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IS THE POLLUTION EFFECT OF THE FEM AVOIDABLE
FOR THE HELMHOLTZ EQUATION CONSIDERING HIGH WAVE
NUMBERS7?*

IVO M. BABUSKAT AND STEFAN A. SAUTER?

Abstract. The development of numerical methods for solving the Helmholtz equation, which
behaves robustly with respect to the wave number, is a topic of vivid research. It was observed
that the solution of the Galerkin finite element method (FEM) differs significantly from the best
approximation with increasing wave number. Many attempts have been presented in the literature
to eliminate this lack of robustness by various modifications of the classical Galerkin FEM.

However, we will prove that, in two and more space dimensions, it is impossible to eliminate this
so-called pollution effect. Furthermore, we will present a generalized FEM in one dimension which
behaves robustly with respect to the wave number.

Key words. Helmholtz equation, high wave number, pollution effect, generalized FEM
AMS subject classifications. 65N12, 65N15, 656N30
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1. Introduction.

1.1. Physical motivation. Boundary value problems governed by the wave
equation

0w

o Aw=y

arise in many physical applications, e.g., electromagnetic wave propagation and acous-
tics. In applications like radar detection of moving bodies or acoustic scattering, a
typical situation is that the inhomogeneity f is time periodic,

g (@, 1) = f ()™

In this case, we know (cf. [9]) that the solution of the wave equation is of the form
w(z,t) = u (v) e, where the amplitude u () satisfies the Helmholtz equation

—Au — K*u = f.

In contrast to the Poisson equation in potential theory, the function v (and not its
derivatives) is of main physical interest, denoting the amplitude of the electric or
magnetic field or of the acoustic pressure, depending on the underlying application.
This remark will be essential for the choice of an appropriate norm for measuring the
accuracy of the discrete solution.

In many situations, e.g., scattering and transmission problems, the Helmholtz
equation is defined in an unbounded exterior domain with Sommerfeld’s radiation
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conditions imposed at infinity (cf. [8]):

—Au—FKu=f in RA\D,
u=20 on 0D,
1—d
%—ikuzo(HxHT) ||| — oc.

Here, D denotes a bounded domain in R%, and %, the derivative in the radial di-
rection. If the so-called wave number k becomes large the solution of the Helmholtz
equation becomes highly oscillating and the discretization very expensive. Hence,
there is a growing interest in discretization methods where the computational com-
plexity increases only moderately with increasing wave number.

1.2. Transforming the Helmholtz equation on exterior domains onto a
finite domain. The fact that, in many situations, the Helmholtz equation is imposed
on infinite domains rules out the straightforward use of finite element or finite differ-
ence discretizations. This difficulty can be avoided by introducing a sufficiently large
ball B containing D CC B. The equation outside the artificial ball can be transformed
to nonlocal boundary conditions on 0B using the method of integral equations (see
[13]). In this context, this technique is called the Dirichlet-to-Neumann map (see [17]).
Thus, the Helmholtz equation has to be solved on the finite domain Q := BN R4\ D:

—Au—Fku=f in Q,
(1.1) u=0 on 0D,

v _Ku=q on 0B,
where 9/0n denotes the normal derivative. For sufficiently large B, the integral
operator K [u] can be approximated by the local term iku, i.e., the nonlocal boundary
conditions are replaced by so-called Robin boundary conditions:

g—z —iku = q.

The size of the ball has to be adapted to the required accuracy and, additionally, has
to be increased with increasing wave number k. A quantitative error analysis for this
kind of approximation is given in [11, Thm. 3.1]. What is important for our purpose
is the following. The domain of computation € is, especially for high wave numbers
k, much larger than the domain of physical interest. This observation shows that
for large domains, weighted norms are appropriate to measure the accuracy of the
numerical solution.

1.3. The pollution effect of the Galerkin FEM for the Helmholtz equa-
tion. It is well known that, for elliptic boundary value problems like (1.1), the
Galerkin FEM leads to quasi-optimal error estimates with respect to the degrees
of freedoms. This means that the accuracy of the Galerkin solution differs only by
a constant factor from the best approximation in the finite element space. From nu-
merical experiments and from theoretical analysis it is known (see [14], [15]) that this
factor increases with increasing wave number; in other words, the Galerkin FEM does
not behave robustly with respect to k. In [6, Thm. 2.6] it was shown that, for a model
situation, the ratio of the error of the Galerkin solution and the error of the best
approximation tends to infinity with increasing k. On the other hand, it was shown
in [2] that the condition “k2h is small” would be sufficient to guarantee that the error
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of the Galerkin solution is of the same magnitude as the error of the best approxima-
tion (independent of k). In practice, however, this condition would rule out reliable
wave computations in three dimensions for moderate and higher wave numbers for
the following reasons. The condition k?h < 1 would imply that the dimension N of
the system matrix is of order N = O (h_3) =0 (k‘G). The arising system of linear
equations has complex entries and is highly indefinite such that the solution process
becomes too expensive for k > 10 ~ 20.

Recently, many attempts have been made in the mathematical and engineering
literature to overcome this lack of robustness which, in this context, is called a pol-
lution effect (see [14], [18], [6]). In many cases, one-dimensional model problems
have been analyzed and then generalized to more space dimensions. Numerical ex-
periments show that in some situations the pollution effect can be reduced, but in
two-dimensions quantitative results about the size of the pollution appear to be very
vague and a theoretical foundation is missing. These observations motivate us to
study the following questions.

1. Is it possible to define a generalized finite element method (GFEM) for the
Helmholtz equation that has no pollution—one in which the Galerkin solution
converges at the same rate as the best approximation independent of the wave
number k7

2. How much insight can one get from the study of one-dimensional model prob-
lems? Are all higher-dimensional effects of the pollution visible in one dimen-
sion?

In this paper we will prove the following results.

e In one dimension, the pollution effect can be eliminated completely by a
suitable modification of the discrete bilinear form.

e In two dimensions, the pollution effect can be reduced substantially, but can-
not be avoided in principle. Hence, one-dimensional results are not fully
representative for the two- and higher-dimensional cases.

The paper is organized as follows. After having introduced some notation we will
specify what we mean by GFEMs. Then, we will explicitly define a pollution-free
FEM in one dimension.

In two dimensions, we will prove that, for any modification of the FEM, we can
define a family of domains and right-hand sides such that the ratio of the Galerkin
error and the error of the best approximation tends to infinity. However, the proof
of that theorem shows how a modified Galerkin method has to be designed such that
the pollution effect is minimal. Numerical examples presented in [6] show that, by
using these results, the classical Galerkin FEM can be improved substantially.

2. Setting. In this section, we will consider finite element discretizations for
approximating the solution of the Helmholtz equation

—Au—FKku=f inQ,
(2.1) u=0 on 0D,
g—z —tku=¢q on JB.

First, we will introduce some basic notation.

2.1. Finite element spaces and Galerkin discretization. The Galerkin dis-
cretization is applied to the variational formulation of the Helmholtz equation. For
this, let H' () denote the usual Sobolev space as defined, e.g., in [1]. Incorporat-
ing the essential boundary condition on 9D we obtain the space V := {v € H'(Q):
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v |gp=0}. For given right-hand side f € V' and ¢ € H~'/?(dB), the variational
formulation of (2.1) is given by seeking u € H' (Q) such that

(2.2) a (u,v) = F (v) Yv eV,

with

a(u,v) = / VuVo — k*uvdz — zk/ uvdx,
Q 7]

F(v):/ng@d$+/5,)3 qvdz. B

Remark 1. The bilinear form a (-, -) is symmetric, i.e., a (u,v) = a (v,u), but not
Hermitian.

The Galerkin FEM is given by replacing in (2.2) the infinite-dimensional space
V by finite element spaces. In this paper, we focus our attention on approximations
of the Helmholtz equation of second order. For the FEM, this means that we are
employing (bi)linear elements. Remarks on how the results can be generalized to
higher-order discretizations will appear in various places. Let

T:{Al,AQ,...,AN}

denote a finite element mesh consisting of simplicial or quadrilateral elements. The
mesh width is denoted by

h := max diam A.
AeT

Let
0 := {Ihﬂ?g,... ,I’n}

denote the set of vertices of 7 not lying on the essential boundary dD. For z; € O,
the usual local basis functions are given by

@i () = 6 5, 1<i<n,
®i |a is (bi)linear for all A € 7.

