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ISOMORPHISM PROBLEMS AND GROUPS OF
AUTOMORPHISMS FOR GENERALIZED WEYL ALGEBRAS

V. V. BAVULA AND D. A. JORDAN

ABSTRACT. We present solutions to isomorphism problems for various gener-
alized Weyl algebras, including deformations of type-A Kleinian singularities
and the algebras similar to U(sl2) introduced by S. P. Smith. For the former,
we generalize results of Dixmier on the first Weyl algebra and the minimal
primitive factors of U(sl2) by finding sets of generators for the group of auto-
morphisms.

1. INTRODUCTION

Let k be an algebraically closed field of characteristic 0 and consider the Weyl al-
gebra A (k) = k(0,x : 0z —x0 = 1). Dixmier [I1] showed that the k-automorphism
group of A; (k) is generated by the automorphisms e* 24 =" and e*2d9" where n > 1
and A € k. Adapting his methods in [T2], he found an analogous set of gener-
ators for the k-automorphism group of the infinite-dimensional primitive factor
By := Ul(sly)/(C — X) of the universal enveloping algebra of the Lie algebra sls,
where C' is the Casimir element and A € k. He also showed that By ~ By if and
only if A = .

Let a € k[h] and let A(a) be the generalized Weyl algebra k[h](o, a), where o is
the k-automorphism of k[h] such that o(h) = h — 1. Thus A(a) is the k-algebra
generated by h,z and y subject to the relations

zh=(h— 1)z, yh=(h+ 1)y, zy = a(h — 1), yx = a(h).

Both A4; (k) and By are of the form A(a) with deg(a) =1 and 2 respectively. Rings
of the form A(a), with a of arbitrary degree, were studied by the first author [3]
and, under the name deformations of type-A Kleinian singularities, by Hodges [14].
The problem of when A(a1) ~ A(az) was raised in [14} §5 (1)].

Smith [31] gave a substantial analysis of a class of algebras, similar to U(sls),
which can be interpreted as generalized Weyl algebras and which are closely related
to the algebras A(a). For f € K[H], let R(f) denote the k-algebra generated by
A, B and H subject to the relations

[HvA] = A, [HvB] =-B, [AvB] = f(H)

The isomorphism problem for these algebras was raised in [31, Remark (2)].
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770 V. V. BAVULA AND D. A. JORDAN

We shall adapt the methods of Dixmier to find a set of generators for the au-
tomorphism group of A(a) and to solve the isomorphism problems for A(a) and
R(f). Loosely speaking, we shall see that A(a;) ~ A(agz) if and only if as can be
obtained from a; by a combination of non-zero scalar multiplication, translation
a(h) — a(h + 7) and a “fip” a(h) — a(—h) corresponding to an interchange of
the roles of z and y. The situation for R(f) is analogous. In some cases, including
those of A;(k) and By, the flip can be expressed in terms of translation and scalar
multiplication and there is an automorphism €, well-known for both A; (k) and
B, interchanging the roles of z and y. We shall say that a(h) is reflective if there
exists p € k such that a(p — h) = (—1)%a(h), where d = dega. Polynomials of
degree 1 and 2 must be reflective but cubics need not. When a(h) is reflective,
there is a k-automorphism Q of A(a) such that Q(x) = y, Q(y) = (—1)% and
Q(h) = 14 p — h. In general, there is an isomorphism A : A(a(h)) — A(a(—h))
such that A(x) =y, A(y) =z and A(h) =1 —h.

Let G denote the subgroup of the k-automorphism group Auty A(a) generated
by the k-automorphisms e*2d#™ and e*2d¥™ where A € k and m > 1, and the
k-automorphisms ©,, such that ©,(z) = uz,0,(y) = p~'y and ©,,(h) = h, where
€ k*. We shall prove:

e (Theorem B29)) If a is reflective, then Auty A(a) is generated by G and Q. If

a is not reflective, then Auty A(a) = G.
o (Theorem B2R) For ai,as € k[h], A(a1) ~ A(ag) if and only if as(h) =
na1 (T = h) for some 7, 7 € k with n # 0.
o (Theorem E2) For fi, fo € k[H], R(f1) ~ R(f2) if and only if fo(H) =
nfi(r + H) for some n, T € k with  # 0.
Theorem [4.2]is deduced from Theorem using the fact that each of the algebras
R(f) has a distinguished central element C' such that R(f)/CR(f) ~ A(a) for some
a. Notice that when a; is reflective the condition for isomorphism in Theorem
becomes as(h) = nai(h + 7).

We shall also prove, in §5, an analogue of Theorem H.2 for the algebras which
are similar to the quantized enveloping algebra U, (sl2) in the way that the algebras
R(f) are similar to U(sls).

Another isomorphism problem concerns two deformations of sls considered by
Witten [33] (5.2) and (5.12)] and a third deformation due to Woronowicz [34]. In
66, we shall show that Witten’s second deformation and Woronowicz’s deforma-
tion are isomorphic. The background to this includes remarks in the literature of
mathematical physics [33, [10] suggesting at least that these two algebras become
isomorphic after localization or completion and a comment in [24], where a rigorous
algebraic relationship between Witten’s two deformations is explained, doubting the
existence of a connection with the Woronowicz algebra.

2. GENERALIZED WEYL ALGEBRAS AND AMBISKEW POLYNOMIAL RINGS

2.1. Generalized Weyl algebras. Let D be a ring, let o be an automorphism
of D and let a be a central element of D. The generalized Weyl algebra (of degree
1) D(o,a), introduced by the first author [3],[4, Bl [7, [§], is the ring extension of D
generated by two indeterminates x,y subject to the relations

(1) xd = o(d)x and yd = o~ (d)y for all d € D,
2) vy = o(a), o = a.
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ISOMORPHISM PROBLEMS 771

These algebras were also studied, without a name, by the second author [18],
where D is assumed to be commutative, and, under the name hyperbolic ring, by
Rosenberg [28]. Generalized Weyl algebras of higher degree were introduced in [4]
and studied in [4, [7, [8, 9].

2.2. Ambiskew polynomial rings. The papers [3| (9, [15], [L6] 17, [19] 20, 22] are
concerned with a class of iterated skew polynomial rings, now called ambiskew
polynomial rings [21], which can be viewed as important examples of generalized
Weyl algebras.

Let B be a ring, let ¢ be an automorphism of B, let v be a central element of
B and let p be a central unit in B. We denote by R(B, o, v,p) the iterated skew
polynomial ring B[z;o][y; o', ] where the automorphisms o*! are extended to
Blz; 0] by setting o*!(z) = pTlx and § is the o~ !-derivation of Blxz; o] such that
§(B) =0 and d(z) = v. Thus R(B,o,v,p) is the ring extension of B generated by
x and y subject to the relations

(3) xb = o(b)x and yb = o~ (b)y for all b € B,
(4) Ty — pyr = v.

2.3. Example. The first Weyl algebra A;(k) = k(0,z |0z — 20 = 1) over a field
k is a basic example for both constructions. To view A;(k) as a generalized Weyl
algebra, one first adjoins h = yz to obtain the polynomial ring k[h]. Then A, (k) =
k[h](o,h), where o is the k-automorphism of k[h] such that o(h) = h — 1. Thus,
in k[h|(o,h), 2y = h — 1,yx = h and yr — xy = 1. When viewing A;(k) as an
ambiskew polynomial ring, the base ring is k and A;(k) = R(k,id,—1,1). This
illustrates the relationship between the two constructions.

2.4. Lemma. FEvery ambiskew polynomial ring R(B,o,v,p) is a generalized Weyl
algebra Blw|(o,w), where w = yx and o is extended to Blw] by setting o(w) =
pw + v.

Proof. See [22, 2.6 Corollary] or [8, Lemma 1.2]. O

Every generalized Weyl algebra occurs as a homomorphic image of an ambiskew
polynomial ring, obtained by factoring out a normal element z which exists under
a certain condition on v. When this holds, the previous lemma can be sharpened
by replacing w by z, which is an eigenvector for o.

2.5. Lemma. Let R = R(B,o,v,p). Suppose that v has the form o(u) — pu, for
some central element u of B, and let z = yx —u = p~(zy — o(u)).
(i) z is normal in R, with vz = pzx,yz = p~'zy and zb = bz for all b € B, and
R/zR is the generalized Weyl algebra B(o,u).
(ii) R is the generalized Weyl algebra B[z|(o, z + u), where o is extended to B|z]
by setting o(z) = pz.

2.6. Z-grading. Every generalized Weyl algebra A = D(o,a) is Z-graded, A =
@nEZAn, where A, = Dx™ if n > 0 and A, = Dy~ ™ if n < 0. It follows from the
defining relations that, for each positive integer n,

(5) y"z" =aoc (a) -0~ Y(a) and z"y" = o(a)o?(a)--- 0" (a).

The next lemma gives details of some automorphisms and isomorphisms for
generalized Weyl algebras.
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2.7. Lemma. Let A = D(0,a) be a generalized Weyl algebra and let T be a ring
automorphism of D.
(i) A~ D(c7 Y, 0(a)) with x — y,y +— x and d — d for all d € D.
(ii) If X is a central unit in D, then A ~ D(o,a)), with x — A\~ y — y and
d s d for alld € D. In particular, if a is a unit then D(o,a) ~ D[z*';0].
(iii) With X as in (ii), there is an automorphism ©y of A with x +— x\, y — A"y
and d — d for all d € D.
(iv) The automorphism T extends to isomorphisms 7T : A — D(ror~1,7(a)),
with 7¢7(x) = x and 7¢(y) = y, and 7~ : A — D(ro~ 771, 70(a)), with
T (2) =y and 7¢ (y) = x.
(v) If o = oT, then 7" : A — D(0,7(a)).
(vi) If To = o~ tr, then 7~ : A — D(o,70(a)).

