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In this paper, we study the Ricci flow on higher dimensional compact manifolds. We
prove that nonnegative isotropic curvature is preserved by the Ricci flow in dimensions
greater than or equal to four. In order to do so, we introduce a new technique to prove that
curvature functions defined on the orthonormal frame bundle are preserved by the Ricci
flow. At a minimum of such a function, we compute the first and second derivatives in
the frame bundle. Using an algebraic construction, we can use these expressions to show
that the nonlinearity is positive at a minimum. Finally, using the maximum principle, we
can show that the Ricci flow preserves the cone of curvature operators with nonnegative

isotropic curvature.

1 Introduction

It is well known that various positive curvature conditions imply strong topological re-
strictions on a Riemannian manifold. One famous example is the 1/4 pinching sphere
theorem of Klingernberg, Berger and Rauch, which is a simply connected manifold M"
with globally 1/4 pinched sectional curvatures homeomorphic to a sphere. This theorem

was proved using delicate comparison theorems on geodesics. Micallef and Moore [11]
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2 H.T. Nguyen

used analytic methods to prove a topological sphere theorem for pointwise 1/4 pinched
manifolds using harmonic map theory from S? to M™. They introduced a new curvature
condition, a positive isotropic curvature that arose from the complexified second varia-
tion of energy of maps from surfaces to M. The condition states that an n-dimensional
Riemannian manifold, M", n > 4, has positive isotropic curvature if for every orthonor-

mal four-frame, {e;, e;, €3, €4}, the curvature operator satisfies

Ri313 + Ri414 + Ro323 + Roa24 > 2Ry234.

As pointwise 1/4 pinched sectional curvature implies positive isotropic curva-
ture, Micallef-Moore use this more general condition to prove their sphere theorem. For
n = 4, the theorem above is proved by Hamilton [10] using Ricci flow. In fact, a stronger
result is shown in this case, a partial classification of manifolds with positive isotropic
curvature up to diffeomorphism. This difficult result is proved using the Ricci flow with
surgery; see also [4]. The important first step is to show that positive isotropic curvature
is preserved by Ricci flow. However, the proof of this statement is special to dimension
four as it uses the self-dual/anti-self-dual decomposition of the curvature operator in
dimension four.

In this paper, we shall show that nonnegative isotropic curvature is preserved
by the Ricci flow in all dimensions. Let (M", g;;) be a compact, connected n-dimensional
Riemannian manifold without boundary, the Ricci flow is the following well-known
geometric evolution equation:

a
—0ij = —2Rij,  Gijli=0 = g;;(0).
at

The main result of this paper is to show that the curvature cone of nonnegative
isotropic curvature is preserved by the Ricci flow. That is, we will prove the following

theorem.

Theorem 1.1 (Nonnegative Isotropic Curvature is Preserved by Ricci Flow). Let
(M™, gij(t)), n > 4 be a solution to the Ricci flow with an initial compact, connected Rie-
mannian metric (M", g;;(0)) that has nonnegative isotropic curvature, then (M", g;;(t))

also has nonnegative isotropic curvature.

We would like to mention that the above theorem was independently proved in
[3], where it was used to resolve the 1/4 pinching sectional curvature diffeomorphism
sphere theorem. The curvature conditions preserved by the Ricci flow often lead to strong

restrictions to the underlying manifold. In particular, we have the following results
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of Bohm and Wilking [2], who showed that manifolds with 2-positive curvature are
diffeomorphic to space forms. This extended previous results of [8] and [5] in dimension
four. We cannot expect such a result for positive isotropic curvature, for example S x S!
has positive isotropic curvature. In fact, it was proved by Micallef and Wang [12] that
positive isotropic is stable under the operation of pointwise connected sum. Hence, we

have the following conjecture.

Conjecture 1.2 (see [13]). Let (M",g;j),n > 4 be a compact Riemannian manifold with
positive isotropic curvature. Then a finite cover of M" is diffeomorphic to S”,S*! x St
or a connected sum of these. In particular, the fundamental group is virtually free, that

is, there exists a free subgroup of finite index in 7, (M).