The finite element space corresponding to the grid 7 is given by
(2.3) Sp = span {¢; |1 <i<n}.

2.2. The Pollution effect of the FEM for the Helmholtz equation. Let
up € Sp, denote the Galerkin finite element solution of the Helmholtz problem, while
u denotes the exact solution in V. The error is given by e;, = u — up. The best

approximation of u in the space Sy, with respect to an appropriate norm ||-|| is defined
by

uP' ;= arg min ||u — vy
h v ESh ’
ezpt i= ||u—u}olptH )

Obviously, we have

x| < llenll-
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On the other hand, we know that the Galerkin method is quasi-optimal in the sense
that, for sufficiently small h, the Galerkin solution satisfies

lexll < €l -

Intuitively, we will say that the FEM has the pollution effect if e;, approaches zero
increasingly slowly as e}’ * has increasing k. This will be defined in a formal way now.

DEFINITION 2.1. Here and in the following, we assume that the wave number is
bounded away from zero, k > ko > 0. Let W denote a subspace of V' x H=/? (dB).
For (f,q) € W, let us, denote the solution of the Helmholtz problem (2.2). We say
that a FEM has the pollution effect if there are numbers r,s € R and t > 0 such that
the error of the best approzimation satisfies

le?!|| < Croh™k* Y (f,q) €W,

and there exists a family of data, i.e., domains Q, right-hand sides (fr,qr) € W,
and meshes T, characterized by the step size h = h (k) such that the error of the
corresponding finite element solution can be estimated by

llenl :
In order to motivate a minimal requirement on the dependence of h on k, we
consider the following model problem:

—u" —K*u=0, in Q=(0,1),
u(0) =1,
u' (1) —iku (1) = 0.

The exact solution is given by u (z) = exp (ikx). The best approximation in the space
of continuous, piecewise linear trial functions satisfies

t
H“_“Zp HHS(Q) < ChQ_SHuHH?(Q)

< C(kh)*™*.
l[ull g2 () lull 72 )
Hence, a minimal requirement for the relative error of the best approximation to be
small is that (kh) is small. In this light, the following assumption is very natural.
Assumption 2.2. Throughout this paper we assume that (kh) < « holds with a
generic constant « being independent of all parameters.
For a one-dimensional model problem the pollution effect was studied thoroughly
in [15], [16], and [6]. It was shown for one-dimensional model problems that
e the Galerkin FEM contains the pollution effect in both the L?-and H!-norms;
e for the Galerkin FEM, estimate (2.4) holds for the L?-norm with ¢ = 1 (cf.
[6, Thm. 2.6]);
e the pollution effect is visible for all degrees of approximation, i.e., the hp-
method for arbitrary but fixed p;
e the pollution effect can be interpreted as a lack of stability since the discrete
inf-sup constant behaves inverse-proportionally to the wave number.
It is clear that, in more space dimensions, one expects the pollution effect of at
least the same magnitude as in the one-dimensional case.
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2.3. GFEMs. In the following, we will characterize GFEMs. GFEMs were first
introduced in [4] in a variational setting. For our purpose, an algebraic definition will
turn out to be more appropriate.

We begin by introducing finite element interpolation and grid functionals.

DEFINITION 2.3. A wvector v € C™ is linked with a finite element function by the
canonical prolongation

EM](x) = Z%‘Cbi (x), z e Q.

A grid functional Q (f,q) is an operator which maps the right-hand side (f,q) of
(2.1) onto a vector in C™.

Ezample 2.4. Using this notation, the Galerkin FEM is defined by seeking uy
such that

Gy = QY (£,q).,
with
GOl =a(g;.¢:), 1<ij<n,
QY (f,9) = {F (¢:)}1<icn -

The following remark concerns the sparsity of G&e!.

Remark 2. Two points x,y € © are called physically connected if there exists an
element A € 7 having x and y as vertices.

If x; and x; are not physically connected, then ij’?l = (0. The converse holds for
almost all k£ > 0.

DEFINITION 2.5. Let Sy be defined by (2.3). A GFEM is characterized by a
(regular) matriz G and a grid functional Q. These operators have to have the same
sparsity structure as the classical Galerkin FEM, which can be expressed (cf. Remark
2) by

G;;=0 if (x;,x;) are not physically connected,

(Q(f,49)); =0, if supp ¢; N supp f =0 and supp ¢; |op N supp ¢ = 0.

Additionally, we require G to be symmetric: G; ; = G;; (cf. Remark 1).
The solution of

Gv=Q(f,q)

is then identified with the so-called generalized finite element approximation to (2.1)
by v=_E]|v].

In the next section we will prove that, in one dimension, it is possible to define
G and Q, i.e., a GFEM which has no pollution.

3. On the stabilization of the Helmholtz equation in one dimension
with Robin boundary conditions. In this chapter we will prove that, in one
dimension, there exists a pollution-free GFEM for the Helmholtz problem. We have
already mentioned that this is not possible in the higher-dimensional case. However,

1Here, the notation A N B = () means that A and B have disjoint interiors.
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the one-dimensional analysis gives insights into how a GFEM has to be designed in
higher dimensions such that the pollution effect is minimal.
To fix the ideas, let us consider the following one-dimensional model problem:

—u" — k*u=f in Q:=(0,1),
(3.1) u(0) =0,
u' (1) —iku (1) =0,
and assume that k is bounded away from zero, i.e., k& > kg > 0. The varia-

tional formulation of problem (3.1) can be written in the form, seeking u € V :=
{ve H'(0,1) | v(0) =0}, such that

(3.2) a (u,v) = /vadx YveV
with
(3.3) a(u,v) = /Q (Vu, Vo) — k*uvdz — iku (1) v (1) .

Let {x;},.;<, denote a set of grid points 0 < zg < 1 < --- < x, = 1. The grid 7
consists of the intervals A; = [z;_1,2;]. The step size h and the corresponding finite
element space

Sp = span {¢; :1<i<n}

were already defined by (2.3). We will also need the space SP consisting of functions
which are constant on each interval A;.

The Galerkin discretization of (3.2) leads to a system of difference equations of
the following form:

Gal Gal Gal :
i iti—1 + G+ G Ui = / foidx +/ foidz, 1<i<n,
A, JACEY

where we have already used the symmetry of G¢%. Terms in the equation above
containing subscripts smaller than 1 or larger than n have to be skipped.
For the GFEM, we make the ansatz

(34)  Gi—1iui—1+Giiui +Giipuivr = Q(f 12,0+ Q (f |a,,0), 1<i<n,

In order to motivate how the coefficients G;; have to be chosen, we present the
following consideration.

From the theory of ODEs, we know that, if f = 0 on an interval A,,, the exact
solution takes the form

ik ik
ula,, = Ame™® + Bpe T

In [6, Chap. 2] it was shown that on such intervals the solution of the Galerkin FEM
is the interpolant of

ik —ik
up A= Anme"™"" + By me "

with suitable Ay, ,,, and B}, ,,,. Furthermore, it was shown that the pollution effect is
related to the phase lag k — ky,. The idea of constructing a pollution-free GFEM is to
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eliminate the phase lag for as many right-hand sides as possible. The choice f = 0
in A,, UA,,+1 implies that the right-hand side in (3.4) vanishes. This leads to the
condition that (3.4) has to be satisfied for the fundamental system u = exp (Likz)
with right-hand side zero. Additionally, by choosing the operator Q in a suitable way,
it is possible to determine G such that the GFEM solution interpolates the exact
solution for piecewise constant right-hand sides, i.e., f € SP.

Working out these ideas properly, the following GFEM results.

