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Abst r act

I S THE PRODUCT OF CCC SPACES
A CCC SPACE?

NI NA M. ROY

Thi s paper i s dedi cat ed t o John C. Oxt oby, who spar ked t he aut hor ' s
i nt er est i n t he subj ect .

I n t hi s exposi t or y paper i t i s shown t hat Mar t i n' s Axi omand t he negat i on
of t he Cont i nuumHypot hesi s i mpl y t hat t he pr oduct of ccc spaces i s a ccc
space . The Cont i nuum Hypot hesi s i s t hen used t o const r uct t he Laver -
Gal vi n exampl e of t wo ccc spaces whose pr oduct i s not a ccc space

1 . I nt r oduct i on

A ccc space i s a t opol ogi cal space whi ch sat i sf i es t he count abl e chai n condi -
t i on : Each f ami l y of ( pai r wi se) di sj oi nt nonempt y open set s i s count abl e . A
separ abl e space, f or i nst ance, i s a ccc space . Thi s i s so because gi ven a f ami l y
. F of di sj oi nt nonempt y open set s i n a separ abl e space X, one can def i ne an
i nj ect i on of F i nt o a count abl e dense subset S of X by choosi ng one poi nt of
S i n each member of . F . A ccc space, however , need not be separ abl e . For
exampl e, i f I i s a set wi t h car di nal i t y gr eat er t han 1 f $ 1 ( t he car di nal i t y of t he
set of r eal number s) and f or each i E I , Xi = { 0, 1} wi t h t he di scr et e t opol ogy,
t hen t he pr oduct space Ri EI Xi i s ccc but not separ abl e [ 10, p . 511 . A si mpl e
exampl e of a t opol ogi cal space whi ch i s not ccc i s any uncount abl e set wi t h t he
di scr et e t opol ogy . I n a 1947 paper [ 12] , E. Mar czewski gave a pr oof ( whi ch
may al so be f ound i n [ 15] ) of Pondi czer y' s t heor emt hat t he pr oduct of at most

F8 1 separ abl e spaces i s separ abl e ; and he r ai sed t he quest i on as t o whet her t he
pr oduct of ( j ust ) t wo ccc spaces i s a ccc space . I t t ur ns out t hat speci al axi oms
ar e needed t o answer t hi s quest i on : i t has a negat i ve answer i n t he pr esence
of t he Cont i nuum Hypot hesi s ( CH) and an af i r mat i ve answer when Mar t i n' s
Axi omand t he negat i on of CH ar e assumed . The mai n goal of t hi s paper i s t o
gi ve f ai r l y sel f - cont ai ned pr oof s of t hese t wo asser t i ons, whi ch we do i n Sect i ons
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2 and 3 . Rel at ed t opi cs ( Sousl i n' s Hypot hesi s, Pr oper t y ( K) ) ar e t ouched upon

i n Sect i ons 4 and 5 . None of t he r esul t s and pr oof s ar e new.

Fi r st , some pr el i mi nar i es . Let us r ecal l t hat an or di nal number may be

i dent i f i ed wi t h t he set of al l smal l er or di nal number s ; t hus f or or di nal s a and

, 0, t he st at ement s a < / 3, aEP, and a C P ar e al l equi val ent . The smal l est

i nf i ni t e or di nal and t he smal l est uncount abl e or di nal wi l l be denot ed by w and

wl r espect i vel y . We wi l l need t he f act t hat w and wl ar e al so car di nal number s .

( A good r ef er ence f or car di nal and or di nal number s i s [ 6] . ) The car di nal i t y

of t he set of al l f unct i ons f r om w t o 2 i s 2° ' , and 2° ' =l l d 1 . The Cont i nuum

Hypot hesi s ( CH) i s t he st at ement wl = 2w. The negat i on of CH, denot ed her e

by - CH, i s t her ef or e t he st at ement wl < 2' . Godel and Cohen pr oved t hat CH

i s i ndependent of t he usual axi oms of set t heor y, namel y, t he Zer mel o- Fr aenkel

axi oms t oget her wi t h t he Axi omof Choi ce ( usual l y denot ed by ZFC) .