Proof. The proof is routine. In (iv), 7°~ is obtained from 7°" by composition with

the isomorphism D (7077, 7(a)) — D(ro~ 171, 70(a)) given by (i). O

The next lemma gives the details for the corresponding automorphisms and
isomorphisms for ambiskew polynomial rings.

2.8. Lemma. Let R = R(B,o,v,p) be an ambiskew polynomial ring and let T be
a ring automorphism of B.
(i) R~ R(B,o~ Y, —p~tv,p~1) with x +— y,y +— 2 and b~ b for all b € B.
(i) If X is a central unit in B and o(\) = A, then R ~ R(B,o,v\,p), with
r— Alz,yr—yand b b for allb € B.
(iii) With X as in (i), there is an automorphism of R with x +— Az, y — A\"ly
and b+ b for allb € B.
(iv) There are isomorphisms 77 : R — R(B,tor~!,7(v),7(p)) and 7¢~ : R —
R(B,7o 77 r(p~'), 7(p~1), extending T, such that 7 (x) = =, 7¢* (y) =
y, 7 () =y and 7 (y) = —=.
(v) If to = ot, then 7" : R — R(B,0,7(v), 7(p))-
(vi) If To = o~ '7, then 7~ : R — R(B,o,7(p ), 7(p71)).

Proof. The proof is again routine, though here the construction of 7°~ from 7°*
also involves (ii) with A = —1. O

Two points to note, in comparing Lemmas 2.7 and 2.8, are the extra condition
on ) in Lemma 28] which will be significant in §5, and the appearance of 7(p~!v)
rather than 7o (v) in [Z8|(vi).

2.9. Notation. In the remainder of the paper, k will denote an algebraically closed
field and k£* will denote the multiplicative group of k.

3. DEFORMATIONS OF TYPE-A KLEINIAN SINGULARITIES

In this section we concentrate on the case where D is the polynomial ring k[h]
and o(h) = h — 1. We assume throughout the section that chark = 0. Let a =
a(h) € k[h] and let A(a) = k[h](0,a). Thus A(a) is the k-algebra generated by h, x
and y subject to the relations
Examples include the Weyl algebra A;(k) and, for A € k, the algebra By :=
U(slz)/(C — X), where C is the Casimir element and a = —h? — h — 3; see
below.
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A lot is known about the algebras A(a) through studies by the first author
[3, 4 B, [7, O] and by Hodges [14]. The global dimension of A(a) was computed in
[3, 4, [14] generalizing a result of Stafford [32] for By. The Krull dimension of A(a)
was determined in [d, I4] and the simple A(a)-modules were classified in [l [7]. In
[3, 4], it was shown that the spaces Ext’ and Tor; for simple A(a)-modules are finite
dimensional, generalizing a result of McConnell and Robson [25] on Ext? in the case
of A;(k). When the defining polynomial a has no multiple root, the Grothendieck
group K((A(a)) was computed in [I4]. The two-sided ideals for certain generalized
Weyl algebras more general than A(a) were classified in [5],[6]. In [4] Theorem 7], it
was shown that if a € k and f € A(a)\k, then the centralizer C(f) is commutative
and is a free k[f]-module of finite rank and this was applied to determine the
structure of commutative subalgebras of A(a), generalizing a result of Amitsur [I]
for A; (k).

As observed in [14], Theorem 2.1(iii)], the algebra A(a) has a filtration by finite-
dimensional subspaces, with degxz = degy = d and degh = 2, such that gr A(a)
is isomorphic to the commutative algebra k[X,Y, Z]/(XY — Z%). Tt follows from
[26, 8.2.14(i) and 8.6.5] or [23] Theorem 4.5 and Proposition 6.6] that the Gelfand-
Kirillov dimension GK(A(a)) = 2.

The isomorphism problem for the algebras A(a) was raised in [14], p. 289 (1)].
The solution to this will be given in Theorem where it will be shown that
the only situations where A(a;) and A(az) are isomorphic arise when az can be
obtained from a; by a sequence of transformations of the three types specified in
the following lemma.

3.1. Lemma. (i) For all A € k*, there is an isomorphism T'y : A(a) — A(\a)
such that

La(z) = A"tz, Ta(y) =y and Tx(h) = h.
(ii) For all u € k there is an isomorphism tr,, : A(a(h)) — A(a(h + w)) such that
tr,(z) =z, tr,(y) =y and tr,(h) = h + p.
(iii) There is an isomorphism A : A(a(h)) — A(a(—h)) such that
A(z) =y, Ay) =z and A(h) =1 — h.

Proof. Here (i) is a special case of Lemma B7(ii) while (ii) and (iii) follow from
Lemma Z7(v,vi) with tr, = 7°* and A = 7°~, where 7(h) = h+u, so that 70 = o7,
and n(h) = 1 — h, so that no(h) = —h = o~ 1n(h). Note that A=! : A(—=h) — A(h)
is defined by the same formulae as A: A~'(x) = y,A"(y) = z, and A=(h) =
1—nh. O

3.2. Example ([I4, Example 4.7]). Taking a = —h* — h — 4, where A € k, and
making the change of variables x — e,y — f,h — 2h, we obtain the infinite-
dimensional primitive factors By of U(slz) [IZ]. Since an arbitrary polynomial of
degree 2 can be written in the form p((h+mn)%+ (h+n)+ %), it follows from Lemma
Bl that if dega = 2, then A(a) ~ B, for some A € k. Similar calculations show
that if dega = 1, then A(a) ~ A4; (k).

The fixed ring of A;(k) for the action of the cyclic group generated by the
automorphism y — wy, * — w~ 'z, where w is a primitive nth root of unity, has
the form A(a) with dega = n. See [I4] Example 4.8] for details.
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The solution of the isomorphism problem for the algebras B, was given by
Dixmier [I2] and our approach is based on his, which in turn was based on his
earlier analysis of the Weyl algebra A; (k) [L1].

3.3. Classification of elements. The following definitions and notation are from
[11, 6.1] and [12] 3.1]. Let R be a k-algebra, let w € R and let A € k. Denote by
adw the inner derivation of R defined by w, that is (adw)(z) = wz — zw. Let
D(w,\) := {z € R: (adw)(z) = Az} and let F(w,)\) := {z : (adw — N\)(2) =
0 for sufficiently large i}. Let D(w) := @, D(w, A) and F(w) := @y, F(w, ).
The elements z of F(w) are those for which the subspace Y - k(adw)™(z) is
finite-dimensional. Let N (w) = F(w, 0) and observe that D(w, 0) is the centralizer
C(w) of win R.

The element w is said to be strictly semisimple if D(w) = R in other words,
if the derivation ad w is diagonalizable. In the generalized Weyl algebra A(a), for
each n € Z, D(h,n) = A, the nth component of A(a) in the Z-grading of A(a) in
gZ.6l Thus h is strictly semisimple. Note that C(h) = k[h] and it follows from the
formula zf(h) = f(h — 1)z that the centre of A(a) is k.

The element w is said to be strictly nilpotent (with respect to the adjoint action)
if M(w) = A, in other words, if ad w is locally nilpotent. If w is strictly nilpotent,
then there is a well-defined k-automorphism e*?* of R such that, for r € R,

eadw(r) = Zigo (adw)*(r)/il.

The inverse of e is erd(=w),

We now aim to show that x and y are strictly nilpotent in A(a). For m € N, let
A, denote the linear map o™ — 1 : k[h] — k[h], that is A, (f) = o™(f) — f for
all f € k[h]. Then A,, is a c™-derivation of the algebra k[h], that is A,,(fg) =
Am(f)g + 0™ ([)Am(g), for all f,g € k[h]. For i € N, ker(An)) = {f € K[h] :
deg f < i}. Thus A,, is locally nilpotent.

Let f € k[h]. For m € N, direct computations give

ad w

(6) adz™ x>0, f = Ap(f)a™, h— —ma™, y— Ap(a)z™
For i > 0, (adz™)(A%,(a)z™ 1) = Agffl)(a)a:(”l)m_l. It follows by induction
that, for ¢ > 1,
(7) (ada™)'(y) = AL, (a)2™ .
Similarly,
(®) ady™ cx >~y Ap(a), fro =y An(f), b my™, y =0,
and, for i > 1,
(9) (ady™)'(z) = (=1)'y"™" ' AL, (a).

3.4. Lemma. Let d = dega(h), let m > 0 be an integer and let A € k. The
inner derivations adz™ and ady™ of A(a) are locally nilpotent. Hence there are
k-automorphisms W, » == erads™ gnd P,y 1= erad V" of A(a) such that

d .
AU .
(10) Vs T —x, h— h—mAx™, y»—>y+ZjA;n(a)x"”*1
=1
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and
SN g

(11) Prnn ZSC'—>$+ZTZJW71ALL(@), h i h+mAy™, y+— 5.
i=1 ’

Proof. As A(a) is generated by x,y and h, this is immediate from (@)—() and the
fact that, for m > 1, A,, is locally nilpotent. O

3.5. Automorphisms. We denote by G the subgroup of Auty A(a) generated by
the k-automorphisms of the following three types:
(i) ©, for 0 # p € k (in the notation of Lemma 2 7(iii)),
(ii) W,z for an integer m > 0 and A € k,
(iii) @, for an integer m > 0 and A € k.