Let the system matrix G*t® be defined by

sin(k(zit1—2i—1))

sin(k(zi+1—;)) sin(k(z;—zi-1)) if 4 =Jj<mn
e—ik(mn—mnil) e s
55 gua_ K] =D ==
' . 2 tan £ e
~ ST itli—id=1,
0 otherwise,

and the mapping Q*** by

o mnlELe) tan (k%) o f(w)da

LTm—1

stab -
(3.6) Q™) = 5o B 2 (g tma)  (@m— @m)

Note that this definition? can be interpreted as follows. First, one replaces the exact
right-hand side f by the L?-projection of f onto 82:

Poa) = POf ) 1= 30 dramt O

m=1

Xm ),
(szzm—l) "

whereas x,, denotes the characteristic function on the interval [x,,_1,2z,,] and then
computes as usual the right-hand side vector by applying some weighting which is
related to the nonuniformity of the grid 7. Note that in the case of a uniform grid
and f € S}, we have

(@), = / £ (x) ¢y () dz Vi

suppé;

In the definition of Q**%* we assume that fol f () xm (z) dz is well defined for all m,
which is ensured for f € L? ().

For the latter purpose we will need the following approximation properties of the
L?-projection onto S,?:

Hw — POwHS < chi~s lwll,

for s € {-1,0} and ¢t € {—1,0,1} with ¢t > s, and the pointwise error can be estimated
by

(3.7) |(w = P'w) (z)| < cvh 1wl g1 (0,1 -

2We have chosen the name Gt Qs*?® for the following reason. In [15], it was shown that,
for the classical Galerkin method, the pollution effect is caused by a lack of stability. The discrete
inf-sup constant behaves inverse-proportionally to the wave number k.
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In the following, we will show that, under certain assumptions, the finite element
solution corresponding to G*!** and Q®**® is pollution-free. We first have to prove
some estimates for the exact solution.

LEMMA 3.1. (a) Let f € H*(0,1) and u denote the corresponding solution of
(3.1). Then, the following stability estimate holds:

(3.8) |u® LSO o

for s €{0,1,2}.
(b) Let 6f := f—Pof denote the right-hand side of (3.1). Then, the corresponding
solution ug can be estimated by

(3.9) Hu@

0 S CE 2N fll g o)

for s € {0,1,2}.
Proof. The proof is a slight modification of the proof of Lemma 1 of [15]. We first
prove (3.9).
Green’s function of problem (3.1) can be written in the form
1 [ sin(kz)e*  for0 <z <y,
G (z,y) {

T %) sin (ky) etk fory <z <1

Thus, the exact solution ug can be expressed by

o (z) = / G, y)57 (y) dy.

In the next step we will estimate |ug (x)|. First, let us assume that « = z;, i.e., that
x coincides with a grid point x;. Using (3.7), we have

luo ()] = | fy Gls,9)6f (y) dy’

ikx

= |52 [y sin (ky) 6 (y) dy + G2 [ M6 (3)

eikur,j

= |5 Yy (—cos (ky) 6F () I3, + [0 cos (ky) 6" () dy)

Top—

< (m S W oy + 20 S )P dy)

<k (2 1 B ooy + 217 D 201))

<4k 11101y -

The proof in the case of x # z; is analogous.
The L2-norm of ugy can therefore be estimated by

1
2 C
ol o =/ [ w0 @ e < 5 1l

) 3 ey (eSS () [, I M (y) dy )|
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The estimate of [|ug| ;2 (o ;) can be obtained in the same way by using L™ = ke’
and L sin.(kx) = k/izos (kx).
To estimate [[ug|| 2 1) We have

1 1

2 2 2
luglo :/0 |ug ()] dx:/o (65 + KPuo) (@)]” dx < |18 £11g+2k2 [16£ | lluollo+4* uollg -
Using the previous estimate and [|6 f[|, < [|f||,, we conclude that

2 2 2 2
gl < e (115 + 20700 171, + 11F) < el fif

The estimate of ||ul|, for s € {0,1,2} can be obtained analogously. d

In the following we will show that the finite element solution corresponding to
Gsteb and Q®*%? coincides with the interpolant of the exact solution, provided f € Sp.
The details can be found in the following lemma.

LEMMA 3.2. (a) Let f™ = xum, while x,, denotes the characteristic function on
the interval [Tm—1, Tm]. Then the exact solution of the boundary value problem (3.1)
s given by

. _ _ S TmATy, 1
2sin (k%) e* =" sin (kx) forz < zp_q,
") 1 —ie*@m sin (kz) + cos (kxpy,_1) e* — 1
u €T ==
k2 (m — Tm—1) for xp_1 < x < Ty,
2sin (k%) sin (k‘L;’l) etk for x> x,,.
(3.10)

(b) Let f € S and u denote the corresponding solution of (3.1). Let hk < m and
v € C" be defined as the solution of

Gstabv _ Qstabf

Let v := Ev be the finite element solution. Then v coincides with the piecewise linear
nodal interpolant of u.
Proof. Case (a). Statement (a) follows easily by explicitly computing

um (z) = /0 G, y) ™ (4) dy.

Case (b). By the linearity of the Helmholtz equations it is sufficient to prove the
assertion only for f™ = y,,, 1 < m < n. Define the vector u™ € C™ by
u* =u"(x;) V1<i<n.

Now applying G*'® to u™ we get, after somewhat tedious algebra which is skipped
here,

0 ifiAmandi#m-—1,

stab,.m\ __
(3.11) (G*"u™), = ,  tan(kTmpmet)

YT I o —y otherwise.
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Now computing Q**** f™, we obtain

(QStabfm)z‘ _ _ h Zmir}(i-{-ln) tan(k wr;j,l) Joi_ 7 (@)da

T 2tan B Laj=i (zj—zj-1) (wj—wj-1)

0 ifi£mandi#m-—1,
- o ten (k S - ) otherwise
2 tan % (T —Tm—1) :

Thus, we conclude that G5*Pu™ = Q5 f™ for all 1 < m < n.
It remains to prove that G*®® is regular. The matrix F;,, := (Qf™), has the
form

whereas the entries marked by a star are nonzero elements due to hk < 7. All other
entries of F vanish. Thus, F is regular, yielding that G***® has full rank and therefore
that G is regular. 0

We come now to the main result of this section, which shows that, under certain
assumptions, the finite element solution corresponding to G**** and Q®t* is pollution-
free.

THEOREM 3.3. Let the right-hand side f of (3.1) be in H' (0,1). Let G**** and
Qstet be defined by (3.5) and (3.6) and let uy, denote the solution of

Gstabufe _ QStabf-
Then, the corresponding finite element solution ug. = Euy. satisfies

[(uge —w)'[|y < chllfl

provided hk < 7.

Remark 3. Let f € H' (0,1) and u denote the solution of (3.1). Using (3.8) the
error of the best approximation ;" *in S}, with respect to the H'-seminorm can be
estimated by

| =)' < ehlully < enlfll-
0

According to Definition 2.1 the stabilized FEM is pollution-free.

Proof. Let the bilinear form a : V' x V' — C corresponding to problem (3.1) be
defined by (3.3) and let K : V — V' denote the operator associated with a (-, ). For
f eV’ let u €V be the solution of

Ku=f.

Let P° denote the L2-projection of f onto S, and u?, the corresponding solution in
V,ie.,

Ku® = f°
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with fO := POf. Using the definition of Q**?® it follows that Q%% f = Q! f0. Using
Lemma 3.2 we see that the finite element solution ug. corresponding to G5t and
Qs coincides with the nodal interpolant u? , of u®. Therefore, we have

0 0 0
U—Ufe =U—U +U — Uiy,

and using the triangle inequality, it is sufficient to estimate the norms of the differences

u—u® and u® — uf , separately. We begin by estimating u — u°.

