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Superconducting properties of a material such as electron-electron interactions and the critical temperature of superconducting
transition can be expressed via the e�ective dielectric response function �e� (�, �) of the material. Such a description is valid on the
spatial scales below the superconducting coherence length (the size of the Cooper pair), which equals ∼100 nm in a typical BCS
superconductor. Searching for natural materials exhibiting larger electron-electron interactions constitutes a traditional approach
to high temperature superconductivity research. Here we point out that recently developed 	eld of electromagnetic metamaterials
deals with somewhat related task of dielectric response engineering on sub-100 nm scale. We argue that the metamaterial approach
to dielectric response engineering may considerably increase the critical temperature of a composite superconductor-dielectric
metamaterial.

Electromagnetic properties are known to play a very impor-
tant role in the pairing mechanism and charge dynamics
of high �� superconductors [1]. Moreover, shortly a
er the
original work by Bardeen et al. (BCS) [2], Kirzhnits et al.
formulated a complementary description of superconductiv-
ity in terms of the dielectric response function of the super-
conductor [3]. �e latter work was motivated by a simple
argument that phonon-mitigated electron-electron interac-
tion in superconductors may be expressed in the form of
e�ective Coulomb potential:

� ( ⃗�, �) = 4��2
�2�e� ( ⃗�, �) , (1)

where � = 4��2/�2 is the usual Fourier-transformed
Coulomb potential in vacuum and �e�(�, �) is the linear
dielectric response function of the superconductor treated as
an e�ective medium. Based on this approach, Kirzhnits et
al. derived simple expressions for the superconducting gapΔ, critical temperature ��, and other important parameters
of the superconductor. While thermodynamic stability con-
dition implies [4] that �e�(�, 0) > 0, the dielectric response

function at higher frequencies and spatial momenta is large
and negative, which accounts for the weak net attraction and
pairing of electrons in the superconducting condensate. In
their paper, Kirzhnits et al. noted that this e�ective medium
consideration assumes “homogeneous system” so that “the
in�uence of the lattice periodicity is taken into account only
to the extent that it may be included into �e�(�, �).”

In the forty years which had passed since this very
important remark, we have learned that the “homogeneous
system” approximation may remain valid even if the basic
structural elements of the material are not simple atoms
or molecules. Now we know that arti	cial “metamaterials”
may be created from much bigger building blocks, and the
electromagnetic properties of these fundamental building
blocks (“meta-atoms”) may be engineered at will [5]. Since
the superconducting coherence length (the size of the Cooper
pair) is � ∼100 nm in a typical BCS superconductor, we have
an opportunity to engineer the fundamental metamaterial
building blocks in such a way that the e�ective electron-
electron interaction (1) will be maximized, while homoge-
neous treatment of �e�(�, �) will remain valid. In order to
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do this, the metamaterial unit size must fall within a rather
large window between ∼0.3 nm (given by the atomic scale)
and � ∼100 nm scale of a typical Cooper pair. However, this
task is much more challenging than typical applications of
superconductingmetamaterials suggested so far [6, 7], which
only deal with metamaterial engineering on the scales which
are much smaller than the microwave or RF wavelength. Our
task requires development of superconductingmetamaterials
which are much more re	ned. In addition, the coherence
length of the metamaterial superconductor must be deter-
mined in a self-consistent manner. �e coherence length will
decrease with increasing �� of the metamaterial supercon-
ductor, since the approach of Kirzhnits et al. gives rise to the
same BCS-like relationship between the superconducting gapΔ and the coherence length � [3]:

( �
��)Δ ∼ ℎ, (2)

where�� is the Fermi velocity.�erefore,metamaterial struc-
tural parameter (such as the interlayer distance) which must
remain smaller than the coherence length will de	ne the limit
of critical temperature increase.