We r evi ew t he def i ni t i on of t he Gl eason space of a t opol ogi cal space X, f or

use sever al t i mes i n t he sequel . An open subset U of X i s cal l ed a r egul ar open

set i f U i s equal t o t he i nt er i or of i t s cl osur e, Le . , U = ( U) ° . The set R( X) of

al l r egul ar open subset s of X f or ms a compl et e Bool ean al gebr a wi t h r espect

t o t he oper at i ons U n V = Un VU V V = ( U U V) ° , and U' - ~
I
x ( X\ U) ° . The

Gl eason space of X, denot ed her e by G( X) , i s t he St one space' of R( X) . The

space G( X) i s const r uct ed as f ol l ows . A subset F of R( X) i s -cal l ed a f i l t er of

R( X) i f ( i ) 0 ~ F, ( i i ) Un Ve . F f or al l U, V e. F, and ( i i i ) Ve . F i f U C V and

Ue, F . An ul t r af i l i er of 1Z( X) i s a f i l t er whi ch i s not pr oper l y cont ai ned i n any

f i l t er of 7Z( X ) . Then G( X) i s t he set of al l ul t r af i l t er s of R( X) . For each open

set U i n X, l et
U* = { . FeG( X) : ( U) ° 6F} .

Wi t h t he t opol ogy det er mi ned by t he base { U* : U i s open i n X} , t he Gl eason

space G( X) i s compact , Hausdor f f and ext r emal l y di sconnect ed ; and i f X i s a

ccc space, t hen so i s G( X) .

The car di nal i t y of a set X wi l l be denot ed by 1 X ~ . .

We wi l l need t he f ol l owi ng del t a syst em l emma sever al t i mes . I t i s so cal l ed

because t he f ami l y 13 i s a del t a syst em.

Lemma . Let G be an uncount abl e f ami l y of f i ni t e set s .

	

Then t her e i s an

uncount abl e subf ami l y B of 9 and a f i xed set Rsuch t hat AnB = R whenever

A and B ar e di st i net member s of B.

Pr oof . . [ 8, p . 225] . Si nce G i s uncount abl e and t he set s ar e f i ni t e, t her e

must be uncount abl y many member s of 9 wi t h t he same number of el ement s ;

t her ef or e we may assume t hat f or some n, 1 X 1= n f or , al l X i n g . We pr oceed

by i nduct i on on n . For n = 1, we may t ake R = 0. Assume t hat t he l emma

hol ds . f or n = k and l et Gbe an uncount abl e f ami l y of set s each of whi ch has

k + 1 el ement s .
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I f t her e i s some poi nt a whi ch bel ongs t o each set i n an uncount abl e subf ami l y
C of 9, t hen t he i nduct i on hypot hesi s may be appl i ed t o t he f ami l y { X\ { a}
XeC } t o yi el d an uncount abl e subf ami l y 13 of C and a f i ni t e set R such t hat

( X\ { a} ) n ( Y\ { a} ) = R

f or any di st i nct X and Y i n 13 . Then X f l Y = RU { a} f or any di st i nct X and
Y i n B.

Ot her wi se, each el ement a bel ongs t o onl y count abl y many member s of ~,
and we const r uct a di sj oi nt subf ami l y 13 = { X, , : a < wl } of 9 by t r ansf i ni t e
i nduct i on on a, as f ol l ows . Assume t hat we have const r uct ed X, , f or al l a < , 0 .
Then each el ement of t he count abl e set U, , , <#X, , , bel ongs t o at most count abl y
many member s of 9, so t her e i s some X i n 9 whi ch i s di sj oi nt f r om U, , <f l Xa .
Let Xp = X and t he pr oof i s compl et e .

2 . Mar t i n' s Axi om and pr oduct s of ccc spaces

Mar t i n' s Axi om [ 13] st at es t hat no compact Hausdor f f ccc space i s t he uni on
of f ewer t han 2' nowher e dense set s . Obser ve t hat Mar t i n' s Axi om ( hence-
f or t h denot ed by MA) i s i mpl i ed by t he Cont i nuum Hypot hesi s because under
CH, MA i s an i mmedi at e consequence of t he Bai r e cat egor y t heor em. However ,
MA : P* CH because, as i s shown i n [ 19] , t her e i s a model of ZFC i n whi ch
MA hol ds and wl < 2 " .