We now describe the proof. As mentioned above, the four-dimensional case relies
on the self-dual/anti-self-dual decomposition s04 = s0(3) ® so(3) of the curvature operator
which is special to four dimensions. Hence, in order to prove the theorem, we will use an
entirely different method that was developed in [1]. We consider the isotropic curvature
as a function of the orthonormal frame bundle of the manifold. Since we use the maximum
principle, it suffices to compute pointwise. This allows us to take derivatives in the
frame bundle, {x,t} x O(n) C OM(n). At a minimal frame, the first-order derivatives in
the frame bundle vanish and the matrix of second derivatives is convex. However, the
entries in the matrix of second-order derivatives are linear in curvature, whereas the
nonlinearity is quadratic. To overcome this, we introduce an algebraic construction
involving the tensor product of the matrix of second-order derivatives. By choosing
appropriate vectors, we can use the positivity of this matrix to show that the nonlinearity
is nonnegative at a minimal frame. Hence, the ODE associated the nonlinearity of the
Ricci flow that preserves the set of nonnegative isotropic curvatures. By applying the

maximum principle, the Ricci flow also preserves this set.

2 Preliminary Results

For the convenience of the reader, we collect here some facts that we will use later on.

2.1 Isotropic curvature

In this section, we will introduce isotropic curvature. Let (M", g;;),n >4 be the

Riemannian manifold. Its curvature operator is a self-adjoint mapping on the space

0T0Z ‘S Ae\ UO SIISAUd [eUONRIIARIS 10} a)NIIISU| Youe|d X Te Bio"s[eulnolpioyxo:uiwi//:dny woiy papeojumod


http://imrn.oxfordjournals.org

4 H.T. Nguyen

of two forms, R : A2TpM — A%*T,M. Let us consider the complexification of the tan-
gent space and space of two forms T,M ® C and A?T, M ® C. We may then extend the
inner product of g(,) in two different ways: first, we can extend as an Hermitian form
for (Z, W) = g(Z,W), or in a complex form (Z, W) = g(Z, W) where Z, W € T,M ® C. The
complex sectional curvature is then defined for a complex plane o = span{Z, W} C

TpM ® C, where {Z, W} is a unitary two-frame,
Kclo) = (R(Z AW), Z A W).

Then we say Z is isotropic if (Z,Z) =0 and o is an isotropic two-plane if
o = span{Z, W}, where Z, W are isotropic and unitary two-frame. A Riemannian man-
ifold (M™, g;j) is said to have nonnegative isotropic curvature if the complex sectional

curvature on isotropic two planes is nonnegative, that is,
Ke(Z, W)= (RIZAW,ZAW), and(Z,Z)=(W,W)=0.

Consider the decomposition of complex vector into its real and imaginary parts
Z = X + 1Y, then the condition (Z, Z) = 0 implies g(X, X) = g(Y, Y) and g(X, Y) = 0. Hence,
any isotropic plane may be written as the span of four orthonormal vectors. In particular,
(M™, g;;) has nonnegative isotropic curvature if for every orthonormal four-frame, the

following curvature condition is satisfied:

Ri313 + Ria1a + Ro3o3 + Roazs > £2Rj234. (1)

2.2 Evolution equations

The Ricci flow is the following quasilinear parabolic system:

0

3:95 = —2R;j,  Gijli=o0 = gij(0).

The following evolution equations may be found in [7] and [9]. Note that we auto-
matically use Uhlenbeck'’s trick (evolving orthonormal frames) to simplify the evolution

equation of the full curvature tensor:
¢ Rijri = ARjj + 2(Bijrg — Bijik + Bixji — Bijk), (2)
where

Bijki = Rypiqj Rpkqi- (3)
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3 Refined Maximum Principle

To prove that the positive isotropic curvature is preserved by the Ricci flow, we will
use a refined version the advanced maximum principle; [6, Theorem 4.8]. Let us denote
by Q, the space of algebraic curvature operators at x, that is the set of symmetric
bilinear forms R on the space of antisymmetric (0, 2)-tensors that satisfy the Bianchi
identity. We will consider the isotropic curvature function defined on the frame bundle,
OM = {(x,e,...,6):xeM,e € TeM, gxle, e;) = 85} by

K(x, er,...,en) = Ryler, e3,e1,€3) + Ryler, ey, €1, €4)
+ Rylez, e3, €2, €3) + Rylez, es, €2, €1) — 2Ryle;.€2, €3, €4),

= Ry313 + Ris14 + Ro3z23 + Rosoa — 2Ry234.