We will need the following stability estimate of K which is proved in [15, Thm.
1], namely,
|(=2)| < crlgly  voer (@),
Thus, using the approximation property of Py, we conclude that

(3.12) [ - uo)’HO < Ck||f = P°f||_, < ckh2|If]l, < exhl|f]]; -

To estimate the difference H (uo

/
—ud,) ’ o e proceed as follows:

(3.13) H(uo - u?nt)/HO < ch H<u0>”

< e ([ = "]+ 11o) -
070 (u u) 0—i—||u llo

We have u—u® = K~ (f — P°f). Applying Lemma 3.1 for the problem K (u — u°) =
f — POf yields

(3.14) H(u - uO)N

< Clflmony-
Using Lemma 3.1 again, we have

(3.15) [u"[ly < ¢ 1 g1 0,1y -

Inserting (3.14) and (3.15) into (3.13) we get
(3.16) @ =)', < enlfly-
Estimating (3.12) together with (3.16) yields

H(U - ufE)/”o <ch|fll,

which completes the proof. 0

In this chapter we have presented a pollution-free GFEM for a one-dimensional
model problem. The principal underlying idea was to insure that if the right-hand side
belongs to a sufficiently large subspace of V/ x H~1/2 (0B), the GFEM interpolates
the exact solution. Sufficiently large means that the continuous right-hand side can be
approximated in this subspace consistently. Since the zero function will always belong
to this subspace, the GFEM has to reproduce the fundamental system. We state that
similar constructions can be made for boundary conditions possibly different from
those chosen in (3.1) and also for higher-order approximations.

In the following we will show how significantly the stabilized FEM improves the
classical FEM for the Helmholtz problem.
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Relative error of the FE-solutions in the H1-seminorm for Example 1

T T T T T T T T
N stabilized FEM, k=50 =— |
N el [, Galerkin FEM, k=50 —+-
PSR ~._ stabilized FEM, k=100 -83--
. “_ Galerkin FEM, k=100 -
el “stabilized FEM, k=200 &~
O, % Galerkin FEM, k=200 - -
-\ stabilized FEM, k=500 -©-- A
= o Galerkin FEM, k=500 -+---
£ N S
2 o025t 2 h g -
€
Q
@ .
T o
® 0.1 “ i
ESS
£
S 005} g
5
g
T 0025 “o. R
> -
[r .
\>K
0.01 | e 3
ﬁ \‘\z
0.003 [ 1 1 1 1 1 1 1 ]
50 100 200 400 800 1600 3200 6400 12800

Number of unknowns

F1G. 4.1. Relative error in the H'-seminorm for ezample 1.

4. Numerical examples. In this section we will illustrate the pollution effect of
the Galerkin FEM and the behavior of the stabilized FEM. We choose f = 1422 as the
right-hand side of (3.1). Our first example is characterized by choosing piecewise linear
elements on a uniform mesh, while for example 2, we consider a highly nonuniform
mesh in the following way. Let the step size h satisfy h~! € N, and x; = jh denote
the grid points of the uniform mesh. We disturb these grid points randomly in the
range

; h h
m?’s € |z; — %,mj + % N
?zjl’w?w] 1<j<h-1"

As explained in the first chapter, the standard Galerkin method is quasi-optimal
if h is sufficiently small, but in the preasymptotic range the pollution effect influences
the precision substantially. The error is always measured in the H'-seminorm. The
error of the best approximation u°P* differs from the error of the stabilized finite

element solution u}te”b by less than 0.1%. Therefore, the plotted lines corresponding

to u°Pt and uffe‘lb coincide.

Figures 4.1 and 4.2 elucidate the effect of the pollution for the Galerkin method.
As h becomes small, the corresponding error line approaches the error line of the best
approximation, while for larger h the solution is spoiled substantially. The range of
h, where the solution of the Galerkin FEM is polluted, increases with higher k. We
state that even if kh is relatively large, i.e., kh € [1,2], the solution of the stabilized
FEM already has the expected asymptotic behavior of O (kh). As can be seen from
Figure 4.2, the stabilized FEM works also on nonuniform grids, while the effect of the
pollution is higher for the Galerkin FEM.

with ¢ = 1.1. The grid of example 2 consists of the intervals [:E
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Relative error of the FE-solutions in the H1-seminorm for Example 2
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F1G. 4.2. Relative error in the H'-seminorm for example 2.

The aim of our numerical investigation was to illustrate the improvement of the
stabilized FEM compared with Galerkin FEM. A more thorough investigation of the
pollution effect of the Galerkin FEM can be found in [15].

5. On the stabilization of the Helmholtz equation in two dimensions.
In this chapter we will show that in two dimensions it is impossible to eliminate the
pollution effect completely. To be more concrete, we will consider a very simple model
situation, by employing bilinear elements on a uniform grid. Furthermore, in order
to avoid boundary effects we will consider a sequence of increasingly large domains
and employ weighted norms. However, as pointed out in the introduction, this model
situation is appropriate for drawing conclusions to practical applications as well.

In a mathematical setting this means that we focus on the question of whether,
for such a simple model problem, it is possible to choose the coefficients of a GFEM
for the interior difference equations such that the pollution is eliminated. If this is not
possible for this simplified situation, we must expect that in more general situations
it is not possible either.

However, the analysis will show that a GFEM which has minimal pollution must
have the property that the difference equations for interior grid points satisfy

zn: GiﬁjUj =0
j=1

for a maximal number of homogeneous solutions of the Helmholtz equation. Since, in
contrast to the one-dimensional case, the number of homogeneous solutions is infinite,
the above relation cannot be satisfied for all homogeneous solutions. It will turn out
that this is the reason that the pollution effect is inevitable.



2406 IVO M. BABUSKA AND STEFAN A. SAUTER

5.1. The GFEM for the Helmholtz equation in two dimensions. In this
chapter, z always denotes a two-dimensional vector, i.e., x = (z1,22) . We will use
two-dimensional multi-indices v € Z2. The abbreviation |v| is defined by |v| = v1 + 13,
and for a two-dimensional vector g, the notation g” means ¢g” := g{* - g52.

Throughout this chapter we assume that the wave number k is bounded away
from zero, i.e., k > ky > 0.

Let the domains €2,, be defined by

(5.1) Q, = (—cn,cn)Q, cn €N, ¢ <cpyr-

We consider the homogeneous Helmholtz equation on the domain €2,,.
(5.2) Litiy = —Auy, — Eup, =0 in Q,,

with boundary conditions

(5.3) Bou, =1, onl :=0Q,.

We will assume that problem (5.2), (5.3) has a unique solution u,, € H! (£,,) for all
rn. To avoid notational technicalities we assume that the boundary conditions are
not of Dirichlet type.

We consider GFEM discretizations to (5.2), (5.3) with piecewise bilinear ele-
ments. Let h denote a positive parameter denoting the step size which satisfies
h~! € N. The Cartesian grid points are given by ©,, = hZ? N Q,,. For convenience,
we identify grid points z, with the multi-index v. The notation v € ©,, stands for
vE { pweEZ |z, € @n}. The corresponding Cartesian grid 7, consists of squares of
side length h.

l:l,/ = h(l/171/1 +1) X h(l/271/2+1)7
Th = {Du}u€Z2 N €y

The bilinear finite element space is denoted by Sy, and the nodal basis, by ¢. The set
of interior grid points is given by " := hZ? N Q,,. The system matrix of a GFEM
method has to have the same sparsity pattern as the classical Galerkin discretization.
For x, € ©, the difference equations of the corresponding Galerkin FEM can be
written in the form

Golyy—1,05+1 + G1uy pot1 + GoUy 41 05+1
(54) + Gluulfl,uz + GOUV1,V2 + Glul’l,l’2+1
+ G2uljlfl,l/271 + Gluljl,llzfl + G2ul/1+1,l/271 = 0'

For convenience we have used two-dimensional indices for the vector u. Thus, the
prolongation takes the form

2 [u] (x) = Z Uy Py (x) .
veEO®
The interior matrix stencil

Gy Gi Go
),=| G Go G
Gy G Go

(5.5) (Gl

n
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expresses the sparsity of the matrix and has to be understood in the sense of (5.4).
Since the matrix stencil contains nine coefficients, it is called a nine-point stencil (see
[12]). For the Galerkin method, we have

-1 _1 _1 1 1 1

3 3 3 36 9 36

- | -1 8 _1 1 _,2 1 4 1

(56) G = 3 3 3 a 9 9 9
1 1 _1 1 1 1

3 3 3 36 9 36

The GFEM is determined by defining a family of regular matrices G and func-

tionals Q" mapping the right-hand side of (5.3) onto the right-hand side vector of the
linear system. According to Definition 2.5 the stencils of the GFEM have to satisfy
the following conditions, A1-A2.