I n t hi s sect i on we pr ove t hat ( MA+- CH) i mpl i es t hat ever y pr oduct of ccc
spaces i s a ccc space, and we do i t wi t h t he hel p of an i nt er est i ng t heor emabout
pr oduct s of ccc spaces ( Theor em2 . 2) whose pr oof r equi r es no speci al axi oms .

Lemma . [ 17, p . 16] . ( MA+~CH) i mpl i es t hat i f X i s a compact Hausdor f f
ccc space, t hen any uncount abl e f ami l y g = { U, , : a < wl } of nonempt y oper a
set s has a car di nal i t y wl subf ami l y wi t h nonempt y i nt er sect i on .

Pr oof . : Consi der t he set S of al l f ami l i es of di sj oi nt nonempt y open subset s of
X wi t h t he pr oper t y t hat i f FES, t hen each member of F meet s onl y count abl e
many member s of G. I f S i s empt y, we ar e t hr ough . So suppóse t hat S i s not
empt y . Then by Zor n' s l emma, S has a maxi mal member , say F. Si nce X i s
a ccc space, F i s count abl e . Hence t her e i s a member V of G whi ch does not
meet any member of F. Then, because F i s maxi mal , any open subset of V
must i nt er sect wl member s of G. For each / i < wl , def i ne

Hp = V\ ( U. >aU. ) .

Then Hp i s nowher e dense i n t he compact Hausdor f f ccc space V. ( V i s ccc
because V i s . ) Hence ( MA+ ~CH) i mpl i es t hat V : ~ Up < , , , 1 Hp . Thus t her e i s
v i n V such t hat v 1 U# < , 1 Hp, and t her ef or e v bel ongs t o wl Ua ' s .

The f ol l owi ng t heor em ( mor e gener al l y, Cor ol l ar y 2 . 4) was pr oved i ndepen-
dent l y by K. Kunen, F. Rowbot t om, and R. M. Sol ovay . ( See [ 5, p . 34] . ) The
basi c i deas i n our pr oof ar e f r om [ 17, p . 17] .
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Theor em 2 . 1 . ( MA - i - - CH) i mpl i es t hat i f X and Y ar e ccc spaces, t hen

Xx Y i s a ccc space .

Pr oof - Suppose t hat { Ua : a < wl } i s an uncount abl e f ami l y of nonempt y

open subset s of X x Y. We wi l l show t hat t her e axe t wo member s of t hi s f ami l y

whi ch i nt er sect . By shr i nki ng i f neccessar y, we may assume t hat each U« i s

basi c. Then t her e ar e open set s V« CX asi d W« C Y such t hat Ua = Va x Wa .

The Gl eason spaces, G( X) and G( Y) , of X and Y ar e compact , Hausdor f and

ccc . Hence by t he l emma above, t her e i s an uncount abl e subset D of w1 such

t hat

n . EDV. ,* qÉ 0 and naeD W« : ~ 0-

( Recal l f r omSect i on 1 t hat U* i s t he set of al l ul t r a, f i l t er s whi ch cont ai n ( U) ° . )

Let / P, yED wi t h P qÉ y . Then

( Vp) I n ( V, - O : ~ ¢ and ( Wp) ° n ( W7É 0,

Hence Vp n V7 : ~ 0 and Wp n Wy : ~ 0, and i t f ol l ows easi l y t hat Up n Uy : ~ o .

The ccc has t he i nt er est i ng pr oper t y t hat i f t he pr oduct of any t wo ccc spaces

i s a ecc space, t hen t he pr oduct of any number of ccc spaces i s a ccc space . To

see t hi s, assume t hat ccc i s pr eser ved by pr oduct s of t wo spaces . Then by

i nduct i on, i t i s pr eser ved by pr oduct s wi t h a f i ni t e number s of f act or s . Then by

t he f ol l owi ng t heor em ( whi ch seems t o have or i gi nat ed i n [ 14] ) , i t i s pr eser ved

by ar bi t r ar y pr oduct s .

Theor em 2 . 2 . Suppose t hat { Xi : i eI } i s a f ami l y of t opol ogi cal spaces such

t hat I I i , j Xi i s a ccc space f or ever y f t i ni t e J C I .

	

Then I I i , I Xi i s a ccc space .