Observe that the space of curvature operators with K = {K > 0} C Q4 is a convex
set for each x € M and invariant under parallel translation. Hence, by the advanced
tensor maximum principle, the Ricci flow preserves the condition K > 0, if the reaction
ODE does. Hence, we will consider any curvature operator in 2, such that K > 0 for all
frames in O, and suppose that there exists some frame {ey, ..., e,} such that K = 0. We
will consider the first- and second-order conditions for minimality within Oy to deduce
inequalities for curvature components. This, in turn, will allow us to show that at a
minimum the reaction ODE points into K. We compute the first and second derivatives

of K along the curves in Oy, defined by

d
ae‘i(s) = Ajje(s);  €l0) =g,

where A is an arbitrary antisymmetric 2-tensor. This gives us the following first- and

second-order derivatives:

1 1
—VK(P) = Z ——Ajj = 0s-K(P) = Rjz13A1j + Rij13A3j + RjaiaA1j + Rijialgj
2 O 2

+ Rjsa3Azj + RojasAzj + RjazalAoj + Rojoalaj
— Rj23aA1j — RyjaaA2j — Ri2jalA3j — Rio3jAgj
= (Rj313 + Rjaia — Rj23a) A1 + (Rj323 + Rjaza — Rijza) Az
+ (Rij13 + Rajo3 — Rizja)Asj + (Rijia + Rojoa — Riosj)Aaj. (4)
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The second derivative equation may be written as

1_, 9?K 1,

EV K(P) = 2. m = Eas K(P) = Rga13A1Ajk + Rjk1aA1jAsk
+ RjzksA1jA1k + RjzieA1jAsk
+ Rra1aA1jAjx + Rjgp1a1jAak + RjagaA1jA1x + Rjsik A1j Ak
+ RyazzA2jAjk + RjrazA2jAzk + RjzgsAzj Aok + Rjzox AzjAsk
+ RrazalA2jAjx + RjraalojAag + RjagaA2j Aok + Rjaox AzjAak
+ Ryj13AsjA1x + Rig13AzjAjk + RyjrsAzjArx + RijikAsjAsg
+ Rjk1aAajArg + Rig1aAajAjg + RyjraAajAix + RyijigAajAak
+ RjkozAzjAor + RogazAsjAjr + RojkaAzjAok + Rojoxk AzjAsk
+ Rjk2aNajAok + Rok2aMajA jk + RojraajAak + Rojor AajAak
— Ri23aA1jAjr — RjkaaN1jAox — RjokaA1jAsk — Rjazk A1jAak
— RyjaaAojA1x — RigaaNojAjr — RijraA2jAsk — RijskA2jAak
— RiojaA3jAig — RigjalAzjAor — RiokalAsjAjx — RigjrAszjAag
— RyozjAajAik — RikajAajAor — RiokjAajAsk — RioskAgjA jk. (5)

We expand this expression and collect like terms.

Proposition 3.1. Let K denote the isotropic curvature. Then, at a space frame minimum,

the second derivative of K at {x} x so(n) is

V?K = (Rjk12 + Rj21k — Rjik2 — 2Rjksa) AvjA2k + (Rjkis + Rjsik — Rjiks — 2Rjoka) A1jAsk
+ (Rjk14 + Rjarik — Rjika — 2Rj23k) A1jAsk + (Rjkas + Rjaox — Rjoks — 2Ry jka) AzjAsk
+ (Rjk24 + Rjaok — Rjoka — 2Ry j3k) A2jAsk + (Rjkas + Rjask — Rjska — 2Ry jok) AzjAgk
+ (Rg313 + Ria1a — Rk23a) A1jA ji + (Rkazs + Riaza — Riksa) AgjAji
+ (Rik13 + Rokos — Rizka) AsjAjx + (Rikia — Rokza — Ri2si) AajA i
+ (Rjsks + Rjaka) A1j A1k + (Rajsk + Rjaka) AojAox
+ (Rij1x + Rojar) AsjAsk + (Rijik + Rojor) AajAak.

4 Four-Dimensional Isotropic Curvature

In this section, we will show that in dimension four, nonnegative isotropic curvature

is preserved by the Ricci flow. This result was first proved in [10]; however, that proof
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relied on the special decomposition of the Riemann curvature tensor in dimension four.
The proof below does not require such a structure. Furthermore, the proof will only rely
upon first-order derivatives, and this will allow us to use it in the higher dimensional

cases.

Theorem 4.1 [10, see Theorem B1.2]. The Ricci flow on a compact four-manifold pre-

serves positive isotropic curvature.