3.6. Notation. Let 0 # a € k[h]. For the remainder of this section, we write A
for A(a). By Lemma[31](i), we can assume that a is monic. We denote by d the
degree of a, and by 3 the coefficient in a of A%, thus

a=hi+pri 4.

3.7. Remark. When the algebra B, from is written in the form A(a) with a
monic, a has the form h% + h + p, so that a(h — 1) = a(—h). It follows that, in this
case, the isomorphism A in Lemmal[3\iii) is an automorphism. This automorphism
is denoted by € in [12] where it is frequently used to justify symmetry of arguments
involving = and y (e and f in [12]). In our more general situation, we can again
appeal to symmetry using A. Technical results established for x and y will hold in
A(a(—h)) and hence for y and x in A.

For some choices of a, there does exist an automorphism of A(a) generalizing the
above automorphism ). If there exists p € k such that a(p — h) = (—=1)%a(h) we
shall say that a is reflective. This definition is independent of the generator h. In
particular, if t = h+7, where 7 € k, and a = a(h) = b(t), then a(p—h) = (=1)%a(h)
if and only if b(p+27 —t) = (—1)9b(t). Let 7 = 3d so that the coefficient of t~! in
a = b(t) is 0. Then a is reflective with a(p—h) = (—1)%a(h) if and only if p+27 = 0
and b(—t) = (—1)9b(t). Consequently, if d is even, then a is reflective if and only if
a € k[t?] and, if d is odd, then a is reflective if and only if a € tk[t?]. In particular,
all quadratics are reflective but a monic cubic k3 + ph? + Ah + £ is reflective if and
only if 27¢ = 9u — 2u>.

3.8. Lemma. If a is reflective with a(p — h) = (=1)%(h), then there exists an
automorphism 0 of A(a) with Q(z) =y, Qy) = (=1)% and Q(h) =1+ p — h.

Proof. In the notation of Lemma 311,
Q=T(1)eAtr,: A(a) — A((=1)%a(p — h)) = A(a).
([l

3.9. Filtrations. Let P(d) denote the set of all ordered pairs (7, j) where i and j
are non-negative integers such that i = j mod d. Let fo(h) =1 and, for n > 1, let

26—d
fa(h) =h"+ 'Ynhnila where 7y, 1= e +2dﬂ )
Note that {f,(h) : n > 0} is a k-basis for k[h]. It can be easily checked that, for all
i,j >0,
(12) Yits =i+ +ij/d.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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If j > i, with j = i +md and m > 0, then set U ;) = fi(h)z™ and if j < i,
with @ = j +md and m > 0, then set U, ;) = y™ f;(h). It follows from 20 that
{Up : p € P(d)} is a k-basis for A.

Let o, p € R be such that p+ ¢ > 0 and let H,, be the additive submonoid of
R generated by o and p. For p = (i,5) € P(d), let v, ,(Up) = pi +0j € H, ,. For
h € H, ., let A, be the k-subspace of A spanned by {Up, : v,(p) < h}, and let
Ach =Uj<p Aj. We shall see that {Ap}remn, , is a filtration of A by the ordered
monoid H, ,; that is,

(i) A= UheH,,,a Ap,

(i) Ap C A forallh < ke H,,,
(111) Ap A C Athk for all h, ke Ah,
(iv) ﬂheHM Ap = 0.

This coincides with the definition in [29 1.2.13] except for the reversal of > in
(ii). In the language of [27], where only filtrations by Z are considered, (i) and
(iv) would be omitted from the definition of filtration and would say that the
filtration is exhaustive and separated. The associated H, ,-graded ring, gr A :=
@her . Ap /A<y, of A with respect to this filtration can be constructed as for
filtrations by N or Z, [26] 27, 29]. For r € A, and s € Ak, (r+ Acn)(s + Ack) :=
rs+ A<ptr. We shall use the following notation adapted from that used in [26] for
filtrations by N: for w € A, W := w+ Acp, where h = v, ,(w) :=min{h € H 1w €
Ap}. Below we specify a commutative H, ,-graded algebra which will turn out to
be isomorphic to gr A.

3.10. Associated graded rings. Let P(d),0,p and H,, be as in §59 Let C(@
denote the k-subalgebra of the commutative polynomial algebra k[T, S] generated
by 7% 5% and TS. Then C® has a k-basis consisting of monomials of the form
T'S7 where (i,5) € P(d). For a monomial 7°S7 € C4D, let v, ,(T"S?) = pi + oj
and, for 0 # ¢ = > a;;T'S7 € CD  let v, ,(q) = SUPq,, £0 V.0 (TS7). Let v, ,(0)
= —oo. Then there is an H, ,-grading on C@ such that, for h € H, o, C’f(Ld) is
spanned by those monomials 757 with v, ,(q) = h. As indicated above, this will
be seen to be the associated H, ,-graded ring of A for a filtration of A by H, ..
Furthermore, we shall see that commutation in A induces a Poisson bracket on

o,

3.11. Poisson bracket. Let C = C") = k[T, S]. The Poisson bracket on C,
{,}:CxC — C, is given by

(b Db de o oe
9T oS 89S IT

Thus

(13) {197, TPS} = (iq — jp)T P~ st t,

from which it follows that, for d > 1, the subalgebra C(9) is invariant under {,}
and there is an induced Poisson bracket on C'(®). Tt will be convenient to normalize
this bracket and write, for b, c € C(),

(bcta= 2 0b oc 9b dc
4= g\ oras T asar )

For ¢ € C¥9, we denote by padc the Poisson-inner derivation of C given by
(padc)(b) = {c,b}q. Thus pade = L(2%-Z — 2.2,
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3.12. Lemma. In the notation of[39, let (i,7), (p,q) € P(d). Then

_ Jp
(14)  UapUta) = Uirpgra) = g Utitp-1.+a-1) mOd Ap(itp-2)+o(+4-2)
and
_ig—Jjp
15) Uy Upal = =5 Ulitp-1.544-1) MOd Ap(itp-2)10(i+a-2)-

Proof. As is an immediate consequence of (I4), it suffices to establish (4] and
this requires consideration of four cases, two of which split into subcases.
Case 1: j <7 and ¢ > p, with i =75+ dm and ¢ = p + dr.
Subcase 1A: r>m. Here j+q = (i +p) +d(r —m), Uitpjtq = fixp(h)z"™™
and
UtiyUp.gy = 4" I3 (h) fp(R)2"
— g™ f5(h -+ m) fy b+ m)a

- (ﬁ a(h + s>> fih+m) fylh+m)a”™™™  (by @)
s=0

=g(h)z"™™,

where g(h) = (H:ZOI a(h + 5))fj(h+m)fp(h +m) € k[h] is monic of degree dm +
j+p=1i+p. To establish (T4) in this case, it suffices to show that the coefficient
of hP=1in g(h) is i+, — jp/d. The coefficient of A*P~1 in g(h) is

m—1
<Z 8+ ds)) + (Gm + ;) + (pm + )

s=0
=mpB+dm(m —1)/2+m(j+p) +vj+p — jp/d (by (12)
= Yam +dm(j +p)/d+vj+p — jp/d
= Yam+j+p — JP/d (by (12))
= Yi+p — jp/d.

Subcase 1B: r <m. Here U(iyp jvq) = Y™ " firq(h) and
UUtp.a) = 9™ fi(h) fp(R)z"
=y" " fi(h+7r)fp(h+r)y "

=y <1:[ a(h + s)> fj(h + T)fp(h + 7’)
s=0

=y "g(h),

where g(h) = (H:;é a(h+s))fj(h+7r)fp(h+r) € k[h] is monic of degree dr+j+p =
j 4 gq. The same calculation as in 1A, with m replaced by r, shows that (I again
holds.

Case 2: j <iand ¢ < p, withi = j+dm and p = g+ dr. Here Ugiyp j1q) =

Y™ fjtq(h) and

Ui yUp.g) = " fi(R)y" fq(h)
=yt fi(h — 1) fq(h)
=y"*7g(h),
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where g(h)= fj(h—7)f,(h) € k[h] is monic of degree j+¢. The coeflicient of h7+t4~1

in g(h) is —jr + v +vg = Vj+q — (4p)/d by (@Z). Hence ([I) holds in this case.
Case 3: j > i and ¢ > p, with j =i+ dm and ¢ = p + dr. Here Ugiyp j1q) =
firp(h)a™*" and

Ui jUp.g) = fi(R)2™ fp(h)z"
= fi(h)fp(h — r)xm“
= g(h)z™*",

where g(h) = fi(h)fp(h —r) € k[h] is monic of degree i + p. The same calculation
as in Case 2, with the interchanges j <> p and i < ¢, shows that (Id]) holds again.
Case 4: j > 1 and ¢ < p, with j =7+ dm and p = g + dr.
Subcase 4A: m > r. Here j+q = (i +p) +d(m —r), Uitp jtq = firp(h)z™™"
and

U )Utp,q) = filh)z™y" fq(h)

= g(h)a™"",
where g(h) = fi(h)(I[._, a(h — s —m+7))fy(h —m+7) € k[h] is monic of degree
i+dr+q =1+ p. The coefficient of h*tP~1 in g(h) is