Pr oof . [ 10, p . 51] . Let X = I I j , I Xi and suppose t hat t her e exi st s an un-

count abl e f ami l y { U, , : a < w1 } of di sj oi nt nonempt y open subset s of X . As

bef or e, we may assume t hat each Ua i s basi c . Then by def i ni t i on of t he pr o-

duct t opol ogy, f or each a < w1 t her e i s a f i ni t e subset Fa of I such t hat

Ua = n { P¡- 1 ( Vi ) : i EFa } , wher e Pi i s t he pr oj ect i on of X ont o Xi , and Vi

i s open i n Xi . By t he del t a syst em l emma of Sect i on 1, t her e i s an uncoun-

t abl e subset D of w1 and a set R, such t hat Fa n Fp = Rwhenever a, f 6D

and Fa 7É Fp . Not e t hat R cannot be empt y because Fa n Fp = 0 i mpl i es

Ua n Up = 0. For each a i n D, l et P( Ua ) = I I i ERPi ( Ua) . I t i s not har d t o

ver i f y t hat { P( Ua ) : acD} i s an uncount abl e f ami l y of di sj oi nt nonempt y open

subset s of I I i , RXi , whi ch i s a cont r adi ct i on .

Si nce a f i ni t e pr oduct of separ abl e spaces i s separ abl e, t he f ol l owi ng cor ol l ar y

i s an i mmedi at e consequence of Theor em2 . 2 .

Cor ol l ar y 2 . 3 . I f { Xi : i eI } i s a f ami l y of separ abl e spaces, t hen I I i , I Xi i s

a ccc space .



Cor ol l ar y 2 . 4 . ( MA + - CH) i mpl i es t hat i f { Xi : i eI } i s a f ami l y of ccc
spaces, t hen I I i , , Xi i s a ccc space .

Ot her consequences of ( MA + - CH) , not al l t opol ogi cal , may be f ound i n
[ 4] and [ 18] .

I n t hi s sect i on we descr i be t he exampl e due t o R. Laver and F . Gal vi n [ 5] ,
whi ch assumes CH, of ccc spaces Xo ar i d Xl such t hat Xo x Xl i s not a ccc
space . Thi s wi l l l ead ( vi a Gl eason spaces) t o a compact Hausdor f f ext r emal l y
di sconnect ed ccc space X whose squar e i s not a ccc space . The mat er i al i n t hi s
sect i on i s adapt ed f r om [ 2] and [ 5] .

The f ol l owi ng l emma can be pr oved by i nduct i on, A pr oof of a somewhat
mor e gener al r esul t may be f ound i n [ 2, p . 190] .

Lemma 3 . 1 . Let A be a set and f or each n < w, l et { Fi , n : i 6I n } be a f ami l y
of di sj oi nt f i ni t e subset s of A wi t h 1 I n ~= w. Then t her e ar e t wo subset s Ao

and Al of A such t hat

I { 2el n : Fi n C At } I = w

f or al l n < w and t = 0, 1 .
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3 . The Laver - Gal vi n exampl e

Lemma 3 . 2 . Assume t hat wl = 2° ' . Then t her e ar e t wo f ami l i es { KO( a)
a < wl } , { Ki ( a) : a < wl } of subset s of wl such t hat
( i ) Ko( a) U K, ( a) = a f or al l a < wl , and
( i i ) I f . F = { Fi : i < w} i s a count abl y i nf i ni t e f ami l y of di sj oi nt f i ni t e subset s
of wl , t hen t her e i s an or di nal A ( dependi ng on . F) wi t h A < wl , such t hat i f

A < a < wl , U. F C a, X i s a f i ni t e subset of a, t e{ 0, 1} and

t hen

Hence

I { i < w : Fi Ca\ Kt ( l ) dP¿X} I = w,

1 { i < w : Fi C f \ Kt ( f ) VOEX U { a} ~= w.

Pr oof .. We begi n by comput i ng, under CH, t he car di nal i t y of t he set S of
al l count abl y i nf i ni t e f ami l i es of di sj oi nt f i ni t e subset s of wl . Cl ear l y ~ S ~> wl
si nce f or each or di nal a such t hat w < a < wl , t he f ami l y of a si ngl et ons i s
count abl y i nf i ni t e and di sj oi nt . To see t hat ~ S ~< w1 , f i r st not e t hat t he set of
al l f i ni t e subset s of wl has car di nal i t y

wl + ( wl ) 2 + ( wl ) 3 . { - . . . = wl + wi + wi + . . . = wl w = wl .

