMEFT and HEFT. To the extent that the non-
analyticity of the potential expressed in terms of the electroweak doublet H is a possible
hallmark of HEFT, in section 3 we discuss the interpretation of non-analyticities present
in a given EFT parametrization, and investigate their properties under field redefinitions.
Distinguishing between physical non-analyticities (which manifest invariant properties of
the EFT) and unphysical non-analyticities (which do not) motivates considering geometric
quantities related to the scalar manifold of the EFT. We introduce generalized curvature
invariants built upon the scalar curvature R of the EFT manifold, and analogous invariants
built upon the scalar potential V.

At this point, we apply the geometric description to establish criteria for the existence
and convergence of a SMEFT parametrization. We begin in section 4 with the existence of
an O(4) invariant point and the smoothness of functions defined in its vicinity, reviewing
and extending the AJM curvature criteria for SMEFT. In order to understand the physical
scenarios that violate the SMEFT criteria (requiring HEFT), in section 5 we develop the
notion of the EFT submanifold for extended scalar sectors at tree level. This sheds light



on both the types of microscopic theories that require HEFT, and also the circumstances
under which a SMEFT description formulated around the O(4) invariant point extends all
the way to the observed vacuum. Ultimately both conditions — the existence of a SMEFT
expansion around the invariant point and its convergence at the observed vacuum — must
be satisfied in order for SMEFT to describe observations, and the violation of either requires
HEFT. A variety of examples showing how to apply the geometric criteria when integrating
out new heavy particles are presented in section 6 and section 7; the former section concerns
particles acquiring all of their mass from electroweak symmetry breaking, while the latter
concerns additional sources of symmetry breaking. We then explore practical aspects of
the distinction between SMEFT and HEFT in section 8, emphasizing the role of the radius
of convergence in the two EFTs when integrating out states with mass near the weak scale.
This highlights a final consideration for the validity of a SMEFT expansion, involving prop-
erties of the EF'T submanifold away from either the invariant point or the observed vacuum.

After concluding in section 9, we provide a number of technical details in a series of
appendices. These include details of the geometric formulation of HEFT in appendix A;
a proof in appendix B of the criteria presented in section 4; a technical discussion of
singularities arising from integrating out massless states in appendix C; a new formalism
for computing the two-derivative contribution to the effective Lagrangian to all orders in
the fields using functional methods in appendix D; and caveats to our criteria stemming
from truncating the EFT Lagrangian at two-derivative order in section E.

1.1 Guide for the reader

Since this is a rather lengthy paper interweaving qualitative points with technical details,
we have provided the reader with a few different suggestions for where to focus their
attention. As we have already emphasized in the Introduction, the conclusions of this
work are easy to state but difficult to prove. As you will see in what follows, our goal is
to convince you that HEFT is required if one integrates out a BSM state that gets all of
its mass from electroweak symmetry breaking or if there are BSM sources of electroweak
symmetry breaking. Furthermore, in practice one should use HEFT to describe the EFT
that results from integrating out a state whose mass is near the electroweak scale. Since
this is an intuitive conclusion, the reader may wish to focus on only a subset of the results
germane to their interests. Note that the purpose of section 2 is to set up conventions and
notation, while section 3 reviews textbook theory of analytic manifolds, and so one can
explore these sections with a depth commensurate with their level of background. We have
four suggested paths through the paper.

1. The most obvious option is for the ambitious reader to proceed from top to bottom.
In this case, we suggest keeping in mind the following big picture sketch of the
flow. First, we study what could possibly go wrong at the putative O(4) fixed point
section 4. We then determine whether a SMEFT description at the fixed point can
be extended to make predictions in our physical vacuum using the notion of the EFT
submanifold in section 5. After seeing these ideas applied to a number of concrete
examples in sections 6 and 7, we finally discuss a practical point in section 8 regarding



the rate of convergence of the SMEFT expansion, where features of the EFT manifold
away from either the fixed point or the observed vacuum may favor HEFT.

2. For the reader who is interested in learning more about the analytic structure of
EFTs, we recommend first reviewing the physics in section 3. Then understanding
the curvature criterion presented in section 4 provides the foundation to understand
the application to the examples in section 6. We note that these examples provide an
additional benefit by exploring some subtleties that one can encounter when matching
at tree or one-loop level. They also rely on a new general formalism for matching
using functional methods that is derived in appendix D.

3. For the reader who is interested in EFTs of extended scalar sectors, studying the EFT
submanifold discussion in section 5 will illuminate concrete examples of extended
scalar sectors in sections 6 and 7. In particular, this path is relevant to those who
are interested in the structure of electroweak singlet, doublet, or triplet extensions of

the SM.

4. For the experimentally focused reader, we suggest going from section 2 to the phe-
nomenologically viable examples of microscopic theories that give HEFT in section 6,
and thereafter to the discussion of EFT convergence in section 8. These are likely
the most important sections for those who are thinking about the relevance of HEFT
to searches at colliders.

Buon viaggio!

2 Defining SMEFT and HEFT

We begin our comparison of SMEFT and HEFT by defining the two EFTs at a level
appropriate for our analysis. For simplicity, we assume the UV description respects an
O(4) custodial symmetry, which is of course violated by the SM itself due to the non-
zero hypercharge gauge coupling and the mass splitting between fermions from the same
doublets. Relaxing the assumption of custodial symmetry would introduce a larger class
of curvature invariants, expanding the analysis relative to the custodially symmetric case
pursued here, but the approach would be analogous. Note that we are typically interested
in the impact of integrating out UV physics on the Higgs interactions — we will not include
the impact on operators involving the gauge bosons or SM matter fermions in what follows.
Our classification may be extended to include interactions involving fermions and gauge
bosons in terms of a suitably generalized field space supermanifold [40].

SMEFT. We begin by defining SMEFT at the level of the bosonic fields. The Higgs
bosons and Goldstones in a custodially symmetric SMEFT can be conveniently parame-



terized by a field qg that is a vector under the global O(4) symmetry:

P1
b2
¢3
o

where O is a 4 x 4 orthogonal transformation. When parameterizing the theory in terms of

with ¢ — 0¢, (2.1)

-y
Il

a complex Higgs field that transforms as a doublet under SU(2),, we repackage the (E into

1 [¢1+ide
H=—— . 2.2
V2 <¢4 + i¢3> 22)

Subject to the assumption of custodial symmetry, the terms in the Lagrangian that
only depend on this scalar take the general form®

Cowmer = A(HP) DHP + 3 BIHP) [0(HP)] - V(HP) +0(@"),  (23)

where A, B, and V are functions of |H|? that are real-analytic at the origin |H| = 0. The
critical assumption of analyticity means that A, B and V (as well as similar functions
multiplying higher derivative terms in the Lagrangian) can be expressed as convergent
Taylor series about |H|? = 0, see section 3 for a more detailed discussion. In a basis where
the kinetic term is canonically normalized, A(0) = 1.

When investigating SMEFT from a geometric point of view, we interpret the scalar
fields ¢1,- - , ¢4 as a Cartesian-like coordinate system on the scalar manifold. The origin

—

¢ = 0 is the fixed point of the O(4) transformation, where electroweak symmetry is restored.

HEFT. Next, we turn to the construction of HEFT. The key assumption of HEFT is that
electroweak symmetry is non-linearly realized, and so the most general Lagrangian can be
constructed using the classic CCWZ prescription [41, 42]. Assuming custodial symmetry,
the Goldstone fields 7 chart the coset space O(4)/O(3). No relationship is assumed between
the real CP-even Higgs scalar h and the Goldstone fields. A convenient parametrization of
the Higgs scalar and Goldstones is

ny =m /v
o and A= ny = mafv (2.4)
ng = ms/v

n4:\/1—n%—n%—n§

Here 7 () € S? is a four-component unit vector subject to the constraint 7 - @ = 1. Our
notation is the same as in eq. (2.14) in AJM [29], where various possible parametrization
are discussed in detail. These states have well-defined O(4) transformations:

h — h and n — On, (2.5)

5Note that we omit the other possible SU(2) contraction involving two Higgses and a spacetime derivative
because it violates the assumed custodial symmetry.



where as in the previous section, O is a 4 x 4 orthogonal matrix. The constrained multiplet
7 transforms linearly under the O(4) symmetry, while the physical degrees of freedom 7
furnish a non-linear realization.

In terms of these coordinates, the scalar part of the custodially symmetric HEFT
Lagrangian is

Luer = 5 (K] @0)° + 5 [ () 07 — V(1) + O(0%). (26)

N | =

where K, F, and V are functions of h that are real-analytic about the physical vacuum
where h = 0. However, they are not necessarily real-analytic outside the neighborhood of
h = 0. Although K (h) is formally redundant and could be removed by a field redefinition, it
is typically generated in matching to perturbative UV completions, and so we retain it here
for convenience. K (0) = 1 when the field h is canonically normalized. We have used the
freedom to shift & by a constant to set A = 0 at the minimum of the potential V' (h) that cor-
responds to the physical vacuum. We have chosen v to normalize F'(h) such that F'(0) = 1.

2.1 Mapping between SMEFT and HEFT

While our goal is to understand the circumstances under which a UV theory must be
matched onto HEFT, any SMEFT can of course be rewritten as a HEFT. Therefore, it
is useful to briefly discuss how to map between the two ways of formulating the EFTs,
assuming there is no obstruction to expressing the theory as SMEFT. Using the notation
introduced above, one can identify

o1
1 [¢1+ige - ®2 .
H=— - = (vo + W), 2.7
NG (¢3 N i¢4) — o " (vo + h)7i (2.7)
¢4

where vy = —h, is determined by the condition F'(h.) = 0, which can be satisfied when
there is an O(4) invariant point on the scalar manifold such that the EFT can be expressed
as SMEFT; see AJM [29] for the derivation and discussion of this point. Note that vy need
not be the same as the parameter v appearing in eq. (2.4), the relation between 7 and 7;
note that v determines the gauge boson masses. Assuming both SMEFT and HEFT are
valid, we use H when working with SMEFT, and (h,7) when working with HEFT.

At zero-derivative order, there is only one O(4)-symmetric building block:

HP =386 =5 +h). (28)

There are two additional O(4)-symmetric building blocks at two-derivative order:”
OH|* = %(&5)2 = %(8}1)2 + %(Uo +h)2(07)°, (2.9a)
(D1H?)? = (¢-06)" = (vo + h)*(9h)2. (2.9b)

The natural generalization to higher derivatives is straightforward.

"Throughout this paper, we use partials instead of covariant derivatives since we are focused on the
scalar sector alone, which only manifests the global part of the O(4) symmetry.



Assuming the SMEFT parametrization exists, the relationship between HEFT and
SMEFT is clear from egs. (2.8) and (2.9). Comparing eq. (2.9a) against eq. (2.9b), it is
interesting to note that not all operators with derivatives depend on the Goldstone boson
vector 71; extracting a factor of 7 requires acting with a derivative on a factor of H that
has open gauge indices.

One can always use the relations in egs. (2.8) and (2.9) to write a given SMEFT
Lagrangian into a HEFT Lagrangian. Therefore, a SMEFT is always a HEFT as expressed
in eq. (1.1). On the other hand, a HEFT Lagrangian is not always a SMEFT. It is true
that one can always rewrite a given HEFT Lagrangian into a SMEFT-like doublet form,
by using the mapping in the opposite direction:

Coprr = — [K ()] (0h)? + % [wF(h)]?(07)? — V(h) + 00"

2

2 12 2 2
_ ;;P OH[ + ;(8|H|2)221H’2( 2 ;;’2) ~V(HP) +0@Y).  (2.10)
However, we can see that this Lagrangian is generically non-analytic at the origin |H|? = 0
and hence is not SMEFT, as emphasized in AJM [29] and FR [33]. More generally, a given
HEFT Lagrangian is a SMEFT only when the functions K (h), F'(h),V (h) satisfy certain
conditions. In this case, there are either no non-analyticities, or more specifically only “un-
physical non-analyticities” are allowed (to be defined in a geometric sense in subsection 3.2
below) since these can be removed by a field redefinition (as mentioned in AJM [29]). In
this paper, we prove concrete conditions on K (h), F'(h), V(h) that imply a SMEFT descrip-
tion exists. Along the way, we also explore the implications of physical non-analyticities
from the UV point of view.

Given these two coordinate systems, we now turn to defining a geometric description in
terms of a manifold in field space, which will allow us to explore the interplay of analyticity
and field redefinitions.

3 Geometry, analyticity, and field redefinitions

As explained in section 2, one can always try to write a HEFT Lagrangian into a SMEFT-
like doublet form, but the resultant Lagrangian may exhibit non-analyticities. The in-
terpretation is complicated by the fact that some non-analyticities can be removed by
field redefinitions, implying that they are not physical. The issue can be made clear by
carefully studying the analytic structure of functions as expressed in different coordinate
systems. Specifically, we will discuss the implications for analyticity when one attempts to
map between polar-like (HEFT) and Cartesian-like (SMEFT) coordinates. For a concrete
example that demonstrates some of the pitfalls one can encounter when performing field
redefinitions of h as opposed to H, see subsubsection 4.1.1

Our main goal in this section is to review the mathematical framework for using charts
to define analytic manifolds. This will set the stage for our later explorations of moving
between HEFT and SMEFT descriptions of an EFT. In particular, we will argue that some
non-analyticities can be “unphysical” artifacts of having made a particular field basis choice.



This will then motivate our introduction of curvature invariants, since they are unchanged
by field redefinitions. We will conclude this section by defining various generalized curvature
invariants whose (in)finiteness will play a central role in distinguishing SMEFT from HEFT.

3.1 Analyticity of field manifolds and functions

Consider a generic EFT Lagrangian built out of n real scalar fields ¢*, i = 1,2,...,n,
1 5 ; . -
Ezggw((f))au(b 8#¢]—V(¢) (31)

The fields ¢! : U — R™ can be viewed as a coordinate chart on the field manifold M, i.e.,
an invertible map from an open subset U C M of the manifold of field configurations to (an
open subset of) R™. Of course, some arbitrary choices must be made when defining these
coordinates that will have no impact on the physics. This is the freedom to make field redefi-
nitions. For example, identifying ¢ = 0 with the vacuum state, it can be shown (seee.g. [41])
that the S-matrix of the theory is unaffected when making field redefinitions of the form

¢' = F(g), (3.2)

where FJ are some real analytic functions of the new fields ¢', i.e., they have a convergent
Taylor expansion, in the neighborhood of @ = 0, with F ((_f ) = §%. Therefore, performing
a field redefinition can be viewed as defining a new coordinate chart on the field manifold.
Restricting to real analytic field redefinitions of the form in eq. (3.2) means that we
require our field manifold to be a real analytic manifold [41]: a manifold where any two
charts have the property that they are invertible real analytic functions of each other in
the region where they overlap.

A useful fact about real analytic manifolds is that the real analyticity property of
functions at any given point is coordinate chart independent. This can be understood
intuitively using the fact that different charts are invertible real analytic functions of one
another. Therefore, if a function is real analytic at a point in one chart, it must also be
real analytic when expressed in terms of any other valid chart, due to the analyticity of
analytic function composition [43, Prop. 2.2.8]. Conversely, if a function is non-analytic
at a certain point in a given chart, it remains non-analytic at that point when using any
other valid chart on the manifold.

Here, we are concerned with the analyticity of the metric and potential at particular
points on the field space manifold. Being able to find a convergent Taylor expansion of the
metric and potential at particular points (the O(4) invariant fixed point and our observed
vacuum respectively) amounts to being able to write down a local operator expansion for
the Lagrangian in terms of SMEFT and HEFT fields respectively.

It bears emphasizing that the field redefinitions defined by eq. (3.2) are only a subset
of the possible field redefinitions that leave the S-matrix invariant. Most notably, this
omits field redefinitions that involve derivatives. Derivative field redefinitions are gener-
ally admissible, and as we observe in section E, can even be induced in an EFT when
performing non-derivative field redefinitions in the UV description. In what follows, we
will restrict ourselves to non-derivative field redefinitions, which is consistent with our
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focus on the geometric quantities that are defined by the two-derivative action. To the
extent that derivative field redefinitions induce higher-derivative terms, capturing their ef-
fects geometrically requires a corresponding generalization of curvature invariants beyond
two-derivative order (and the scope of this work).

Our restricted scope leaves open the possibility of encountering non-analyticities in an
EFT that can be removed exclusively using derivative field redefinitions. However, as a
practical matter, when matching between the full UV theory and an EFT it is possible
to choose a basis in the UV theory such that unphysical non-analyticities can always be
removed by zero-derivative field redefinitions.

3.2 Polar coordinates obscures analyticity of the origin

We wish to understand the analyticity properties of the metric and potential on the field
space manifold. On a real analytic manifold, the arbiter of their analyticity would be any
valid chart; we would test to see if we can Taylor expand the metric and potential in said
coordinates. The problem with a Lagrangian written exclusively in HEFT coordinates is
that this chart alone does not cover the whole manifold. Like any polar coordinate system,
which does not include the origin, the HEFT chart cannot be used to investigate physics
about a putative O(4) fixed point. In other words, the analyticity of the HEFT Lagrangian
at the fixed point is not manifest.

Therefore, our goal is to build a real analytic manifold that can possibly include the
origin, i.e., we want to build an atlas. Each new chart must overlap with an existing one,
and their respective coordinates must be real analytic invertible functions of each other
in the region of overlap. However, we are presented with mutually incompatible choices
for how to do this, which may yield different conclusions regarding the analyticity of the
Lagrangian at the fixed point.

As an analogy, consider the manifold R?. As a proxy for the fields of HEFT, we define
a polar chart P on the manifold that maps all points ezcept the origin onto the usual (7, 0)
coordinates. As a proxy for the Lagrangian of HEFT, we define a Riemannian metric by
the line element

ds® = dr? +r2de?%. (3.3)

Next, consider two new Cartesian-like charts, C1 and C2, which map all points respectively
to (x1,y1) and (x2,y2). Away from the origin, these new coordinates are both invertible
and analytic in terms of the old polar coordinates:

x1 =rcosf (3.4a)
Yy =rsinf, (3.4b)
and
x9 = (7" + 7’2) cos 6 (3.5a)
Y2 = (r + 7“2) sinf. (3.5b)
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In this sense, each chart C1 and C2 is individually compatible with P. However, expressing
the two sets of Cartesian coordinates in terms of each other,

Tg =1 (1 + /22 + y%) (3.6a)
Y2 =1 (1 + m) ) (3.6b)

shows that the new coordinates are not real analytic functions of each other at the origin.
This implies that the two charts C1 and C2 are mutually incompatible, and they define
distinct real analytic manifolds.

As the coordinates of C1 and C2 are not analytic functions of each other at the origin,
they will not necessarily agree when investigating the analyticity of a third set of functions
about the origin, such as the components of a metric. Explicitly

ds® = dr? + r*d6?
= daf + dy}

2 2
d d dyz — y2d
L1 ((edntpdp)® | (aady —gpdry) _ (3.7)

$2+2 2 2 ?
P eafiged (1 ia/g )

Clearly, the metric components are analytic at the origin in C1, but not in C2. The

existence of C1 shows that we can incorporate the metric eq. (3.3) into a real analytic
manifold that includes the origin, and for our purposes we can interpret the mapping
eq. (3.4) as the field redefinition h — H that allows us to write an amenable HEFT as
SMEFT. By contrast, the apparent non-analyticities of the metric in chart C2 are spurious
and unphysical such that they can be “defined away,” and provide an analog of making a
poor choice when searching for SMEFT-like coordinates.

For our purposes here, it is critical that we can distinguish this situation from having
a metric with a “physical” non-analyticity at the origin. In other words, situations arise
where there can be no chart that simultaneously: (a) includes the origin, (b) is compatible
with the existing polar chart, and (c) has a manifestly analytic metric. This is the analog
of a HEFT Lagrangian that cannot be SMEFT.

For example, taking the same polar chart P, consider the more general metric,

ds? = dr? + T(r)d6?. (3.8)

for some real analytic function T of r. We can find a physical singularity in the metric
using tools that are familiar from General Relativity. Suppose there exists a chart
including the origin with a corresponding metric that is analytic. The Ricci scalar
computed in this chart, comprising the first and second derivatives of the metric, will
also be analytic, and therefore finite and smoothly varying, at the origin. However, as a
coordinate invariant quantity, it must agree with the Ricci scalar computed in the polar
chart in the neighborhood of the origin,

(T/)Q T

SR (3.9)

R(r) =
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Such agreement would be impossible if R(r) diverged in the polar chart approaching
the origin, as happens, for example, when T(r) = r implying that R(r) = 1/(2r%). We
can contrast this against the metric eq. (3.3), for which R(r) = 0 everywhere, which
is sufficient to guarantee that there exists a way to incorporate the origin through the
introduction of an appropriate Cartesian chart, namely C1.