<Z(d(s —m)+ 6)) +% + 7 +a(r —m)

s=0
=r(=dm+ ) +dr(r —1)/2 4 Yitq — iq/d+ q(r —m) (by @2))
= Yar — rdm + (Virq —iq/d) + q(r —m)
= Yar+i+q — dr(i + q)/d — rdm — iq/d + q(r —m) (by @2))
= Yitp — 73 —qj/d
= Yitp — jp/d,

whence (1)) holds.
Subcase 4B: m < r. Here i +p = (j +q) +d(r —m), Uitpjtq = ¥ fitq(h)
and

Ui pUp,g) = fi(h)z™y" fq(h)
=y " fi(h =7+ m) (H a(h—s—r+ m)) fq(R)
s=1

=y "g(h),

where g(h) = fi(h —r+m)([[._, a(h — s —r+m)) f,(h) € k[h] is monic of degree
i+ dr+q =1+ p. The same calculation as in 4A, with the interchanges m < r,
i +> q and j < p, then shows that (I4)) holds again. O

3.13. Remark. The proof of Lemma shows that
Jp
Ui\ Utp) = Utirpira) = g Utitp—t.g+a=1) + D MUGip—k j+a—h)
k>2

for some scalars A\, = A, ((4,7), (p, q)).
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3.14. Theorem. In the notation of (39
(i) {An}tnen,, is a filtration of A by H, .
(ii) For this filtration, gr A is isomorphic to C'9, with the H, --grading on C(@
specified in[3100 An isomorphism, which we shall use to identify gr A with
CD s given by

Y. aapUapn = Y, auyT's
(i.)EP(d) (i.)EP(d)

(i) Let wi,ws € A and let z = [wy,ws). For i = 1,2, let v; = v, ,(w;) and let
¢i =W;. Then v, ,(wiwe) = v1+v2 and v, o (2) < vi+ve—(p+0). Moreover,
Vpo(2) =v14+v2—(p+0) < {q1,q}a #0, in which case Z = {q1,¢2}4-

Proof. This all follows directly from Lemma and the fact that {U, : p € P(d)}
is a k-basis for A. O

The next few results, culminating in Lemma 319 are aimed at extending key
results, [11, Proposition 7.4] and [12, Proposition 3.3], for the cases d = 1,2 to
higher degree and in particular to the case d = 4 which turns out to require special
attention.

3.15. Lemma. Let ¢ = \T%+ uS* € CD, where \, u € k*, and let n be a positive
integer. Let b € C. If {¢",b}q =0, then b € k[c].

Proof. We use the H; ;-grading on C@). Suppose that {c,b}q = 0 for some b €
C@\k[c] and choose such an element b with f := vy 1(b) minimal. Let I = {i € Z :
0<i< f,(f—14,4) € P(d)} and let u be the leading term of b. Then

u = Z a;TI18,

il
where a; € k for each ¢ € I, and {¢,u}q4 = 0. Thus
(16) 0= Z i (INTIH=i=1gim1 (¢ ) pf-imlgitd=1)

il
Let i € I. Comparing coefficients of T7T4=i-15=1 in (I6), if i — d ¢ I, then
ia; A =0 and if i — d € I, then

(17) i)\Oéi = (f + d— i),uai_d.

It follows that if ¢ is minimal such that ¢ € I and a; # 0, then ¢ = 0 and that if
j # 0mod d, then o; = 0. Hence f = 0 mod d and we can assume that og = A",
where m = f/d. By induction on r, it now follows from () that, for 0 < r < m,

Qpg = <m> )\m—rﬂr.
r

Thus u is the leading term of ¢™. Then {b — ¢, c}q = 0, contradicting the mini-
mality of f. This completes the proof for the case n = 1.

For the general case, suppose that {c",b}4 = 0 and let § be the derivation padb
of CD. Then nc"'§(c) = §(c*) = 0, so, as C9 is a domain and chark = 0,
d(c) = 0 and, by the case n =1, b € k[c]. O

3.16. Lemma. Let ¢ = \T? + uS? € C®, where \,u € k*, and let n > 0 and
m > 0 be integers. There does not exist b € C) such that {c",b}a = pc™ for some
non-zero p € k.
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Proof. Again we use the H; ;-grading on C®). Suppose that {c¢", b}y = pc™ for
some non-zero p € k. As ¢ and ¢" are homogeneous with v 1(¢™) = 2n and
v1,1(c™) = 2m, we can assume that b is homogeneous with vy 1(b) = 2(m —n) +
2 > 2. Thus m > n. With § = —padb, pc™ = §(c") = nc" 1d(c), whence
Lem=ntl = §(c) = {c,b}2 and we may assume that n = 1. Thus {c,b}s = pc™ for
some non-zero p € k and b is homogeneous with vy ;(b) = 2m. The ring C® has
a Zso-grading in which the even part, C,, is spanned by the monomials 757 with
i and j both even and the odd part, C_ is spanned by the monomials 7¢S7 with 4
and j both odd. Now ¢,¢™ € Cy, {¢,Cy}2 C C_ and {¢,C_}3 C Cy, so we can
assume that b € C'_, that is b has the form

m—1
(18) TS (Z aiT2<m“>SQi> L a; € k.

=0

Then

m—1
{e, by =AY (20 + 1)T0m D g%
=0

m—1
— Z i (2(m — i — 1) + 1)T2m=i-1) g2(+1)
=0

=AaoT?™ — povy,_1S%™
m—1
+ 3 (14 26) — o1 (1 +2(m — 7)) T2m=D 5%
i=1
Setting this equal to pc™ = p 37" o () (AT?)™ % (uS?)?, we see that
(i) ao = pA™ Y o
(ii) for 1 <i<m—1, Ai(1 4 2i) = poy—1 (1 + 2(m —3)) + p("7) N
(iii) am_1 = —pp™ L.
From (i) and (ii), it follows inductively that, for 0 < i < m — 1, there exists ¢; € Q,
with ¢; > 0, such that a; = pg; A~ ~!u?. Here qo = 1 and, for i > 0,

_ 1+ 2(m - i)qi_l + (T)

> 0.
1+ 2

di
In particular, ;1 = pgm_1u™ 1, where g,,_1 > 0, contradicting (iii). O

3.17. Lemma. Let ¢ = \T? 4+ uS? € C®, where \,pu € k*, and let n > 0 and
m > 0 be even integers.
(i) Forbe CW, if {c", b}y =0, then b € k[c?].
(ii) There does not exist b € C™ such that {c", b}y = pc™ for some non-zero
pEek.

Proof. Note that C™) € C® and {c¢", b}o = 2{c", b}..

(i) Let b € C™® be such that {¢”,b}4 = 0. Then {c¢", b}» = 0 and, by Lemma
BI5, b € ki) nCW = k[c?].

(ii) If {c",b}s = pc™, then {c™,b}s = 2pc™, which is impossible by Lemma
B.16. O
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3.18. Lemma. Let d = 4 and let uw = ¢ for some j > 1, where ¢ = NT? 4 uS?
and \,p € k*. Let b € CU\E[c?] be homogeneous in the Hyi-grading. Then
(padu)¥(b) # O for all positive integers i.

Proof. Suppose not and choose the least positive integer i such that (pad u)(b) = 0.
By[BI4(i), i > 1. Let by = (padu)~1(b) and by = (pad u)*~2(b), which are non-zero
and homogeneous. Then {c¢?*, b1 }4 = 0 so, by BI7(i) and homogeneity, {c¢*/,by}4 =
by = pc™ for some even positive integer m. By BI(ii), this is impossible. O

3.19. Lemma. Let d = 4 and let ¢ = \T? + uS?, where A\, € k*. Let w € A
and let w =W € grA = CW. Ifu = " for some even positive integer n, then

F(w) # A.

Proof. We use the Hy j-grading on C™). Let z € A be such that, in gr A, Z ¢ k[c?],
let b= 7% and let v = vy 1(2). For i > 0, let z; = (adw)’(2) and b; = (pad u)*(b). By
Lemma B8, b; # 0 for all ¢ > 0. Hence, by Theorem BI4(iii), for each i, b; = Z;
and vy 1(2z;) =v+i(2n —2) — 00 as i — oo. Thus z ¢ F(w). O

3.20. Lemma. Let o and p be positive integers. Letw € A, let v = v, ,(w) and let
q=q(T,S)=w e grA=CD. Suppose that v > p + o, that q is not a monomial
and that F(w) = A. Then one of the following holds:
(i) o > p, o is a multiple of p, and q = ET*(T?/? + uS)? for some &, u € k* and
some integers a > 0 and B > 0.
(i) o < p, p is a multiple of o, and q = £S*(SP/7 + uT)P for some &, € k* and
some integers o > 0 and B > 0.
(iii) d =1, 0 = p and

(19) ¢ = E(uT + vS)* (T +/S)°

for some &, p,v, ),V € k, with & and at least three of u,v, ', v non-zero,
and some integers a, 3 > 0, with o + 3 > 0.
(iv) d =2, 0 = p and q has the form in (09) with o + B even.

Proof. As was observed in §3.3] the centre of A is k so F(w) # C(w). By the proofs
of [T, Lemme 7.3 and Proposition 7.4], either (i) holds or (ii) holds or p = o and ¢
is as in ([9). Note that the non-zero conditions on the parameters are consequences
of the fact that ¢ # 0 and is not a monomial. An element of the form (1) is in C'(?)
if and only if a + G is even. Thus if d < 2, then (iii) holds or (iv) holds. Therefore
we can assume that d > 2. To show that if p = o, then either (iii) or (iv) holds,
it suffices to show that if ¢ € C¥ has the form (IJ), then d = 4, a is even and
q = Y(AT? + uS?)® for some v, \, u € k, with v # 0 and, as ¢ is not a monomial,
A # 0 # p. Then, by Lemma [3.19, F(w) # A.