2

S ~ < wi = ( 2 W) w = 2 ° '

	

= 2° ' = w1 . .
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Thus 1 S 1= wl . Let { . Fa : . \ < w, } be a wel l - or der i ng of S i n such a way t hat

f or each A < w, t he member s of Fa ár e subset s of w.

I n what f ol l ows, Fi , a denot es t he i t h member of t he f ami l y . Fa .

We now def i ne t he set s Ko( a) , Kj ( a) by r ecur si on . We set Kt ( a) = . a f or

t = 0, 1 and a <_ w. Let w < a < wl and suppose t hat Kt ( ce' ) has been def i ned

f or t = 0, 1 and a' < a . Consi der t he set of al l t r i pl es ( t , A, X) such t hat

t e{ 0, 1} , A < a, U, - " ' , X C a, X i s a f i ni t e subset of a, and

Thi s set of t r i pl es i s count abl y i nf i ni t e because X can be t he empt y set , and i f

A < w t hen cer t ai nl y UF>, C a . Let { ( t n, A. , X. ) : n < w} be an enumer at i on

of t hi s set , and f or each n < w l et

Then 1 I n 1= w, hence we may appl y Lemma 3 . 1 wi t h A and Fi , n r epl aced by

a and Fj , an r espect i vel y ; t hen t her e ar e di sj oi nt subset s Lo( a) and L l ( a) of a

such t hat

f or n < w and t = 0, 1 . We set

Let us ver i f y t hat pr oper t i es ( i ) and ( i i ) ar e sat i sf i ed .

( i ) Cl ear l y Ko ( a) UKj ( a) = a because L o ( a) and L j ( a) ar e di sj oi nt subset s
of a .

( i i ) Let . ' F = { F; : i < w} be a count abl y i nf i ni t e f ami l y of di sj oi nt f i ni t e
subset s of wl . Then . F = . Fa f or some A < wl . Suppose t hat A < a < wl ,
U. Fa C a, X i s a f i ni t e subset of a, t e{ 0, 1} , and

I { i < w : Fi , >, C , P\ Kt ( a) dpcX} I = w.

Then ( t , A, X) = ( t n, An, Xn) f or some n < w. Hence i f we l et

J = { aeI n : Fi , >, C L t ( a) } ,

t hen 1 J 1= w. Let

Our goal i s t o show t hat 1 H 1= w, and we wi l l do t hi s by pr ovi ng t hat

J C H. Let i eJ . Then Fi , a C L t ( a) , hence Fi , a C a\ Kt ( ca) . Because
¡ EI n we have

Thus

1 { i < w : Fi , >, C f l \ Kt ( Q) H, QeX} 1= w.

I n = { i < w : Fi , an C P\ Kt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� ( 0) VPEXn }

{ i 6I n : Fi , a � CL t ( a) } I = w

Kt ( a) = a\ L t ( a) f or t = 0, 1 .

H = { i . < w : f i , >, C P\ Kt ( 0) t l &X U { a} } .

Fi , a C f l \ Kt ( f l ) d#6X

f i , >, C / 3\ Kt ( Q) VQ6X U { a} ,

and so i 6H. Ther ef or e J C H and t he pr oof i s compl et e .
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Theor em3 . 3 . Assume t hat w1 = 2' . Then t her e ar e ccc spaces Xo and Xl
such t hat Xo x Xl i s not a ccc space .

Pr oof .. For t 6{ 0, l } , l et { Kt ( a) : a < wl } be t he f ami l y of Lemma 3. 2 and l et
Xt be t he set of al l f unct i ons on wl t o { 0, 1} . Set

Vt ( a) = { xcX, : x 1 K, ( a) - 0, x( a) = 1} f or a < wl ,

and gi ve Xt t he t opol ogy det er mi ned by t he subbase { Vj ( a) : a < wl } . The
space Xo x XI i s not ccc because t he uncount abl e f ami l y

Then si nce

{ Vo( a) x Vi ( c, ) : a < wl }

consi st s of di sj oi nt nonempt y open set s . To see t hat t hey ar e di sj oi nt , suppose
t hat t her e ar e a, a' wi t h a < a' < wl and

( xo, xi ) E( Vo( a) x vi ( ce» n ( Vo( «, ) x vi ( al » .

act a' = Ko( u' ) UK, ( c¿' ) .

a6Kt ( a' ) f or sume t i n { 0, 1} ; f or t hi s t , we have x t ( a) = 0 and xt ( a) = 1, a
cont r adi ct i on .