3.3 Curvature invariants for HEFT

In the case of writing a HEFT Lagrangian as a SMEFT, we want to find a field redefinition
that renders both the metric and potential real analytic in valid coordinates at the fixed
point. If the metric is real analytic, then the curvature invariants built from the Ricci
scalar curvature R

V*R=V"V, V"V, R, (3.10)

will be finite for all n € N.® Here V,, is the covariant derivative operator derived as usual
using the metric connection. Similarly, if an arbitrary scalar function V is real analytic,
then the invariants®

VYV =V, - VY,V (3.11)

will be finite for all n € N. In the following section, we will show that egs. (3.10) and (3.11)
are a sufficient set: if these curvature invariants all have defined limits approaching the fixed
point in the HEFT parametrization, we can find an (analytic) SMEFT Lagrangian. We will
also find in many practical examples that most of the diagnostic power lies in the finiteness
of the Ricci scalar curvature, R. Explicitly, given the HEFT Lagrangian defined in eq. (2.6),

2N, 4 NeWNe —1) ll _ (”ahpﬂ . (3.12)

R=-155 [(8,%F) — (OnK) (Il{ahF>

v2 F? K

where N, = 3 counts the number of Goldstone bosons. Various geometric quantities for
HEFT, including the Riemann tensor, Ricci tensor, and Ricci scalar, are presented in
appendix A.

4 Does SMEFT exist at the fixed point?

In this section, we take the first step towards answering “Is SMEFT Enough?” by developing
a concrete set of tests that allow us to determine if it is possible to define a SMEFT
description of the EFT at the O(4) invariant fixed point, i.e., where electroweak symmetry

8We take the natural numbers N = {0, 1,2, ...} to include 0.

9Note that there is a potential ambiguity in the meaning of the analyticity of a function V(r) at the
point r = 0. There are two scenarios, either we are talking about a single-argument function V(r), with
r € (—00,400), charting a one dimensional manifold, or V'(r) is defined on a higher dimensional manifold,
with r € (0, 400) being the radial direction in a polar coordinate system. The real analyticity of V(r) at
r = 0 can differ in these two scenarios. For example, V (r) = r is clearly real analytic at the point » = 0 in the
first scenario. On the other hand, if it is considered as a function on a two dimensional flat manifold with the

usual polar coordinate chart (r,6) and metric ds* = dr?4+r2d6?, then it is not analytic at » = 0. One can for

1d

example check that the curvature invariant V2V = (% + a3

) V= % diverges at the origin in this case.

~13 -



is unbroken. This is a necessary condition as we work towards our ultimate goal, which is
to determine when it is possible to use the SMEFT description to probe BSM physics in
the physical vacuum, see section 5. As we have emphasized extensively so far, the answer
to this question can be easily obscured by performing field redefinitions. This motivates
the “Curvature Criteria” in subsection 4.2, which are expressed in terms of the geometric
invariant quantities introduced in egs. (3.10) and (3.11). Although the behavior of the EFT
at the fixed point is just the first step towards understanding when HEFT is required, as
we will show below in section 6, there are many interesting examples that can already be
elucidated by studying the EFT here.
We can summarize the logic followed in this section as

1. We express the most general set of SMEFT Higgs operators up to the two-derivative
level in terms of HEFT degrees of freedom. When written in this basis, the potential
is an even convergent power series in vg + h, and the form factors multiplying the h
(1) kinetic terms will be an even (odd) convergent power series in vy + h.

2. Next, we canonically normalize the h kinetic term. We prove that this eliminates
our ability to perform subsequent field redefinitions, thereby fixing the basis. In this
specific basis, the potential will still be an even convergent power series in vy + h,
and the form factor multiplying the 7 kinetic term will be an odd convergent power
series. This yields our “basis dependent criteria.”

3. We then generalize this basis specific statement through the use of curvature invari-
ants, since these are the natural objects for expressing physical statements that are
independent of coordinate transformations. This yields our “curvature criteria.”

At this point, we will have firmly established the properties a HEFT must satisfy
such that it can be expressed as a SMEFT at the fixed point.!? Unsurprisingly, the strict
criteria require that an infinite number of curvature invariants must be evaluated, since
we are making an all-orders statement about the properties of an EFT. It is typically not
possible to use this in practice, which motivates us to conjecture physically motivated “LO
Criteria” that only require checking a finite number of conditions. We conjecture that
for HEFT Lagrangians that come from perturbative physical examples, its parameters are
tied together in such a way that the following simplified criteria would work to distinguish
HEFT from SMEFT at the fixed point.

Leading Order (LO) criteria: a physical HEFT can be converted to a
SMEFT at the fixed point if and only if the following three conditions hold:

1. The function F'(h) has a zero at some real value of h = h,. This h, is then
a candidate for an O(4) invariant point.

2. The functions K (h), F'(h), and V(h) all have convergent single-argument
Taylor expansions in h at h = h,.

3. The scalar curvature R(h) is finite at h..

10As we will emphasize in appendix B, our criteria only hold for O(N) groups with N > 2, i.e., when the
Higgs transforms as a non-trivial representation of a non-Abelian group.
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This will set us up for an exploration of concrete UV scenarios in section 6, where these
leading order criteria are applied to expose that HEFT is required at the fixed point when
one is integrating out a state that receives all of its mass from electroweak symmetry
breaking. For completeness, we discuss some limitations of this approach in section E.

Having set the stage, we now turn to the detailed derivation of the rigorous criteria,
first in the context of a basis specific statement in subsection 4.1, followed by a basis
independent generalization utilizing curvature invariants in subsection 4.2.

4.1 Basis dependent criteria

We begin with the fact that the scalar sector of SMEFT (up to two derivatives and impos-
ing custodial symmetry) can be expressed as three functions of |H|?: the zero-derivative
potential V, and form factors A and B multiplying the two derivative terms, see eq. (2.3).
These can be written into the HEFT form using egs. (2.8) and (2.9), which yields

Lowerr = A(HP) 0] + 3 B(HP) (GIHF) - V(HP) + 00"

1 1
=3 [A+ (vo + h)*B] (0h)* + 5o+ h)2A(07)* — V(h) + 0(0%). (4.1)
Comparing this with the generic HEFT form up to two derivatives given in eq. (2.6), we
identify
K =\/A+ (v +h)?B (4.2a)
vF = (vg+h)VA. (4.2b)

As A, B, and V in SMEFT are real analytic functions of |H|? = (vo+h)?/2, with A(|H|?> =
0) = 1 and V/(|H|?> = v¢/2) = 0 (such that the potential is minimized at the vev),
we identify the following three features of the class of HEFT Lagrangians that can be
rewritten as SMEFT (we will refer to these as the “naive criteria” in what follows):

1. The function F'(h) has a zero at the real valued point h = h, = —vg. Since the HEFT
Lagrangian is expressed in terms of h, the potential V' (h) should already satisfy the
minimization condition V/(h = 0) = 0.} Then clearly the potential cannot be used
to determine vy = (H). In HEFT, locating the zero of F'(h) determines vy, i.e.,
F(hy) = 0.

2. At this special point h = h,, the functions K(h), F'(h), and V(h) are real-analytic
functions of h.

3. When Taylor expanded about h = h,, K and V have only even powers of (h — h,) =
(vo + h), and F has only odd powers. Furthermore, the fact that A (|H|? =0) =1
implies that their leading terms are K (hy) = vF’ (hy) = 1.

LT this is not the case, we would shift h to redefine its origin, removing any vev. Throughout this paper,
we take the condition V’(h = 0) = 0 as an implicit condition in all field bases.
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If one expresses SMEFT in terms of the HEFT fields, the resultant HEFT Lagrangian
satisfies the above three conditions. Conversely, these three conditions are also sufficient
to guarantee that a HEFT Lagrangian can be written as an analytic SMEFT Lagrangian
(about the fixed point). To see this explicitly, we can use egs. (2.8) and (2.9) to derive
eq. (2.10) in which the quantities are manifestly analytic. However, the three conditions are
not necessary to successfully write a HEFT as a SMEFT, as condition 3 is field redefinition
dependent.

4.1.1 Loophole using field redefinitions

Unfortunately, the ability to perform field redefinitions implies that the above naive test
fails to capture all possible HEFT Lagrangians that can be expressed as SMEFT. We give
an explicit example here, which is reminiscent of the issues mapping between polar and
Cartesian coordinates discussed in subsection 3.2 above.

Let

1 h\° . o 1 o(3  h O\ ..,
5_2(1+2UO> (0)? + 5 (vo + h) (4*4@0> (0R)? —V

1 V2IHP  |H 1 v 3\ 1 . -
— (e MY omp L (2 2 Lampy v, s

where the implicit potential V' = V(h) satisfies V/(h = 0) = 0 and we have chosen explicit
forms for K(h) and F(h):

h 1 1
— i A4
K=1+ o 2+2v0(v0+h) (4.4a)
F= —|—h)<3+h >—( +h)[1+1 (vo + h) (4.4b)
v =\ 4 4’00 — \o 2 4’00 v ' .

These do not satisfy the naive criteria: conditions 1 and 2 are satisfied, but condition
3 is violated. From the second line of eq. (4.3), we also see that a direct mapping via
eq. (2.8) and eq. (2.9) yields functions A (|H|?) and B (|H|?) that are not real analytic
about |H|? = 0. However, this can be fixed using a field redefinition.

Send h - hy = h + 41 h2.12 This gives

h

2
(1 + h1)2 = (0o + h)? <3 + 4hvo> , (4.5b)

noting that v; = 3vp/4. The HEFT Lagrangian in terms of the field hy is then
1 ho\° 1 3. h)’
s h 2 - h e —\2
L= 2( +2U0> (Oh) +2(v0+ )2 <4+4vo> (0n)

1
24 Z(v1 + h)%(07)? = |0H, ). (4.6)

1

12Note that this field redefinition preserves the minimization condition for the potential.
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We see that after the field redefinition, the HEFT Lagrangian now satisfies the naive
criteria. The direct mapping via egs. (2.8) and (2.9) simply yields the H; kinetic term,
which is obviously a valid SMEFT.

4.1.2 Canonicalizing the h kinetic term to fix the basis

The above example makes clear how our naive criteria do not account for the equivalence
relation among different HEFT Lagrangians resulting from field redefinitions. To derive a
necessary and sufficient set of criteria we must work in a specific fixed basis; our goal in this
section is to argue that we can fully specify a field basis by requiring that the kinetic term for
the field & is canonical, i.e., that K (h) = 1 and that there is no kinetic mixing (9*h)(9,n?).*?

First, we show that any HEFT can be rewritten in this basis. We start with the general
HEFT Lagrangian of eq. (2.6), but with the arguments of its functions shifted without loss
of generality

[K (vo + h)]*(0h)% + %[UF(UO + )] 07)2 = V(v +h)+00Y.  (47)

1
£ = —
HEFT 2

The potential is minimized when h = 0. Let

vi+h1=Q(vg+h)= /0v0+h dt K(t), (4.8)

such that
dhy; = K(h)dh. (4.9)

As K is always strictly positive and real analytic, the function @ is real analytic and invert-
ible, and therefore defines a valid field redefinition. It yields the canonicalized Lagrangian

(Oh1)? + % [vF(Q (v + hl))]Q(aﬁ)Q —V(Q t(v1 +h)) +0(0Y), (4.10)

N | =

LHEFT =

We define v; = Q(vp), such that the above potential is minimized when hy = 0.

Second, we show that canonicalizing the h kinetic term fully fixes the field basis,
exhausting our field redefinition freedom. We begin from the canonical two-derivative
Lagrangian

Lugrr = = (0h)? + %[UF (h))?(0)?

ntn’

o2+ SR+ ) 0y @) (4.11)

N — N

where in the second line, we expressed the 7 in terms of its three independent components
n’. We attempt the general field redefinition

h=h(h) (4.12a)
7 = 7 (h, 1) . (4.12b)

13We reemphasize that we are restricting ourselves to the set of field redefinitions that do not involve
derivatives.
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Note that h has no 7; dependence, since h is an O(4) scalar and 7; is a unit O(4) vector
that cannot be used to generate a non-trivial O(4) scalar apart from 7y - 17y = 1. The
redefined Lagrangian reads

1/ dh\? onind O\ On' ond

o sij . ' )WW u k
+ [vF(h)] (5 + 1—n2) 0hy onk (0"h1) (Opuni)

Lop (s n"nj)an"anj ) (9,1
+ P WP (574 {2 oo g (018) @und), (4.13)

For h to still have a canonical kinetic term, our field redefinition must result in a vanishing
mixing term (9"hy) (0,n¥), which implies

i W)WW:
(5 102 ) ok 0. (4.14)

Note that the matrix 6% + % is invertible, since

(61‘] + 1—7’LQ> (6‘] — njn ) = 6Z . (415)
In addition, the matrix dn?/Onk is also invertible due to the assumption that this field
redefinition is well defined. Therefore, eq. (4.14) defines a vanishing vector

on' B
ohy

0, (4.16)

since its coefficient matrix is invertible. This implies that 7 has to be independent of hq,
namely 7 = 7i(hy,71) = 7(7i1). This is an important result and its consequence is twofold.
One, when the O(4) vector 7 is purely a function of another vector 7i1, the O(4) symmetry
guarantees that

(07)* = (07)° . (4.17)

Therefore, the last line of eq. (4.13) is trivial and the form factor v F' is unchanged. Two,
for the (Oh1)? term in eq. (4.13), the constraint K = 1 implies that the h redefinition is
trivial:

an _
dhi

Note that there is no constant shift allowed, due to maintaining the potential minimization

K=1 1 =  h=h. (4.18)

condition.
To summarize, canonicalizing the h kinetic term uniquely determines h and 7, and
hence fixes the field basis. In this basis, the Lagrangian takes the form

(0h)? + %[’UF (W] (07)* — V(h) + O(d%) . (4.19)

N | =

LHEFT =
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4.1.3 Fixed basis criteria

Now we are positioned to close the loophole we found for the naive criteria proposed in
the beginning of subsection 4.1. We have already established that if a HEFT Lagrangian
can be written as SMEFT, it will satisfy the naive criteria in some field basis. We can
imagine starting from this basis that satisfies the naive criteria, and then perform the field
redefinition in eq. (4.8) to canonicalize the h kinetic term.

In our starting basis that satisfies the naive criteria, K and V in eq. (4.7) are even
functions, and F is odd. Moreover, K(0) = 1 and vF’(0) = 1. This implies that @ in
eq. (4.8) is odd, and satisfies Q'(0) = 1. Therefore, in eq. (4.10),

e the form factor of the (97)? term, F(Q~!(v1+h1)), is odd and has unit first derivative
about the point h; = —wvy;

e the potential V (Q~!(v1 + h1)) is even about hy = —uvy.

In other words, we derived the following criteria in the basis eq. (4.19), defined by having
a canonical h kinetic term:

Fixed basis criteria: given a generic HEFT Lagrangian, one must use a
field redefinition to canonicalize the kinetic term for h, while maintaining the
minimization condition for the potential V'(h = 0) = 0. This theory can be
expressed as a SMEFT at the fixed point if and only if the resulting HEFT
Lagrangian satisfies the following three conditions:

1. The function F'(h) has a zero at some real value of h = h,. This h, is then
a candidate for an O(4) invariant point. We will define vy = —h,.

2. At h = h,, the functions F'(h) and V(h) both have convergent Taylor
expansions, namely they are a nonnegative power series in h — h, = vg+h.

3. For these Taylor expansions about h., V is an even-power series, and F' is
an odd power series with the leading term v F’ (hy) = 1.

4.2 Basis independent curvature criteria

In the previous section, we have derived criteria that can be applied to the HEFT La-
grangian to determine when it is possible to express it as SMEFT. However, this result has
the drawback that it must be evaluated in the basis where the h kinetic term is canonical.
As we will see in section 6 below, where we work out various detailed matching examples,
integrating out a UV sector typically results in a non-trivial K (h) function, i.e., the kinetic
term for h is non-canonical. In principle, one could apply the field redefinition in eq. (4.8)
to set K (h) = 1. However, in practice this procedure typically involves inverting the func-
tion @, which comes with its own technical challenges (for example one might encounter
a transcendental equation). Therefore, it is of conceptual and practical use to develop
basis independent criteria. Unsurprisingly, a natural framework for doing so is through the
use of curvature invariants that are evaluated on the Higgs manifold, which are manifestly
independent of coordinate changes.
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We first assume that the functions K(h), F(h) and V(h) all have convergent single-
argument Taylor expansions about h = h,.'* Then in appendix B, we start with our fixed
basis form of the HEFT Lagrangian given in eq. (4.19) and show the following two sets of
conditions are equivalent as applied to eq. (4.19):

FCR(h,) =0, VkeN F(hy) =0
vF'(hy) =1 — VAV, - VHaV,, R, < oo, YneN , (4.20)
VEH(h) =0, VkeN ViV, - VY, V], < oo, Vn €N

where R is given in eq. (3.12) and is derived in appendix A, and V, is the covariant
derivative defined on the Higgs manifold. This justifies our basis independent curvature

based criteria:®

Curvature criteria: a HEFT can be expressed as a SMEFT at the fixed point
if and only if the following three conditions hold:

1. The function F'(h) has a zero for some real value h = h,. This is a
candidate O(4) invariant fixed point.

2. The metric is analytic at h,. This requires (i) the functions K(h) and
F(h) have convergent single-argument Taylor expansions about h = h,,
and (4i) curvature invariants (V#1V,,, --- V#V, R) built from the scalar
curvature R are finite at h, for all integers n > 0. When these conditions
hold, the special point h, exists on the scalar manifold and is the location
of the O(4) invariant fixed point.

3. The potential V' is analytic at h,. This requires (7) the function V' (h) has
a convergent single-argument Taylor expansions about h = h,, and (i7)
curvature invariants (V#1V,,, --- V#*V , V) built from V are finite about
h = h, for all integers n > 0.

We have provided a straightforward mathematical derivation of these curvature criteria in
appendix B. It is additionally useful to develop some physical intuition. As pointed out
by AJM in refs. [28, 29|, a necessary and sufficient condition for a HEFT to be expressible
as a SMEFT is the existence of an O(4) invariant point h, on the scalar manifold. The
necessity is obvious, since the H = 0 in any SMEFT theory is an O(4) invariant point. The
sufficiency is guaranteed by the CWZ linearization lemma [41], which states that when an
O(4) invariant point exists, one can construct a set of coordinates that transform in the
(linear) fundamental representation of O(4); these are the defining coordinates of SMEFT.

1 (Clearly, we are assuming that this statement is basis independent, which places a mild restriction on
the set of possible field redefinitions we are allowed to make.

15We emphasize again that the potential minimization condition V’(h = 0) = 0 is taken as the definition
of the origin of the field h, which is assumed in all field bases throughout this paper. Additionally, we leave
generalizing these criteria to account for the ability to perform field redefinitions that include derivatives
for future work.
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However, the linearization lemma assumes that the manifold under discussion is analytic,
which is why we need the requirements in condition 2.

Finally, we note that it might be the case that for any “physical” HEFT Lagrangian,
i.e., one that can be obtained from integrating out a UV state, condition 2 always guarantees
condition 3. This will be true for the concrete examples that we present in the next section.

5 Can our physical vacuum be described by SMEFT?

Thus far, we have established when HEFT is required to describe physics about the O(4)
invariant fixed point. However, this leaves open the question of why HEFT is required,
i.e., what properties of an SU(2)r x U(1)y-symmetric UV theory result in a low-energy
description that preserves only U(1)em. Additionally, we need to extend our analysis of the
EFT about the fixed point to ensure that the SMEFT we write down there can be expanded
about the physical vacuum, since this is required to make phenomenologically relevant
predictions. We will address this question by leveraging the same geometric framework
that underlies our criteria to distinguish SMEFT from HEFT about the fixed point. In
particular, when the UV theory is renormalizable, it is automatically truncated at two-
derivative order. This implies that all of the technology discussed in section 3 applies, and
the UV dynamics may be entirely encoded by a metric and potential function defined on
a field space manifold. We will show how the emergence of an EFT that only exhibits a
U(1)em symmetry, even though the UV theory manifests the full SU(2)z, x U(1)y symmetry,
can be understood using the language of the EFT submanifold.

As we will show in this section, integrating out heavy scalar states (at tree-level) leaves
behind an EFT which lives on a slice of the full manifold. In other words, the EFT can be
identified with a submanifold of the UV manifold, thereby providing a natural framework
for understanding how properties of the UV theory can give rise to non-analyticities in the
EFT. Then by recognizing that there are different possible “EFT branches,” we will argue
that a well defined SMEFT must live on a smooth branch that connects the fixed point
to the physical vacuum. Exploring the potential obstructions that can emerge along such
branches will provide us with additional insight into situations when HEFT is required.
This submanifold point of view also provides intuitive visual representations of the various
scenarios that can occur.