Let us demonstrate that tuning electron-electron interac-
tion is indeed possible in a metamaterial scenario. It may be
seen from (1) that the most natural way to increase attractive
electron-electron interaction is to reduce the absolute value of�e�(�, �) while keeping �e�(�, �) negative within a substantial
portion of the relevant four-momentum spectrum (| ⃗�| ≤ 2��,� ≤ BCS cuto� around the Debye energy). Potentially, this
may be done using the epsilon-near-zero (ENZ)metamaterial
approach [8], which is based on intermixing metal and
dielectric components in the right proportions. A negative� ≈ 0ENZmetamaterial would maximize attractive electron-
electron interaction given by (1). Let us consider a random
mixture of superconducting “matrix” and dielectric “inclu-
sions” described in the frequency range of interest by the
dielectric constants �� and ��, respectively. In the Maxwell-
Garnett approximation, the e�ective dielectric constant �e� of
the metamaterial may be obtained as

( �e� − ���e� + 2��) = �� ( �� − ���� + 2��) , (3)

where �� is the volume fraction of the inclusions (considered
to be small) [9].�e explicit expression for �e� may be written
as

�e� = �� (2�� + ��) − 2�� (�� − ��)(2�� + ��) + �� (�� − ��) . (4)

�e ENZ conditions (�e� ≈ 0) are obtained around

�� = 2�� + ��2 (�� − ��) , (5)

whichmeans that �� and ��must have opposite signs, and �� ≈−2�� so that �� will be small.�is consideration indicates that
attractive electron-electron interaction in a superconducting
metamaterial may indeed be increased by using the correct

amount of dielectrics. However, �� of the dielectric needs to
be very large, since �� of themetal component typically given
by the Drude model in the far infrared and THz ranges

�� = ��∞ − �2�
�2 ≈ −�2�

�2 (6)

is large and negative (where ��∞ is the dielectric permit-
tivity of metal above the plasma edge and �� is its plasma
frequency). Ferroelectric materials having large positive ��
in the same frequency ranges may be a very good choice
of such dielectrics. On the other hand, Maxwell-Garnett
based analysis of (1) and (4) indicates that even far from
ENZ conditions a superconductor-dielectric metamaterial
must have larger Δ and higher �� compared to the original
undiluted superconducting host. Indeed, even in the limit�� ≪ −�� and small ��, Maxwell-Garnett approximation
(equation (4)) results in decrease of �e�,

�e� = �� (2�� + ��) − 2�� (�� − ��)(2�� + ��) + �� (�� − ��)
≈ �� 2�� − 2����2�� + ���� ≈ �� (1 − 3

2��) ,
(7)

producing an increase of

� ( ⃗�, �) = 4��2
�2�e� ( ⃗�, �) ≈ 4��2

�2�� ( ⃗�, �) (1 + 3
2��) (8)

which should be proportional to the increase in Δ and �� and
which in this limit does not depend on the particular choice
of dielectric ��. According to (2), compared to the parent pure
superconductor, the metamaterial coherence length �MM will
decrease as

�MM = �0(1 + (3/2) ��) , (9)

where �0 is coherence length of the parent superconductor.
�erefore, the metamaterial design should make sure that
the typical metamaterial structural parameter remains much
below �MM. �is result constitutes a proof of principle of the
metamaterial approach and can be confronted with exper-
iments. While ENZ conditions must lead to considerably
larger �� increases, detailed calculations of �� increase are
muchmore di�cult, since they require detailed knowledge of��(�, �) and ��(�, �) of themetamaterial components. On the
other hand, evaluation of the maximum critical temperature�max

� of the superconducting transition from the point of view
of electromagnetic approach performed by Kirzhnits et al. in
[3] produced a very optimistic �max

� ∼ 300K estimate at �� ∼10 eV. According to (2), the corresponding �MM ∼ 48 nm
leaves substantial room for metamaterial engineering. As far
as the London penetration length

�� = ( �
�0��2)

1/2
(10)
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Figure 1: Comparison of the crystallographic unit cell of a BSCCO high �� superconductor (a) and geometry of a layered hyperbolic
metamaterial (b).

of such a composite superconductor is concerned, where �
is the e�ective mass and � is the carrier concentration, it
is obvious that compared to undiluted superconductor the
carrier concentration is smaller, leading to increased pen-
etration length of the composite superconductor. Decrease
of � accompanied by increase of �� will lead to composite
metamaterial exhibiting type-II superconductivity.