For the sake of convenience, we write the evolution equations for the Ricci flow:

9 Byjij

5e = ORiij + 2(Byjij + Biijj — 2Bijji),

2
= ARijij + 2(Ripjq + BipiqRipiq — 2RipjqRjpiq)-

The components of the isotropic curvature are as follows:

dljilts = = Rl + Rigps + Riggy + Rigys — Riggy + Rlpgy + Rigyg + Rigpy — Riyg,
—4Rp143R1432 + Ri212 R3232 + Ri4a14 Ragaz + 2 Ri412 Ra3as,

% = Riups + Rasia + Rassz + Ri12a — Ro1a1 + Riaz + Rigpa + Rigia — Raa
—4Ri234 Ra3a1 + Rz121 Ra141 + Ro323 Raasza + 2 Rog21 Riasa,

dljil; = = Rlyyy + Ry + Ry + Rigiy — Bl + Rlyys + Rigyy + Rigpy — Riggy
—4Ro134 R1342 + Ri212 Ra242 + Ri313R3434 + 2R1312 Rog34,

dRas23

2 2 2 2 2 2 2 2 2
dt = R2323 + R2313 + R2334 + R2123 - R2131 + R2134 + R2423 + R2413 - R2434

— 4 Ry243 Roa31 + Ro121 R3131 + R2a24 Razaz + 2Ro401 Ry343,
dR1234

dt

= B1234 — B1243 + B1324 — Bi423.

To compute this last term, we use the expansion

Bi23a = Ri223Ra243 + Ri221 R3241 + Ria23 R3aas + Ria21 Rsaa1,
Bi243 = Riz24 Raz3a + Ri221 Raz31 + Rig2a Razsa + Riga1 Rasan,
Bi324 = Rizs2Ra3az + Riss1 Razar + Riaz2 Roaaz + Rias1 Roaar,
Bia2s = Ri442 Rpa32 + Ria41 Roaz1 + Risaz Rassz + Rizar Rasai.
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Now, after making the obvious cancellations, we have the following evolution equation:

d

d
EK(P) = a(RISIS + Ria1a + Ro3a3 + Roaza — 2Ry234),

= Ri212K(P) + Raz434K(P) (6)

—2Ry323Ri342 + R%,,, + R2,,, — 2Ri414Rizao + R%,,, + R%,,,
+2Ri314 Ri323 + R%314 + R%342 + 2Ri442 Roaz2 + R5424 + R§423

+2Roa24 R1a3z + Rigpq + Rigp + 2Ri313 Russz + Rigps + Rigps 7

—2Ri431Roaar + Rigsy + Risyg — 2R1332 Rosaz + Rigpn + Rigpn,
+2R1312R2434 + 2 Roa21 R1343 + 2 R1224 Raz3a — 2Ri1321 Ri334, (8)
+2R1412R2343 + 2 R321 R1a34 — 2R1223 R3243 — 2R1421 Raaa1, (9)

+4R?,;, — 4Ri2334 Ri3a2 + 4Ri234 Riaz2 — 4Ri243 Roaz1 + 4Ri23aRozay.  (10)

We choose a minimal frame so that K(P) =0 or Ri313 + Rig1a + Ro323 + Rosns =

2Rj;34. Furthermore, at this minimal frame by (4), we have

Ry434 — Ri232 — R334 + Ri214 =0, (11)
Ri343 — Rp124 + Ry243 — Ri213 = 0. (12)

We note here that we do not require positivity of the matrix, V2K. We obtain
the following cross terms. We explicitly compute one such term, the others follow by

permutation. Consider the cross terms:

2Ry312 Roa34 + 2 Roa21 Ri343 + 2Ri224 Ra23a — 2R1321 Ri3sa
= 2Ri242(Razas + Riza3) + 2R1312(Roa34 + Rizas3)
= 2(Ry242 + Ri312)(Ro434 + Ri343)
= 2(Rp3a + Rizas)?, (13)

where the equality on the third line follows by (11). Similarly, we have the equation
2R1a12Ro3a3 + 2Roa21 Riaza — 2R1223 R32a3 — 2R1421 Raaa1 = 2(Riz14 — Riza2)?. (14)

The terms (7) simplify as squares:
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and as