Our goal here is twofold: to define the EFT submanifold, and to understand how
non-analyticities arise on it. Although the analysis in this section is restricted to tree-level
matching among scalar field theories, the lessons are more broadly applicable.

5.1 The EFT submanifold

First, we will explain what is meant by the “EFT submanifold.” Consider a generic UV
action Syv[@, ®], which describes the dynamics of the SM scalar fields ¢ and the BSM
fields we plan to integrate out ®. From the functional point of view, integrating out UV
dynamics essentially boils down to solving for the effective action Sgg[¢] from the partition
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function directly:

/D¢ exp (iSEﬁ[qs] +i/¢J> = /D¢D<I> exp (z’SUV[¢, D] +z‘/¢J> . (5.1)

We can develop some intuition by considering the Euclidean path integral with ¢ treated
as a fixed background field. Then Sgg[¢] ~ In ([ DP exp(—Suyy)) computes the free en-
ergy of the ® modes, which will typically respond smoothly to changes in the external ¢
configuration. The exception is for ¢ values where the UV system exhibits some critical
behavior, the harbingers of which are massless excitations that are responsible for gener-
ating non-analyticities in the effective Lagrangian. As was emphasized by FR [33], such
effective Lagrangians must be matched onto HEFT. We will show how this physical story
manifests when using the language of the EFT submanifold.

Our goal is to match onto an EFT action up to two derivative order. In the case of an
extended scalar sector, the configuration space of the UV theory generates a manifold with
coordinates (¢, ®), upon which the zero- and two-derivative terms in the UV Lagrangian
define a potential and metric respectively. As we will now show, matching the UV theory
onto an EFT at tree-level is equivalent to simply solving for the EFT submanifold on which
the induced zero- and two-derivative EFT Lagrangian terms live. Approximating the path
integral eq. (5.1) using the method of steepest descent gives

Sex[d] = Suv[o, Pcld]], (52)
where the classical field ®.[¢] extremizes the action for a given ¢:
08
S5 [0 ®eldl] = 0. (5.3)

Next, we assume that the UV Lagranglan admits a quasi-local derivative expansion
Suv[o, ® Z S (5.4)

where terms that contain 2k derivatives are contained in SI(?\’;) [¢, @], and are themselves
local and analytic functions of the fields ¢ and ®. We wish to solve eq. (5.3) for
Ol = Doico oM [¢] as a derivative expansion. Then the zero derivative term o) (9]
is a functional of the light field coordinates ¢, which satisfies

oV (qS, <I>(O)> =0 where S’((JO\), = —/d4:EV, (5.5)
2k)

as a consequence of eq. (5.3). The higher derivative terms <I>((; can in principle be solved
for iteratively by expanding eq. (5.3) order-by-order in derivatives. However, we only
need <I>.(:0) to calculate contributions to the effective Lagrangian when truncated at the

two-derivative order:

Sitlo] + SEle] = SR |6, @ + 0] + 5[0, 0]

= 596, 00] + 08 )5SI(JV (6,00 + 53[0,

= 50 [0, 2] + 52 [¢, 2] (5.6)

where the third line follows as a consequence of eq. (5.5).
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Therefore, when matching perturbatively at tree-level, the effective potential and met-
ric are simply those induced by taking the (¢, <I>£,0>(¢)) slice of the UV manifold. This
submanifold is charted by ¢ and is determined in practice by profiling over the ® direction
to find a point which extremizes the UV potential. This makes the geometric interpretation
of the low energy theory completely manifest.

Generalization for non-trivial representations. These ideas straightforwardly gen-
eralize to our case of interest involving non-trivial representations. If the EFT can be
expressed as SMEFT, the UV manifold must have at least one O(4) fixed point, such that
the EFT manifold can possibly inherit it. Then the linearization lemma of [41] implies that
there exist a set of UV coordinates about the fixed point which arrange themselves into
irreps of SO(4); at least one of these irreps must be a 4-plet. If there is only one 4-plet,
it can be identified with our ¢’ field (i = 1,...,4) and the remaining irreps form the n
real coordinates ®* (a = 1,...,n). The O(4) fixed point when on the manifold defined
using these coordinates is at (¢! = 0,9 =0).1® We then attempt to integrate out the

coordinates ®¢, assuming the generic form for the UV Lagrangian:!'”

gz](¢a q)) gzb(¢a q)) a#(bj

-V iq)a 57
0os(6.8) (@) | \war| ~ VO B

Lov =5 (9,0' 0,0°)

where the potential and positive-definite metric are assumed to be analytic in the coordi-
nates (¢!, ).
In analogy with eq. (5.5), the n equations of motion (EOMs) are

g; (¢',0¢) =0. (5.8)

This system of equations is solved by a set of points (¢?, ®2) that arrange themselves to lie
along different “branches,” each a contiguous four-dimensional surface. These branches are
either disconnected from each other or can join at singular points of eq. (5.8), see figure 1.
Each of these branches defines an EFT submanifold expressed in terms of the ¢ coordinates.

5.2 Implications of the physical branch

A phenomenologically viable EFT (not necessarily a SMEFT) corresponds to the “physical
branch” that includes the observed vacuum, which is a local minimum of the potential
V. First, we can check if there are any intersection point(s) between the physical branch
and the ¢' = 0 plane, i.e., the plane which includes all of the possible O(4) fixed points.
If there is no O(4) fixed point on the physical EFT submanifold then it is necessarily a
HEFT. This phenomenon occurs when at ¢! = 0, BSM O(4) non-singlet fields have a vev

167f {®“} contains O(4) singlets, then there are infinitely many O(4) fixed points along their axes.

17Should there exist more than one 4-plet, we have the freedom to specify a basis in which to carry out
the matching, such that one of the 4-plets is identified with our ¢° field while the remaining 4-plets and
any other irreps become the coordinates ®“. In section 7 and section E, we will explore aspects of choosing
a basis in such situations; note that changes of basis in the UV theory can correspond to derivative field
redefinitions in the EFT, and can result in different conclusions on whether HEFT is required.
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< X0

Figure 1. In a schematic UV theory of two fields (¢, D), possible behaviors of regions of the EFT
submanifold (solutions (¢, ®¢) of g—g = 0) about points ‘x” where 2 8<1>2 = 0. For the two lefthandmost

(blue) points, % = 0, and the gradient eq. (5.9) is ill-defined. Generically, different branches
of solution will meet. ®. may or may not be analytic in ¢ on each branch at this point. For the
righthandmost (orange) point, a‘aj—a‘; # 0, and the gradient eq. (5.9) diverges. ®. ceases to be an
analytic function of ¢. See appendix C for a fuller discussion.

&% #£ 0, which breaks the O(4) symmetry. Therefore, HEFT results because there is extra
electroweak symmetry breaking.

Having covered the obvious case, we can assume that our physical branch includes an
O(4) fixed point, such that it could potentially be written as SMEFT. Next, we need to
check whether the EFT Lagrangian is analytic in the coordinates ¢. The analytic implicit
function theorem [44] tells us that the solutions ®. of eq. (5.8), whose first derivatives are
given by

d(I)lé o2V -1 22V
ag W=~ <a<1>ac1>(¢’ )> ¢za¢a(¢a c) (5.9)

will be analytic in ¢ if 5 q?a gq)b (¢, ) is invertible. Upon substitution into eq. (5.7), an an-
alytic ®. yields an analytic EFT Lagrangian. By contrast, when the matrix %(qﬁ, D)
is singular, we expect non-analyticities in ®., and by extension the EFT Lagrangian. Their
exact form is considered in more detail in appendix C, and we show schematic examples
of non-analytic behavior in figure 1.

When the matrix (If)a 550
state that acquires all of its mass from electroweak symmetry breaking. We generically

is singular at the O(4) fixed point, this corresponds to a BSM

expect any EFT Lagrangian to be non-analytic at the fixed point in the sense defined in
section 4, and for HEFT to be required, see FR [33].

Furthermore, we may now consider the analytic properties of the EFT as we move
along the physical branch between the fixed point and our observed vacuum. Let there
invertible at this putative O(4) fixed point. This only guarantees that we have a SMEFT

be an O(4) fixed point on the physical branch, and let the sub-mass matrix

expansion in the neighborhood of the O(4) fixed point. When applying this expansion to
physical observables, there is no guarantee that the predictions made about our vacuum
will be convergent. For example, if the sub-mass matrix % includes a tachyonic
direction at the O(4) fixed point (even though it is invertible), then the convergence of the
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SMEFT expansion cannot be preserved all the way from the fixed point to the observed
vacuum. The issue is that on any such path, there exists a point at which % becomes
non-invertible, which implies the existence of a singularity.

Furthermore, even when the (real) analyticity of SMEFT is preserved all the way
along a path connecting the fixed point with the our observed vacuum, the convergence
of physical predictions is still not guaranteed. We will discuss a concrete example of this

phenomenon in section 8.

6 When HEFT is required: light BSM states

In this section, we show a number of concrete examples where the low energy theory must
be expressed as HEFT by starting with a UV description and explicitly integrating out the
BSM particles. In particular, our example models include new singlets, since these present
some of the most challenging scenarios for direct exploration. Our focus in this section is
on the limit where these new physics states get all of their mass from the Higgs vev, since
this is one situation where we expect HEFT to be relevant.

These examples are simple enough that we can perform the matching calculation and
obtain the potential term Eg)f)f and the two-derivative term L}(Ezf% of the effective Lagrangian
to all-orders in the light fields, namely that we can get the full form factor functions K (h),
F(h), and V(h) in eq. (2.6); truncating Lrg to finite order yields an EFT description. This
enables us to check the claims of our LO Criteria in section 4 for each of these examples.
Then in section 7, we will discuss the implications of UV models with new sources of
electroweak symmetry breaking beyond the SM Higgs doublet.

6.1 Integrating out a singlet scalar at tree level

In this section, we introduce one of the simplest scenarios where a BSM state — a new scalar
singlet S — gets all of its mass from the Higgs vev through a coupling x|H|?S?. Recent
matching calculations for this scenario in the context of HEFT and SMEFT include [34, 45—
52]. Specifically, the UV Lagrangian is

1
Luv = |0H> + 5(a>5)2 -V, (6.1)
with the potential
1 1
V:_,ﬁqyﬂy?+AH|H\4+§(m2+myHy2)s2+ZASS‘*. (6.2)

We require A\, Ag > 0 and 4 \gAs > k2 to enforce that the potential is bounded from
below. We have imposed a Zs symmetry S — —S to make the model as simple as possi-
ble. Naively, this Zo symmetry would forbid any non-trivial tree-level effects unless it is
spontaneously broken by the vev of the singlet vg. Once written in terms of the dynamic
field S = vg + s, the Lagrangian is

1
Lyv = [0H|* + 3 (9s)” =V, (6.3)
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with the potential
_ 2 _1 2 2 4 2
V=—(uy 5 U5 |H|* + Ag |H|* + kvg|H|*s
+1(2A 2 4 | HI?) s + Agvss® + ~ Ag st 6.4
5 svs + K|H|?)s* + Asvgs +Ass (6.4)

Then £ O —kvg|H|?s, the interaction term linear in s, generates non-zero Wilson coeffi-
cients at tree-level. The minimization condition for the vev is

vs (m? 4+ Agv?) = 0. (6.5)

Clearly there are three solutions, and we choose to work in the parameter space where
m? < 0, implying that vg # 0 corresponds to the physical vacuum; solving eq. (6.5) implies

m? = —A\gv%. Then the field-dependent mass of the singlet s is

m2(H) = 2X\sv% + k|H|[* = —2m? + x|H|? . (6.6)

Next, we will integrate out the BSM singlet s at the tree-level and obtain the effective
Lagrangian for H. Our expectation is that we can match onto SMEFT when m? # 0.
However, if m? = 0, the singlet s acquires all of its mass from the Higgs vev vg. This can
generate non-analyticities in the effective Lagrangian for H, such that one cannot match
this theory onto SMEFT. In the following, we will check if this is the case by performing
the matching calculation, and also check if our LO Criteria in section 4 hold.

Effective Lagrangian. To integrate out the heavy singlet s at the tree-level, we solve
its zero-derivative equation of motion

ov
0:g:(v5+s)(2)\svgs+)\gs2+/<;|H|2). (6.7)

Noting that sc[H = 0] = 0, the physically relevant solution is

—m2 _ H|2
SC[H]:—vs+,/vg—i|m2:—vg+ mA:" (6.8)

where we have adopted the convention vg > 0. Substituting s¢[H| back into eq. (6.3), we
derive the effective Lagrangian:

2

Lrg = [0H|* — " O|H|?)*
1
g [HP = Mg [HI' = (m + 5[ HP)*. (6.9)
S

For this derivation, we were explicit about the fact that the Zo symmetry was spon-
taneously broken. However, this required introducing the explicit vev vg and expanding
S = vg + s, so that the potential in eq. (6.4) includes more terms than in that for the un-
broken phase eq. (6.2), thereby complicating the algebra. In fact, we could have performed
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the same derivation directly using eq. (6.2) by taking variation of eq. (6.2) with respect to
the field S:

_ov
i

Then as long as one is careful to work with the physical solution to this EOM, then the

0 S (AsS%4+m? + w|H|?) . (6.10)

resulting effective Lagrangian will be identical. We will follow this more concise strategy
when performing matching calculations in section 7 below.

Form factors and curvature invariants. To apply our criteria to eq. (6.9), we use
egs. (2.7)—(2.9) to express H in terms of h and i:

L K2 (v + h)? 9 1 2 2
Lea=5 |1~ Oh)? + - h)2 (97
. 2( oxs [2m? + w(uo ¢ w2 ) O T Lot (O
1 2 2 1 4 1 9 ) 2
+§ﬂH(UO+h) - ZAH(UO‘Fh) + 16)\5 2m +/€(U0+h) } , (6.11)

from which we identify the form factors K and F', along with the potential V:

k2(vo + h)?
K(h)=/1- : F(h)=wo+h, 6.12
(%) \/ 2\5[2m? + K (vo + h)?] v B (R) =0+ (6.122)
1 1 1 2
V(h) = == uf (vo + h)? + = A (vo + h)* — —— [2m2 + r(vo + h,)ﬂ : (6.12b)
2 4 165

Note that vg = v in this model. First, we see that F'(h.) = 0 can be satisfied for
hy = —v; (6.13)

this is the candidate O(4) invariant point. In addition, the functions K (h), F'(h), and V' (h)
all have convergent Taylor expansions as a function of kA about h,. Both conditions 1 and
2 of our LO Criteria are therefore satisfied, whether m? = 0 or not.

Next, we check the third condition, which requires computing the scalar curvature R.
Noting that

1 2m? h
OF=-, OF=0, OFK=-"-" w+h) - (6.14)
v AsK [2m2 4 k(v + h)?]
we plug into eq. (A.9) to derive the scalar curvature
2N, N, (N, —1) 1
R= i Ok + e e (1o )
(ot )3 ) (v + h)? K2
N, —1 2(k —2Ag) — 4(N, 4+ 1)m?

[k(v+h)?(k—2Xg) — 4m2>\5]2

where we have used 9, F = 1/v and 92F = 0 in deriving the first line.
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m? # 0: matching onto SMEFT is allowed. We see from eq. (6.15) that when
m? # 0, the scalar curvature is finite at the candidate O(4) fixed point:

H,2

C4Am2)g

Therefore, our LO Criteria imply that the theory can be matched onto SMEFT. This can
be verified by expanding the effective Lagrangian for H we obtained in eq. (6.9) in powers

R(h=—v)= Ny (N, +1). (6.16)

of 1/m?2. Performing this expansion, we find

Leg = [0H* + pgy |H> = A |H[*
2>2 1 K2

- S rens (8|H|?)? + O (dim-8) | (6.17)

1 2
H
+ )\S(m +K,’ |

which is a SMEFT expansion. In addition, we also see that the decoupling limit m? — oo
is well behaved, i.e., the curvature R(h) — 0, see eq. (6.15).

m? = 0: matching onto HEFT is required. When m? = 0, the singlet s gets all of
its mass from the vev of H, see eq. (6.6). Therefore, we expect the effective Lagrangian to
be non-analytic at H = 0, and as such it cannot be mapped onto SMEFT. This is reflected
by the divergence of the scalar curvature at h, = —v:

Ny(Ny, — 1)k

Rlmz—0 = (k—2Xs)(v+h)?2 h—h > (6.18)

Our LO Criteria imply that the effective Lagrangian with m? = 0 can only be matched
onto HEFT.

6.2 Integrating out a singlet scalar at loop level

Now that we have seen how our LO Criteria work in the context of a concrete example at
tree-level, we will turn to the same Zs singlet model in the regime where S does not get
a vev, so that the leading Wilson coefficients are generated at one-loop order. We note
that matching coefficients up to one-loop and dimension-6 for the more general parameter
space of the singlet scalar model have been previously computed [53-55]. The novel result
derived here will be the all-orders form factors F'(h) and K (h).

We set the singlet quartic coupling to zero for simplicity, such that the Lagrangian is

1
Loy = 0H|* + gy |HI* = A [H[" + 58 (=0° —m? — 5[H[*) S, (6.19)

Our goal is to integrate out S to obtain the effective Lagrangian for H, and then apply
our LO Criteria to determine under what conditions one can match onto SMEFT. The
field-dependent mass of .S is

m%[H] = m? + k|H|?, (6.20)

and similarly, we expect to be able to match onto SMEFT when m? # 0. If m? = 0, the
mass of S is purely from electroweak symmetry breaking, and we expect to be forced to

match onto HEFT. In what follows, we will see that this expectation is consistent with our
LO Criteria.
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Effective Lagrangian. Starting with the Lagrangian in eq. (6.19), it is straightforward
to derive the tree-level equation of motion for S:

(=0* —m? —k|H*)S=0 = S.=0. (6.21)

Since S¢ vanishes at tree level, the new physics contribution to the effective Lagrangian for
H begins at one loop. As is well known, the effective Lagrangian can be computed from a
functional determinant:

L, tree(H) = |0H[> + p3 |H> — A |H|*, (6.22a)
/d4a: L, 1-100p(H) = % log detg(32 +m?+ /f\H]Q) . (6.22b)

No techniques exist to evaluate the functional determinant in eq. (6.22b) to all orders.
However, we can make progress by organizing the effective Lagrangian as a derivative
expansion:

Log= L9+ 8 +0(0Y), (6.23)

where Eg}zT contains all the terms with k derivatives, we are dropping the “1-loop” subscript

for brevity, and terms with odd-powers of derivatives do not contribute since we only
consider operators with bosonic fields.

In appendix D, we work out a new formalism that allows one to calculate the two
derivative contribution to the effective Lagrangian to all orders in the fields, by evaluating
the functional determinant directly from the path integral. Here, we are interested in
the potential V' = —CS)%T, and the form factors K(h) and F'(h) that multiply the two-
derivative terms L}(;EZT. Then we can apply eq. (D.21) with the identification M? = m?
and U = k|H|?, such that the terms of O([U, 8,U]) = 0 identically since |H|? is a singlet
and has a vanishing commutator.'® The resulting effective Lagrangian is thus

2
©) _ 2 72 _ 4 2 212 % 3
£5) = 1 HP? = X |1 g (P o ) (m g T 2) (6.24)
1 K2

O|H|?)? . 6.24b
384W2m2+H’H’2( | | ) ( )

L) = [0H? +

In this basis, it is already clear by inspection that when m? # 0, this Lagrangian can be ex-
panded in 1/m? and matched onto SMEFT, while when m? = 0 one encounters non-analytic
behavior about H = 0. We will see this intuition play out more rigorously in what follows.