We can assume that £ = 1. If all four of u, v, 1/, are non-zero, we can assume
that 4 = 1 = /. In this case the coefficients in ¢ of T7°+#~1S and T'S**+#~1 are
av+ v and av® W8 + Bue1/#1 respectively, and as d > 2 and ¢ € C4, so that
d divides a + 3 but not o + 3 — 2, these must be 0. Thus

av+ B =0=av + Bu.

As « and 8 cannot both be 0 and neither is negative, it follows that v = —v/

and 8 = a. Thus ¢ = (T? — v25?)®, which has non-zero coefficients of T2* and
T227282 Hence d divides 2a and 2o — 4. As d > 2 it follows that d = 4 and «
is even. If only three of u, v, ', v’ are non-zero, easy calculations show that either
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the coefficients of T8 and T*t#~1S are non-zero or the coefficients of S**8 and
TS+A=1 are not zero and hence, in this case, that ¢ ¢ C(D if d > 2. |

3.21. Automorphisms of gr A. Let n be a positive integer and, for u € k, con-
sider the automorphism &, ,. By (), this is a filtered automorphism for the
filtration of A by Hi gn—1, that is @, ,(Ar) = Ap for all h € Hi gn—1. Conse-
quently, it induces an automorphism ®,, , of the associated H; gp,—1-graded ring
C@). As the leading term (in the usual grading of k[h]) of A (a) is (—n)i(f), it
follows from (IT]) that ®,, ,, acts as the restriction to C@ of the automorphism of
k[T, S] such that

(20) Tw—T,S—S+nuT™ "
3.22. Lemma. Let w € A be of the form
ag+ a1+ asz® + ...+ ax” + ah

with 0 # a € k and each o € k. There exist ® € G and 3,50 € k such that

®(w) = Bo + Bh.
Proof. The proofis as for [12, Lemme 5.1]. For an appropriate value of y, ®,. ,(w) =
ag+ a1+ ax? 4+ ...+ 12" + ah and the result follows by induction. O

3.23. Lemma. Let w = ) o, ;Ug ;) € A. Let r be the least non-negative integer
such that o 0 = 0 whenever i > r. Let s be the least non-negative integer such that
ag,; = 0 whenever j > s. Suppose that there exist integers i1, j1 such that:

(1) iy, 51 7é 07.

(2) (ilvjl) # (17 1);

(8) either siy +1j1 >rs orr =s=0 and (i1,j1) # (0,0). Then F(w) # A.

Proof. The proof is an adaptation of the proof of [12, Lemme 5.2], which in turn
was adapted from the proof of [II, Lemme 8.7]. As in [I2], by hypothesis (3),
i1 > 0,71 > 0 and there exist positive real numbers p, o, linearly independent over
Q, such that oiy + pj1 > ps and oiy + pj1 > or. There exist ig,jo > 0 such
that a;, j, # 0, vy 0(w) = iz + pj2 and, in gr A for the filtration of A by H, ,,
W=, 5,752, As in [IZ], i2 > 1 or jo > 1. By symmetry (see Remark B27)), we
can suppose that io < jo.

For n > 0, let @, = 6" (x), where § = adw. As in [12], one shows by induction on
n that T, = B, T2~ §¢+702=1  for some 0 # 3, € k. This is true for n = 0 as
7 = S¢. Supposing it to be true for some n > 0 and applying Theorem B.I4(iii) to w
and 2., one finds that T,, 1 = é(dig + 1o —nig) iy j, By T 21 gd+(n+1)(G2—1)
It follows that v, o (2n) = on(ia — 1) + p(d + n(j2 — 1)) — oo as n — oo, whence
x ¢ F(w) and F(w) # A. O

3.24. Remark. In the proofs of the next two lemmas, we can assume that d > 2 for
otherwise, as observed in §8.2, either A ~ B, for some A, in which case [12] Lemme
5.3 and Lemme 5.4] are applicable, or A ~ A;(k), in which case we can apply [I1]
Lemme 8.8, Théoreme 9.2 and proof of Lemme 8.4].

3.25. Lemma. Let w € A be such that F(w) = A. There exists ® € G such that
O (w) € kl[z] or ®(w) € kly] or ®(w) = Ax +nh + py + 7 for some A\, n, u, 7 € k.

Proof. Again this is adapted from the proofs of [I1, Lemme 8.8] and [12, Lemme
5.3]. Let 7 = r(w) and s = s(w) be as in Lemma B.231 Write w = »_ a; ;U j)-
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Applying Lemmas B.221and B:23] the result is true if r = 0 or s = 0 so, by symmetry
(see Remark B.1), it suffices to consider the case where r > s > d. Let n = r + s.
By induction, we can assume that the result is true whenever r(w) + s(w) < n. As
r>s>2 wehave rs >1r+s.

We work with the filtration of A by Hy . By Lemmal3.23] if o; ; # 0, then either
i =j =1, in which case v, (U j)) = s +1r <rs, or vs,(Ug ;) = is +jr <rs. As
aro # 0 and ap s # 0, vs (W) =rs, and W has the form

(21) q=0oT" + ...+ BsS° where By # 0, 8s # 0.

As g € O r = jd and s = td for some positive integers j, t.

By Lemmal320, the possibility that 7 = s only arises when either d = 1 or d = 2.
Thus we may suppose that r > s. By Lemma B20 s|r and ¢ = A\(T™ + p.S)*® for
some A,y € k¥, where m = =. Asq € C(4), d|s and, as the coefficient of TS~ is
non-zero, dls —1 —m. Thus d|m + 1 and there exist positive integers n, t such that
s=dt,m=dn—1andr = (dn—1)s = (dn —1)dt. Thus ¢ = \(T9" ! + puS)% has
the form

dt
(22) q= Z ﬂiT(dnfl)(dtfi)Si.

i=0
Let v € k. By @0), v1,dn—1(Pn,.(¢)) < v1,an—1(q) = dt(dn — 1) and the coefficients
of §% and T4(n=1) in &, ,(q) are Bq; and

dt
(23) Z Bin'vt
i=0

respectively. We can choose v so that (23) is 0. Then r(®, ., (w)) < r(w) and
$(®p v (w)) = s(w) so, by induction there exists ®; € G such that ®1(®P,, ,(w)) €
kly] or ®1(®p . (w)) = Az 4+ nh + py + 7 for some A, v, p, 7 € k. The result follows
on setting & = ¢, @, , € G. O

3.26. Proposition. Let w € A. Then w is strictly semisimple if and only if there
exists ® € G such that ®(w) = yh + 7, for some v, 7 € k with v # 0.

Proof. Suppose that w is strictly semisimple. Then w is not strictly nilpotent so
w ¢ k[y] and, by Lemma there exists an automorphism ®; € G such that
wy = @1 (w) = Az +yh+ py +7 for some \, v, u, 7 € k. Asd > 2, wy = AT%+ puS<.
By Lemma B20 with p = ¢ = 1, this must be a monomial so either A =0 or p = 0.

Without loss of generality, suppose A = 0. Thus ®;(w) = vh+ py + 7 and, as y
is strictly nilpotent, v # 0. Now let ® = &, ,®; € G, where p = —y~'u. By ({0),
@1 ,(y) =y and O ,(h) = h+ py, so &(w) =vyh + 7.

Conversely, if w = ®~(yh + 7), for some v € k*,7 € k and ® € G, then, as h is
strictly semisimple, so too is w. [l

3.27. Theorem. Let x1,y1,h1 € A. Suppose that x1,y1 and hy generate A and
satisfy the relations

x1hy = (hh — D1, y1h1 = (b1 + Dy, 2191 = a1(hy — 1), y121 = a1(hy)

for some monic a; € klh|. There exists ® € G such that, for some T € k, either
®(z1) =2,®(y1) =y, (1) =h+7 and a1(h +7) = a(h), or ®(z1) =y, P(y1) =
(—=1)x, ®(hy) =7 — h and (—1)%a1 (T —h —1) = a(h).
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Proof. There is a surjection A(a;) - A(a) so, as GK(A(a1)) = 2 = GK(A(a)), it
follows from [23] Proposition 3.15] that A(a;) ~ A(a).

As hy is strongly semisimple, by Lemma B.26] there exists ® € G such that
®(hy) = yh + 7, for some ~v,7 € k, with v # 0. Let 22 = ®(z1) and y2 = ®(y1).
The set of eigenvalues for ad hy is Z and the set of eigenvalues for ad(vh + 7) is vZ

so v = =1.
Suppose that v = 1, that is ®(hy) = h + 7. In this case [h, x2] = ®([h1,21]) =
®(21) = x2 and similarly [h, y2] = —y2. The eigenspace for ad h for the eigenvalues

1 and —1 are k[h]z and yk[h] respectively. Hence zo = b(h)z and yo = yc(h) for
some b, ¢ € k[h]. Then

(24) oy = b(h)zyc(h) = b(h)a(h — 1)c(h)

?;5(1) Yoo = ye(h)b(R)a = c(h + Vyab(h+ 1) = c(h + La(h)b(h + 1).
](321?) Tays = ®(z11) = Blas(h — 1)) = ar(h+ 7 — 1)

?;j) Y2z = P(y121) = ®(a1(h)) = ar(h + 7).

Therefore a; (h+7) = ¢(h+1)a(h)b(h+1). Hence dega; > dega and, by symmetry,
dega > degay, A(a1) being isomorphic to A(a). Thus dega; = dega and degc =
degb = 0. By monicity, a1(h + 7) = a(h) and bc = 1. Applying an automorphism
from §8.5(i), we can assume that ¢ = b = 1, whence ®(z1) = z and ®(y1) = y.