Al. The matrix G” which depends on k is sparse in the sense that for every
nodal point x, € © the corresponding matrix row can be represented by a
nine-point stencil.

A2. The functional Q" is local in such a way that, for z,, € ©™, the corresponding
entry of the right-hand side vector (Qhrn)y is zero.

We will impose further conditions which any reasonable GFEM should satisfy.

Without the following assumptions, we would have to discuss much more pathological
cases. Some detailed comments on these conditions are given in Remark 4.

A3. The interior stencils have constant entries, i.e.,

Gy G1 G .
(Gr),=| G Go Gy Vz, € 0.
G2 Gl GQ

Furthermore, we require that the interior stencils are invariant of the domain
Q but depend only on k and the step size h. For z, € ©!"' N O and all
h,k > 0 we assume that the interior stencils coincide with

(Gr), = (Gl), Vh,k>0.

A4. We assume that coefficients of the interior stencils of the finite element ma-
trices G (5.5) satisfy the following conditions:
() Co= Lo (Co),, 0",
(i) G1 =30 (G1),, ™,
(iif) Go =32, (G2),, ®™,
with a = kh and (Gy),, independent of k and h for all ¢ € {0,1,2},m € Ny.
A5. We assume that the principal part of G, i.e.,

(G2)y  (G1)y  (G2)g
Gprincipal = (Gl)o (GO)O (Gl )O ’
(G2)0 (Gl)o (G2)0

is an approximation of the principal part ag (u,v) = fQ (Vu, Vo) dz of order
2, implying
(GO)O > 07
(5.7) (GO)O +4 ((Gl)o + (G2)0) =0,
—(G1)y —2(G2), = 1.
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These restrictions are very natural considering linear finite elements. Some com-
ments are given in the following remark.

Remark 4. Condition A3 corresponds to the rotational symmetry and translation
invariance of the Helmholtz equation and the mesh 7.

Condition A4 reflects the fact that the Laplacian and the identity are operators
of even order.

Condition A5 is the usual consistency condition if “—A” is discretized by (bi)linear
elements.

Obviously, the Galerkin FEM satisfies conditions A1-Ab5.

5.2. Weighted norms and the Fourier transform. Now we will specify the
norm in which the error of the approximation will be measured. In the introduction
we have already explained why, for the Helmholtz problem, the L?-norm is of main
physical relevance and why the domain of computation might be much larger than
the domain of interest. In this light, it is natural to introduce the following weighted

L?-norms. On a domain  C R? the norms [-||_ and ||-|| . are defined by
u(z)u(x)
> = | Y
o 14|z
and

ol = [ wi@) @) (1+]1?) .

Let the space V_ := V_ (Q) be defined by the closure of C* (2) with respect to the
norm ||-||_ and the space V. correspondingly. If & = R?, the norm |jv|_ can be
expressed by the Fourier transform of v. Before going into the details, we have to
recall some facts about the theory of tempered distributions and the Fourier transform
which will be needed below. The theory of the Fourier transform (integral) and the
discrete Fourier transform could be found in [10, pp. 185 ff.], [3], [5].

Let us now define some function spaces and the integral and discrete Fourier
transforms.

Let S be the space of all arbitrary, often differentiable, complex-valued functions
¢, defined on R?, such that for all multi-indices ¢, k € N3, there exist numbers C,
such that

|69 ()] < Cop.
Let &* denote the space of tempered distributions on §. If ¢ € S, the Fourier
transform ¢ is defined by

¢ (o) := ¢ () 7" dg.

R2

The Fourier transform of a distribution 1 is defined by the relation

(5.8) b (0) =4r*(9) Voes.

To define the discrete Fourier transform, let S* denote the space of all infinite two-
dimensional sequences a = {a, }, 5> having the property that for every a € S* there
exists a nonnegative integer ¢ and a constant C such that

jav| < C ([l +1).
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If a € S*, then the discrete Fourier transform of this element is defined by

a(o):= Z a, e’ o),

vEZ?

whereas a (o) is understood as a distribution over S. Obviously, a (o) is a periodic
function.

The relation between the norm ||v[|, and the norm of ¥ is explained in the fol-
lowing

LEMMA 5.1. The norm ||v||_ can be expressed by the Fourier transform © of v:

(5.9) lv]_ = sup ‘fRzﬁ(U)ﬂ)(U)da’.
© weH'(R?) 27T||w||H1(R2)

Proof. The relation

(5.10) ol = sup m2®

wevy [[wll

is proved in the following two steps.

D\ . : — v 1
(i) “<”: Choosing w = T results in

ap Uz v @@ @ o] ol

> = [lvll - -
wevy [[wl]l o]l -

(11) “27? .

v(x) _ 2
sup |fR21)(x)1D(m) dx| s ’fR2 /1+Hx”2w($) \/1+ ||z *dx

wel, lwll weV el 4

_ 2
H T ‘wV T
< sup L2(R?) R vl ffwlly ol
T wevy [[wll+ wevy  wl; -
Using the well-known relation [[\/1+ [|-|*w||z2r2) = 5= @] g1 (g2) and Parse-

val’s equality (5.8), one concludes that the right-hand side of (5.10) coincides with

u d
sup UR?“(U)U)(U) U’
weH(R2) 27T||1UHH1(R2)

)

which completes the proof. 0

5.3. On the pollution effect of the GFEM for the Helmholtz equation
in two dimensions. In this chapter we will show that, for each GFEM, there exists
a family of right-hand sides r, for problem (5.2), (5.3) dependent on k, such that
the error of the finite element solution contains a pollution term. It will turn out
that, for any GFEM, we can choose values (g, 81 € [—m, w[ such that the generalized
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finite element approximation of the following homogeneous solution to the Helmholtz
equation does not converge with the rate of the best approximation:

(5.11) o (&) = i g, (&) = —

_ v /ﬁ1 e*ik(zl cos B+x2 Sinﬁ)dﬂ
T Am? )
B

Some properties of ug are stated in the following lemma.
LEMMA 5.2. (a) The Fourier transform of ug is given by

(5.12) tg (rcos B,rsin ) = 6 (r — k) x13,,8,1 (8) ,

whereas 6 denotes the Dirac point functional, and xs, s,), the characteristic function
on the interval [By, B1].

(b) The function ug satisfies the homogeneous Helmholtz equation in the whole
plane.

(c) The function ug belongs to V_ (R?).

(d) Let the family of right-hand sides r,, be defined by

(513) Tn = Tn (kaﬂ(),ﬁl) = Bnuk,ﬁo,ﬁy

Then, the restriction of ug on €, is the unique solution of the Helmholtz problem
(5.2), (5.3).

Proof. The first statement follows by computing the inverse Fourier transform of
(5.12) (cf. [10, pp. 190 f£.]).

Transforming the homogeneous Helmholtz equation on the whole plane into the
Fourier image results in

(||0||2 - k2) @=0.

Obviously, this equation is satisfied by (5.12), yielding statement (b).
The support of the Fourier transform of ug is given by

supp g = A := {O’ € R? |33 € [Bo,p1],0 = k(cosb’,sinﬁ)T}.

In combination with Lemma 5.1, we obtain

”“0” = sup URZ do (0)6(0) da} = sup M
_ UGHl(R2) 27T||’U||H1(R2) UGHl(R2) 27THU||H1(R2)
(5.14)
1tz l1olz2 = Vk(B1—Bo) sup M_
T weH!(R2) ||UHH1(R2) veH!(R?) ||q)||H1(R2)

Using the trace theorem we know that
HU||L2(A) <C ||U||H1(A1) <C ||U||H1(R2)
with

A= {0 €R?|38 € (B, Bi] k€ [k +1],0 = ki (cos B sin ) }.
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We had imposed the general condition that k > ko > 0; therefore, the constant C'
depends only on the length of A. Combining this estimate with (5.14) results in

(5.15) |uoll - < CVE (81— Bo),

where consequently, C' depends only on the length of A.

Assertion (d) is an immediate consequence of (a), (b), (¢), and our assumption
on B,. 0

In the following we will use infinite matrices having a sparse and constant stencil.
For this, the space M of infinite, sparse matrices is defined by

My M, M,
M:={M:ZxZ—-C|WweZ>:M,=| My My, M ,
My M; M,

where M,, denotes the stencil (cf. (5.5)) of the vth matrix row. In the following we
will identify infinite matrices with its matrix stencil.

