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ISOMETRIES BETWEEN NORMED SPACES WHICH ARE
SURJECTIVE ON A SPHERE

RUIDONG WANG

ABSTRACT. In this paper, we study the extension of isometric
operator between unit spheres of normed spaces, and give an
equivalent statement of Tingley problem. We also give another
statement of Mazur-Ulam theorem: Let V : E — F be an iso-
metric operator, and V|s(g) denotes the operator V' restricted to
the set S(E). If V|g(g) is an onto isometric operator from S(E)
to S(F'), then V must be linear.

1. Introduction

Throughout this paper, both E' and F' will denote real normed linear space.
We use S5(FE) to denote the set {z € E: ||z|| = 4§}, where § € RT. To simplify
notation, we write S(F) := S1(FE), i.e., the unit sphere of E. If z,y € E, we
denote by [z,y] theset {z€ EF: z=Ax+ (1 —X)y,0< A <1},

A mapping V : E — F is said to be an isometry if

Vz=Vy| =llz—yll (Vz,y€E).

As normed spaces, we say F and F are congruent if there is a linear isomet-
ric operator T from F onto F'. Mazur and Ulam had shown that any surjective
isometry between two real normed spaces must be an affine map. Therefore,
two normed spaces are congruent if and only if the two spaces are isomet-
ric; and the metric structure determines the linear structure. Mankiewicz [1]
extended that any surjective isometry between the convex bodies (or open con-
nected subsets) of two normed spaces can be extended to a surjective affine
map between the two spaces. Especially, two normed spaces are congruent if
and only if their unit balls are isometric.
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Tingley proposed the following problem in [2]: Let X and Y be normed
spaces with unit spheres S(X) and S(Y). Suppose that V5 : S(X) — S(Y)
is an onto isometry. Is V necessarily the restriction to S(X) of a linear, or
affine transformation on X7

It will be very difficult to answer this question. Until recently, some affir-
mative results have been obtained, which had been shown in [4].

Since there is not much linear structure in the unit sphere of a normed linear
space, it is difficult to answer the above problem. As normed linear space is
metric space, we may ask the following question: Let X and Y be normed
spaces with unit spheres S(X) and S(Y). Suppose that V5 : S(X) — S(Y)
is an onto isometry. Is Vj necessarily the restriction to S(X) of an isometric
operator on X7

In [5], Liu and Zhang give the following proposition.

PROPOSITION. Let E and F' be Banach spaces. Assume that Vp : S(E) —
S(F) is a surjective isometry. If Vo can be extended to an isometry from E
into F, then there exists a linear isometry V from E onto F such that

‘7|5(E) =M.

In the proof of this proposition, the authors show that if V) can be extended
to an isometric operator V:E— F', then the positive homogeneous extension
V(z)= ||;UHV0(”§—H) is surjective and isometry, by Mazur-Ulam theorem, V is
an linear isometry.

In this paper, we give a uniqueness theorem. It assumes Vj is the restriction
of some into-isometry 17, and shows that V' is necessarily the positive homo-
geneous extension ‘7, ie., V= ‘N/, which improves the above proposition. This
shows that the above two questions are equivalent, and give another state-
ment of Mazur-Ulam theorem: If V: E — F is an into-isometry, so that
V(S(E)) = S(F), then V is surjective and linear.

2. Main result

LEMMA 1. Let E be a two-dimensional space whose unit sphere S contains
a nontrivial face [u,v]. Fix a>1 and a point a point z € E with ||z|]| =« so
that z/a € [u,v]. Then SN Sa—1(2) is a subinterval I, € [u,v)].

Moreover, if a <2, then I, is a proper subinterval of [u,v] unless a =2
and z=u+v.

Proof. Tt follows from the triangle inequality that S N S,_1(z) C [u,v].
Write z/a=Au+ (1 — A\)v with 0 < A <1, and assume z € SNS,_1(z). Tt
follows that = su+ (1 — s)v for some 0 <s<1.
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From x € S,_1(2) and the fact that 2=F lies on the line passing through u
=% € [u,v]. Writing

[e3

z—x alutall-Nv—su—(1—-s)v al—s a\—s
= = u+(1— v
a—1 a—1 a—1

and v (see the formula below), it follows that

a—1
we see that s must also satisfy the condition 0 < % <1, or
ad—a+1<s<al

Thus, © € SN S,_1(2) is the interval I, which corresponds to the values
of s in the interval

[max{0,aA —a+ 1}, min{l,aA}] C [0,1].

Ifa<2andwvel,, then a) > 1, hence al —a+1>2—a > 0 with equality
al—a+1=0 (ie, u€el,) only when a =2 and A= 3. O

LEMMA 2. Let E be a normed space, and assume that ||z1|| = ||z2]| = o < 2
and that ||z1 — z|| = |22 — z|| for every x € S(E). Then z1 = zs.

Proof. Assume 21 # zo and a > 1 (the case a < 1 is trivial, just take as z
one of the endpoints of the cord through z; and z5). Passing to the subspace
spanned by z; and 2o we may assume F is two-dimensional, and it then follows
from the triangle inequality that SN S,—_; contains the segment [z1/c, 22/q].
It follows that S(E) has a face [u,v] parallel to the line passing through z;
and zs.