Now suppose that v = —1, that is ®(hy) = 7 — h. Here [h,22] = —22 and
[h, y2] = ya2 so x2 = yb(h) and y2 = c(h)x for some b, ¢ € k[h]. Then
(28) zoy2 = yb(h)c(h)x = b(h + 1)a(h)c(h + 1)
and
(29) Y22 = c(h)zyb(h) = c(h)a(h — 1)b(h).

But zoys = a1(r — h — 1) and ysxs = a1(7 — h). Therefore a1(r — h — 1) =
b(h + 1)a(h)c(h + 1) and degay, > dega. By symmetry, dega; = dega = d and
degc = degb = 0. By monicity, a;(7 —h—1) = (—1)%a(h) and bc = (—1)%. We can
assume that b = 1 and ¢ = (—1)%, whence ®(z1) =y and ®(y1) = (—1)%z. O

3.28. Theorem. For aj,az € klh|, A(a1) ~ A(az) if and only if az(h) =
na1 (T £ h) for some n, T € k with n # 0.

Proof. If a1 and as are monic, then this is immediate from Theorem [3.271 The
general case reduces to the monic case on application of isomorphisms of the form
given in Lemma [B.I[1). O

3.29. Theorem. If a is reflective, then Auty A(a) is generated by G and Q. If a
is not reflective, then Auty A(a) = G.

Proof. Let I € Auty, A(a). By Theorem B27 with 1 = I'(z),y1 = I'(y), h1 = T'(h)
and a1 = a, there exist ® € G and 7 € k such that either z = ®I'(z),y = ®T'(y),
h+7=®I'(h) and a(h+7) = a(h) or ®I'(z) =y, d[(y) = (—1)%, ®T'(h) =7 —h
and (—1)%a(r —h—1) = a(h). In the latter case a is reflective, with p = 7 — 1, and
=010 € (G,9Q). In the former case, which must hold if a is not reflective, 7
must be 0 and ' = &1 € G. O
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3.30. Remark. When d = 2, Q € G; see [12, 4.4]. It would be interesting to know
when 2 € G.

3.31. Proposition. Let w € A. Then w is strictly nilpotent if and only if there
exists ® € G such that (w) € k[x] or ®(w) € k[y].

Proof. This result holds when d < 2 by [T, Théoreéme 9.1] and [T2, Théoréme 6.2],
so we may assume that d > 2. By Lemma B4 z and y are strictly nilpotent and it
follows, as in [12] 4.1], that if there exists an automorphism & as stated, then w is
strictly nilpotent.

Suppose that w is strictly nilpotent. By Lemma B25] there exists ® € G such
that ®(w) € k[x] or ®(w) € kly] or ®(w) = Ax+nh+ py + 7 for some A\, n, p, 7 € k.
It suffices to show, in the third possibility, that » = 0 and that A = 0 or u = 0.
Let z = ®(w). In the H; j-grading, Z = AT? + uY? so it follows from Lemma
that this is a monomial, that is A =0 or p = 0. If A = 0, then y is an eigenvector
for ad z with eigenvalue —n and if p = 0, then x is an eigenvector for ad z with
eigenvalue 7. As z is strictly nilpotent, 7 = 0 as required. O

3.32. Remark. When a is reflective Q(z) = y so the criterion for w to be strictly
nilpotent becomes the existence of ® € Auty A such that ®(w) € k[z].

4. ALGEBRAS SIMILAR TO U (sl2)

Smith [3T] considers a class of algebras similar to the enveloping algebra of sls.
Let f = f(H) € k[H]. We denote by R(f) the k-algebra generated by A, B and H
subject to the relations

[H,Al=A, [H,B]=-B, [A,B] = f(H).

As an ambiskew polynomial ring, R(f) = R(k[H],o, f(H),1), where o is the
k-automorphism of k[H] such that o(H) = H — 1. By Lemma 24l R(f) =
k[H,W](o,W), where c(H) = H — 1 and o(W) =W + f(H).

We continue to assume that chark = 0. In [31] & = C, but the proofs of those
results we quote from [3I] are valid more generally. By [31], Proposition 1.5], the
centre of R(f) is generated by the Casimir element

C:=AB+ BA+ J(u(H +1) —u(H)) = 2AB +u(H) = 2BA +u(H + 1),

where u € k[H] is such that f(H) = u(H +1)—u(H) and is unique up to addition of
scalars. Let z,y and h denote the images in R(f)/CR(f) of A, B and H respectively.
Then the k-algebra R(f)/CR(f) is generated by z,y, h subject to the relations

zh = (h—1)z, yh = (h+ 1)y, vy = —3u(h), yz = —3u(h +1).
Thus R(f)/CR(f) = A(a), where a(h) = —3u(h +1). More generally, for 7,0 € k,
with v # 0,
(30) R(f)/(vC = 8)R(f) = A(z5 — gu(h+1)).

In [31) Lemma 6.1 and Remark 2], Smith notes the first two parts of the following
lemma and remarks that he believes it will be very difficult to understand precisely
when R(f1) ~ R(f2).

4.1. Lemma. Let f1, fo € k[H].

() If f2 = vf1 for some non-zero v € k, then R(f1) ~ R(f2) via A vy 1A, B —
B and H— H.
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(ii) If fo(H) = f1(H+7) for some T € k, then R(f1) ~ R(f2) via A— A,B— B
and H — H + 7.

(iil) If fo(H) = f1(—H), then R(f1) ~ R(f2) via A B,B+ —A, and H — —H.
Proof. (i), (ii) and (iii) are special cases of Lemma[2Z8(i), (v) and (vi), respectively.
In (iii), one applies with p=1and 7(H) = —H. O

Combining the three parts of LemmalLIl R(f1) ~ R(fs) if fo(H) = vy fi(t + H)

for some 7,7 € k with v # 0. We shall now show that this condition is also
necessary for R(f1) ~ R(f2).

4.2. Theorem. For fi(H), fo(H) € k[H], R(f1) ~ R(f2) if and only if fo(H) =
nfi(r £ H) for some n,7 € k with n # 0.

Proof. Lemma [] establishes that the given condition is sufficient for R(f;) =~
R(f2). For necessity, suppose that there is an isomorphism 6 : R(f1) — R(f2). For
i=1,2,1let C; = 2AB 4+ u;(H) = 2BA+ w;(H + 1) € R(f;), where u; € k[H] is
such that f;(H) = u;(H + 1) — u;(H). The centre of R; is k[C;] and so there exist
7,6 € k, with v # 0, such that 8(Cy) = vC2 — 6. There is an induced isomorphism
R(f1)/C1R(f1) = R(f2)/(vC2 — 0)R(f2) so, by (B0,
A(—3v1) =~ A(o, % — 2v2),
where each v;(h) = u;(h + 1). By Lemma BI1i),
A(vt) ~ A(p + v2),

where p = —% € k. By Theorem B2, there exist n,7 € k, with n # 0, such that
p+va(h) = nui (7 £ h). Then

fg(H) = UQ(H + 1) - UQ(H)

= UQ(H) — UQ(H — 1)

(v2(H) + p) = (v2(H — 1)+ p)
=nu(r+ H)—nui(t £ (H - 1))
=nlu(rtH+1)—uwi(rxHF1+1))
=nfilr+H)or —nfi(l1+7—H).

5. ALGEBRAS SIMILAR TO THE PRIMITIVE FACTORS OF Uy (sl2)

In this section we concentrate on the case where D is the Laurent polynomial ring
k[h*!] and o(h) = qh, where ¢ € k* is not a root of unity. Let a = a(h) € k[h™!]
and let W = k[h*!](0,a). Thus W is the k-algebra generated by h,h~!,z and y
subject to the relations

zh = qhx, yh = ¢~ 'hy, xy = a(qh), yz = a(h).

Examples include the minimal primitive factors of the quantized enveloping algebra
Uyq(slz), for which the details will be given in Example[5:3 These algebras may
be viewed as quantizations of those considered in Section B] but the isomorphism
problem is influenced by the existence of the unit h. The following lemma lists some
routine consequences of the definitions, Lemma E7(ii) and the fact that k[hT!] is
a domain. Here U(W') denotes the group of units of W.
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5.1. Lemma. (i) Ifa € k[h*!] is a non-zero non-unit, then U(W)/k* is cyclic,
generated by h.
(ii) If a = Ah™ is a unit in k[h*™1], then U(W)/k* is free abelian of rank two,
generated by h and x, and W is isomorphic to the skew Laurent polynomial
ring k[h*[zF1; 0].
(iii) For each positive integer n, {w € W : h™'wh = ¢"w} = k[h*']z" and
{weW:h twh =q¢g "w} = y"k[h*!].

5.2. Theorem. Let 0 # a1,as € k[h*!], let ¢ € k* and let 0 € Auty k[h*!] be
such that o(h) = qgh. Then k[h*'](0,a1) ~ k[h*')(0,az) if and only if az(h) =
nh™a1(ph®) for some n, u € k* and some integer m.

Proof. For i = 1,2, let W; = k[h*!](0,a;). By Lemma F.Il we can assume that
a1 and ag are non-units; if both are units, then the stated condition holds and,
by B(ii), Wy ~ k[h*!][z*; 0] ~ Wy, while if only one is a unit, then the stated
condition fails and, by [51[i) and (ii), W7 % Ws.