13Tn the next section, we will present a model where this commutator does not vanish, leading to more
involved expressions for the form factors.
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Form factors and curvature invariants. Next, we use egs. (2.7)—(2.9) to write
eq. (6.24) in terms of h and 7i:

1 1
ﬁg)f)f = 5#1%1(”0 +h)? — Z/\H('UO + h)*
1 2, K zr M2 3
il 2| |1 ° 2
v [m +3+h) N B T hE 2] (6.252)
2 2
(2):1 h21 1 H(/UO_’_h) 1 h2 —\ 2 2b
Lig = 5(0h) t 9672 2m + r(vy £ )2 + 5 (w0t h)7(07), (6.25b)

where the potential V = —Eg)f}. Noting that vy = v, we then identify the form factors by
comparing against eq. (2.6):

K(h) = \/1 * 9617T2 2m§2—i(-v;(—vh4)-2h)2 (6:26a)
F(h) =1+ % . (6.26b)

We use these to evaluate the scalar curvature R via eq. (A.9):
2N, N, (N, — 1) 1
R= —"2 _(hK)+ 2% 2 <1—)
o s )+ =T K2
_ 1 (2N, 2m? K2 Ny (N, —1) K2

) . (6.27)

Next, we can use these functions as input to our LO Criteria, to explore the ramifications
for matching.

m?2 # 0: matching onto SMEFT is allowed. From eq. (6.26b) above, F(h,) = 0 has
a solution for h, = —v, which we identified with the candidate O(4) invariant point on
the manifold. Hence, condition 1 in our LO Criteria is satisfied for any choice of m? = 0.
Next, we will check the other two conditions assuming m? # 0. In this case, the potential in
eq. (6.25a) and the form factors in eq. (6.26) are all real analytic single-argument functions
at hy = —v:

23
hy) = i £ } K(hy) =1 2
Vih) = gt ln 254 5] K =1, (6.29)
and therefore condition 2 in our LO Criteria is satisfied. In addition, the curvature scalar
R is also finite at h, = —v:
R(h,) = LY (N, +1) (6.29)
192m2m2T PN ’ '

which satisfies condition 3. Therefore, our LO Criteria imply that the theory can be
matched onto SMEFT when m? # 0. Additionally, eq. (6.27) implies that the curvature
R(h) — 0 as m? — oo, implying that SMEFT will reduce to the SM in the decoupling
limit as it must.
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These claims can also be explicitly verified using our result in eq. (6.22). When m? # 0,
we can expand the functional determinant in powers of 1/m?2. For example, we can apply
the universal formula eq. (2.54) in [45] truncating up to mass-dimension-6,

L£l1oop () — 1| 2 IDL2+1 2k|H|* + lnM—2 K*|H|*
EFT = 64n2 m2 m?

oy o).

which is obviously a well defined SMEFT expansion. This same result can be derived by
expanding eq. (6.24) in 1/m?.

m? = 0: matching onto HEFT is required. Now we investigate the situation when
m? = 0. Using eq. (6.26), we see that

K

2 —
K ’m2:0—1+m.

(6.31)

while F'(h)
about h,. However, condition 2 in the LO Criteria is violated because the potential is now

lm2—o = 1 + h/v is unchanged. These are clearly both analytic functions of h

1 1
V]m2—o = _yg{(v +h)?+ 1/\H(v + h)4

T ATE w3 (6.32)
- ——k"“(v n————+ — .
25672 %n(v +h)2 2|’
which is not real-analytic in h at h, = —v, due to the presence of the logarithm. Moreover,

we can check that condition 3 is also violated by explicitly evaluating the scalar curvature
in eq. (6.27) for m? = 0:

1 Ny(No—1) &
9672 K2 (vt h)?
Ny(Ny, —1) K

= . 6.33
(v+h)2 9672 +K h—h o (6.33)

R|m2=0 =

This example again illustrates that when a state gets all of its mass from electroweak
symmetry breaking, one is required to match onto HEFT. We see that our LO Criteria
hold for an EFT whose non-zero Wilson coefficients first appear at loop level.

6.3 Integrating out a vector-like fermion at loop level

Now that we have worked through the implications of integrating out new scalar particles,
we will turn to an example with BSM fermions for completeness. One new feature is that
the calculation of the form factors is significantly more involved. In particular, this will
be our first example with a non-trivial F'(h) form factor, see eq. (6.47b) below. Again
our intuition will be in concert with our LO Criteria. When the vector-like mass M # 0,
we can match onto SMEFT, and if M = 0, these fermions acquire all of their mass from
electroweak symmetry breaking, and we must match onto HEFT. Our results are a natural
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generalization of the effective action arising from integrating out chiral fermions [56]; recent
EFT calculations involving vector-like fermions include [57-60].

Recall that in setting up the formalism implemented here, we made the simplifying
assumption of custodial symmetry, see e.g. eq. (2.6). Therefore, we must introduce UV
physics that respects SU(2); x SU(2)g, and in particular this implies that we cannot
simply add a fourth generation. Arguably the simplest UV Lagrangian involving BSM
fermions that respect custodial symmetry is

Luy =9 (id — M —Z)
= P (i — M) 4+ Pr(id — M)r — (ydrS¢r + h.c), (6.34)

where 17, and ¥g transform as doublets under SU(2)z, and SU(2)pr respectively. We can
write this in a manifestly custodial invariant form using

YL 0 yXx
= % = 6.35
- () R —

with H = i02H*, so that under a custodial symmetry transformation,

[1]

(1 )

Y — ULSU}, Y = (wLa) — Uy, YR = (wRa) — URYR, (6.36)

Lb Rb

where ¥rq, Y1, YRa, YRy are all Dirac fermions. Next, we will compute the contribution to
the effective Lagrangian for H that results from integrating out .

Effective Lagrangian. To begin, we note that there are no tree-level contributions to
matching from integrating out 1. This is obvious, since we are investigating the impact of
heavy fermions on the scalar Lagrangian. One can also see this by deriving the tree-level
equation of motion for ¢ from the Lagrangian in eq. (6.19):

(i—M—-ZE)p=0 = th=0. (6.37)

Since 1. vanishes at tree level, the new physics contribution to the effective Lagrangian for
H begins at one loop.
We derive the one-loop effective Lagrangian using

/d4x£Eﬂr D —ilndet (i — M — =)
i . - ‘ -
= —i[Trln(u?—M—:) +T‘rln(—2($—M—:)}
= —% Trin [6% + M? — (i§Z) + 2M E + =2
- _% Trin (92 + M? + U), (6.38)
where in the last line we have implicitly defined

U=—idE+2ME+=22=00 4y (6.39)
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where we organize U as a derivative expansion
U ==2242M3, Ul = —ig=. (6.40)

We now have everything we need to apply the new technology developed in appendix D.

In particular, we apply eq. (D.21) to obtain the first two terms in the derivative expansion

of the effective Lagrangian'®

1 1 1
/d4:U Lrr D —5T(U) > —§T<0>(U) - 5T<2>(U<0>) , (6.41)
with
oy Lo 2( K 3)]
_/da: tr[Q(M +U) (mgppts)]- (6.42a)

1 © 1 -2
@Oy — [ g4 1 (0) 2 | 0
T (U )_/dx167T2/0 dt ¢ tr (0,0 (£ + M2+ U©)
x MUO (¢ + M2+ U0) 7] (6.42b)

In comparison with section 6.2 where we integrated out a scalar at one-loop, the fermionic
case is more involved In particular, complications arise because of the non-trivial com-
mutators {U © ] # 0 and {U ©) Oy U } # 0. Therefore, we must be careful when

expanding T(O)(U O 4+yu (1)), which requires including up to two factors of U, and the
most general form of eq. (D.21) is needed to evaluate 72 (U (0)). We also note that some
simplifications occur since

=2 = JyPPlH P, (02)* = [y[*|oH?, (6.43a)

are both proportional to the identity. Additionally, odd powers of = and U!) have vanishing
traces. Carrying out the expansion, we find

0> fae { (M9 i (le a2 " 2i (6.44a)
B il B ]\Z\;;Q In % gi 5 In (M2M—4£2)2i 3(02)?
#[- M En G Loy }
_ /d4x 1617r2 { [M2 rero (Mj]\;gy In % J_r gz} 522(85)2 (6.44b)
=)

19The superscript notation on the 7’s tracks the explicit derivatives. There can additionally be implicit
derivatives within U, as will occur in what follows.
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with

€= VE = \JWRIHE = /3yl (00 + )2, (6.45)

The resulting effective Lagrangian up to second order in the derivative expansion is

=~ g1+ 9" (i (M/i@ #y)r -t (MM—QW #5)] @
£ = 1617T2{ - [MQ —3¢2-2¢%In (M2“_4 op
Mt —6M2¢? -3¢t n (M +¢)?| |0H?
4M¢ (M —€)?] |H?
Ll T MIZGMPE -3¢ (MO 1 4(6|H|2)2}. (6.46b)

3 AME VM =92 | 4/H|

Next, we will identify the form factors and explore the implications for matching.

Form factors and curvature invariants. We use egs. (2.7)-(2.9) to write eq. (6.46)
in terms of h and 7, and compare this to eq. (2.6) to read off the form factors

2 4 4
K(h) = \Jl—f—gﬁQ[an;i{Q)Q—g]a (6.47a)
_ i o 3_ MM (M+6\
UF(h)_(vo+h){1+87T2[IH(M2_§2)2+2—ng[l‘zlgln(M—g)]
) Y e
207 ) ag "\ M —¢ ' (o470

We see that the form factor F(h) has a zero at h, = —up, which is the candidate O(4)
invariant point, so condition 1 in our LO Criteria holds.

Now we have the required ingredients to evaluate the scalar curvature R using eq. (A.9),
which is a straightforward exercise. However, the non-trivial form of F' in eq. (6.47), results
in a lengthy and unenlightening expression for R. Hence, we will not provide the full
expression for R, but will instead evaluate it at h = h, for M # 0, and taking M — 0 in
what follows to check the compatibility with our LO Criteria.

When matching onto SMEFT is allowed. First, we will explore the case with M # 0.
As noted above, using eq. (6.47b) it is clear that F'(h.) = 0 has a solution at h, = —vy.
It is also straightforward to check that all the form factors in eq. (6.47) are real-analytic
single-argument functions at the candidate O(4) fixed point.?’ Then we can compute the

20Note the Taylor expansion

=) 2k
M M+£ _
4§ 22k+1( ) =
k=0

+ e (6.48)

&
M4
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&
M?2

W =
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scalar curvature and evaluate it at h, by plugging eq. (6.47) into eq. (A.9):

)
(ly[>)? 16 4|y|? pr 2
1+ 6,2 In 23 , (6.49)

1672 5M?
which is finite. Therefore, conditions 2 and 3 in our LO Criteria hold, which implies that

R(h = —wv) = Ny (Np +1)

this theory can be matched onto SMEFT. This can be explicitly verified by expanding
eq. (6.46) up to mass-dimension-8, giving

" |y|4‘H’4 (ln ]/\222 B g) + 1|5y]\22 |H|6 + 14’3‘;44 |H|8] ) (6.50a)
Eg}?ﬂT ) 817T2{ 2 hrlj\“j2 — g _ §|]\y42|H|2 B 325\?;4 \HA| |y |0
+ <5]?42 + 395’ﬁ4|HI2>|y\4(8H12)2}, (6.50D)

which is a well defined SMEFT expansion, up to the order specified.

When matching onto HEFT is required. When M = 0, the form factors and poten-
tial become

ly|? 22 2
K(h)|yn = 1|1+ In - 6.51a
(Wlar=o \l A7 | [yl (vo + h)* 3 (6.51a)
ly|? 242
V()| vyeg = (vo+h)y 1+ 2 — 22 6.51b
(M) pr=o = (vo )\/ 4 P 2y £ 1) ( )
ly|? s 24° 3
h — = W4 I — 2 51
V(1) as—o 62 (vo + h)*|In PEICEE + 5 (6.51c)

Now due to the appearance of In (vg + h), they are all non-analytic at h = h,, violating
condition 2 in our LO Criteria. We can also compute the Ricci curvature with M = 0:

2 92 51y|2 2 21,2 -1
Rlyeo = Y. [1 vl 1+’y‘logu)2> , (6.52)

72 (vo+h)2KA|T 4872 472 7 [y (vo + h
where we have taken Ny = 3 to simplify the expression. It is straightforward to check that
Rlpy—g ———— . (6.53)
h— hy
Therefore, our criterion asserts that this theory must be matched onto HEFT.

Finally, to build intuition, we write the effective Lagrangian in eq. (6.46) for the case
when M = 0:

Lyg M0 = 42 |H|*| In W +3])| (6.54a)
2) _’l/|2 ] < I > HI2 — 1 H22 ib
Fotlyimo = 472 [ o)1 g ) | (6.540)
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These expressions are non-analytic about the origin H = 0. Keeping in mind that this can
not be used to make any rigorous claims since it suffers from the ambiguities associated
with field redefinitions, we see the relation between the results of our criterion that utilizes
curvature invariants and the non-analyticity of this effective Lagrangian expressed using
H. We conclude that eq. (6.54) must be matched onto HEFT.

This completes our exploration of examples from integrating out BSM states that get
all of their mass from electroweak symmetry breaking. We have seen that models with new
scalars and/or fermions which generate Wilson coefficients at tree and/or loop level can
yield effective Lagrangians with conical singularities at the putative electroweak symmetric
point in field space. In the next section, we will explore the other perturbative scenario
where HEFT is required, namely when there are BSM sources of electroweak symmetry
breaking.

7 When HEFT is required: BSM symmetry breaking

At this point, we have explored a number of concrete examples to demonstrate that HEFT
is required if one integrates out states that get all of their mass from electroweak symmetry
breaking. The LO criteria for SMEFT were violated by singularities at the putative O(4)
invariant point on the manifold, i.e., the Ricci curvature was ill defined at h = hy. In this
section, we turn to the other perturbative situation where HEFT is required — when one
is integrating out states that are associated with new sources of symmetry breaking. In
these scenarios, we will show that there is an obstruction to reaching the O(4) invariant
point. This manifests the expectation that extra electroweak symmetry breaking gives rise
to an EFT manifold that does not contain an O(4) invariant point.

Of course, the two situations have a great deal in common; in both cases, the resulting
HEFT exhibits unitarity violation by 47 v whose resolution is associated with the appear-
ance of new states below this scale. However, the two cases remain distinguished by the
geometry: in the case of massless particles, there are singularities associated with the O(4)
invariant point on the EFT manifold, while in the case of extra symmetry breaking, the
O(4) invariant point is absent entirely. As such, we treat the two cases separately.

To our knowledge, no matching calculations appear in the literature that include the
impact of extra symmetry breaking on the zero- and two-derivative matching terms to all
orders in the fields. All calculations will be performed by solving the EOMs for the fields
expressed in the unbroken phase; by being careful to enforce that we are then taking the
particular solution of interest when performing the matching calculation, we fully capture
the symmetry breaking effects in analogy with the derivation in section 6.1 above.

Due to the additional complexity inherent to working with this class of models, we will
first work through the details using a toy example. In particular, this will provide a plat-
form to introduce the notion of the “unitary basis” in the UV theory, which yields a simpler
EFT description when integrating out BSM states. We will then turn to the simplest ex-
tended scalar sectors of phenomenological relevance, when we add a second Higgs doublet
(section 7.2) or a Higgs triplet (appendix 7.3). Since the triplet model breaks custodial sym-
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metry, we will not analyze it in full detail using the tools developed in this paper. However,
there are still many interesting aspects of this model that we will be able to highlight.

7.1 Abelian toy model

In this section, we will explore a simple Abelian model that has two sources of symmetry
breaking. This will provide us with a platform to discuss the implications of the EFT
submanifold discussion in section 5. While a U(1) ~ SO(2) symmetry is significantly
simpler than the non-Abelian O(4) symmetry of the custodially symmetric SM, we will see
that our intuition plays out as expected — the low energy description when integrating
out a state that contributes to symmetry breaking must be expressed as HEFT.

7.1.1 UV model

To write down the model, we introduce two Abelian Higgs fields H 4 and Hp, which trans-
form under a U(1) symmetry with charge assignments:

Field Q
Hy +2 (7.1)
HB +1

The most general renormalizable potential allowed by the charge assignment in
eq. (7.1) is
L=|0HA”> +|0HB> -V, (7.2)

where
V =m}|Hal> + mb|Hp|> + Aa|Hal' + Mg |Hp[!
+ 2| HaP|Hp[? + [ Ha (Hp)" + hec.], (7.3)
and we enforce that Ay, Ag > 0 and AaAp > k2 to ensure that the potential is bounded
from below.

7.1.2 Matching in the unitary basis

Our goal is to integrate out Ha, leaving behind an EFT for Hp. The calculation is
simplified by making a UV field redefinition for H4 that takes us to the “unitary basis.”
The idea is to parameterize H4 as an arbitrary rescaling and rephasing of H5. Generically,
the unitary basis is obtained by parameterizing the heavy field as a rescaling and rephasing
of a polynomial of the light field that transforms in the representation of the heavy fields.
For the example at hand, we let

Hp = ﬁre” , (7.4a)

f 1B r2 1 ip+2im

where the degrees of freedom are now the real fields 7, f, 7 and 3.
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Writing the UV Lagrangian eq. (7.2) in terms of the unitary basis, we find
[ — 1 2 1o 2 1 2 19 2
= 5(8]“) —|—§f (O(B + 2m)) +§(87‘) +§r (Om)* =V, (7.5)

where the potential eq. (7.3) is

1 1 1 1 1 1 ;
V= imifQ + imZBrz + Z)\Af4 + ZABT4 + Qm’Zfz + ﬁer Re (ue'?). (7.6)
Next, we integrate out f and 5. To obtain the EFT Lagrangian up to two-derivative
order, we only need to solve the EOM for f and S to zero derivative order, as explained in

section 5. Hence, we simply need the variation of the potential:

0= g‘; = (mAy +sr?) f+Aaf’ + \}572 Re (ue'?), (7.7a)
ov 1 ;
0=55 =g (e, (7.70)

The 8 EOM is solved by the constants

B=—argu or B=—argu+m, (7.8)
and without loss of generality we choose the latter. Noting that

0*V

95~ —\}57”2]” Re (pe'?) (7.9)
we see that § fluctuations have positive mass when f > 0, and the global minimum (which
we identify with the “observed vacuum” in this toy model) is also in the region where
f > 0.2! Subbing the 3 solution into the f EOM yields

g‘;: (mi+/<;r2)f+)\14f3\}§r2]u]:0, (7.10)
which is a depressed cubic equation for f that has either one or three real f solutions for
any given r.

At this stage, the benefits of writing H 4 in the unitary basis eq. (7.4b) are clear; these
features will have an analogies for the doublet and triplet models studied next. Specifically,
the matching of the radial and angular modes nicely factorises in this basis. The classical
solution for [ is simply a constant, and the general problem of tree-level matching reduces
to solving the f EOM, which is at most a cubic for any renormalizable UV model. Moreover,
fluctuations of § about its classical solution are always UV mass eigenstates.

Note that, physically, a constant § solution is necessary to define the action of the
U(1) symmetry on the EFT submanifold. It implies the relative phases of H4 and H% are
locked along the EFT submanifold, such that all points on this submanifold map onto each

21 Choosing the former solution for £ in eq. (7.8) will yield the same EFT solutions, but with the opposite
sign for f. Note that this corresponds to our freedom to redefine H4 — —H 4 in the original potential
eq. (7.3).
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other under the action of the U(1) symmetry defined in the UV.?? This means that we
can, in principle, find coordinates for the EFT manifold on which the U(1) is non-linearly
realized. The resulting EFT can be written in terms of a complex field on which the U(1)
is linearly realized only if the EFT submanifold includes the U(1) invariant point, as we
discuss presently.

The solution f(r) of the cubic equation (7.10) that passes through the global minimum
is an analytic even function for the full range of r. Its expansion about r = 0 depends on
the sign of m?, in that

af?r +0(rY)  ifm4 >0
m% /2 4

fry =3 A5 (7.11)
A +0(r?) ifm? <0.
V' Aa

Substitution f(r) and 8 = — arg u+ 7 into the UV Lagrangian eq. (7.5) yields the tree-level

effective Lagrangian up to two derivative order, that is analytic and even in r:

v () o s jo2 s aponne v (712

1
Leg =5

When m124 > 0, the effective Lagrangian eq. (7.12) can be matched onto SMEFT. It
has a zero in the form factor
V2 F(r)? =r2 +4f2, (7.13)

at the point r = f(r = 0) = 0; it has inherited the U(1) invariant point from the UV
manifold. Given that it is manifestly even in r, the Lagrangian may be rewritten in SMEFT
coordinates Hp by the substitutions r = |Hpg|, 7 = arg(Hp), in concert with section 4.

If, on the other hand, m% < 0, then we should use the other solution in eq. (7.11).
Then as f(0) # 0, the form factor of the angular Goldstone mode 7 does not have a
zero. The resulting EFT lacks a U(1) invariant point, violating the Criteria, and thus it is
necessary to represent it using HEFT.

Additionally, the HEFT-like behavior when m124 < 0 is in accordance with the argu-
ments of section 5, as

vV 2 2 2

Tﬂszl—l—kar +3Xaf°, (7.14)
will be positive at the global minimum but negative at the UV fixed point where (r, f) =
(0,0). This implies that the UV invariant point does not belong to the same connected
region as the global minimum, where the mass matrix of the UV fluctuations f, 5 is positive
definite. We conclude that no analytic EFT submanifold connects the two points.