By Lemma 1, SN S,_1(z;) are intervals I, , and when o <2 and 21 # 23
the explicit formula for the intervals shows that they are different. But this
means that there is a z € S with ||z —z||=a—1 and ||z2 — z|| Za—1 (or
vice-versa) contradicting the assumption of the lemma. O

In Lemma 2, it is necessary for us to assume that a < 2. If a > 2, we have
the following counter example.

EXAMPLE 1. If @ > 2, let 21 = (a,a — 2), 22 = (o, %52) €15, where 15,
denotes linear space R? with sup-norm, i.e., for any (31, 32) € l<(>§)’ I1(B1, B2) |l =
max{|B1[,[B2[}. Then ||z1] = ||z2| = a, and for any z = (a1, a2) € S(IF)), we
have ||z1 — z|| = ||22 — z||-

Indeed, since 0 < |ay |, |az| <1, we have

a—a;>1, —-l1<a—-2—ax<a—a;
and
a—2
71<Tfa2§afa1.
From the three inequalities above, we obtain that
21 =2l =22 — 2| = — u1.

But it is obviously that z; # zo.
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From the following theorem, we can know exactly the way we construct the
above counter example.

THEOREM 3. Let X be a Banach space, dim(X) = 2. If [u,v] C S(X) and
B= {1&al, €21}

= f1u+§2 ES(X
Then for any a > 203, there exists 21, 29 € So(X), such that for any x € S(X),
we have ||z1 — x| = ||z2 — z||, but z1 # 22.

Proof. Letting 21 = Su + §v and 23 = (o — B)u + fv. Then for any z =
&1u+ &u e S(X), we have

(56 5

zm—z=(a—FB—-E)u+t (B —E)v.
Since [u,v] C S(X), a> 28>0 and S > max{{;,&}, it is easy to see that
|21l = l|2z2]| = @ and 21 # z2. We also obtain that

lea =l = (§ -6 )u+ (5 &)

lz2 =zl = [l(a =B —&)u+ (B - &l =a—& — &

So [|1 - 2 = |22 — 2. O

and

=a—§—&

and

THEOREM 4. Let V : E — F be a isometric operator, and V|g(g) denotes
the operator V' restricted to the set S(E). If Vl]gg) is an onto isometric
operator from S(E) to S(F'), then V must be linear.

Proof. First, we will show that V() =6.
Indeed, if V(0) # 6, since V[g(g) is an onto isometric operator from S(E)
to S(F), there exists x € S(F) such that V(z) = HVE@;H Then
g + VO] =1V @ - vl = - =1
H VOl

But
V(6)

H Vo)l
Contradict to V() # 6.
Second, we show that span{V(E)} = F. Indeed,

span{V (E)} D span{V(S(E))} Dspan{S(F)} =F.

By Figiel’s theorem ([3, p. 401, Theorem 9.4.2]), there is a continuous
linear operator T' mapping F' into E and such that the superposition TV is

+V(9)H =1+ |V(0)].
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an identity on E. The operator T is uniquely determined and it has norm
one.
For any z,y € S(E),0< A <1, we have
[z =Xyl = 1TV (z) = ATV (y)||
= 1TV (z) =TV (y))ll
< V() = AV(y)ll-
We now show that the inequality above must be an equality, if not, there
exist zg,yo € S(E) and 0 < Ag < 1 such that
l[zo = Aoyoll < IV (z0) = AoV (y0) |-

The line L(V (20), AoV (y0)), which contains V' (zg) and AoV (yo), and S(F)
intersect in a point Zy, which is different from the point V'(x¢). Since Vg(g)
is an onto isometric operator from S(E) to S(F), it follows that there exists
2o € S(E) such that V(zp) = Zp, and we have

[V (x0) = V(20)[l = [IV(20) — AoV (wo) | + [V (20) — AoV (30),
and
20 = Aogoll < [[V(20) — AoV (y0)]|-
So
[0 — 20l < llzo — Aoyoll + [[20 — Aol
< |[V(zo) = AV (o)l + [V (20) — AoV (¥0)l
= [[V(z0) = V(20)l
= [|lzo — 2ol|-

The above inequality is impossible, so |V (z) — AV (y)|| = ||z — Ay]|.
For any nn > 1 and z,y € S(F), we can still get the similar equality as above,
since

V@) - v )l = Ve - Vi)

=1

|
Sr—y
n

= ||z —nyl|.

If v <2, since V is isometry and by the above equality, for any z,y € S(E),
we obtain that

V(@) =Vl = llz =yl = V(z) = V)l

As V|g(g) is an onto isometric operator from S(E) to S(F') and by Lemma 2,
for any y € S(E), we have

Vivy) =7V (y).
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Thus, we obtain that V| s5.(E) is an onto isometric operator from S, (E)
to Sy(F), for any v < 2.

By a similar argument as above, since V| So(E) 18 an onto isometric operator
from S5(E) to So(F'), we obtain that

V(¢z) =(V(x),
for any z € S(E) and ¢ <22
By induction, we obtain that V (£x) = £V (x), for any £ € RT and x € S(E).
Since V|g(g) is an onto isometric operator from S(E) to S(F'), so V' is an onto
isometric operator form E to F'. Our assertion is immediate from Mazur—Ulam
theorem. O
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