If az(h) = nh™ay (ph), then, by LemmaZ(ii), with A = nh™, and Lemma 270(v)
with 7(h) = ph, Wi ~ Wy with

x—an 'h™™, y sy and h — ph.

If as(h) = nh™aq (ph~1), then, by LemmaR7(ii) and Lemma 277(vi), with 7(h) =
q tuh~! so that 7o(h) = ph~! = o~ 17(h), W1 ~ W, with

=y, y—an th™™ and h ¢ tuh Tt

For the converse, suppose that there is an isomorphism I' : W3 — Ws. By
Lemma B.II(i), there exists 7 € k* such that '(h) = 7h*!. Suppose first that
I'(h) = Th. By Lemma B|(iii), there exist f1, g1 € k[h*!] such that ['(z) = f1(h)z
and I'(y) = yg1(h). In Wa,

a1(th) = I'(a1(h)) = T'(yz) = yg1(h) fr(h)z
= gi1(g W) filg " h)yx = g1(q~'h) f(g™ th)as(h).

Hence

(31) ar(h) = gi(r~'q7h) fr(r g h)ag(m ).
By symmetry, there exist fa, g € k[hT!] such that

(32) as(h) = g2(1q ™" h) f2(Tq~ " h)ar (Th).

Using (B2) to substitute in (BI) for az(7~1h), we obtain
ar(h) = gi(r~ g h) fu(r ™ g h)g2(g ™ h) fa g™ R)an (R).

From this it follows that fi, fa, g1 and g are all units in k[h*!] and hence, by (B82),
that az(h) = nh™aq(7h) for some n € k* and some integer m.

Now suppose that I'(h) = 7h~!. By Lemma BIliii), there exist fi, g1 € k[h*!]
such that I'(y) = fi(h)z and I'(x) = yg1(h). In Wy,

ar(th™') = T(ai(h)) = T(yz)
= fi(R)zygi(h) = fi(h)az(gh™")g1(h).
Hence

(33) ar(h) = fi(r7 "W g (77 T ag(gr T RTY).
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By symmetry, there exist fa, g € k[h™!] such that
(34) az(h) = fo(r" " ) g2 (77 R ar(gr T ATY).
Using (B2) to substitute in 31 for az(qgr—th~1), we obtain

ar(h) = filr7 A Hgi(r T AT fala ™ h)g2(g ™ h)aa ().

It follows that fi, f2,g1 and go are all units in k[h*'] and hence, by (B4), that
az(h) = nh™ay(gr—th~1) for some n € k* and some integer m. O

5.3. Example. When ¢ is not a root of unity, the minimal primitive ideals of
the quantized enveloping algebra U, (sl2) are generalized Weyl algebras of the form

Cy = k[t*)(o,u — p), where o(t) = ¢*t, p € k and u = —%; see [16, 7.9].
A simple calculation based on Theorem [5.2] shows that, for A\, u € k, C\ ~ C,, if

and only if © = £)\. There are isomorphisms I'y,T's : Cy — C_» such that
I'(z) = —z, T1(y) =y and Ty (t) = it
and
To(z) = —y, Ta(y) = = and Ty(t) = ig*t .

The first of these was noted in [16], 7.9] for two particular values of A, namely those
for which C) has infinite global dimension.

Because of the term A™, Theorem cannot be lifted in the way that Theo-
rem [3.28] was lifted modulo a central element to yield Theorem In the analogue
of Theorem [£.2] the term h™ disappears.

5.4. Theorem. For i = 1,2, let R; be the k-algebra generated by H¥', X and Y
subject to the relations

XH=qHX, YH = ¢ 'HY, XY - YX = v;(H),

where q € k* is not a root of unity and 0 # v;(H) € k[H*']. Suppose that both vy
and vy have zero constant term. Then Ry ~ Ry if and only if vo(H) = nui (uH*")
for some n, u € k*.

Proof. Each R; is an ambiskew polynomial ring, R(k[HT'], 0, v;, 1), where o(H) =
qH. By the condition on constant terms, there exist ui,us € k[H*'] such that
each v; = u;(¢H) —u;(H). Fori=1,2,1et Z; =YX —u;(H) = XY — u;(¢gH). By
17, 2.1(ii)], for ¢ = 1,2, k[Z;] is the centre of R;. As a generalized Weyl algebra,
R; = k[H*, Z)(0, Z + u;), where o(H) = gH and o(Z) = Z.

Suppose that there is a k-isomorphism I' : Ry — Rs. It is easy to see that the
units of R; have the form AH™, where A € k* and m € Z. Hence there exists
A € k* such that T(H) = AH*!.

There exist 5 € k* and v € k such that I'(Z1) = 8Z2 + . Then

(35) D(YX)=T(Z, +ui(H)) = Z2 + v+ us(NHF').

It follows from consideration of degrees in Y and X in the iterated skew poly-
nomial ring Ry = k[H*!][X;0][YV;07 1, §] that one of I'(X) and I'(Y) has the form
fAH)Y + g1(H), fi,91 € k[HT!], and the other has the form X fo(H) + g2(H),
f2, 92 € K[H*].
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Suppose that I'(H) = AH. As H'XH = ¢X and H 'YH = ¢q~'Y, we must
have T'(X) = X fo(H) and T(Y) = f1(H)Y. By (33),

) LH)YX =T(YX)=08YX —u2(H)) +v+ui(AH),

whence ua(H) = 7~ H(ur (AH) + ) and vo(H) = 3~ 1vi(AH).
Now suppose that T'(H) = MH~!. In this case we must have I'(X) = f1(H)Y
and T'(Y) = X fo(H). By (39),

f2(aH) f1(¢H)XY = p ' B(XY —uz(gH)) + 7 +u(AH ™),

whence ug(H) = pB~(ur(MH 1) +v) and v2(H) = —pB~tvi(Ag"tH~!). In both
cases, va(H) = nuy (uH*1) for some n, u € k*.

For the converse, if vo(H) = nui(uH) for some n,u € k*, then Ry ~ Ry by
Lemma Z&[i) with A = 7 and Lemma 2J|(v) with 7(H) = pH. If vo(H) =
nui(uH 1) for some 7, € k*, then Ry ~ Ry by Lemma Z8(i) with A\ = n and
Lemma Z8|(vi) with 7(H) = pH . O

6. THE DEFORMATIONS OF WITTEN AND WORONOWICZ

6.1. Notation. In this section we consider a class of algebras including two al-
gebras named in [10, B5] as Woronowicz’s deformation and Witten’s second defor-
mation. We offer two proofs that these two algebras are isomorphic. One is based
on an analysis of this class of algebras and the second is a direct application of
Lemma [2Z7 based on the identification of Woronowicz’s deformation and Witten’s
second deformation as generalized Weyl algebras in [8].

We consider ambiskew polynomial rings of the form R(k[t],o,v,p), where, for
some ¢q € k* and ¢ € k, o is the k-automorphism of k[t] such that o(t) = ¢t + ¢ and
v = dt + e € k[t] has degree 1. Such a ring A is the k-algebra generated by z,y and
t subject to the relations

xt — qtx = cx, yt — qilty = —qilcy, xy — pyxr = dt + e.

By Lemma [24] A is the generalized Weyl algebra k[t, w](o, w), where o is extended
to the polynomial ring k[t, w] by setting o(w) = pw + v. If p # ¢ and either e = 0
or p # 1, then there exists u = ft + g € k[t] of degree 1 such that v = o(u) — pu,
whence, by Lemma ZH(ii), A = k[t, z](o, ft + z + g), where o(z) = pz.

6.2. Example. Taking ¢ = r?,c = —r,d = 1,e = 0 and p = s2, where r,s € k*,
one obtains a class of algebras discussed by Fairlie [13]. The defining relations are

rtr —r ot = z, Tyt — r_lty =y, s_lxy — syx =t.

In [13], the generators x,y, ¢ are written as W, W_ and W) respectively. We shall
denote the algebra with these generators and relations by Fj,. For Woronowicz’s
deformation, introduced in [34] p. 150] and discussed in the survey article [30], take
r=v?and s =v € k*. In 34,130], k = C and v € [-1,1] is real. The generators
Vo, V1 and V3 given in [34, B0| are related to ours by the formulae

Vi=1+v)t,Vo=(1+1v*z,Vy = —y.

For Witten’s second deformation, introduced in [33], 5.13], take r = q% and s =q €
k*. In [33], the generators x,y,t are written as t4,t_ and ¢y respectively.
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6.3. Notation. For a given pair of parameters p and ¢ with g # 1, the algebras
specified in §6.11fall into two isomorphism classes and there is a simple procedure,
outlined in the proof of the next theorem, to determine which isomorphism class a
given algebra is in. Let o be the k-automorphism of k[t] such that o(t) = gqt. Let
Wp.q = R(k[t],0,t+1,p) and V,, , = R(k[t],0,t,p). If p # ¢, then by Lemma BH(ii),
Vpq = klt,z](0,2+t/(g—p)) and, if also p # 1, W}, = k[t, 2] (0, 2+t/(¢—p)+1/(1 -
p)), where o(2) = pz. By Lemma24 W, , = k[t, w](co, w), where o(w) = w+t+1.

6.4. Theorem. Let A be one of the rings specified in §6.1. If g # 1, then either
A Wpqor A=V, ,.

Proof. Let t' = t + —£. Then o(t') = ¢t’ and A = R(k[t'],0,dt' + ¢',p) where

o — o de
q—1°
If ¢’ = 0, then there is an isomorphism from A to V}, , given by t' — d~'t,z — x
and y — .
If ¢’ # 0, then there is an isomorphism from A to W), , given by t' — e/d~1t,z +—
e'r and y — y. O

The next lemma indicates symmetry in the roles of the pairs (¢,¢) and (z,p) in
Whp,q and V3 4.