We now ver i f y t hat Xo and Xl ar e ccc spaces . Let t 6{ 0, 1} and l et { U¡ : i <
w, } be an uncount abl e f ami l y of nonempt y basi c open subset s of Xt . For each
i < w t her e i s a f i ni t e subset Gi of wl such t hat

Then

Thi s i s so because i f we choose x i n U¡ , t hen xEVt ( a) f or al l a i n Gi , hence
x 1 Gi - 1 and x 1 Ua, G; Kt ( a) - 0 . Thus t he i nt er sect i on i s empt y . Appl yi ng
now t he del t a syst em l emma of Sect i on 1 t o t he f ami l y { Gi } , we may assume
wi t hout l oss of gener al i t y t hat t her e i s a set Rsuch t hat Gi n Gi , = Rwhenever
i < i ' < wl . Let F = G¡ \ R f or each i < wl . Then i f i < i ' < wl and y 1 Kt ( a)
f or al l y6F¡ and Q6F, , , i t f ol l ows t hat Ui n U; , ~ . We out l i ne t he ver i f i cat i on .
Fi r st show t hat

Gi n ( Ua, G; , K, ( a) ) _

and

i t t hen f ol l ows t hat

Ui = n«EG; Vt ( a) .

( Ua, Gi Kt ( a» n Gi = 0 f or al l i < wl .

Gi , n ( UQeG, Kt ( a) ) = 0.

( Gi U Gi , ) n ( Ua, G, UG; , Kt ( a) ) = 0 .
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Now choose x i n Xt such t hat x 1 Gi U Gi , = 1 and

Then x6U¡ n U¡ , . Thus t o pr ove t hat { Ui : i < wl } i s not a di sj oi nt f ami l y, i t i s

enough t o show t hat t her e ar e i , i ' such t hat i < i ' < wl andzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" y 0 Kt ( a) f or al l

yeFi and f EFi , . Set . F = { Fi : i < w} and l et A < wl be an or di nal sat i sf yi ng

condi t i on ( i i ) of Lemma 3 . 2 f or F. We may assume t hat UF C A. Because

A + 1 i s count abl e and { Fi : w < i < wl } i s uncount abl e, t her e i s an or di nal i '
such t hat w < i ' < wl and . 1 < a f or al l a i n F¡ , . Then UF C a f or al l a i n F¡ , .

I f Fi , = ~, t hen f or any i < i ' we have t hat y 1 Kt ( f l ) f or al l yeFi and PEFi , .

Ther ef or e we assume t hat Fi , : ~ 0 and we l et { al , a2, . . . , a, , } be t he el ement s

of Fi , i n t he or der i nher i t ed f r om wl . We not e t hat

and

cor r espondi ngl y . Hence

x 1 UaeGi UG; , Kt ( a) =0 .

{ i < w : Fi C Ñ\ Kt ( a) VPEO} 1 = w

and we appl y condi t i on ( i i ) of Lemma 3 . 2 successi vel y n t i mes wi t h

a = al , a2,

	

. . , an

X= 0, { al } , { al , 012} , . . . , { al , a21 . . . , an_l

{ i < w : Fi C O\ Kt ( P) Vf eFi , } 1= w.

I n par t i cul ar , t her e i s i < w such t hat y 1 Kt ( P) f or al l yeFi and PEFi , . Thus
Ui n U; , : ~ 0 and so Xt i s a ccc space .

Cor ol l ar y . Assumi ng CH, Mer e i s a compact Hausdor f ext r emal l y di scon-

nect ed ccc space X such t hat X x X i s not a ccc space .