Another interesting possibility is to use a hyperbolic
metamaterial geometry shown in Figure 1. As has been noted
in [10], typical high �� superconductors (such as BSCCO)
do exhibit hyperbolic metamaterial behavior in a substantial
portion of far infrared andTHz frequency ranges. Hyperbolic
metamaterials are typically composed of multilayer metal-
dielectric or metal wire array structures. However, a few
natural materials, such as sapphire and bismuth [11], also
exhibit hyperbolic behaviour in a limited frequency range.
�e diagonal components of dielectric permittivity tensors�		 = �

 = �1 and ��� = �2 of these nonmagnetic
uniaxial metamaterials have opposite signs, resulting in such
unusual electromagnetic properties as absence of di�raction
limit [12] and diverging photonic density of states [13]. Let
us demonstrate that hyperbolic metamaterial geometry o�ers
another natural way to increase attractive electron-electron
interaction in a layered dielectric-superconductor metama-
terial. However, we should emphasize that our theoretical
consideration presented below is not intended to be an
alternative theory of superconductivity in high �� cuprates.

Since hyperbolic metamaterials exhibit considerable dis-
persion, let us work in the frequency domain and write mac-
roscopic Maxwell equations in the presence of “external”
electron density �� and current �� as

�2
 2 !⃗� = ∇⃗ × ∇⃗ × �⃗� − 4�#�

 2 ⃗��,
∇⃗ ⋅ !⃗� = ��,
!⃗� = ←→���⃗�,

(11)

where the frequency � is assumed to fall within the hyper-
bolic frequency band of the metamaterial. Let us solve (11)
for the '-component of electric 	eld. A
er straightforward
transformations, we obtain

�2
 2 �� =

4�
�1�2

*�
*' − 4�#�

 2�2 �� −
*2���1*'2 −

1
�2 (

*2��*52 + *2��*62 ) .
(12)

Since�� = *9/*' and the second term on the right side of (9)
may be neglected compared to the 	rst one (since V/ ≪ 1),
we obtain

�2
 2 9 + *29

�1*'2 +
1
�2 (

*29
*52 +

*29
*62 ) = 4�

�1�2 �. (13)
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Taking into account that � = −�9 and neglecting the 	rst
term in (13) in the low frequency limit, we 	nd that the e�ect-
ive Coulomb potential from (1) assumes the form

� ( ⃗�, �) = 4��2
�2��2 ( ⃗�, �) + (�2	 + �2
) �1 ( ⃗�, �) (14)

in a hyperbolic metamaterial. Since �		 = �

 = �1 and ��� =�2 have opposite signs, the e�ective Coulomb interaction of
two electrons may become attractive and very strong in the
hyperbolic frequency bands. �e obvious condition for such
a strong interaction to occur is

�2��2 ( ⃗�, �) + (�2	 + �2
) �1 ( ⃗�, �) ≈ 0 (15)

which indicates that the superconducting order parameter
must be strongly anisotropic. �is indeed appears to be the
case in such hyperbolic high �� superconductors as BSCCO
[1, 10]. In order to be valid, the metamaterial “e�ective
medium” description requires that the structural parameter
of themetamaterial (in this particular case, the interlayer dis-
tance) must be much smaller than the superconducting
coherence length. If the structural parameter approaches
1 nm scale, Josephson tunneling across the dielectric layers
will become very prominent in such an anisotropic layered
superconducting hyperbolic metamaterial.