By assumption A3 the interior stencils of the matrices G are independent of n.
Let G € M be the infinite matrix consisting of the interior stencils of G”, i.e., for
T, € O we put

G G Gy
(Gh),=| G Go G |=(GL), vrez
Gy Gy Gs

THEOREM 5.3. Let G € M denote an arbitrary but fived infinite matriz, as
explained above. Then, there exists constants c4 and cs, independent of k and h,
but possibly depending on (Gy),, (cf. A4) and constants By, /1 € [—m,m| having the
property that By — Bo = 5 such that every solution u € S* of

Ghru=0
fulfills
(5.16) ||uk,50,51 — Shu||_ > Csk3'5h3,

with uy g, g, defined by (5.11), provided k3°h3 is bounded.

Proof. The proof of this theorem is somewhat sophisticated and needs some
preparatory lemmas; therefore, it is postponed to the appendix. O

In the following, the constants 3y and (3; are fixed by Theorem 5.3.

In the following, we will show that the convergence rate of the best approximation
is (kh)2 In view of (5.16) it remains to generalize Theorem 5.3 to finite domains in
order to prove that any GFEM contains the pollution effect. This is done by choosing
the right-hand side in (5.2), (5.3) such that the restriction of ug to €, denotes the
exact solution.

We begin by estimating the error of the interpolant of uy to obtain an error
estimate of the best approximation by using

leo =5 [ly @, < llwo =y gz

THEOREM 5.4 (interpolation error). Let the function ug be defined by (5.11) with
B1— Bo = . Then we have

o — ™| < cine (kR)?,

with a constant c;n independent of k, h, and n.
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Proof. We have

g _ [ o) @) (w0 = ™) (@)
Juo =i = [ dZ/DV

2
1+ |lz)” L [||

D
L+ h2 |y

O,Cmn

2
dz

O, Ctn
2

(@) "

Applying standard interpolation estimates (see [7, Rem. 15.2]) yields

hznt“ 2
L

[luo — u o) < ch? [uolpr2(m, ) -

We conclude that

hzn 4
o= et S e 3 [ |

896/\
O,CTh [A|=2

8%ug(x) 2

Oz

1+ h? ((V1 +1)% 4 (1 + 1)2)
< ch* sup sup

0<h<ho vEZ? 14+ h2 (vf +1v3) In=2’R? L+ |l
Using the estimate

L b2 (1 + 1)+ (2 +1)%) 103 ()7 + (2 1))

sup  sup < sup
0<h<ho veZ? L+ h2 (v +13) vEZ? 1+ h% (Vi +v3)

2h(2) (1/1 =+ 1/2) =+ h%
1+ h3 (v +v3)

< sup (1+
vEZ?

1
VTR p2) < sup (142 S
L+ hg (vf +v3) O) vez? hg? (W2 +0v2) Tl

<3+hi<c

results in

82’11,0
oz

uo _uh,int B < Ch2
o =

|A|=2

The proof is completed by showing that

Ay
ox?

< ck!V!

for v e N2, |v| =11 + 12 < 2.
In view of (5.11) we get

ol
H Wl = 1k k2 ol

oxv

with (kl,kQ)T := k (cos ﬁ,sinﬁ)T. Using the relation 8; — 8y = %+ and (5.15), we
obtain

luoll - < €.
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The length of the arc A which appeared in the proof of Lemma 5.2 is now of order
1, and hence C' is independent of k. The estimate |k;| < k for j = 1,2 completes the
proof. ]

The proof of Theorem 5.6 is done by contradiction. Thus, in the following lemma,
some conclusions are drawn under the assumption that there exists a pollution-free
GFEM. These conclusions concern the relation of the Helmholtz problem on the finite
domain 2,, with the one on the whole plane.

LEMMA 5.5. Let us assume that there exists a pollution-free GFEM satisfying
conditions A1-Ab, i.e.,

(5.17) [|ug? —uZHVi(Qn) < c(kh)?,
with a constant ¢ independent of k, h, and n.

(a) Let r, = Bhug be the right-hand side of the Helmholtz problem (5.2), (5.3)
and ul the finite element solution. Let Ul € V_ (R2) be the estension of ul' onto the
whole plane by zero, which means that

{ ul () ifx € Qp,

0 otherwise.

Then, there exists a subsequence Ufjj which for n; — oo converges weakly to a function
ul, € V_ (R?).
(b) Furthermore, the subsequence uﬁj converges to ul,
implying that, for every domain Q,,, the following holds:
Ve > 0, and 3j0,Vj > jo we have

on every compact domain,

h

nj

<e.

h
ur —u
H o V_(Qng)

(c¢) Let Q, be an arbitrary but fixred domain. For any m > n, the relation

Z (G};;L)X,V (uf}ﬂ)u = O V)\ € ®n

VEO,

holds, with u, denoting the nodal values of ul,.
(d) The limit function u. has the property that the corresponding nodal vector
u satisfies

Z (GZO))\,V (ugo)u =0 Vie Z2'
vEZ?

Proof. (a) The space V_ (R?) is a Hilbert space with scalar product

[ u@re)
(u,v)_ = /m e d

Since the constant ¢ of assumption (5.17) is independent of k, h, and n, it follows that

the sequence Huo - U,}{HV_(RQ) is bounded independent of n. In view of Lemma 5.2

we know that ug € V_ (R?), and consequently, the sequence ||U]|,, (2 is bounded

R?2
independent of n. Hence, we can choose a subsequence U,’;Lj, which for n; — oo
converges weakly to a function u” € V_ (R2).
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For simplicity we will skip the index j in the following.
(b) Let ng be fixed and n > ng. Using assumption (5.17), we get

e

—tally(q,,) S C
with C' independent of n. The function u* on €2, is characterized by the (countable)
number of nodal values in ,,. Therefore we can choose a subsequence uﬁj which
converges to u, on €.

(c) From assumption A2 it follows that, for all z € ©,, the right-hand side (r”,)
is zero, yielding statement (c).

(d) By contradiction. Assume ) o (G’;O)/\W (uﬁo)y # 0 for an index \ € Z2.

Choose n € N such that ) € O, Thus, by using A3, we get

(5.18) > (Gh),, (uh), = > (Gh),, (uk), #0.

veZ? veo,

A

On the other hand, from statement (c) it follows that

(5.19) > (Gh),, (uh), =0

veo,

for all sufficiently large indices m > n. By assumption A3 we have for sufficiently
large m > n that

(5.20) (G),, = (Gh),, Weo,,
and therefore, (5.19) together with (5.20) imply that

Z (GZO))W (uﬁl)y =0 Vm sufficiently large.
veO,

Passing to the limit m — oo yields

> (G, (ux), =0,

veQn

which contradicts (5.18). 0

We are now able to prove that, for every GFEM, there exists a sequence of domains
), with n dependent on k and h and a family of right-hand sides for the Helmholtz
equation (5.2), (5.3) such that the error of the corresponding finite element solution
contains a pollution term.

THEOREM 5.6. For every GFEM which satisfies conditions A1-Ab, there exists a
family of domains Q,, and right-hand sides r,, with n = n(k,h) for (5.2), (5.3) such
that the error of the finite element solution ul compared with the evact solution u¢®
can be estimated from below by

h 3.573
(5.21) [un® = unlly_(q,) = CE*h?,
provided k3°h® < C.
The error of the best approzimation ul°Pt € Sy, of us* with respect to the ||-||_-

n
norm can be estimated by

ex

s = ubeP |y .y <€ (kh)? .
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Hence, for k — oo and h chosen such that k3°h3 = 1, the error of the best approzi-
mation tends to zero, while the error of the finite element solution is larger than C.
Therefore, the pollution effect is unavoidable in two dimensions.

Proof. The proof is given by contradiction. Let us assume that there exists regular
matrices G” corresponding to the domains €2,, with n = n (k, h) , such that for every
right-hand side r,, and corresponding exact solution u{* the error of the finite element

1
solution u? can be estimated by

(5.22) |ue® —ul||_ < c(kh)?,

with a constant ¢ independent of k, h, and n.