7.1.3 Matching in the mass basis

Given the novelty of the unitary basis, we will briefly discuss how the same conclusions
follow from a more standard approach to matching using the basis where the fields are mass

22While convenient, the unitary basis is not necessary to make this phase alignment manifest. It is also
apparent in the original parametrization due to the vanishing variation of the potential in eq. (7.3).
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eigenstates about the global minimum. There are two CP even mass eigenstates h, H, and
two CP odd eigenstates m and [, where 7 is massless. Our goal is to integrate out H and .
Explicitly, we start with the potential in the gauge eigenbasis eq. (7.5), and substitute

r=uvg+ hpg, and f=va+ha. (7.15)

Here (1, f) = (vB,va) are the coordinates of the global minimum (when = —argu + )
and hy and hp are further rotated into the light and heavy (CP even) mass eigenstates h
and H, defined as

ha = hcosa — Hsin (7.16a)
hp = hsina + Hcosa, (7.16b)

for some appropriate value of a. To derive the effective Lagrangian, we again solve for the
EOMSs using ?T‘[; = g—}fl = 0. The 8 EOM has the same solution as in the unitary basis,
B = —arg u + m, and upon substitution into g—}; = 0 we find a bivariate cubic equation in-
volving h and H, which we solve for H. This yields the EFT submanifold in the mass basis,
which is generically not the same as the EFT submanifold obtained when matching in the
unitary basis, see figure 2. Consequently, the EFT obtained in the mass basis generically
possesses a different tree-level two-derivative Lagrangian, and hence has different curvature
invariants. This is consistent because, although the two bases are related by non-derivative
field redefinitions in the UV theory, transforming between them requires derivative field re-
definitions in the IR, EFTs, see appendix E.2; the apparent difference in curvature invariants
is an artifact of the fact that the geometric quantities are only defined up to two derivatives.

7.1.4 The EFT submanifold

The salient features of this Abelian toy model — and the general discussion of EFT sub-
manifolds in section 5 — are nicely illustrated by studying the theory in the (r, f) plane for
fixed 8. In figure 2 we depict two example points in parameter space for the Abelian toy
model, one with m?% > 0 and one with m% < 0. We plot the EFT submanifolds obtained
in both the unitary (blue and orange) and mass bases (cyan). When m? > 0 (left panel),
the EFT submanifolds obtained in both the unitary and mass bases connect the UV fixed
point to the global minimum (the equivalent of the observed vacuum in this toy model). In
the unitary basis, the EFT submanifold given by solutions of %—‘; = 0 is entirely contained
within a connected region in which the UV fluctuations have positive definite mass matrix,
ensuring that the EFT can be written as a SMEFT.

On the other hand, when mi < 0 (right panel), both bases admit more than one EFT
submanifold branch. Importantly, the branch that includes the global minimum fails to
reach the UV fixed point. This is as expected from our general discussion in section 5,
since the mass matrix of the UV fluctuations is not positive definite at the fixed point.
Although the EFT submanifolds in the unitary and mass bases differ, their qualitative
behavior remains the same: when the fluctuations being integrated out are tachyonic at
the U(1) invariant point, the EFT that includes the global minimum does not connect to
the invariant point, and thus is described by a HEFT.
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- A =072 =0.7,1=-01

Figure 2. EFT submanifolds in the Abelian toy model obtained by matching in the unitary basis
and the mass basis for two representative sets of parameters, one with m?% > 0 (left panel) and the
other with m?% < 0 (right panel). In each panel, contours of the potential eq. (7.6) are shown in the
(r, f) plane in arbitrary mass units with the indicated choice of parameters. We fix § = —arg u+m.
The location of the global minimum is denoted by a black dot, while the fixed point corresponds to
(r, f) = (0,0). The EFT submanifold branches obtained by matching in the unitary basis are shown
in blue and orange; blue corresponds to solution(s) of %—‘f/ = 0 in regions where the UV fluctuations
(in f and B) have positive definite mass matrix, and orange is for the opposing case. The region in
which the UV fluctuations do not have positive definite mass matrix is shown in light gray, with a
dashed green boundary. The EFT submanifolds obtained by matching in the mass basis are shown
in cyan, corresponding to the solutions g—}/[ = 0. In the left panel, the choice of parameters (namely
m? > 0) admits a SMEFT, as illustrated by the existence of an EFT submanifold connecting the
UV fixed point to the global minimum through a region where the mass matrix is positive definite.
In the right panel, the choice of parameters (namely m? < 0) requires a HEFT, as none of the EFT

submanifolds connect the fixed point to the global minimum.

7.2 Two Higgs doublet model

Having worked through the details of the toy model, we now turn to an example of broad
phenomenological interest. In particular, we will argue under what conditions it is possi-
ble to match the tree-level custodially-symmetric two Higgs doublet model (2HDM) onto
SMEFT. Such a “two Higgs quadruplet model” (2HQM) is a special case of the scalar sec-
tor of the full 2HDM. We reserve an in-depth treatment of the full 2HDM for a companion
paper [38]; for previous EFT studies, see e.g. [46-49, 61-64].

Following the approach taken for the Abelian toy model, we will match in the unitary
basis. However, the 2HQM requires keeping track of some additional subtleties. First, the
quadruplets generically can mix, and so we must pick a basis prior to integrating one of
them out — this field redefinition does not affect the dynamics of the model but does,
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in general, change the tree-level EFT at any given derivative order, see the discussion in
appendix E.2. Second, there exist configurations such that the vevs of the two quadruplets
are misaligned, thereby breaking the heretofore assumed O(3) symmetry. This is the
analogue of the charge breaking vacua in the 2HDM. An EFT manifold which includes
O(3) breaking configurations cannot be described by the SMEFT or HEFT of section 2,
which assume custodial symmetry persists to low energies.

Nevertheless, we will show that the intuition developed by studying the Abelian toy
model is validated by the matching calculations that follow. When there are extra sources
of symmetry breaking, i.e., when the quadruplet being integrated out is tachyonic at the
UV O(4) invariant point, HEFT results; otherwise, we can match onto SMEFT.

7.2.1 UV model

The UV model includes two quadruplets qga, which are distinguished using the index a =
1,2. The most general renormalizable Lagrangian takes the form

1 - -
£:§a¢a-a¢a—v, (7.17)
where 1 1
V= imgbgba <P+ Z)\abcd (¢a : ¢b) (¢c : ¢d) . (718)
Note that repeated indices indicate sums over a, b, ¢,d € {1,2}, and “-” denotes contraction

of the O(4) indices. The parameters are real and have the symmetry properties

m?lb = m%ab)’ Aabed = A(ab)(cd)v and Aabed = Acdab 5 (7'19)

where the parenthesis in the subscripts implies symmetrization over the indices as usual.
This implies that the mass-squared matrix mgb contains 3 independent real parameters,

2 2 2
miy, Miy, May, (7.20)

while A\gpeq contains 6 independent real parameters,??
A1111, Az, A2z, A1212, Aleze, A2z (7.22)

The potential misalignment of the two quadruplets is accounted for by an angle 3, defined

via L.
cos B = —= ¢i'¢2_. —, (7.23)
Vo1 g1\ o2- 2
Insisting that the potential be bounded from below implies
vo,p € 0,2n), Aabed(B) nanyneng >0, (7.24)
Z3Up to rational factors, these correspond to the familiar parameters
A, Rels, Az, M, Relr, Ao, (7.21)

that appear in parametrizations of the full 2HDM, see e.g. [65, appendix A].
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where

A1t A1111
A112 A1112 cos 3
Ng = (COS 9) and {\1122 = Atiz2 ) (7.25)
sin ¢ A1212 A1212 cos? B
A1222 A1222 cos 3
A2222 2222

Finally, we note that one parameter is unphysical, since it can be removed using the field
redefinition that mixes the quadruplets, namely

<Z§a . Oabﬁgb; Oup = (1 0) ( CoS o sina) € 0(). (7.26)

0 +1 —sin o cos o

7.2.2 Matching in the unitary basis

Now we have everything we need to integrate out 52 in order to build an EFT for 51. As
per the above discussion of the Abelian toy model, we will perform this calculation in the
unitary basis. For the 2HQM, this basis can be parameterized by

0 0 0 B
L 0 0 0 By - _ feRr
=L ex th , 7.27
o2 r P 0 0 0 fs b1 s Bi € [0, 27r) ( )
—B1 —B2 —fB3 0

as an arbitrary rotation and scaling of ¢1, where r = \/¢; - ¢1 > 0 and lfl = \ o - ba.
The unitary basis takes a particularly simple form in the 2HQM, i.e., 52 o le, because the
BSM state transforms in the same representation as the Higgs. In this parametrization,

51'$2=7’f0085+iﬂ
ro p?

where 3 = /% + 82 + 52 and ¢}, i = 1,2, 3 are the top three components of the quadruplet
that is being retained in the EFT.?4
Next, we express the potential in the unitary basis, which to second order is

V(é1,62) = V(r, 61, 1, 87)

1
(m117’ + 2m127“f + m22f2)

[61016% - (615)7], (7.28)

T2

+ [)\liu L A f + [)\12122 + A212] 72 2 4 Aagar f2 + /\24222]”4}

1 9 A1z Ai2iz | [ 7 2 Lo a2
2rf mig + (7“ f) ()\1212 )\1222) (f)] {B 2 <¢1 187 — (418 )}

+0(8%) (7.29)

*See, e.g. [29, (A.2)] for the closed form of the exponential in eq. (7.27).
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Note that it is an even function of the 3?. The UV Lagrangian up to two derivatives is
then

2 5 982
*agf)l 8¢1 + = (af) + 5{7 (851)2 — @111_),821) + [8,8 terms] -V. (7.30)
1 @1

To find the EFT manifold(s), we solve the zero-derivative EOMs,
8V

o ;

Obviously, A" = 0 is always a solution of the EOMs 2 85, = 0, since the potential is an even
function of 3°.?° Such solutions imply gbg x <z51: the two quadruplets are aligned on the
EFT submanifold defined using these solutions. We can then solve for f as a function of r
via the cubic equation

ov

of lgi=o

resulting in the effective Lagrangian

= miyr+m3y f+ 11270+ (M122+2M1212) 7% f+3 M12207 f2+ Aoz 2 = 0, (7.32)

2 ! !
EEH;%I (%I[Hf] L. 031) [(rf f)yf +f)

r

—V(rf). (7.33)

Equivalently, we can rewrite this effective Lagrangian using polar coordinates qgl =rn for
the Higgs, which yields

L= ;(87“){ (f’)2] é(@n) 24 7 -V (7.34)

In this form, it is clear that the 8¢ = 0 solutions of the EOMs preserve O(3) at low energies,
reflected in the fact that the Lagrangian does not single out any component of 7.

As in the Abelian toy model, f(r) must be analytic and f(0) = 0 in order to be able to
match onto SMEFT. The invariance of the potential under (r, f) — (—r, —f) guarantees
that any solution of the cubic satisfying f(0) = 0 is odd in 7, and therefore the terms in
square brackets in eq. (7.33) will admit a SMEFT-like expansion in 72 = 51 : (51. Conversely
solutions with f(0) # 0 are HEFT-like due to the lack of a zero in the coefficient of (977)? in
eq. (7.34). These are manifest as the EF'T submanifold either includes, or does not include,
the O(4) fixed point respectively.

7.2.3 The EFT submanifold

In figure 3, we depict two example points in the UV parameter space. The UV potentials
in the (r, f) plane when 3¢ = 0 are shown as contours, and are overlaid with the EFT
submanifolds corresponding to the solutions of the cubic equation (7.32). When m32, > 0

Z5Other classes of solutions yield charge-breaking vacua, and thus we do not consider them here.
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Figure 3. EFT submanifolds in the 2HQM obtained by matching in the unitary basis for two
representative sets of parameters, one with m3, > 0 (left panel) and the other with m3, < 0 (right
panel). In each panel, contours of the potential eq. (7.29) are shown in the (r, f) plane in arbitrary
mass units with the indicated choice of parameters. We have fixed 3¢ = 0. The location of the global
minimum is denoted by a black dot, while the fixed point corresponds to (r, f) = (0,0). The EFT
submanifolds are shown in blue and orange; blue corresponds to solution(s) of %—‘Jf = 0 in regions
where the UV fluctuations (in f and 3¢) have positive definite mass matrix, and orange otherwise.
The region in which the UV fluctuations do not have positive definite mass matrix is shown in light
gray, with a dashed green boundary. In the left panel, the choice of parameters (namely m2, > 0)
admits SMEFT, as illustrated by the existence of an EFT submanifold connecting the UV fixed
point to the global minimum through a region of positive definite mass matrix. In the right panel,
the choice of parameters (namely m3, < 0) requires HEFT, as none of the EFT submanifolds
connect the fixed point to the global minimum.

(left panel), there is EFT submanifold solution which connects the global minimum (here
the observed vacuum) to the UV invariant point, and thus yields SMEFT. Alternatively,
the potential with m3, < 0 does not have such a submanifold, and thus must be matched
onto HEFT.

Such behavior can be understood generally as follows, see section 5.2. When m2, < 0,
gZT‘Q/ is positive at the global minimum and negative at the UV invariant point. The
evolution of the solution(s) of %{ = 0 is given by

v 0V 0?V

5F = 5o+ grrdf =0, (7.35)

0=d

implying that dr changes sign whenever ‘?;T‘Q/ does. For example, a solution that sets out
towards the f axis at the global minimum (dr < 0) must turn away from the f axis in the
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neighborhood of the UV invariant point (dr > 0). We can conclude that when m3, < 0, a
solution passing through the global minimum cannot connect to the UV invariant point. In
the other case with m2, > 0, a solution may connect the global minimum and UV invariant
point, and using our freedom to rotate the fields in the UV, eq. (7.26), we can always find
a UV basis that results in a SMEFT [38].

7.3 Higgs triplet extension and custodial symmetry violation

For our final concrete example of BSM symmetry breaking, we explore the implications for
tree-level matching when the SM is extended to include a triplet scalar ®; see e.g. [8, 46, 48,
52, 66, 67] for previous EFT studies of this scenario. However, since custodial symmetry
is not respected by the UV couplings, the EFT will only have manifest SU(2)z x U(1)y
invariance, instead of the larger custodial O(4) symmetry. This implies that our simplifying
assumptions defined in section 2 and used throughout do not hold here, e.g. we cannot use
our custodially symmetric HEFT parametrization in eq. (2.6), our expressions for the
curvature invariants eq. (A.9), and so forth. Nevertheless, we will find it interesting to
analyze the effective Lagrangian that results from integrating out ®.

In particular, we will see that there are two classes of solutions to the EOMs, depending
on relations among the parameters. For the first type, corresponding to phases 1 and 3
in table 7.45, the ® vev vg is driven by the Higgs vev vy, namely vy — 0 as vg — 0. In
this case, the theory can be matched onto SMEFT, such that all BSM effects decouple
as the triplet mass is taken to be large, even though the triplet vev is non-zero in the
physical vacuum. In the second type, corresponding to phases 2 and 4 in table 7.45, the
triplet vev is driven by an instability in its own potential, even in the limit vyg — 0. In this
case, the triplet produces an independent source of electroweak symmetry breaking. After
integrating out the BSM physics, a non-decoupling effect remains behind even when the
triplets become heavy. The resulting low energy description must be HEFT.

7.3.1 UV model

We start with the most general renormalizable Lagrangian for the scalar sector

1
L£=|0H+ 5(a<1>)2 -V, (7.36)
with the potential
1 1
V = —p} | H> + g |H|* + 5m?c1>2 —pH'tC H®, + x|H|?®* + 1A<1><I>4, (7.37)

where H is the Higgs doublet, ®, with a = 1,2,3 is a real Higgs triplet of SU(2), and
¢ = 0®/2 are generators in the fundamental representation of SU(2)r,. We use the freedom
to redefine ®, — —®, to set u > 0 without loss of generality.

Note that the p coupling between H and ® breaks the custodial O(4) symmetry. We
can see this explicitly by expressing the Higgs field as a custodial bilinear in the usual way:

v = (). (7.38)
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with H = ioc?H*. Then the interaction can be written as
H HO, = — tr (ST 2t} ) @, . (7.39)

where t¢ are the generators of SU(2), and t3, is the third generator of SU(2)g. Clearly, this
violates custodial symmetry since it singles out a particular direction in the SU(2) g space.

7.3.2 Phases of the UV moduli space

Our goal is first to derive the coupled equations that determine the two vevs vy and vg.
We will then explore the properties of their solutions, and will discover that these solutions
can be classified as belonging to one of four phases. Ultimately we wish to understand the
connection between the various allowed solutions and the low energy description in terms
of SMEFT or HEFT. In particular, we will show that some regions of the parameter space
lead to non-decoupling effects that force one to match onto HEFT.

We parameterize the components of our fields as

31
. .
H:( (bl“@) and  ®=| & |, (7.40)

V2 \vg + h +igy
ve + ho

where the notation for H parallels eq. (2.7) with the identification ¢3 = vg + h. We then
plug these into the potential in eq. (7.37) and extract the linear terms. Minimizing the
potential is equivalent to requiring that these linear terms vanish:

1
(—u%{ + Agvp 4 Kk — 2uvq>) vo=0 (7.41a)
1
(m2 + Apv3 + m)g)vq, - Z/wg =0. (7.41b)

This set of two cubic equations should yield nine solutions.? We will now argue that
they can be categorized into the four phases summarized in table 7.45. There are two ways
to satisfy eq. (7.41a):

—0 2 2 s 1 _
vy = or Wi + AHV + KUg 5 Ve =0. (7.42)
Intuitively, the global minimum of the potential occurs for vy = 0 when the Higgs quadratic
term is positive. When the Higgs quadratic term is negative, the second condition in
eq. (7.42) must be satisfied.

Similarly, there are two ways to satisfy eq. (7.41b). To see this, consider the limit

uw—0:

1
(m2 + Apv3 + /wg)vq; = Z/wg — 0. (7.43)

26To see that there are nine solutions requires allowing the vevs to be complex. However, the physically
interesting solutions should of course be real valued. Ultimately the Lagrangian parameters determine
which solutions are accessible.
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Clearly, there are two options
vp ~p — 0 or m? 4 Apva + kv ~p — 0, (7.44)

independent of which solution was chosen for eq. (7.41a). In summary, each of the two vev
equations implies two possible classes of solutions, yielding four phases in total:

Phases Sourced vg Tachyon vg
Sourced vg 1 2 (7.45)
Tachyon vg 3 4

where the “sourced” (m? > 0) means that a non-zero vev is driven by the vev of the other
field, and “tachyon” (m? < 0) implies that the vev would be non-zero due to a negative
quadratic term in the potential. As we will argue next, which v phase we are in determines
the nature of the EFT. We will show that when vg is sourced by vy (phases 1 and 3), there
is no electroweak symmetry breaking when vy = 0. This implies that the theory which
results from integrating out the triplet can be matched onto SMEFT. On the other hand,
if the parameter space implies that vg is non-zero due to ® being tachyonic (phases 2 or 4),
then there is a non-decoupling extra source of electroweak symmetry breaking. Integrating
out the triplet results in an EFT that must be written as HEFT.

7.3.3 Matching in the unitary basis

To integrate out the triplet, we parametrize it in the unitary basis as

0 0 p\ (H'tH
_4f f2 . feRr
b, =-—5exp| 0 0 S| |HH with , (7.46)
r B € [0, 27‘()
—0B1 —fB2 0 HY$H

where r = V2HTH. In this case, ®, is proportional to the appropriate function of H such
that it transforms as an SU(2), triplet. The UV Lagrangian in unitary basis is

4 f?

2 -
L= 1+T—2 ‘6H|2+;(8f)2—|—27£[(B(HTH))2+(HT8H)2:|+[85 terms| — V' (7.47)

where the potential takes the form

1 1 1 1 1
V=—_udr?+ 5me2 + Z)\HT4 + orr?f? 4 1/\q>f4

2 2
1 HitiH i)
— Zufr?+ 4ﬂ(1 — cos 3) (HIEHF) + (H'PH)* 2|, (7.48)
4 72 (32
where the repeated index i = 1,2 is summed over, and § = /7 + 3.
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The EFT branches for the light field H are derived by solving

ov
o/ 0, (7.49a)
oV
95 0, (7.49b)

for f and $°. As for the 2HQM, the EOMs admit the charge-preserving solution 3 = 0,
which is always a local minimum in the 8* directions when f > 0. Enforcing this condition,
the remaining EOM becomes

ov

of
which is a depressed cubic equation identical to the form considered in the Abelian toy
model eq. (7.10).