Similar to the random superconductor-dielectric mixture
considered above, the diagonal dielectric permittivity com-
ponents of the layered superconductor-dielectric metamate-
rialmay be calculated usingMaxwell-Garnett approximation.
�ese components can be calculated similar to [14] as follows:

�1 = <�� + (1 − <) �,
�2 = ���(1 − <) �� + <� ,

(16)

where < is the volume fraction of superconducting phase and�� < 0 and � > 0 are the dielectric permittivities of the
superconductor and dielectric, respectively. If < is small, both�1 and �2 are positive. On the other hand, if < is close to 1, both�1 and �2 are negative.�e hyperbolic conditions are obtained
in the intermediate range of < if

((1 − <) � + <��) (1 − <
� + <

��) < 0. (17)

�erefore, the equations de	ning boundaries of the hyper-
bolic frequency band may be written as

�� (�)
� (�) = − <

1 − < , �� (�)
� (�) = −1 − <

< . (18)

Once again, � of the dielectric needs to be very large, since ��
of the superconducting component is negative and very large
in the far infrared and THz ranges (see (5)).�is is consistent
with the measured dielectric behavior of the parent BSCCO
perovskite compound [1]. Moreover, if the high frequency
behavior of � may be assumed to follow the Debye model
[15],

Re � = � (0)1 + �2@2 ≈ � (0)�2@2 , (19)

broadband hyperbolic behavior arises due to similar ∼ �−2
functional behavior of � and �� in the THz range (cf.
(6) and (19)). �us, BCS theory assumption of a constant
attractive interaction from low frequencies (of the order of
the gap energy) to the range of the BCS cuto� around the
Debye energy would be approximately satis	ed. However,
this is not a strict requirement, and attractive interaction in
metamaterial superconductors described by (1) or (13) may
depend on frequency due to dispersive behavior of �e�(�, �).

As follows from (17), if the volume fraction of metallic
phase < is kept constant, the hyperbolic behavior may occur

only within the following range of plasma frequency �2� =
��2/�∗ of the metallic phase:

�2�@2
� (0) ∈ [ <

1 − < ; 1 − <
< ] , (20)

where � is the free carrier (electron or hole) concentration
and �∗ is their e�ective mass. �1 and �2 will be both positive
if �2� is too small, or both negative if �2� is too large.

Interestingly enough, the boundaries of superconducting and
hyperbolic states in high �� cuprates seem to overlap. Similar
to hyperbolic behavior described by (20), superconductivity
occurs only within a certain narrow doping range �min <� < �max of either electrons or holes [1]. Based on Figure 1
from [1], the �max/�min ratio equals 1.84 for the electron-
doped A2−	Ce	CuO4 compounds. On the other hand, based
on the crystallographic lattice of BSCCO shown in Figure 1,< ≈ 3/7 in this material.�erefore, the ratio �max/�min for the
boundaries of hyperbolic phase given by (20) is ∼1.77. �is
close match appears to give us a hint at close relationship
between the superconducting and hyperbolic behaviors in
high �� cuprates. Indeed, in BSCCO, the anisotropy of DC

conductivity may reach 104 for the ratio of in-plane to out-
of-plane conductivity in high quality single crystal samples.
Polarization-dependent AC re�ectance spectra measured in
the THz and far-infrared frequency ranges [1] also indicate
extreme anisotropy. In the normal state of high �� super-
conductors the in-plane AC conductivity exhibits Drude-

like behavior with a plasma edge close to 10000 cm−1, while
AC conductivity perpendicular to the copper oxide planes
is nearly insulating. Extreme anisotropy is also observed in
the superconducting state. �e typical values of measured
in-plane and out-of-plane condensate plasma frequencies in
high �� superconductors are ��,�� = 4000–10000 cm−1 and

��,� = 1–1000 cm−1, respectively [1]. �e measured anisotropy
is the strongest in the BSCCO superconductors.�ese experi-
mentalmeasurements strongly support the qualitative picture
of BSCCO structure as a layered hyperbolic metamaterial
(Figure 1(b)) in which the copper oxide layers may be rep-
resented as metallic layers, while the SrO and BiO layers
may be represented as the layers of dielectric. Based on these
measuredmaterial parameters, wemay calculate the diagonal
components of BSCCO dielectric tensor.