Let the right-hand side of the Helmholtz equation be given by (5.13) with 8;— 0y =
4. Then, ug defined by (5.11) denotes the exact solution.

Let u" := lim,, o u" denote the limit of the finite element solutions, as explained
in Lemma 5.5. Therefore, for every domain €2,,,, there exists n > ng such that

h h Cs 1353
_ < 5
(5.23) [|ul, “n”v,(nno) < kR
From assumption (5.22) and Lemma 5.5 it follows that ug — u”, € V_ (R?). Hence,
for every € > 0 there exists ng such that

[ uo — UQOHV_(R2\Q,7,U) Se

Choosing € = %5163'5113 with cs; defined in Theorem 5.3 and sufficiently large ny,
possibly dependent on k and h, we obtain that, for all sufficiently large n > ng,
estimate (5.23) and

¢
Huo - “goHV,(R?\QnO) < Esk%hg

are satisfied. Using Theorem 5.3 and the estimate above we conclude that

o =il o 2 0 =2l (o) 2 o=l o) = e =l o)

2 H“O - UZOHV_(RQ) - H“O - ugOHV_(RQ\QnO) - %k3‘5h3 2 %Sk?)ﬁh?’
(5.24)

is satisfied. Combining assumptions (5.22) and (5.24), we obtain
(5.25) %k3'5h3 < c(hk)?.

Let k — oo and h be chosen such that k35h3 = 1, ie., h = k=353 There-
fore, (hk)* = k='/3 tends to zero for k — co. Hence, for k — oo, the left-hand
side of (5.25) is ¢4/3, while the right-hand side tends to zero, which contradicts our
assumption. 1]

This theorem shows that the pollution effect is unavoidable in two dimensions.
However, this theorem does not make any assertion about the size of the pollution for
a fired domain. From this theorem it is clear that a GFEM which satisfies

[k 50,80 — e < CE>OR

has “optimal” interior stencils. In the following appendix it will be explained how
such stencils can be constructed. These insights have been used in [6] to design a
GFEM with minimal pollution.
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6. Appendix. In this appendix we will prove Theorem 5.3.
We use the notations introduced in section 3. We will consider an infinite matrix
G € M that has a constant nine-point stencil,

G1 GQ G2
(6.1) G=| G Gy G |,
Gy G G

and that satisfies conditions A1-A5. Let uy, € S* denote a solution of
(6.2) Guy, =0,

which is identified with a finite element function u, € Sy via up := Epuy. We will
discuss here the question of which precision functions of the type

k & —ik(x1 cos B+x2 sin )
uo (z) = - e dp
o

can be approximated by solutions of (6.2). We recall the definition of the norms |||,
(see section 5.2). Using Lemma 5.1, the error ug — up, can be expressed by

(6.3) iy —upl = sup 1wz (B0 = @) (9)® (o) do]
T weH!(R?) 27 ||w||H1(R2)

In view of (6.3) we will now compute the Fourier transformation of a finite element
function wy, corresponding to a solution uy, of (6.2), while g is given by (5.12).

LEMMA 6.1. The discrete Fourier transform of any solution up € S* of (6.2)
satisfies

(6.4) g (o)t (o) =0,
with
§(0) := Go+ 2G1 (cos o1 + cos 03) + 4G cos 01 cos 0

in the distributional sense.
Proof. Let e; = (LO)T and ey = (0, 1)T. The proof follows from

Guy, (0) = >ezz (Guy), el

=2 eze (GO (ap), +G1 ((uh)y_,_e1 + (llh)l,_,31 + (uh)y+62 + (uh)y—eQ)

+ Go (W) _ey ey +(UR)y e e+ (U)o o+ (Un)yye te)) eilow)
= Goty, (0) + Gy (6*i<0,el>ﬁh (o) + eilmen) iy, (o) + e—iloea) (0)

+ 0, (0))
+ Gy (¢ 20 (0) 4 oo+ o)
+ ey, (0) + 7y, (o))

=g(o)up (o). O

From assumption A5, it follows that Gy # 0 is fulfilled for sufficiently small kh;
thus, the function g is well defined:

g (o) =44 2g1 (cosoy + cosoz) + 4ga cos o1 €os 02,
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with
G
=4— = .
g1 GO ) g GO
Using A5, the coefficients g; and g» can be expanded accordingly:
(a) g1 = sz:o bma2m7
(b) g2 = Zﬁ:o Cma2m7
with a = kh.
Note that conditions (5.7) imply that
1+ bo +co = O,

(6.5)
bo+2co # 0.

In view of (6.4) we conclude that
supp @i, C NG == {oc € R?| g(0) =0} .
For later use we define the scaled set N& by
N ={oeR?|g(ho)=0}.

The relation of the discrete Fourier transform of a solution uy of (6.2) and the (in-
tegral) Fourier transform of the corresponding finite element function is discussed in
the following lemma.

LEMMA 6.2. Let up, = Epuy, denote the finite element function corresponding to
a solution uy, of (6.2). Then, we have

supp i, C N&.

Proof. The inverse of the discrete Fourier transform is given by

1 . )
— v do.
(an), ) ay (0)e o

Therefore, the Fourier transform of the corresponding finite element function can be
written in the following form:

- 1 )
~ _ h ~ —i(v,s)
(6.6) ap, (o) E ¢ (o) ype) /[_W,ﬂ[z ay (s)e ds,
with ¢” denoting the bilinear basis functions. Explicit calculations yield that

~ 16 sin? 22t gin? hoz
6.7 h — 2 2 ih(ow)
(©6.7) %u () h20203 €

Inserting (6.7) into (6.6) results in

5 16 sin? 221 gin? ko2 - 1 o ho—s
up (o) = h22%02 2 o ay, (s) o) Z evho=s) ) gs.

2 veZ?

Using the well-known relation

# Z ilvo—s) _ Z §(0 — s+ 2mv),

vEZ? veZ?
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whereas 6 denotes the Dirac point functional, one obtains

16 sin? 29t sin? ko=
ap (o) = 2 2 / ay, (s) 6 (ho — s+ 2nv) ds
h20’%0§ Dgz:g [—7,7[2

16 sin? h% sin? hgz ~
= 553 E ay, (ho + 27v).
h?cio3
veZ?

If o ¢ N& then ho ¢ N§. Using the periodicity of g (o) it is obvious that ho ¢ N
implies ho + 27 ¢ N resulting in Gy, (ho + 27v) = 0. Consequently, we conclude
that if o ¢ N& then 1y, (o) = 0, which completes the proof. 0

The norm ||ug — up||_ will be estimated as follows. For given GFEM we will

choose ug, i.e., By, B1, such that supp g N suppi, = @ and a function n € H* (RQ),
having the property that

D := supp nﬂ./\/g = (.

Under these assumption and taking into account (6.3) and (5.12), the norm ||ug — up|| _
can be estimated from below by

1 (o) do

fsuppﬂo

[uo — unll_ =
' 27 [0l g1 w2y

To determine the domain D we will use the following lemma.

LEMMA 6.3. Let G e M be an arbitrary but fized matriz, fulfilling A1-A5. We
assume that kh is sufficiently small. Then there exist positive constants cy and cs,
independent of h and k, but possibly dependent on the stencils (Gy),, (c¢f. A4) and

constants By, B1 € [—7, 7] having the property that
Bo— B = co
such that

D, = {0 = < ‘;frfg ) ‘ Vr € [kh — csk™h7 kh + c.kThT] B € [50,51} } NANg = 0.