1
i = —z,mj +(m*+ k) f+ e 2 =0, (7.50)

7.3.4 The EFT submanifold

We recall the result that, when m? > 0, an analytic even solution f(r) satisfying f(0) = 0
connects the global minimum to the invariant point. In the present model, this corresponds
to the “sourced” phases for ®, and can be matched onto SMEFT. When m? < 0, an
analytic even solution f(r) connects the global minimum to the point f(0) = \/—m?2/\e.
This corresponds to the “tachyon” phases for ®, and must be matched onto HEFT.

Upon substitution of f(r) into the UV Lagrangian eq. (7.47), we obtain the effective
Lagrangian

4 12 1
Lpg = [1 + J;} |0H|* + =
r 2

r2 4

Note the presence of the custodial symmetry-violating third term, which is not included
within the scope of our custodially-symmetric framework. However, the qualitative conclu-
sions remain the same, see figure 4. The two derivative terms admit a SMEFT expansion
when m? > 0 (left panel) as the coefficients of all three terms are analytic at the invariant
point, while HEFT results when m? < 0 (right panel). The simple intuition that new
sources of electroweak symmetry breaking imply we must match the theory onto HEFT
has been demonstrated by each of our example UV models.

8 All orders versus truncated EFT expansions

Thus far we have focused entirely on in-principle distinctions between HEFT and SMEFT.
However, equally important are the practical considerations for when one should match
onto HEFT:

Practical criterion: one should match onto HEFT when integrating out a
state whose mass is near (or below) the electroweak scale.
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Figure 4. EFT submanifolds in the triplet model obtained by matching in the unitary basis for
two representative sets of parameters, one with m? > 0 (left panel) and the other with m? < 0
(right panel). In each panel, contours of the potential eq. (7.48) are shown in the (r, f) plane in
arbitrary mass units with the indicated choice of parameters. We fix ¢ = 0. The location of the
global minimum is denoted by a black dot, while the fixed point corresponds to (r, f) = (0,0).
The EFT submanifolds are shown in blue and orange; blue corresponds to solution(s) of %—‘Jf =0
in regions where the UV fluctuations (in f and (") have a positive definite mass matrix, and
the curve is orange otherwise. The region in which the UV fluctuations do not have a positive
definite mass matrix is shown in light gray, with a dashed green boundary. In the left panel, the
choice of parameters (namely m? > 0) admits a SMEFT, as illustrated by the existence of an EFT
submanifold connecting the UV fixed point to the global minimum through a region of positive
definite mass matrix. In the right panel, the choice of parameters (namely m? < 0) requires a
HEFT, as none of the EFT submanifolds connect the fixed point to the global minimum.

This practical criterion follows by simply considering the radius of convergence of a given
EFT expansion. Even when the scalar manifold formally admits SMEFT, one may en-
counter issues with convergence when this description is evaluated at our physical vacuum,
in that the predictions may converge much more slowly than the corresponding HEFT, or
not at all. Either situation favors the use of HEFT when intepreting data.

To illustrate these considerations, we will focus on the set of zero-derivative bosonic
operators in SMEFT,

A
L2} Cy A2k—14 [H[*
k

2k
2k—1

A 2k

1
ZE:?CJ,C*A%?4 h2k 4 vo ¥4 4 R Rk (8.1)
k

where k is an integer, A is a dimensionful scale, we have extracted a coupling A\ with
units of the Higgs quartic in order to make the Wilson coefficients C}, dimensionless (when



h # 1), and in the second line we have expanded the Higgs around its vev. Although
we are focusing on the zero-derivative sector here, similar considerations pertain to the
2-derivative sector for momenta of order p? ~ Av3.

To highlight issues of convergence, we would like to extract a prediction from this EFT
for an observable. For the sake of definiteness, we will compute the effective dimensionful
Higgs cubic coupling parameter A3 (which of course is only a proxy for an observable):

1—k o

9 2k—4
ED)\hghgzsz(k:—l)(Qk:—l)Ok (A) Avg b3 (8.2)
k

Clearly the series converges quickly for vy < A, but not for vg ~ A. This exemplifies the
familiar statement that SMEFT is not a useful description when integrating out states
whose mass is at or below the electroweak scale, since one must include the infinite tower
of operators to extract predictions. What is more surprising, however, is the rate of con-
vergence of the SMEFT expansion for vy < A, in that the SMEFT expansion exists and
converges, but may do so much more slowly than HEFT. In what follows, we sharpen these

statements with a concrete example.

8.1 On EFT convergence

To highlight the issue of convergence, we return to the Zy symmetric singlet scalar model
presented in section 6.2, in the phase where the nontrivial matching arises at one loop.
The resulting EFT potential to all orders in the coupling was given in eq. (6.24), which we
reproduce here (the H kinetic term is canonically normalized):

1 2 2 3
Full 22 4 2 2 K hd
VIR (H) =~ HP + Aa|H|' — (m? + w|H|) (1nm2+HH’2+2> . (83)

Here m is the mass parameter for the scalar singlet and s is the cross quartic coupling
that connects the singlet to the Higgs doublet; see section 6.2 for details. Extracting EFT
Wilson coefficients from this potential requires Taylor expanding in terms of the Higgs field
and truncating. From this point of view, SMEFT and HEFT can be simply thought of as
two different choices for how to expand eq. (8.3).

In SMEFT, we work with the full Higgs doublet H, so that the EFT is derived by

expanding in powers of

k| H|? Kvd h\?
XSMEFT = 7|n?| = —2 <1+> : (8.4)

- 2m? Vg

The resulting EFT potential takes the form

_ 2 2 y  mt 1 pro3 1 1w
VeMmerT(H) = —pg | H|* + A | H] o |t g T (I L) 2Xsumrr

1 o T 2D
+ (ln mg)XSMEFT + k(e — 1)k — 2)XSMEFT , (8.5)
k=3
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Figure 5. Radii of convergence of the SMEFT (orange) and HEFT (blue) expansions in the
complex plane of |H|? as a function of r = m?/(kv3/2). The full potential has a branch point at
|H|? = —m?/k.

where we see that an infinite tower of operators have been generated, as in the toy ex-
pressions given in eq. (8.1). In this case, A2 = m?/k, X\ = x2/(167%), and the Wilson
coeflicients are all generated at one loop.

On the other hand, if our goal is to describe this theory using HEFT, we first express
H in terms of the vev, the physical Higgs boson, and the Goldstones following section 2.1.
Given the form of eq. (8.3), it is convenient to define the expansion parameter

N s (JHP - 303) K03 2h+(h)2 86)
HEFT = m2+%m}8 C2m2 + kg "™ o ’ (8.
so that
1
m? 4+ k|H|? = <m2 + me)g) (1 + XHEFT) - (8.7)
It is then straightforward to expand in powers of Xygppr:
Ly 2, 1 4
VHEFT (h) = _EMH (1}0 + h) + ZAH (Uo + h) (8.8)

2 2

p 3 ( © )
+ -+ (In——=+1)2X
m?+ kv 2 m? + 3 kv HEET

N (1 o ) = jf 21"
n— ————5 .
m2 + %/"W)g HEFT =, k(k — 1) (k‘ — 2) HEFT

i+ L)
6472

Now we are set up to explore the convergence properties of the two EFTs. In the
complex plane of |H ]2, depicted in figure 5, the full potential eq. (8.3) has a branch point
at |[H|* = —m?/k. The SMEFT and HEFT potentials are Taylor expansions about |H|* = 0
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and |H |2 = v3/2 respectively. We introduce the ratio between the two mass scales

m2

T2
2RV

r (8.9)

2 — oo decoupling limit for the singlet scalar, such

where r — 0o corresponds to the m
that the new physics contributions to observables vanish. In terms of r, the SMEFT and
HEFT expansions have respective radii of convergence v37/2 and v3(r + 1)/2, the latter

being strictly greater.

Typically, we want to evaluate the expansions somewhere at or between the invariant
point (|H|? = 0) and our low energy vacuum (|H|? = v3/2), typically about the latter when
making predictions for experiments. Depending on the size of r, there are three different

scenarios:
e r > 1: both expansions converge to reproduce eq. (8.3).

e 0 < r < 1: this corresponds to the situation where the majority of the mass of the
scalar singlet is due to the vev of the SM-like Higgs. As one moves along the |H |? axis,
the HEFT expansion converges slowly since % < ﬁ < 1, while SMEFT may not
converge at all. Importantly, SMEFT does not converge at our low energy vacuum,

as it lies outside the expansion’s radius of convergence.

e 1 = 0: this corresponds to the situation where the mass of the scalar singlet is entirely
due to the vev of the SM-like Higgs. Therefore, the SMEFT expansion does not exist,
by the criteria established in preceding sections. HEFT converges slowly in the region
of interest about the physical vacuum, but not at the fixed point.

Thus HEFT is the appropriate EFT in two of the three scenarios, including one in which
the SMEFT expansion exists but does not converge at our vacuum.

However, it is interesting to focus on r 2 1, where both HEFT and SMEFT expansions
exist and converge at our physical vacuum. In this situation, the rate of convergence of
the HEFT expansion can be much faster, making it the preferred EFT parametrization of
Higgs data despite the formal validity of the SMEFT expansion. To make this discussion
concrete, we can explore the convergence of the SMEFT expansion at the low energy
vacuum as quantified by its impact on the Higgs trilinear and quartic couplings. As we
will show, the HEFT expansion is effectively exact here.

To make the comparison, we expand the EFT potential V(H) as a function of h, and
map it onto the parametrization

1 1
VEFT (H) =cy+civgh + 502h2 +03U0h3 -+ 164]14 + e (8.10)
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The expansion coefficients ¢; are then given by

¢l = —p3 + Agvd + 16%61 (8.11a)
co = —p3 + 3\ + 16%52 (8.11b)
c3 :)\H—l—ﬁég (8.11c¢)
ca :AH‘l‘ﬁ&u (8.11d)

where the §; are the one-loop corrections. We can then calculate the §; for our three cases:
all-orders using eq. (8.3), SMEFT using eq. (8.5), and HEFT using eq. (8.8). All three
potentials are the same at tree level, but they differ at one loop.

In this toy model, we have four independent Lagrangian parameters ,u%l, m?, Ay, and
k. We take the vev condition ¢; = 0 and the mass condition ¢y = m}% to eliminate /ﬁq
and Ay in favor of the more physical parameters vev vy and m% This has the benefit
that the scheme dependence of the corrections to c3 and ¢4 is eliminated, and differences
between EFT expansions are contained entirely in their corrections to the cubic and quartic
couplings at this order. We parameterize this using

2
my,
= |y 5 8.12
“ 21)3{ * 1672 63] (8.12a)
2
my 1
U PR 8.12b
“ 27)3{ T 64]’ (8.12b)

where the one-loop corrections can be computed from the expansion coefficients in
eq. (8.11) as

01 — 09 + 2’03(53

ey = 8.13
e3 m}% ( a)
81 — 6y + 2026
ey = 2 2*; 0% (8.13b)
my,

Given this formalism, it is then straightforward to expand a given potential and derive
expressions for these corrections to the Higgs cubic and quartic. For concreteness, we will
provide the resulting expressions derived from the all-orders potential, see eq. (8.3):

§ebull K vg (8.14a)
st = .
3 3m%(2m2 + Kvd)
el — 4r3v5 (3m? + kv}) (8.14D)
3m3 (2m? + nv§)2 ’
the SMEFT potential, see eq. (8.5):
Emax 4 k+1 2\ k
4m*(-1) K,
“ g:‘; 31}87%,2Z 2m? ( 2)
kmax 4 k+1 2 k
8km*(—1) KU
st (1) -
“ kz::?) 3v3m% 2m2) "’ ( )
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and the HEFT potential, see eq. (8.8):

0 for kmax < 3
§HEFT _ K3l for b >3 (8.16a)
max —
3m? (2m? + kvd)
0 for kpax < 3
2/<c3v61
fi <=
ScHEFT — m%g(%lm2 —i—2/w%) , OF Fimax =3 (8.16b)
4 3
R BmE k) e
2
3m? (2m? + Kod)

Note that when we take a truncation order kp.x < 2, namely up to renormalizable inter-
actions, both SMEFT and HEFT expansions of our EFT yield no corrections to dcg and
dcy, due to the unbroken Zo symmetry in our UV model.

We see from eq. (8.15) that observables computed with the SMEFT expansion con-

2\ k k
KUg _ (1 . d ith . di . th
verge as = |r , 111 accordance wi our previous discussion on € convergence

9m2

radius. To 2\/Tsuaulize this convergence rate and contrast it with the HEFT, figure 6 shows the
SMEFT and HEFT predictions for dcs and dcqy normalized to the all-order potential pre-
dictions, where the horizontal axis kmax is the EFT truncation order as defined in egs. (8.5)
and (8.8). There are two scenarios shown in figure 6 with » 2> 1, namely » = 5 and r = 2.
Although both SMEFT and (trivially) HEFT converge given that r > 1 in these cases,
the truncation order k.« required for SMEFT to provide a reasonable approximation of
the all-order result increases rapidly as » — 1. This highlights the sense in which HEFT
can provide the optimal fit to data even in situations where the SMEFT expansion exists
and converges in our vacuum, a consideration above and beyond the formal criteria ex-
plored in preceding sections. Clearly these lessons generalize beyond this example, hence
the Practical Criterion stated at the beginning of this section.

The slow convergence of the SMEFT expansion when r ~ 1 was previously noted and
extensively studied in [49, 68]. These authors showed that the numerical agreement between
a finite truncation of SMEFT and exact predictions in a perturbative UV completion could
be significantly improved by defining the scale A as the physical mass of new particles in
the broken phase, including contributions from the Higgs vev, a prescription called “v-
improved matching.” For this prescription to be effective, the operators retained in the
finite truncation must span the observables of interest. In terms of the geometric picture
developed in this paper, more conventional matching to a finite truncation of SMEFT (using
a scale A defined by the masses of the new particles in the unbroken phase) amounts to
constructing a simplified EFT manifold that is locally “tangent” to the true EFT manifold
at the fixed point. In contrast, v-improved matching to a finite truncation of SMEFT
constructs a simplified EFT manifold that is “tangent” to the true EFT manifold at the
observed vacuum. When r > 1 the true EFT manifold has small and slowly-varying
curvature, so the simplified EFT manifolds obtained from conventional and wv-improved
matching are similar. But when r ~ 1 they may differ substantially, the latter providing a
better fit to measurements made in the observed vacuum.
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Figure 6. Corrections to the Higgs trilinear (left panels) and quartic (right panels) couplings ex-
tracted from truncated SMEFT (orange diamond) and HEFT (blue square) expansions, normalized
to the actual all-order prediction in eq. (8.14). The upper (lower) panels are for r =5 (r = 2), see
eq. (8.9) for the definition.

From a practical perspective, v-improved matching is carried out by first matching in
HEFT (invariably the case when matching in the broken phase) and subsequently writing
all occurrences of h,7 in terms of H. This is always possible in the regime of interest
r 2 1 since both SMEFT and HEFT parametrizations are well defined. For example, in
the singlet case explored above, v-improved matching is obtained by working in terms of
the HEFT expansion in (8.6) parameterized by the field H. In this sense, the improved
convergence for 7 ~ 1 observed here using the HEFT parametrization coincides with v-
improved matching in [49, 68].

When one is in a situation where the convergence of SMEFT is suspect, our point of
view is that it is most transparent to make predictions and derive constraints on the HEFT
parameter space directly. Of course, in the event of observed deviations from the SM, the
slow (or non-) convergence of a SMEFT parameterization is likely to be among the first
indications that the deviation is due to new physics near the weak scale.
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9 Conclusions

In this paper, we have explored the utility of the HEFT description by asking “What
characterizes a UV theory that cannot be matched onto SMEFT?” While this is an easy
question to state, this paper clearly shows that it is not a simple question to answer
in practice. A major source of complication is inherent to quantum field theory itself:
physical observables are unchanged by analytic field redefinitions. Therefore, we found
it advantageous to frame our answer using geometric quantities that are invariant under
coordinate redefinitions, following in the footsteps of Alonso, Jenkins, and Manohar [28, 29]
and connecting UV and IR geometries through the notion of the EFT scalar submanifold.
This led us to formulate and prove a set of basis independent curvature criteria that
circumvent field redefinition ambiguities by relying on the Ricci scalar and scalar potential
(as well as covariant derivatives thereof) defined on the EFT scalar submanifold. We
additionally examined the possible effects that integrating out heavy physics could have
on different EFT submanifold branches. This led us to a compelling picture for what
differentiates SMEFT from the more general space of possibilities realized by HEFT. The
electroweak symmetric point must exist on the EFT submanifold, and the constraints
induced from integrating out the heavy states must yield a smooth curve that connects
this fixed point to the observed vacuum where electroweak symmetry is broken. When
one encounters intersections between branches, or no branch can be found that smoothly
connects these two special points, then HEFT is the only possible low energy description.

We then related these observations to a variety of new physics scenarios, from which
two general lessons emerged. First, if the UV model contains a state whose mass is entirely
determined by electroweak symmetry breaking, then the theory must be matched onto
HEFT. This is intuitive since this BSM state is a massless fluctuation when the theory is
expanded about the fixed point, and thus yields non-analytic contributions to the effective
action upon being integrated out. The second scenario arises when the UV model provides
new sources of electroweak symmetry breaking. Then the fixed point is disconnected from
the physical vacuum, and again HEFT emerges in the IR. Finally, we argued that when
integrating out a state whose mass is near the weak scale, one would find that although it
might be possible to write the theory as SMEFT, the convergence of the EFT expansion
will be significantly improved by matching onto HEFT instead. Taken together, we have
provided a compelling set of reasons to study the phenomenological consequences of HEFT.

We encountered many subtleties along the way. In particular, we provided cases where
field redefinitions in terms of h could produce “fake” non-analyticities in the effective La-
grangian expressed in terms of H, and we showed how the geometric approach is insensitive
to such pathological issues. We showed that applying curvature criteria (even in leading-
order form) requires working to all orders in the light fields when performing matching
calculations. This motivated utilizing functional methods to derive some new general one-
loop formulas for matching onto the two derivative terms in the effective Lagrangian. We
additionally explored the impact of basis changes on the branches that define different EFT
submanifolds, which led us to discover an optimal choice one can make when matching,
that we call the “unitary basis.” This approach paved the way to a simple characterization
of the EFTs that emerge from the two Higgs doublet and Higgs triplet extensions of the SM.
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Looking forward, there are many directions that would be exciting to explore. It
would be interesting to systematically apply the geometric language to EFT scattering
amplitudes, expressing them in a way that was manifestly invariant under non-derivative
field redefinitions [37]. The simplicity of performing matching calculations in the unitary
basis suggests that it would be fruitful to apply to other extensions of the SM scalar sector.
Since all of the work presented here (other than the Higgs triplet model) assumed funda-
mental O(4) invariance at the fixed point, it would be interesting to explore extending the
geometric framework and curvature criteria developed here to non-custodially symmetric
examples [38]. More speculatively, the role of derivative field redefinitions motivates ex-
tending the geometric formulation to theories with four or more derivatives. Finally, there is
important phenomenological work to do [39]; it would be valuable to identify measurements
one could make that would test if our low energy EFT could be SMEFT or must be HEFT.
This paper makes it clear that HEFT covers an interesting class of BSM models, and is
broadly relevant to describing extensions of the SM lying at the edge of experimental reach.
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A Scalar curvature in HEFT

In this appendix, we evaluate the Ricci scalar R relevant for the general parametrization
of the HEFT Lagrangian in eq. (2.6). The metric is determined from the two-derivative
term, which we reproduce here

Lfher = SIK (PR + S0 F (W(0)?. (A1)

Recall that 7 (7) € S® is a four-component unit vector, which satisfies 7 - 7 = 1:

ni
n
i = ? (A.2)
n3
\/1 —n? —n3 — n?
In order to identify the metric, we choose the coordinates (h, ny, Mo, - ,an) with N, = 3.
Using
(071)" =\ 0ij + 77—, 5 ) (0"14) (Bumy) (A.3)
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we can rewrite the HEFT Lagrangian into the form

nin;

) @) @m) . (A4)

Cfher = 51K (2O + S0F () (854

Here 4, j runs from 1 to N, = 3. Following eq. (4.1) in AJM [29], we identify the non-zero
elements of the metric to be

hhn = K2 g = —
2 (s i § ISQ ) (A.5)
g =Y YT n2 9" = 5 (0 — ninj)
Next, we use these to compute the Christoffel symbols:
h L hn 1
i = 59" (Ongnn) = 2= (OK) (A.6a)
1
M = 59" (ignn) =0, (A.6b)
1 v2F NN
Fhu = —§9hh (Ongij) = K2 (OnF) (513 + 1 i 712) ) (A.6c)
. 1 ..
L' = =597 93gm) =0, (A.6d)
. 1 . 1
Iy = §g’k (Ongrj) = a (OnF) 045 (A.6e)
, 1 . n;n
T, = —ig“ (O19jk — Oj9m1 — Okgjt) = i <5jk + 7 - 1];2> : (A.6f)
These can then be used to compute the non-zero components of the Riemann tensor:
Rlipj = 01" 55 + TPl = T35
v2F 1 M.
S [(ah ) — (0nE) <K6hF>} (@j + 1_7;) , (A.7a)
Rippj = Ol + Tl — T,
1/ 1
- {(ahp) — (OuK) (Kahpﬂ 5 (A.7b)
RF e = 0%y, — Ok TF 5 4+ TRy T + T8 T — TRy — T T
2
nin; v
= (3 + 20 |- (o) ] . (A0
These in turn yield the following non-zero components of the Ricci tensor:
- N, 1
— R, = _ ¢ 2 _ —
R = =Rl = —— [(ahF) (0,K) ( KahFﬂ : (A.8a)

v2F 1
Ry =R"; — R¥j, = { T [(ah ) — (OpK) (KahFﬂ

+ (N, —1) l1 - <[l;ahp>2] } (5” + 1”_’22) . (A8b)
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Finally, we obtain the Ricci scalar curvature:

R = g""Run + 9" Ryj
2N, ) 1 N, (N, —1) v 2
- 2 [(ahp) (0K (Kahp)} 4 Nellle 2 1) [1 - (Kahp> . (A9)

This expression is used extensively in the main text.