Our calculations will be performed for � < �� and
centred around the spectral range ��,� < � < ��,��,
so that AC conductivity perpendicular to the copper oxide
layers may indeed be considered dielectric. For the in-plane
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Figure 2: Diagonal components of the permittivity tensor of a high�� BSCCO superconductor calculated as a function of frequency
assuming ��,�� = 10000 cm−1, ��,� = 1000 cm−1, ��∞ = 4, and �∞ =
25. �e hyperbolic bands appear at 200 cm−1 < � < 1200 cm−1 and2400 cm−1 < � < 4800 cm−1.

permittivity, we assume Drude-like behavior supported by
AC measurements (see Figure 5 from [1]),

�� = ��∞ − �2�,���2 , (21)

while the out-of-plane permittivity will be approximated as

� = �∞ − �2�,��2 , (22)

where ��∞ ∼ 4 is the dielectric permittivity of copper oxide
layers above the plasma edge and �∞ is the dielectric per-
mittivity of the undoped insulating parent copper oxide com-
pound. �e parent perovskite compounds typically exhibit
rather large values of �∞, whichmay be estimated from their
out-of-plane re�ectivity. Based on Figure 5 from [1], �∞ ∼25 may be assumed. �e calculated diagonal components of
the permittivity tensor for a high �� superconductor having��,�� = 10000 cm−1 and ��,� = 1000 cm−1 are presented in
Figure 2. Based on the crystallographic unit cell of BSCCO,< = 0.36 has been assumed in these calculations. �e
hyperbolic behavior appears in the very broad 200 cm−1 <� < 1200 cm−1 and 2400 cm−1 < � < 4800 cm−1 spectral
ranges. Within these spectral bands, �1 and �2 have opposite
signs. �e appearance of hyperbolic bands is quite generic,
independent of a particular choice of ��,�� and ��,�, as long
as strong anisotropy of �� is maintained. While examples of
such natural hyperbolic high�� superconductors appear to 	t
well into the metamaterial scheme described above, it would
be interesting to try and follow the metamaterial recipe in
making novel “designer” superconductors.

Since metamaterial dimensions required for engineering
of electron-electron interaction approach nanometer scale,

another potentially important issue is applicability of nano-
scale metal and dielectric layers description using their mac-
roscopic dielectric constants. �is issue is well known and
extensively studied in nanophotonics and electromagnetic
metamaterials. �e electromagnetic response of thin metal
layers is indeed known to exhibit weak oscillatory depen-
dence on layer thickness due to quantum mechanical e�ects,
such as formation of electron standing waves inside the
thin layer [16]. While this e�ect indeed a�ects e�ective
dielectric constant of a metal layer, for all practical purposes,
this is a weak e�ect. On the other hand, the dielectric
constant of dielectric materials does not depend on layer
dimensions until the atomic scale is reached. �is fact has
been veri	ed in experiments on surface plasmon resonance
[17]. Another issue, which needs to bementioned with regard
to the proposed designer “metamaterial superconductors,”
is that at low frequencies superconductors exhibit perfect
diamagnetism that can be described as � = 0. However,
following the treatment of Landau and Lifshitz [4] in the
high frequency THz range of relevance to metamaterial
superconductor engineering, the � = 1 value of magnetic
permeability of the metamaterial may be assumed so that any
e�ect of � may be included and accounted for in the high
frequency value of �e�(�, �).

In conclusion, we pointed out that recent developments in
the 	eld of electromagnetic metamaterials, such as develop-
ment of epsilon-near-zero (ENZ) and hyperbolic metamate-
rials, may be used to engineer dielectric response of compos-
ite superconducting metamaterials on sub-100 nm scale. We
argue that the metamaterial approach to dielectric response
engineering may considerably increase the critical tempera-
ture of such composite superconductor-dielectric metamate-
rials.
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