Proof. We have to show that o € N implies that ¢ ¢ D;. Therefore, we
investigate the roots of g (¢). The zeros of g are 2m-periodic; i.e., if g (o) = 0, then
g (o +27v) =0 for all v € Z2. In view of the definition of Dy, we are interested only
in the zeros of g which are of order hk, i.e., are small. We make the following ansatz
using the abbreviation a := kh:

(63) o=ra) ()

with r: [-m,7[ x Ry — Ry,

(6.9) r(Ba)=a+ Y rm(B) et
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To simplify the notation we write r = r (8, @) , 7, = 7, (8). Formally, we set 1o = 1.
We make use of the abbreviations

n N
and
80.m ifn=0,
e PR ke kT otherwise,

2n-fold convolution/ ,,,

with 6, ,,, denoting the Kronecker delta and r = (g, 71, .. .)T. We state that

0 2n oo
o+ E ,r,ma2m+1 — a2n E p2n,ma2m’
m=1 m=0

which will be used later.
Using ansatz (6.8), the condition g (¢) = 0 is equivalent to

g (rcosB,rsin B) = 442g; (cos (1 cos 8) + cos (rsin 3))+4gs cos (r cos 8) cos (r sin §) = 0.

Replacing cos (r cos ¢) and cos (7 sin ) by the corresponding Taylor series about r = 0
and inserting expansions (a), (b), and (6.9) results in

44201307 o (Fn 4+ X)) 72"+ 4ga D00 o K2 Y00 A
=44+23 72 0o Y0 (K + An) @230 ponma®™

+ A4S e Y0 (kX A), @ 3TN panma®™
=4+ 2375, bio® 300 0 @ 300 o (K + Am) p2m,n—m

+ A e Y0 @t 3 o (K% A),, P2mn—m
=4+43°, % (Zinzo bi—m Y omeo K";/\” P2n,m—n

+ T €tm S (5 A)y p2nmn)

=4+437, % (Eln:o S bt B2 D+ i (% N),, P2n,m—n)

!
=4+ 430200 Yo Xl p2nm (Dn—m 522 4 i (R % X),,) = 0.

We conclude that the condition “=” is equivalent to the conditions
(6.10) Yo:=4+4(bg+co)=0
and

I l—n
Kn + A\n

n=0m=0
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Condition (6.10) is fulfilled by using (6.5). Condition (6.11) can be rewritten in
the form

(6.12) —”7*1 (bo + 2c0) + Lot = 0.

(The abbreviation l.0.t. denotes the remaining sum of (6.11) containing only functions
r; with j <1 —1.) In view of (6.5), relation (6.12) serves as a recursion formula for
the functions r;.

In the following, we will show that it is impossible to choose the stencil coefficients
(G¢),,, of A4 (or equivalently the coefficients b, ¢y, of g1,2) such that all coefficients
r; (8) of expansion (6.9) vanish.

For | = 0 and [ = 2, conditions (6.10) and (6.11) can be written in the explicit
form.

[=0:
(6.13) 1+<b0+CO):0.
[=2:

b1 +2¢; n 3 (bo + 4co) + (bo — 4co) cos 4B 11 (B)
2

14) b -
(6.14)  bate 1 192

(bo + 260) .

A necessary condition for r; (8) = 0 is that (6.13) and by — 4co = 0 are satisfied,
yielding

(615) bo = —— cop = —

1
5’ 5

Inserting (6.15), condition (6.11) for I = 1 and I = 3 takes the following form.
l=1:

3
(6.16) bt e+ 55 = 0.

[=3:

by + 2¢o i 3 (bl + 401) + (b1 — 461) CcOs (45) 5 — cos (46) 3

=—-r2(0).

bs s == 192 4800 5

Again, a necessary condition for r5 (8) = 0 is that (6.16) and

(b1 —4er)cos (4B)  cos(48)

192 4800 0
hold, resulting in
29 17
6.17 by = ——— -t
(6.17) 1T Tt YT T

Using (6.15) and (6.17), condition (6.11) for [ = 2 and [ = 4 can be written in
the following form.
l=2:

67

000~

b2+62+
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3 1427 b3 + 263 b2 + 462
2 - =ty _
5 (0) 1608000 T+ T 1 T

B < 131 by — 4dco cos (85)

(6.18)
- 4p) — SB°P)
1920000 192 )COS( )~ 1290240

Now, it is impossible to choose by and ¢y in such a way that r3 () vanishes
identically. That means for any stencil (G;),,, there exist values of 3 such that r3 (3) #
0. By easy analysis one obtains that the number of extrema of r3 (3) is bounded by
16. Therefore, it is possible to choose ,@0 and Bl with Bl - ,@0 > 27 guch that

= 32
sup |3 (B)] > ¢,
BE[Bo,B1]

while ¢ is independent of h and k, but possibly depends on (Gy),,. Consequently, if
a = hk is sufficiently small, the function r of (6.9) can be estimated by

Ir(B,a) — a| > c,a’
for all g € [Bo,ﬁl} with 3o, 51 € [Bo,ﬁl] and 31 — By > ¢, while ¢ and ¢, do not
depend on k and h.

The set N& is defined by a suitable scaling of Ng; thus, by using the previous
lemma, it follows that the scaled domain

Dy, = {o =r ( Zfﬁg )' Vr € [k — cokhS, kh + c.kTh8] B € [ﬂo,ﬂﬂ}

satisfies
D, ﬂNg = 0.

We are now able to prove Theorem 5.3.
Proof of Theorem 5.3. Let [y, 31 be defined as in the proof of Lemma 6.3. We
had assumed that the wave number & > ky > 0 is bounded from below, and hence

that there exists Gy, 81 € [30731} with

B1—Bo = %-
Let the function n be defined by
n (o) =mn(rcosB,rsinf) :=p(r) x (8)
with
=kt ifr e[k —6,k],
p(r):=g oth=r ifr ek, k+96],
0 otherwise,
whereas 6 := c,k"hS with ¢, from Lemma 6.3 and

sin ( 2=2L1 if B € [Bo, 3],
(5) — (ﬁo B1 ) 0, ~1

0 otherwise.

X
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The function 7 has the property that supp n C D;,. We will use the function 1 to

estimate the right-hand side of
Jay o (@)@ (@) do — [, iin (0) @ (0) do—)

||luop — unl||_ = supyemi(r2
weH!(R?) 27T||w||H1(R2)

b

‘fAk iio (0) 1(0) do = [, @n (0) 1 (0) da‘

27 [0l g1 g2y

while the set Ay, is defined by
cos 3
Ak = {0 = k( Sil’lﬁ ) avﬂ S [60751]} .
We have that supp up, C Ng, and by construction, supp n ﬂ/\/'(h; = (). Using (5.12)

one obtains
’fAk n(o) dor‘

luo —unl_ =2 o ————
2 [0l g1 2

The proof of Theorem 5.3 is given by showing that the function n satisfies

(6.19) ‘ /A k

and
5 1 ko (k+6)71log B2 — (k- 6)%1o — kb 72
\/(+>CA+'( )" log % (2 )” log £-2 s
CA ) 2

QCA
T

||77||H1(R2) = 3758

(6.20)

2 2 2
_lea Gt 6 < <
A ()< 5

for sufficiently small hk.
Statement (6.19) follows from

ﬂ)dﬁ‘k‘fﬁolsin<g) b >d5‘

B 2
=

’f,@ol 7 (k cos 3, ksin 3) dﬂ’ iy ’fﬁol X

:k(ﬁl—ﬂo) cos (5 ﬂ1w)
T Bo — B

| [ndp| = &

Bo

To prove estimate (6.20), we proceed as follows:

k+§ 61 2 .. 92 ﬁ_ﬁ
5, TP (1) sin (5051 )dﬁd

k46 op(r)\" . o B—1
+ f ( o > sin <ﬂ0_51w>dﬂdr

k40 1 9 B— b >)2
+ f 50 7P ) <5ﬁsm<ﬁo—51ﬂ dpBdr.

||77||H1(R2)
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Explicit calculations yield

§ 1 2 (k+06)%log B — (k — 6)%log 28 — 2k6
il ey = 5~ 00) (34 3) + 57 : :

B1 — Bo) 62
<5 1) kr? (14 2)%1og (1+2) — (1= £)1og (1 — 2) — 22
=|lz+=<-)ca+— P} :
3 0 2¢c (%)

Using the Taylor expansion about % = 0, we conclude that

2 _{cua (A +7)6 3 ’
17051 (m2) = s T e +60 A

In the theorem, we assumed that k3-°h3 is bounded; therefore, § = c,k"h% is also
bounded. Hence, one obtains from the equation above that

2 C
175 g2y < 5- O
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