B Proving the curvature criteria

In this appendix, we provide the detailed proof that the Curvature Criteria presented in
subsection 4.2 are a basis independent generalization of the Fixed Basis Criteria provided
in subsubsection 4.1.3. Specifically, we will show that in the basis where the h kinetic term
is canonical, and the HEFT Lagrangian takes the form given in eq. (4.19), the following
two sets of conditions for when HEF'T can be expressed as SMEFT are equivalent

FCF) (h,) =0,Vk € N F(he)=0
vF (hy) =1 4 VAV, VY, Rl <oo,¥neN . (B
VD) (h,) =0, Vk € N VMV, - VIV, V], < oo, Vn €N

Throughout, we will additionally assume that the functions F'(h) and V' (h) are analytic
in h about the point h = h,. Following the discussion in the main body, if either F(h) or
V' (h) are non-analytic at h., then the theory is not SMEFT.

We begin by defining some notation. First, we introduce the variable

d=h—h,=vw+h=1\d 6, (B.2)

which follows from eq. (2.8). Then F = F(¢) and V = V(¢) are both single-argument
functions of ¢. Evaluating a function at the O(4) invariant fixed point h = h, is equivalent
to taking ¢ = 0. Next we introduce a new function Y (¢):

Y(p)=—-1, vF=¢V1+Y . (B.3)

Note that the metric derived using eq. (A.5) from the Lagrangian in eq. (4.19) is flat when
Y (¢) =0, s0Y can be interpreted as a function that encodes the curvature of the manifold
(it is straightforward to see that R = 0 by evaluating eq. (A.9) with K = 1).

We note a few simple relations between F' and Y. First, when F' has a well-defined
Taylor expansion about ¢ = 0 (h = h,) with vanishing leading term F' (¢ = 0) = 0, then
equivalently Y has a well-defined Taylor expansion about ¢ = 0:

> 1 > 1
F= ;;1 EFW’“ = Y = ;0 EY,@’“ , (B.4)
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were we have adopted the abbreviation

_dtf

fe= 7%
dgt|,_,

(B.5)

which will be used across this appendix, for all single-argument functions f(¢). Further-
more, if v F' is an odd power Taylor series about ¢ = 0 with v F} = 1, then eq. (B.3) implies
that Y is an even power Taylor series about ¢ = 0 with vanishing leading term:

F=Y ———Fp¢™™ and vFi=1 < Y= Yor¢® . (B.6
kz_% 2k 1! 2k+1¢ and vFy kz::l k)| 2k P (B.6)
We can therefore rewrite eq. (B.1) as
Yo=Yo41 =0 Vv, - V#V, R|,_, < o0
i = " fn =0 . (B.7)
Vok+1 =0 VI - VIV, V] g < 00

Again, we emphasize the implicit condition that Y (¢) and V(¢) are both analytic about
¢ =0.

To prepare for the proof, we will write down some useful curvature invariants in terms
of ¢ and Y. From the definition of Y in eq. (B.3), we find

¢ dY
O F = —F/——— 1+Y B.8
VOE = gy TYITY (B.8a)
¢ d%Y o (dY)2 1 dy
vOiF = - — ) FVV—— B.8b
U aTHY dg? 41+ v)P 2\ do VI+Y do (B.8b)
The scalar curvature R derived in eq. (A.9) can be rewritten as
2Ny, (.9 N, (N, —1) 2
R:—?‘p(ﬁhF)—i—%{l—(vahF)}
LBy LAy, 2 Ly
711+Y d¢? 2(1+Y)*\do 1+Y ¢ do
11 dy’\? 1 1dy | Y 1
— Ny (Nyp—1) |-——= | — —_—t ——— B.9
o (N =1) 4(1+Y)2<d¢> +1+Y¢d¢+1+y¢2]’ (B.9)

where we have taken K = 1 to simplify these expressions, as is appropriate for the fixed
basis HEFT Lagrangian in eq. (4.19). Next, we can evaluate the action of V2 on a scalar
function X:

v2X _ ghhvhth 4 gl]vaJX - |:8/?L + N(prl (8hF) 8h:| X
P (L] Ly
dg? "\¢ 21+Y dg/ do

X. (B.10)

d? 1d
- [(W+(N¢+A)¢(]¢
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Here we have introduced another function for convenience

A =+ —. B.11
(¢) 2 1+Y do ( )
For higher scalar derivatives, we have the obvious generalization:
d? 1d
2ny _ w2 (v2n—2y) _ L 2n—2
VX =V (Vi) = d¢2+(N¢+A)¢d¢](V X) . (B.12)

This expression will be critical to the inductive proof of eq. (B.7) that follows.

B.1 Fixed basis criteria —> curvature criteria

First, we prove that the Fixed Basis Criteria imply the Curvature Criteria, i.e., the “="
direction in eq. (B.7). We start with the assumption that the function Y (¢) is an even
power Taylor series at ¢ = 0 with vanishing leading term

[ee]
1
Yo=Yy =0 — y=>" Yoro?k . (B.13)
= (2k)!

This implies that all the functions

1 d2y (dY>2 1dY Yy 1

v e \w) 5w .

pdp’ 1+Y @2’
are analytic in ¢ about ¢ = 0 and that each can be expressed as an even power series.
Therefore, the scalar curvature R derived in eq. (B.9) also has a well-defined Taylor ex-

pansion about ¢ = 0 and is an even power series:

o0
Ry < o0, R= ’;) (21)!3%&’“ . (B.15)
We conclude that the Ricci scalar is finite.
Next, we turn to derivatives of the scalar curvature V2" R, which we analyze by ap-
plying the result in eq. (B.10). Note that the function A defined in eq. (B.11) is an even
power series (with vanishing leading term):

Alp)= 2 ——— i 7‘A2k¢2’€. (B.16)

Therefore, eq. (B.10) tells us that if R is an even power Taylor series about ¢ = 0, then
V2R will be as well:

— 1 2%k 2 — 1 2 2%k
R:k;@Rzm — v R:;:%W(V R) . (B.17)
This can be used as the starting point for an inductive proof; through the successive
application of eq. (B.10) augmented by eq. (B.16), it is clear that V2" R can each be written
as even power Taylor series at ¢ = 0 for all n € N. Therefore, they are all finite at ¢ = 0:

V2R| < oo, (B.18)
$=0

for all n € N.
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The same analysis holds for the potential. Following the same inductive logic, when

V' is an even power Taylor series about ¢ = 0, then even power covariant derivatives of the
potential will be finite:

VPV <o, (B.19)

for all n € N . This completes our proof of the forward direction in eq. (B.7).

B.2 Curvature criteria — fixed basis criteria

In this section, we prove that the Curvature Criteria imply the Fixed Basis Criteria, i.e., the
“«<" direction in eq. (B.7). Our starting point is the assumption that Y has a well-defined
Taylor expansion about ¢ = 0:

1

k
Y(g) =2 Yes", (B.20)

k=0
Let us first focus on proving that Yy = Y41 = 0. We will demonstrate this inductively in
two steps:

1. Base step: the finiteness of R| s—o implies that Yo =Y; = 0.

2. Induction step: for any n > 1, assuming Yy = Y; = --- = Y5,_1 = 0 and the finiteness
of V2"R| 4o implies that Yo, = 0.

Then we will show that Va,41 = 0 follows from the finiteness of V2"+2V| $=0" This will
prove that the Curvature Criteria = the Fixed Basis Criteria by induction.
Base step: proving Yy = Y7 = 0. The goal of step 1 is to prove that Yy = Y} = 0.
Since this will rely on the fact that the function HLY has a well-defined Taylor expansion
about ¢ = 0, we first need to argue that Yy # —1 is a consequence of R|¢:0 < o0. We
will show this by contradiction; if we assume that Yy = —1, we can show that the scalar
curvature is infinite when it is evaluated at ¢ = 0.

If Y is a constant, we can see that ¥ = —1 yields infinite curvature by plugging
Y = —1+ € into eq. (B.9) to find

No(Ny — 1)(~1+0)
€p? ’

so the curvature clearly diverges as € — 0, for any ¢.2” Next, we can generalize this to the

Y=-1l+e¢ = R=- (B.21)

situation where Y takes the form
1
Y:—1+EY;€¢'“+~--, (B.22)
where we have assumed that there exists a smallest non-zero power k, and “+---” repre-

sents higher power terms. Plugging this into eq. (B.9) yields

k(k + 2)
202

k!

1) —W e (B.23)

R:—Nw{ +---]—N¢(Nw—

Z"Throughout this appendix, we assume that the dimension of the scalar manifold is greater than two,
namely that N, > 1.
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In each of these brackets, we only explicitly show the leading divergent terms in the limit
¢ — 0, assuming k > 1. Clearly, R| $=0 18 divergent as long as N, > 0. We conclude that

Yy = —1 is incompatible with the finite curvature requirement, and hence
Rl,_, < = Yo # —1 = ! ’ < (B.24)
g < 0 — — 00. .
¢=0 0 1+Y $=0

Armed with the fact that HLY has a well-defined Taylor expansion about ¢ = 0, we
can reanalyze eq. (B.9) assuming eq. (B.20) to identify the leading divergent terms for the

calculation of R:

2 14y 1 1dy Y 1
N 2 27 N _ St R
RS =Nerovoas —NeWe )(1+Y¢>d¢>+1+Y¢>2>

2Y; 1 Yo 1 Y; 1 Y1 1
o] |

5> —N,—— = — — 4+ —+ - B.25
14+ Y ¢ 14+Y0? 14+Y6 (1+4Yy)?0 (B.25)

We see that for N, > 1, R|¢:0 < oo requires that Yy = Y7 = 0.2

Induction step: proving Y2,11 = 0. At this point, we have shown that Yy =Y; = 0.
Now we will prove that all odd powers of Y vanish. To do so, we will relate the requirement
that V2" R are finite to the need for the odd term Ya,41 to vanish, see eq. (B.36) below.

We begin with the assumption that Y is an analytic even power series up to some
arbitrary order ¢?", with n > 1, and has no constant term:

Yo=Y ==Yy 1=0. (B.26)

Then from the definition of the function A in eq. (B.11), we see that A is also an analytic
even power series up to the same order, and has no constant term:

Ao:Alz"‘:AQn_l:O. (B.27)

For the scalar curvature R, we can now apply eqs. (B.26) and (B.27) to eq. (B.9). It is
straightforward to see that R has a well-defined Taylor expansion at ¢ =0

> 1
R= ;;) HRW)"‘ , (B.28)

and that there could be an odd power in the expansion of R, where the first non-zero
coefficient would start at order ¢2"~!:

2n +2 N
Ri=---=Roy-3=0, Rop1= _Ng}m <1 + 2;) Yoni1. (B.29)

Before working through the argument for general n > 1, it is instructive to explain
how this works for the special case of n = 1. Specifically, we will show that the finiteness
of V2R requires Y3 = 0. To analyze V2R, we apply eq. (B.10). Using Ag = 0 derived

28For N, =1, Y} is allowed to be nonzero.
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above in eq. (B.27) and the analyticity of R derived above in eq. (B.28), we see that the
only potentially divergent term is proportional to Ry:

1
V2R > N%}zl : (B.30)
Furthermore, from eq. (B.29) we know that R; is proportional to Y3:
4 N,
Ry = —Y3N,o (1 + 2“") : (B.31)

Therefore, we see that Y3 = 0 is required by the finiteness of V2R| $=0°
V2R]¢_O <00 = Ri=0 =  Y3=0. (B.32)

Before moving on, let us quickly summarize what we have learned from this n = 1
case. The key point is that eq. (B.30) applies to not only R but also any scalar function
X that has a well defined Taylor expansion about ¢ = 0:

oo
1
x=) me’f. (B.33)
k=0
The only potentially divergent term in V2X is given by the coefficient X;:
1
ViX > ngxl : (B.34)
Therefore, with eq. (B.33) assumed, we have
V2X | g0 < 00 = X;=0. (B.35)
Next we can generalize to cases with n > 1. Our goal is to prove that the following is
true:
Van $=0 < 0 = (V2n_2R)1 =0 = Rop—1=0 = Y2n+1 =0. (B.36)

The first implication is true by simply using X = V2" 2R in eq. (B.35).? The last
implication is true by the connection between Ry,—1 = 0 and Ya,+1 = 0 given in eq. (B.29).
So the only non-trivial aspect of the generalization to n > 1 is the middle step in eq. (B.36).
This step was trivial for the special case n = 1, as the two expressions are the same, but
requires some effort to generalize for n > 1 as we will now show.

The rest of this section is devoted to showing that (VQ”*ZR)1 =0= Ry,_1 = 0is true
for n > 2. The key observation is that the coefficient Ry, _1 is responsible for the lowest odd
power contribution to the Taylor expansion of V2*R for all 0 < k < n — 1, as summarized
in table 1. To see this, we recall that for any scalar function X, the Laplacian acts as

d? 1d
VX = |—5 + (N, + A) = —

de?
2Note that to completely justify using X = V*" 2R in eq. (B.35), we also need eq. (B.33) to hold first,
namely that V2" 2R has a well defined Taylor expansion about ¢ = 0. We will see that this is true during

X, (B.37)

our proof of the middle step in eq. (B.36). In particular, see the discussion around eq. (B.40).
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see eq. (B.10). Therefore, if the lowest odd power in X is ¢>*T! then the lowest odd power
in V2X will be ¢?*~1, because the differential operators ddT; and é% will reduce the power
of a given term by two. However, for this argument to be valid, we need two constraints on s:

(i) V2X must be also non-singular (in addition to X itself) at ¢ = 0. From eq. (B.35),
we see that this requires X having a well defined Taylor expansion, with its lowest
odd power 2s+1>1 = s> 1.

(ii) Recall that the function A contains odd power terms starting from order 2n + 1, see
eq. (B.27). For these terms to be irrelevant for the lowest odd term in V2X, we need
the restriction 2s — 1< 2n+1 = s<n.

We conclude that if the lowest odd power coefficient in X is Xo.41 with 1 < 5 < n,
then V2X has a well defined Taylor expansion about ¢ = 0, with its lowest odd power
coefficient (V2X),, | given by (this is straightforward to derive from eq. (B.37))

(VQX)%_l = (1 + Z‘:) Xosi1- (B.38)
In other words, each time we apply a Laplacian, the lowest odd power is reduced by two,
and the coefficient depends on the power, i.e., it depends on s.

Now, we simply iterate this logic and apply it to R. Taking Xos4y1 = Rop—1 and
acting on it with V? using eq. (B.38) repeatedly, we get that V?*R has well defined Taylor
expansion about ¢ = 0, with the lowest odd power coefficient given by

b N,
2%k _
(V R)2n7172k = Ron— H <1 + m 902T> ) (B.39)

r=1

for all 1 < k < n — 1, as summarized in table 1; the trivial case k = 0 is also included in
the table for completeness. Finally, taking k = n — 1 in eq. (B.39), which corresponds to
the last line in table 1, we see that V2" 2R has a well defined Taylor expansion, and

. n—1 N
(v2 QR)1 = Ron—1 [] (1 + 5 _*"QT) . (B.40)

r=1

This proves the middle step in eq. (B.36).

Since we have already shown the other two steps in eq. (B.36), the inductive proof is
complete. We conclude that if V2”R‘ $=0 < 0 for all n € N, then Y is an even power series
in ¢ to all orders.

Proving Va,41 = 0. To complete our proof that the Fixed Basis Criteria imply
the Curvature Criteria, i.e., the “=” direction in eq. (B.7). We will now show that if
V2”+2V\¢:0 < oo for all n € N, then V is an even power Taylor expansion in ¢. We will
follow the same logic as the proof that was just presented for Y. Even better, we now have
the additional advantage that the function A is an even power series to all orders, as was
proven previously, see eq. (B.27).
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k Lowest odd power in V2R Coefficient (V%R) o1k

0 2n —1 Ron—1

1 m —3 (1 + 25—13) Rop_1

k 2n —1— 2k (14 55) -+ (14 2225 ) Rans
n—1 1 (1+ %) (1+ 5% ) Rons

Table 1. A summary of the relation between the lowest odd power coefficients in the Taylor
expansion for V2K R in the range 0 < k < n —1, and the relation to Ry, _1. There is a similar table
for V2*V, which can be obtained by making the replacement R — V and n — n + 1 in the above.

We start with the assumption that V has a well-defined Taylor expansion
1
=> Equﬁk, (B.41)
k=0""

and then use induction to investigate the consequence of assuming V2" 2V $=0 < 00
First we prove the base step n = 0:

v2v\¢_0 <00 =  W=0. (B.42)

This is true simply by using X = V in eq. (B.35). Next, we move to the inductive step.
Our goal is to prove that for any n > 0,

Vi=Vi=-=Vo_1=0 and v2”+2v]¢_0 <o = Vapu1=0. (B43)

Follow the exact same logic that led us to eq. (B.39), we can now derive that V2*V have
well defined Taylor expansion for all 1 < k < n, with the lowest odd power coefficient

2k
(7)o T (15255 -

Then taking k& = n yields

n—1 N
(vznv> = Va1 H (1 + T 2r> (B.45)

Therefore, we get

v2”+2v‘¢:0 <o = (VQ“V)1 =0 = Va1 =0, (B.46)

where the first implication follows from plugging V2"V into eq. (B.35), and the second
implication follows from eq. (B.45). This completes our proof that V is an even Taylor
series in ¢ to all orders.

— 67 —



C Why massless states cause submanifold singularities

This appendix provides support for the discussion in section 5.2, by considering what

happens to the EFT submanifold at a point where % is not invertible. Consider the
tangent plane to the EFT submanifold:
8V_82Vdi 82de_
ove ~ oveog 7t geger 1P =0 (G
02V 0%V

and in particular the rank r of the matrix ( ), which has n rows and 4 +n

0P 9t 9P 9P
: . . . 2y .
columns; this matrix has rank at most » = n. Assuming that the sub-matrix % is not

invertible, such that its rank is less than n, there are two cases to consider:

1. 7 < n. We interpret eq. (C.1) as a linear equation for the (4 + n)-vector (d¢’, d®?).
The dimension of its solution space is 4 +n —r > 4, indicating that the EFT tangent
plane is not uniquely defined. Often multiple EOM solution branches join at this
point, where each branch may exhibit some non-analyticity at the point.3° It implies
that there exists at least one linear combination of the ® modes which is a null
eigenvector of the full UV mass matrix.

2. r = n. In this case, we can interpret eq. (C.1) as a linear equation for the n-vector

d®®. The coefficient matriz of this linear equation, is nothing but the sub-mass
%, whose rank is smaller than n by assumption, implying that it is non-
invertible. On the other hand, the augmented matriz has a rank equal to n for generic
values of d¢':

2 2 2
rank< oV de’ i >:n>rank< i ) (C.2)

matrix

APr9pt "7 9PerOPb 0P 9Pt

No solution (for all d®?) exists for generic values of d¢’. The only way to find solutions
is by setting particular components of the vector d¢’ to zero in order to reduce the
rank of the augmented matrix to match the coefficient matrix. This implies that
there will be a divergent derivative d®%/d¢’ at the putative O(4) fixed point, and
hence the resulting EFT is non-analytic at this point.