— 2Ry414 R340 + Rf414 + Rf342 = (Rya14 + Ri324)?,
— 2Rp323 Ri3a2 + R%45 + R3395 = (Ro3zz + Rizza)?,
2Ri313Riazz + R%5,53 + R%,55 = (Ri313 — Ria3)?,

2Ry424 R1a3s + Riypy + RZ43, = (Roazs — Riazs)?.
We may use the Bianchi identity, Ry423 = Ri324 + Rj234, in the last four terms to get

(Ris1a + Ri324)® + (Ra3zs + Rizza)® + (Ria13 + Riazs)® + (Roaza + Ruazs)®
= (Ruia14 + Ria23)* + (Resz3 + Ruiazs)® + (Ris1s + Ruisza)® + (Roaza + Risza)?
— 2Ry234(Ry313 + Ria1a + Rosas + Roaza — 2Ri234) +4R%,0,
= (Ria14 + Ria23)* + (Raszs + Ruiazs)® + (Ris1s + Risza)® + (Rpaza + Risza)?
— 2Ry234K(P) + 4R%,,,. (16)

And the fully mixed terms are dealt with as follows:
4R?,,, — 8Ry234Ri324 — 8Ri23a Riazs = 4Ri23a(Ri23a — 2Ry324 — 2Rya32) = —4R%,5,, (17)

where we used the Bianchi identity in the second line, Ry432 + Ri324 = Ri234. Hence, the
evolution equation summing (13)-(17) and the term (Rjz;2 + Re323)K(P) (the term Rf234

cancels precisely), we get the following evolution equation:

d d
—K(P) = —(Ri313 + Ria14 + Ro323 + Roaza — 2Ri234),
dt dt
= (R1212 + Rsaza — 2R1230)K(P) + (Ry323 — Ria32)® + (Ria1a — Rias2)?
+ (Roaz2a — Ri324)* + (Ri313 — Ri324)* + (Ri314 + Ri323)* + (Riaza + Roaz3)?

+ (Rya13 — Ria24)* + (Ri323 — Ro324)* + 2(Ri214 — Ri232)* + 2(Roaza + Riza3)”.
As K(P) = 0 implies that
Ri212K(P) + R3434K(P) — 2Ry234K(P) = 0,
we have the inequality
d
—K >0,
dt  —

when we are at a minimal frame. By the maximum principle, this proves Theorem 4.1.
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Remark 4.2. We remark here that the above computation only made use of the two
facts: first, at a zero minimum, we have K(P) = 0 and second that VK(P) = 0. We did not

require the fact that V2K is positive semidefinite.

Corollary 4.3. Let g;; be a solution to the Ricci flow and suppose we have a space-time

frame {x,ei,..., e} such that,
Ri313 + Rig1a + Roszs + Roaza — 2Ri234 = K(P) =0
and VK(P) = 0, that is

Ry434 — Ri232 — R334 + Ri214 =0,
Riy343 — Ro124 + Ry243 — Ri213 =0,

d
then %K(P) > 0.

5 Five-Dimensional Isotropic Curvature

In this section, we prove that Ricci flow preserves positive isotropic curvature for
n = 5. This dimension differs from higher dimensions as there are no mixed terms,
that is, curvature terms that contain two vectors not lying on the minimal isotropic

plane.

Theorem 5.1. Let (M?, g;;(t)) be a solution to the Ricci flow on [0, T) such that the initial
metric (M2, g;;(0)) has nonnegative isotropic curvature. Then (M?, g;;(¢)) has nonnegative

isotropic curvature.

5.1 First-order equalities and second-order inequalities

Let K(P) denote the isotropic curvature of an isotropic plane P. At a space-time frame

maximum, we have the following equalities:

oK
VK = —A;; =0.
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In the component form

1 oK

29A,
1 9K

2 9A13
1 9K

29A14
1 9K

29A1s
1 9K

2 995
1 9K

2 9Ass
1 9K

2 9Aas

Isotropic Curvature and the Ricci Flow

1 9K

20A3s
1 9K

2 9A g
1 9K

2 9A g3

= Ri353 + Rs414 — Rs234 = 0,

Rs323 + Rsaza — Ris34 =0,

Ri315 + Ros23 — Ri254 =0,

Ris514 + Ros24 — Ry235 = 0.