6.5. Lemma. (i) V,,~V,, and, if¢q# 1 andp#1, Wy, >~ Wp .
(ii) Wp,q ~ Wp—1,q—1 and V;D’q ~ Vp—qu—l .

Proof. (i) We may assume that p # gq. We have observed that V,, , = k[t, z](0, z +
(g —p)) and, if p £ 1, Wy = klt, 2)(0, 2 + /(g — p) + 1/(1 — p)). where o(t) = gt
and o(z) = pz. Applying Lemma Z7(iv) with 7(2) = t/(¢ —p) and 7(¢) = (¢ — p)z,
so that To771(2) = ¢z, Tor71(t) = pt and 7(2 +t/(q — p)) = 2z + t/(q — p), we
obtain V, ;, >V, ,and, if p#land ¢ # 1, W, >~ W, ).

(i) follows easily from Lemma 2.8(i). O

6.6. Remark. In 6.1, if ¢ = 1, then A ~ R(k[t],0,t,p), where 0 =id or o(t) =t —1,
depending on whether ¢ = 0. In particular, W, 1 ~ V},; which, by Lemma [G5(i),
is isomorphic to Vi ,. However, if p # 1, Wy, and Vi, are not isomorphic. It can
be deduced from [22| 3.1] that, if p # 1, Wi, has a unique 1-dimensional simple
module whereas V; ;, has infinitely many, because in this case k[t, z] has a maximal
ideal invariant under o.

6.7. Example. We apply the algorithm from the proof of Theorem [6.4 to the
algebras F , in Example assuming that 72 # 1. In the notation of that proof,

t' =t — = and € = 5 # 0. Consequently, Fy, ~ W2 ;2.

6.8. Corollary. Let q = v? € k*. If ¢> # 1, then Woronowicz’s deformation and
Witten’s second deformation are isomorphic algebras.

Proof. From the discussions in Examples and [6.7] Woronowicz’s deformation
F, 2 is isomorphic to W,z ,4 while Witten’s second deformation F| ;1/> is isomor-
phic to W2 , = W4 2. By Lemma [65]i), the two are isomorphic.

An alternative proof is based upon the identifications of the two deformations as
generalized Weyl algebras given by the first author [8]. Let D be the commutative
polynomial algebra k[C, H] and let o be the k-automorphism of D such that o(C) =
r*C and o(H) = r?H. From [8], Woronowicz’s deformation is D(c,a), where a =
C—(H-r/1—=r)))(H—-r3/(1—7r%))/r?(r+r~1), and Witten’s second deformation
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is D(o,a1), where a1 = H + uC + p for some u, p € k*. By straightforward changes
of generators, we can assume that a = C — AH? + H + 1 for some A\ € k* and that
ar=C+H + 1.

Let 7 be the k-automorphism of D such that 7(C) = C — AH? and 7(H) = H.
Then o7 = 70 and 7(a) = a; so, by Lemma R7Av), D(c,a) ~ D(c,ay). O

6.9. Remark. The algebra known as Witten’s first deformation [10,[35], which was
introduced in [33] 5.2], is of the form R(k[t],o,v,p) = k[t,w](o,w), with p = 1,
specified in §6.1] except that v is quadratic in ¢. The algebraic relationship between
Witten’s two deformations was explained in rigorous terms by Le Bruyn [24]. Below
we apply his method more generally, using a change of variables of the form used
in the proof of Theorem [(4], and observe that the drop in degree from 2 to 1 in
the degree of the element v in the passage from Witten’s first deformation to his
second is, in a sense, singular.

Let A be a k-algebra of the form R(k[t],o,v,p), where p,q € k*, ¢ # 1, o(t) =
gt + ¢ and v € k[t] has degree 2. As in the proof of Theorem [4], a change of
variables allows us to assume that ¢ = 0. Thus A is the k-algebra generated by z,y
and ¢ subject to the relations

(36) xt = qtz, yt = q 'ty, xy —pyx = ft> +dt +e,

for some f,d,e € k with f # 0. The homogenization B, say, of A is the graded
k-algebra generated by x,y,t and z subject to the relations

ot = qtz, yt = ¢ “ty, zy — pyz = ft* + dtz + ez,

2T =Tz, 2Y =Yz, 2t =tz.

The element ¢ is normal in B and the automorphism 7 of B for which tb = 7(b)t
for all b € B is given by

T gy gyt 2 2

Following [2, §8], the twist B, of B by 7 is the graded k-algebra which is isomorphic
to B as a graded abelian group, with an isomorphism written as a +— a,, and
has multiplication determined by the rule a.b, = (7%(a)b),, where a,b € B are
homogeneous and d = deg(b). Thus B, is the k-algebra generated by x, y,, t, and
zr subject to the relations

Trty =0 %r, Yrtr = CrYry Tryr — P2q72y79€7 = qil(ftf— +dtrz, + 6272—)7
Zrlr = qTr 27, ZrYr = q_lyrZT, ZTtT = tTZT'

The element ¢, is central and the dehomogenization C, say, of B, is obtained by
factoring out the ideal generated by t, — 1. Thus it is the k-algebra generated by
z-,yr and z; subject to the relations

Rrlr = 4T 27, 27Yr = q_lyTZﬂ TrYyr — qu_QyTxT = q_l(f +dzr + 622)

Comparing these with (B8], the defining parameters ¢ and p are replaced by ¢—!

and
p?q~2 respectively. If e # 0, the algebra C is of the same general form as A with v
quadratic, but if e = 0, it is of the original form specified in §6.1 with the degree of
v dropping from 2 to 1. This is the situation with Witten’s two deformations. His
first deformation is of the form A, with v quadratic with zero constant term, both
before and after the change of variables which makes ¢ normal, and his second is the

corresponding algebra formed by homogenization, twisting and dehomogenization.
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The original parameters, labelled ¢ and p in the general discussion above, are ¢!
and 1 and so become ¢ and ¢? in C.

We conclude this section by showing that, under certain conditions on the pa-
rameters, the only situations where there are isomorphisms between algebras of the
forms V), ; and W, , are those covered by Remark [6.6] and Lemma [6.5]

6.10. Theorem. Let p,q,p1,q1 € k*\{1} be such that the subgroups (p,q) and
(p1,q1) of k* have positive rank, p # q and p1 # q1.
(1) WIMI ;ﬁ VI)17Q1 .
(i) If {pr, @1} # {p,a} and {p1, a1} # {p~ ', a7}, then Wy g £ Wy, 4, and Vg %
Vphlh :

Proof. (i) This follows from the determination of the finite-dimensional simple mod-
ules for V,, , and W, , given by [22, 3.1]. In the notation of [22], vg = (1 + pg~! +
ot (pgHE Dt for Vg and vg = (1+pg t+. ..+ (pg D Dt +1+p+...+pi!
for W, 4. The only positive integers s for which there exist s-dimensional simple
Vp,q-modules are 1, for which there are infinitely many, and, if it exists, the least
positive integer d such that ¢¢ = p¢, for which there are again infinitely many. On
the other hand, W), , also has infinitely many 1-dimensional simple W), ,-modules
but, for d > 1, there is at most one d-dimensional simple module. For d = 2, this
module exists precisely when ((1+pg~ )t +1+p)k[t] # (¢t +1)k[t]. As q # 1, there
is a unique two-dimensional simple W), ,-module.

(ii) We begin with the determination of the non-zero normal elements which
generate prime ideals of W, ,. Let W = W, , and let S = R(k[t*!],0,t,p) be the
localization of W at the powers of the normal element ¢. As p # 1 and p # g, the
element z of Lemma 2.5 exists and the results of [I7] apply. Both zWW and ¢tW are
prime ideals of W. Let N(W) = {w € W : wWW = Ww is a non-zero prime ideal of
W} and define N'(S) in a similar way.

First consider the case where the subgroup (p,q) of k* has rank two. By [17]
2.21], N(S) consists of associates of z and hence, by standard localization theory,
for example [26] 2.1.16], N (W) = k*z U k*t.

Now consider the case where (p, g) has rank one. Without loss of generality, we
may assume that ¢ is not a root of unity so that [I7, 2.21] is applicable to S. Let n
be the minimal positive integer such that p™ € (g) and let ¢ be the integer such that
p" = q'. If i <0, then t=*2" is central in W and, for all n € k*, t=%2" —n € N(W).
If i > 0, then t — nz" € N(W) for all n € k*. It follows from [I7, 2.21] that
N (S) consists of the associates of z and those of elements of the form t~*2" — g
or t* —nz", n € k*, depending on whether i > 0. It then follows that N (W) =
k* 20k tU(U, e - k*(t7%2"—n))ifi < 0 and N (W) = k*2Uk*tU(J k*(tt—nz"))
if i > 0.

In either case, for m > 0, let W,,, = k[t, z]Ja™ and W_,,, = y™k[t, z]. Then W =
> mez Wm and each W, is simultaneously an eigenspace for all the automorphisms
of W of the form w — a~'wa, a € N(W). For each j € Z, the eigenvalues for W;
are ¢ for a = t, p/ for a = z, 1 when a has the form ¢=?2" — n and p/™ = ¢/* when
a has the form ' — nz". It follows that the set {{p,q},{p~% ¢ '}} is determined
by W. This proves the result for W), , and the proof for V, 4 is similar. O

nek*
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