Non-analyticities at the O(4) fixed point are usually of the case 1 kind. This is because,
when the fields are arranged into a 4-plet ¢’ and a set of O(4) irreps ®¢, M?ji‘é& = 0 by
symmetry, unless ®* contains another 4-plet. Non-analyticities at generic points on the
path between the O(4) fixed point and our observed vacuum are usually of the case 2
variety. Both kinds of non-analyticity require a HEFT description of the EFT. A sketch of

the two cases is provided in figure 1 in section 5.

3%Due to the restriction that only real solutions (for real field components) count as EOM solutions, there
are cases that only a single EOM branch exists at this point with no uniquely defined tangent plane. In
these cases, although singularities do not show up at tree-level, they are generically expected at loop order.
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D Computing the effective Lagrangian

In this appendix, we use functional methods to derive new general expressions for the two
derivative contributions to the one-loop effective Lagrangian that include all orders in the
fields. Specifically, we will evaluate the functional determinant of an elliptic (functional)

operator of the form
0=0*+M*+U, (D.1)

where M? is a degenerate mass square parameter that is proportional to the identity matrix
M? « I, and U is a local spacetime operator, such that U |x) = |z) U(x). Then the one-loop
contribution to the effective action from integrating out the physics associated with O is

T(U) = ilndet (8% + M? +U) = iTrin (0% + M2+ U) (D.2)
which we organize as a derivative expansion®!
T(U) =T+ TPU) + 0(8%). (D.3)

The leading contribution 7 (U) collects terms with no explicit derivatives acting on U.3?
This includes the famous Coleman-Weinberg potential [69], and generalizes it to allow U
to contain derivatives. The next term in the series is T()(U), which collects terms with
two explicit derivatives acting on U.

We begin the evaluation of the functional trace as follows (see eq. (A.1) in [70]):

T(U) =ilndet (02 + M? + U) =iTrin (9* + M2+ U)

[ o (<57 222 0))
d*p

:i/d“a;/ 2 (plz) (a|trin (=p* + N2 + 0 ) |p)

d4 . .
= i/d4x/ (21;4 e’? trin [—(i@)Q + M? + U} e '
7r

4
:i/d4x/(;1];4trln [7(i8+p)2+M2+U}
7'('

:i/d4x/ (;;];4 trln [—(i@—p)2+M2+U}

:i/d4x/ d4p4 trin [—p2+M2+U+(2ip-3+82)} , (D.4)
(2m)

where in going from the first line to the second we have explicitly evaluated the “Tr” trace,
leaving only a “tr” trace which acts on internal indices. We have also added explicit “hats”
on operators at the relevant intermediate steps to make clear at what step these operators
become c-numbers.

SLAN of the T*+1) are zero due to the fact that eq. (D.2) is even under 9, — —d,,.
32Here we are using the superscript to track the number of explicit derivatives that appear. There can
additionally be implicit derivatives contained within U.
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We simplify the evaluation by first taking the derivative of T'(U) with respect to M?:

1
4
8M2 /d / [(—p2+M2+U)+(22’p~8+82)

(D.5)

Our goal is to evaluate this expression to second order in derivatives. To this end we write
A = —p? + M? + U and only keep the contributions to the integrand that do not vanish
under p — —p:

4
8M2 /d

[A‘l _A2AL

+ A7 2ip-0)AT (2ip- 0)AT + 0 (84) ], (D.6)

where the partial derivatives that appear in these products are understood to act on ev-
erything to their right. Integration by parts then gives

4
8M2 /d

ctr[aTh 4+ (9,471 (90a)

+ap'p” (9,47 ) A (9,0 )+ 0 (8Y)]. (D)

The only x dependent part of A is U(x), and thus 9,A~! = —A~1 (§,U) A1, Then using
the cyclic property of the trace, we find

4
T =

ptr[AT 4 (9,U) AT (04U) A

P (OU) A (@) AT+ 0 (0], (D)

where we have also substituted ptp” — in““pQ. Now note that the following combination
is a total derivative of p:

tr [(9,U) A2 (9MU) A™2 + 2p? (9,U) A2 (9*U) A~

aat [117'0 (0,U) A2 (G“U)A‘Q} : (D.9)

which will yield zero upon performing the loop integral. We can therefore simplify eq. (D.8)
to yield

e =i [0

At this point, we can identify the contributions which belong to T©)(U) and T?(U)
respectively. What follows is the evaluation of each in turn.

- [A 41 (a U)A‘2(8“U)A_2+O(84)]. (D.10)

First, we integrate the zero-derivative part of eq. (D.10) with respect to M? to regain

0) U):i/d4:n/((2i41;4

trin (—p? + M2+ U) . (D.11)
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The evaluation of T(® is treated in many textbooks, and we will briefly reproduce the key
steps here for completeness (we have numbered the equal signs for ease of reference):

d d4p 1
i_i/d%tr{dl/(%) 4(—p24+ M2+ U)" ao}
1 d | p*? T(a—d/2) !
—/d xtr{d [(471)61/2 I'(«a) (M2+U)ad/21 a:O}
/d%u{[ 4d Lo d/2) 1 ] }
am)¥? ol (a) (M2 0) 2| _,
it

I'(—d/2)
_/d4x o (4m)¥? (M2 + U)~ d”]
—>/d4

5 tr [(MQ—FU) <1n]\42u—2kU+ g)

To clarify a few of the steps in eq. (D.12), we begin with the second equality, where we

(D.12)

have used

Ing =——z¢

D.1
= (D.13)

a=0

to rewrite In (—p2 +M?*+U ). For the third equality, we shifted to d dimensions and have
performed the loop integral using dimensional regularization, with the requisite introduc-
tion of the subtraction scale u. The fourth equality results from carrying out the derivative
% by explicitly evaluating

af@)| o F@) =10

do a=0 a—0 o

(D.14)

Finally, to derive the final result, we have subtracted the UV divergence using the MS
renormalization scheme.

Next, we evaluate the two derivative piece of eq. (D.10). Note that the momentum

integral is finite. First, we Wick rotate and make the change of variables t = p]%: = —p*:
‘9T D / / oAy [ (0.U) A2 ("D AZ] (D.15)
1672 ’ ’

with A = ¢+ M? +U. Now we can get rid of the M? derivative by recognizing the above as

8T(2) o1 5
_ - - I -2
V= [ [T () el At e a
e, [ At 15 0 2 (au —2
_/d x/o [0 A @) A, (D)
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where in going from the first to the second line, we moved the ¢ derivative using integration
by parts. Finally, we evaluate

_ / s /O T ey (@0 A2 (1) A7

1672 4
/d4 trl4M2/dzlz) (6U)<1+;4U;>
« (0"U) <1+;4U;) 2]. (D.17)

In the last line we obtain the final form of T’ (2)(U ) by making the change of variable ¢t —

z= MMTL, in order to arrive at a form that is amenable to being Taylor expanded in terms

of % Note that in the special case where [U,0,U] = 0, we can simplify the final result:

= /d4m ! tr ! /1 dz(1 — 2)? <1 + ZU) (BU)?| + O ([U,d,U))
a 7r2 4M2 0 M2 1O
4 1 2:|
where we have used ,
Lo1-2?% 11
d =3 : D.19
/0 Utz0) 3l+a (D-19)

This form is applicable for the singlet scalar example provided in section 6.2 above; the
more general formula is relevant to the vector-like fermion example in section 6.3.

D.1 Summary and heavy mass expansion

In summary, we started by organizing 7' as a derivative expansion
T(U) = ilndet (8% + M? + U) = TO(U) + T (U) + 0(8"), (D.20)

and obtained the following results

0U)—>/d4x
0)= fate 55

tr E (M2—|—U)2 (111]\42[{2'_U+;>] , (D.21a)
tr[4M2/ dz(1 - 2)* (9, U)<1+JZWU;)

« (9"U) (1 4 ;Z) _2]

_/d4 — [12 M21+U(6U)2} +0(U,0,U]) . (D.21b)

These results provide a direct calculation of the all-orders dependence on the fields, cou-
plings, and masses at one loop. In the heavy mass limit, it can be useful to expand in
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inverse powers of M? and truncate in mass dimension, which yields

1 2 1 2 11
7O > /d4x tr lMQ (m“ + 1) U+ <21n “) U2 - - ud

1672 M2 M2 6 M2
11 ., 11 . 1 1 4
oY T T oasY ] ’ (D-22a)
1 11 11
(2) 4 - 2 - - 2
TOU) 5 / d'o < tr L? 3 (OU)? - U (V)
+ iiU2(aU)2 c1ly (8,U) U (0*U) (D.22b)
20 M6 30 M6~ VK ’ '

where we have not made any assumptions about [U,J,U] when expanding the all-orders
result. These expanded expressions have appeared in the literature; for example, they
agree with eq. (2.54) in [45]. Again we emphasize that to our knowledge eq. (D.21b) had
not previously appeared in the literature.

E Caveats for the leading order criteria

In the main text, we explored various examples of perturbative UV models that must be
matched onto HEFT. The general lesson was that two physical scenarios result in HEFT: (7)
integrating out a state whose mass is entirely sourced from electroweak symmetry breaking
yields a non-analytic effective Lagrangian at the putative O(4) fixed point (section 6),
and (ii) there is an extra source of electroweak symmetry breaking, such that no O(4)
invariant point can be accessed on the manifold for A (section 7). The question of whether
or not HEFT was required for these examples was in accordance with our LO Criteria,
which relied on the finiteness of the Ricci scalar, but neglected tests involving curvature
invariants built from covariant derivatives acting on R. Our goal here is to identify pitfalls
associated with the restricted scope of this work, namely that the geometric quantities
we study assume an effective Lagrangian truncated to two-derivative order, and the fact
that our LO Criteria rely on a finite number of conditions. Specifically, we identify two
subtleties. First, we consider UV theories that include non-renormalizable interactions,
and second we explore the impact that performing non-derivative UV field redefinitions
has on the effective Lagrangian.

E.1 Non-renormalizable UV theories

Above in section 6.1, we encountered the expected behavior when we integrated out a
BSM singlet state with a spontaneously broken Zo symmetry that acquired mass from
electroweak symmetry breaking. The resulting EFT was a SMEFT if the dynamical singlet
field acquired at least some of its mass from terms independent of H. If the dynamical
singlet field acquires all of its mass from electroweak symmetry breaking, however, the
resulting tree-level effective potential was non-analytic and we were forced to match onto
HEFT, in concert with expectations. In this section, we will discuss a related example where
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the theory includes a massless BSM state with non-renormalizable couplings; naively this
should be matched onto HEFT at tree-level, but the LO Criteria fail.

For illustration, we introduce a simple model with a BSM singlet scalar S, whose
Lagrangian is

Loy S 308 — 5rS*(6-8) — TAsS* — 15(5-), (E1)

where K, Ag, and 1/A are couplings, and we have only included the S dependent terms. We
note that this form is non-generic, but it serves as a proxy for models where the BSM state
forms a non-trivial irreducible representation of O(4) such as the 25-plet ®(WkL) where the
linear term ®(WkD @i pk ! naturally arises at dimension 5. It is enlightening to investigate
this Lagrangian from a geometric perspective.

First send A — o0, so that the model is renormalizable (and identical to the one
studied in section 6.1 above with m? = 0). The equation of motion for S has up to three

Selr] =0, ir\/?j: (E.2)

where r = 4/ 5 gg = h+4vg. When k > 0, only the solution Se = 0 exists; the tree-level EFT
is completely flat, but a non-trivial effective Lagrangian arises at one loop, as explored in

real solutions

section 6.2. When « < 0, however, the Higgs vev induces a singlet vev, and so there is
effectively a linear singlet coupling which has non-trivial consequences at tree level, much
as in section 6.1. In this case, the global minimum lies on the latter two solution branches,
Se « 7, and on the EFT manifold R — oo at the fixed point due to a conical singularity.
(The conical singularity can be visualized intuitively by noting that, when restricted to
any 3d subspace (¢°,¢7,S), i,7 € {1,2,3,4}, this Sc & r a 2d cone.) The model must be
matched onto HEFT at tree level. Operationally, the conical behavior S¢(r) o< r requires
the interplay of two operators with opposite sign in the potential — in this case 52 (qg . gg )
and S* — that are equally relevant near the fixed point in the UV.

Next we proceed to investigate the implications of the non-renormalizable operator, i.e.,
we take 1/A finite, assuming £ > 0. We will now demonstrate that it is possible to obtain
a solution that is non-analytic at the O(4) invariant fixed point, but which does not yield a
conical singularity. As one approaches the fixed point, there is one real solution to the EOM:

Selr) = j— (5r5) W(Q;;x)ﬁ (s2)
! j_ (2;;A> B \/(2;;)2 + (;;Z)g : (E.3)

Still, d&% (0) = 0, due to the added operator being less relevant at the fixed point. There
is no conical singularity, R is finite, and the deformed EFT satisfies the LO Criteria.

However, the deformed EFT does not satisfy the full Curvature Criteria, as Sc(r), and the
resulting EFT metric, is only finitely differentiable at the fixed point.
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This shows that even if the UV theory has massless fluctuations with linear couplings,
it is possible to find an EFT manifold with finite curvature at the fixed point. This can
occur when integrating out a sufficiently large representations of O(4), or if some terms in
the Lagrangian are forbidden by a symmetry. However, such theories, while satisfying our
LO Ceriteria, face generic obstructions when attempting to match onto SMEFT.

First, there are often increasingly severe singularities that appear at higher derivative
order in the effective Lagrangian, driven by the divergence at higher derivative order in the
solution for ®¢. For instance, from the two derivative piece of eq. (5.3), we solve for <I>£2) via

5S<

2 ¢ (0)
L lo.al el + 22 s el =0, (E.4)

0PoP

For example, if dq>d<1>( ,0) ((E 5) near the fixed point, then ) scales as

P ~ D 5) 2ol (E.5)
(2

which generically results in a ®¢

) that grows faster than <I>£0) as r — 0. By solving the
(2n)

derivative expansion iteratively, one can see that a term in ®¢ ’ will scale as

) ~< 1 a2> o (E.6)

(¢-9)

which inevitably results in non-analyticities at some derivative order in the EFT La-
grangian about the fixed point (unless o (qg ) = 0 everywhere). A detailed study of these
questions is beyond the scope of this paper.

Additionally, one-loop and higher corrections introduce non-analyticities in the EFT
Lagrangian at all orders in the derivative expansion. Specifically, the Coleman-Weinberg

v\ (v
dodd dodd
guarantees that the EFT potential be only finitely differentiable if %(0, 0) is singular

about the fixed point. If 35 d<I>( ,0) o (d_; ¢ ) near the fixed point, the Coleman-Weinberg
contribution to the EFT potential is thrice differentiable. Similarly the two derivative

contribution,

Leg D tr , (E.7)

terms (using the simpler form of eq. (D.21b) that assumes the mass matrix commutes with

d2v \"' 7 av d2v
(d@d@) a(d@d@)a<d®d<b>]’ (E8)

guarantee that the one-loop EFT metric will only be differentiable a finite number of times

its spatial derivative)

Leg D tr

when the mass matrix is singular. For example, if -5 15 d<1>( ,0) (q—g . 5 ) near the fixed point,
then the metric is continuous but has no well defined derivatives about that point. Thus
R is undefined, the hallmark of a singularity.
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E.2 UV field redefinitions

A central goal of this study was to frame the question of HEFT versus SMEFT in terms
of geometric quantities, so that the criteria would be invariant under (non-derivative) field
redefinitions of the EFT fields. As we will illustrate here using a simple example, there is a
danger that coordinate choices in the UV theory can yield a singular HEFT-like chart prior
to matching. Working with the “wrong” coordinates can result in an EFT with divergent
curvature invariants defined via the two-derivative action, even in the absence of massless
BSM fluctuations. This comes down to the fact that zero-derivative field redefinitions in
the UV theory induce field redefinitions within the EFT that involve derivatives. Since
the geometric picture truncated at two-derivative order does not accommodate these re-
dundancies, the value of curvature invariants computed within the EFT can change by an
arbitrarily large amount in this case.

We can see this play out by working with a simple example. Let the UV theory include
an O(4) fundamental multiplet qg and a singlet S with no interactions:

e ]- N\ 2 ]- 1 - =2 1
Lov [6,8] = 5(06)° + 5(09) = Sm*(G- )" — S MS
_ 1 2 1 2gme L 2o 1 9o 1,5p
= 2(87“) +27‘ (8n) +2(8S) 2m r 2M S, (EQ)

with masses m? < M?, and in the second line we have introduced HEFT-like polar coor-
dinates ¢ = r7i. It is trivial to integrate out the heavy state S, yielding a free theory for ¢:

LErT {Cg] _! (35)2 - %mz (J; 5)2

2
1 9 L oao 1 99
= 5(87“) + 5" (0n)* — M, (E.10)
which has constant curvature invariants
R=0 and V2V =4m?. (E.11)

Next, we will apply the following zero-derivative field redefinition in the UV theory,

which is simply to rotate the two massive scalars by an angle :33

7 cosf —sinf r
(5‘) B (sin@ cos 6 ) (S) ' (E12)

Then the UV theory written in terms of 7, 77, and S appears to be slightly less trivial

Luyv 7,7, 8] = 5(81’)2 + %(65*)2 -~ im%[n} i — %mg[ﬁ} S? —mi,[a] 7S, (E.13)
with
m3[i] = (m* — (07)?) cos? 6 + M? sin” 0 (E.14a)
m3[i] = (m?* — (07)?) sin? 6 + M? cos® 6 (E.14b)
miy i) = — (M2 —-m?+ (8ﬁ)2) cosfsinf . (E.14c)

33This field redefinition serves as a proxy for the transformation needed to diagonalize the mass matrix
at the global minimum in theories of extended scalar sectors with a non trivial potential.
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Although the new field S is not a mass eigenstate, we can still formally integrate it out by
solving its EOM:

dSuvy an Z 9 o~
= — 0 :> S " = —-—— n . E15
55 [T? TL] 52 + m%[ﬁ] le[n]r ( )
The resulting effective Lagrangian is then
- 1, 1 5. . 1.5 .. 1 "D o
Lo [ 7] = (07" = k(A 72 4 ST (R] gy )7
1 1 1
= Skr(07)* + §ka2 (0)? — §kvf2 +0(0%Y, (E.16)
where in the second line we have expanded up to two derivative order, and the coefficients
are
(0]
kp =1+ —12 (E.17a)
m3[0]
=2 101\ 2
kn = | cosf — sinﬁwflf[ ] (E.17b)
m3[0]
~ mis[0]
ky = mi0] — —2 E.17
|4 1[ ] ﬁl% [0] ) ( C)
which can be used to compute the curvature invariants
6 kr 2 ky
=——-1 d =4— E.1
R kRﬁ(kN ) and VIV =4 (E.18)

which differ from the invariants computed in eq. (E.11). Furthermore, R diverges at the
origin (r — 0) due to a conical singularity in the metric.

Of course, the two EFTs must yield identical predictions. In fact, we can explicitly
derive that they are equivalent, by transforming between them formally using the field
redefinition

N =

= [0 dl]) — [ 0 + i)y li)| F [07 + m? — 0] r

sin26 ,__

(0m)? + (9(84)> r, (E.19)

m3[0] 1 (M? —m?) sinQGa2 B
2m3[0] M2 2m3[0]

where in the second line we have expanded to two-derivative order. This field redefinition
is singular at the origin, in the sense that ¢ = 77 cannot be written in terms of (5 =rn
using expressions that are analytic in (E at q; = 0. Furthermore, we see explicitly that a
field redefinition without derivatives in the UV induces a field redefinition that includes
derivatives in the EFT. This explains why the curvature invariants differed between the
two descriptions, and shows a limitation of the criteria presented in this paper.

Even so, this limitation is not fatal provided some care is taken to work with the
“right” coordinates when matching to the UV theory. If the goal is to match onto SMEFT
when possible, then as long as the UV theory does not have any massless fluctuations at
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the O(4) invariant point, or extra electroweak symmetry breaking, there must exist a field
redefinition that can convert the resulting EFT into a SMEFT. Specifically, we choose
SMEFT-like coordinates gg in the UV that can be used to match directly onto a benign
analytic-to-all-orders SMEFT about the O(4) invariant point, as in section 5.2. Note,
however, that if “spurious” conical singularities can be defined away with derivative field
redefinitions (as in the example provided here), then it is possible to remove “real” conical
singularities that are the result of integrating out massless fluctuations. The difference
between these two cases is that when trying to define away a physical non-analyticity, one
may be able to find coordinates such that the manifold is smooth, but there remains a tower
of non-analytic terms at higher derivative order due to the massless fluctuations. Hence,
the Curvature Criteria would break down (which implies that the LO Criteria would also
break down), although the pathology would be apparent in generalized curvature invariants
defined beyond two-derivative order.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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