Furthermore, the following matrix is positive semidefinite:

We consider the matrix V2K with respect to the basis A = [ A5 Ass Ass Assl, which we

will denote by M:

—Ri313 — Ria14
+ Rss35 + Rasas
+Ri234

—Riy323 — Riaza

—Ri535 — Rosgs
—Ri434 + Ro3gs3

—Ri545 + Rosss

—Ry343 — Roa34

9°K
k=Y P g
A 000 AR

—Ri535 — Rosas
—Ria34 + Rozaz

—Ry323 — Ria24

—Ro323 — Rogo4
~+R3s35 + Rysss
+Ri234

—Ras25 + Risas

—Ry434 — Ri3a3

—Ry313 — Roszs
+Ri515 + Ros2s
+Ri234

—Ras25 + Risas

—R2434 — Rya43

—Ros45 — Ris3s
—R3423 + Ris3s

—Ri314 — Roa23

= Ry313 + R2414 — Ri323 — Ria24 =0,

= —Rj213 + R3424 — Ri334 + Ri224 =0,

—Ri545 + Ros3s

—Ri343 — Roazs

—Ros545 — Ris3s
—R3423 + Riaza

—Ri314 — Rogo3

—Ri414 — Roazs
+Ris515 + Roszs
+Ri234

11

(18)

(19)

(20)

(21)

(22)

(23)

(24)
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Let

A = —Ris35 — Rosas, B = —Ri434 + Ro3a3,
C = —Risas + Ros3s, D = —Ryza3 — Rosss,

E = —Ri323 — Ria2a, F = —Ri314 — Roazs.

The above matrix may be written succinctly as

—Ry313 — Ria14

+Ras35 + Rasas E A+ B C+D
+Ri234
—Rp323 — Raaza
E +Rss35 + Rasas —-C+D A—-B
M= +Ri234 . (25)
—Ri313 — Ras2s
A+ B -C+D +Ris515 + Roszs F
+Ri234
—Ryja14 — Roaza
C+D A—-B F +Ris15 + Resas
+Ri234

Note that we will often use the shorthand M;j; = M(A;j, Ax) to represent entries of the

second derivative matrix.

5.2 Evolution equation

We now turn to the evolution equation. First, we note that the five-dimensional isotropic
curvature evolution equation contains the four-dimensional isotropic evolution equation,
which by Proposition 4.3 is positive at a minimal frame. We will denote this by (%K;; and
will only concern ourselves with terms involving the frame es. The remaining curvature
terms have a very intriguing structure; they may firstly be separated into two types:
the first type contains curvatures that appear in the first derivatives and the second
type contains curvatures that only appear in the second derivative. The first type may be
further refined: one set has one first derivative term multiplied by the curvature term that
appears nowhere in the first or the second derivative (27). They are automatically zero at a
minimal frame. The second set has curvature terms that appear in a first derivative (28)-
(31), which turn out after some manipulation to be nonnegative at a minimum. The second

type (26), which contains only second derivatives, is crucial to the entire argument. It
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contains good positive terms that may be written as a linear combination of diagonal
entries of the second derivative matrix and bad negative terms that are the off-diagonal
terms of the second derivative matrix. To control these terms, we must, of course, use the
semipositivity of the matrix. Note that the second derivative matrix has terms that are
linear in curvature whereas the nonlinearity is quadratic. We will overcome this later by

introducing a generalized determinant.

Ba_tK = ;_tK‘* + (Ris15 + Ros2s)(Rasas + Rasas) — Rigss — Risgs — Rosas — Rasas

— 2Ry535 Rasas + 2 Rysa5 Rosss, (26)
|:+ 2Ry215(Ras32 + Roasa + Rasa1 — Rasa1) + 2Rizs2(Rigsa + Rigss + Razas — R4235):| @)
+2R3435(R1514 + Roa2s + Ris23 — Riazs) + 2Rassa(Ri315 + Ro3as + Riazs — Risza)
+ 2Rj554 + Riuss + Rigss — 4R24ss Raazs — 4Rs234 Rosas + Riys5 + R (28)
— 2Ri335 Ra3a5 + 2 R1445 Roass,
+ 2R 43 + Rijgs + R3i5 — 4Raiss Ragst — 4Rs1sa Raas1 + Ripgs + Rigsy (29)
— 2R1435 Ro445 + 2 R1345 Ro33s,
+ 2R%y55 + R2),3 + RZ,15 — 4Ro153 Ross1 — 4Rs213Rss12 + Re504 + R2y14 (30
— 2Ry532 Rosa2 + 2 Ry541 Rosal,
+2R%y5, + R2,, + RZ,14 — 4Ri254Risaz — 4Ri25aRiasz + Rigpg + Rigos 1)

— 2Ry531 Ros41 + 2Ry542 Rosaz.