Pr oof . Let Xo and Xl be t he ccc spaces of t he above t heor em and l et X
be t he di sj oi nt uni on of t he Gl eason spaces G( Xo) and G( X1 ) . Then X i s

compact , Hausdor f f , ext r emal l y di sconnect ed and ccc Because bot h G( Xo) and
G( X1) ar e . To pr ove t hat X x X i s not a ccc space, i t i s enough t o show t hat
G( Xo) x G( XI ) i s not a ccc space Because G( Xo) x G( XI ) i s homeomor phi c t o

an open ( and cl osed) subset of X x X. Let { Ui x Vi : i < wl } be an uncount abl e,
f ami l y of di sj oi nt nonempt y basi c open subset s of Xo x XI . Then, as i s not
t oo di f f i cul t t o ver i f y, { U; x Vi * : i < wl } i s an uncount abl e f ami l y of di sj oi nt
nonempt y open subset s of G( Xo) x G( X1 ) . Thus G( Xo) x G( X1) i s not a ccc

space .

Bef or e l eavi ng t hi s sect i on we r emar k t hat S . Ar gyr os, S. Mer cour aki s and
S. Negr epont i s have pr oved t he exi st ence, under CH, of a Cor son- compact ccc

space whose squar e i s not ccc [ 1] .
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4 . The Sousl i n pr obl em

Suppose t hat X i s a t ot al l y or der ed set sat i sf yi ng
( a) X has no f i r st or l ast el ement ,
( b) X i s connect ed i n t he or der t opol ogy, and
( c) X i s separ abl e i n t he or der t opol ogy .

Then X i s l i near l y i somor phi c t o R . ( A pr oof i s i n [ 3, p . 8] . ) I n 1920, t he
Russi an mat hemat i ci an M. Sousl i n [ 20] asked whet her ( c) can be r epl aced by

( c' ) X i s ccc i n t he or der t opol ogy.

A posi t i ve answer t o Sousl i n' s quest i on has come t o be known as Sousl i n' s
Hye , ot hesi s ( SH) . The axi om SH i s undeci dabl e i n ZFC and i s i mpl i ed by
( MA+- CH) ( [ 7] , [ 21] , [ 19] ) . I ndeed, t o quot e D. Fr eml i n [ 4, p . 184] , Sousl i n' s
pr obl em was t he or i gi nal st i mul us f or t he i nvent i on of Mar t i n' s axi om.

A Sousl i n l i ne i s a t ot al l y or der ed set sat i sf yi ng pr oper t i es ( a) , ( b) and ( c' ) ,
but not ( c) . Thus t he exi st ent e of a Sousl i n l i ne i s equi val ent t o t he negat i on
of SH. G. Kur epa pr oved [ 11] t hat i f X i s a Sousl i n l i ne, t hen X x X i s not a
ccc space . ( A pr oof may be f ound i n [ 10, p . 66] . ) Ther e i s al so t he not i on of a
Sousl i n t r ee ; i t i s shown i n [ 16] t hat t he exi st ent e of a Sousl i n t r ee i s equi val ent
t o t he exi st ent e of a Sousl i n l i ne .

5 . Pr oper t y ( K)

A t opol ogi cal space i s sai d t o have pr oper t y ( K) ( af t er Knast er [ 9] ) i f each
uncount abl e f ami l y of open set s cont ai ns an uncount abl e subf ami l y i n whi ch
ever y t wo set s have nonempt y i nt er sect i on . Cl ear l y ever y space wi t h pr oper t y
( K) i s a ccc space . The conver se i s t r ue under ( MA + ~CH) [ 4, Theor em 41
A] and i s f al se under CH. To ver i f y t he l at t er , we make use of Mar czewski ' s
t heor em [ 12] t hat a pr oduct of spaces has pr oper t y ( K) i f ( and onl y i f ) each
space has pr oper t y ( K) . Recal l f r om Sect i on 3 t hat t her e exi st s, under CH,
a ccc space X such t hat X x X i s not a ccc space . Then X does not have
pr oper t y ( K) because ot her wi se X x X woul d have pr oper t y ( K) and t hus be
a ccc space .

The r eader has pr obabl y not i ced t hat anot her appr oach ( i n Sect i on 2) t o
pr ovi ng t hat ( MA+ - CH) i mpl i es t hat a pr oduct of ccc spaces i s a ccc space
woul d be t o combi ne Fr eml i n' s t heor em t hat under ( MA+ - CH) ever y ccc
space has pr oper t y ( K) , wi t h Mar czewski ' s t heor em quot ed above .

For open pr obl ems and addi t i onal r ef er ent es i nvol vi ng ccc spaces, t he r eader
may consul t [ 2, Chapt er 7] and [ 4, f 44] .
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