We may rewrite the equation in terms of the first- and second-order quantities for K at

a minimal frame.

Claim 5.2. At a minimal space-time frame, the evolution equation above may be rewrit-

ten as

aa—th = Ba_tK4 + ;L(Mwls + Mizs25)(Mias35 + Mysqs) — A% — C2, (32)
+ Ri215 oK + Ri2s2 oK + R3435& ~+ Rassa oK , (33)
05 A5 045 dA3s
+ (Ri353 + Roazs)® + (Riasa + Rogsa)? + (Roasa + Rizas)? + (Rassa + Riass)?, (34)

+ (Ros24 + Ri352)* + (Ria1s + Riss2)? + (Risi3 + Risaz)® + (Roszs + Riasa)® (35)
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Proof. Assuming that the isotropic curvature is zero, the term (26) follows easily,

Mis15 + M2szs = —Rig13 — Reszs + Risi1s5 + Raszs + Rizsa — Ria14 — Rpaza + Risis
+ Ros2s + Ri23s = 2(Ry515 + Roszs),

Mi3s35 + Masas = —Roza3 — Roaza + Rssss + Rasas + Rizza — Riziz — Rig14 + Rasas
+ Rysas + Ri234 = 2(Rss3s + Rasas),

and

A% 4+ C* = (Ris535 + Rosas)” + (—Risas + Rosss)?
= R%535 + Rf545 + R%535 + R§545 + 2Ri535 Rasas — 2 Ry545 Rosss.

This gives us term (32). Next, we will simplify term (28):

2R5c0s + Riysy + Rbgss — 4Ros3a(Roass — Roaas), (36)
+R3,55 + R¥154 + [—2Ri335 Rogas + 2 Riaas Roas]. (37)

Applying the Bianchi identity, Ryzss5 + Roass + Ras3a = 0, to the term in the brackets, we
get

4Ros534(Rogas — Roazs) = —4R5ss,,
which allows us to simplify (36):
2R§534 + R§453 + R§354 — 4 Rp435 R3a25 — 4 R5234 Rogas = R§453 + R§354 - 2R§534~
Again, using the Bianchi identity, Ry345 = R2a3s — Ras34, o1 the terms in (37), we get

2R1353 R2345 — 2Ri1a54 Roa3s = 2Ry353(Roass — Ras34) — 2Rias54(Ro345 + Rosaa)
= 2Ri353 R2a3s — 2Ria54 Ro3as — 2Ro534(Ri353 + Riasa)
= 2Ry353 Roags — 2R1a54 Rosas + 2R5s, (38)

where the last line follows from

1 oK
20A15

= Ri353 + Risss — Rs23a = 0 = Ru3zs3 + Riasa = — Rosaa.
Hence,

2R%,, + R3455 + Ris, — 4Ros34(Roazs — Rozas) + Rajss + Riss — 2Ri335 Rosas + 2 Ryaas Roass
= Rj453 + R34 — 2R3534 + 2R1353 Roass — 2R1asa Rosas + 2R555, + Riass + Rigss
= (Rias3 + Roass)® + (Riasa — Razas)®.
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Terms (29)—(31) simplify by a similar argument,

2R%c, + RZ 54 + R2,14 — 4Ri254(Risaz + Riasa) + Rig 5 + Risps — 2Ri531 Rosar + 2Risa2 Rosao
= (Ri513 + Risa2)” + (Ros23 — Ruas2)?,
2R?,55 + RZyp3 + RZy15 — 4R1253(Rs213 — Rass1) + Ripp + Réy14 — 2Ris32 Rasaz + 2 Risar Rasan

= (Rgs24 + Ri3s2)” + (Ria1s — Risaz)?,

and

2R% 45 + B35 + R%5y — 4Russ1(Ra1ss — Raisa) + Ripss + Rigss — 2R1a35 Roaas + 2 Ryzas Ross
= (Roasa + Ri3as)? + (Roass — Riass)”.

This completes the proof of the claim.

By the advanced maximum principle, to prove that K5 is preserved by the Ricci

flow, it suffices to prove the following claim.

Claim 5.3. At a zero space-frame minimum, {x,e,...,e5}, we have the following

inequality:

1 2 2
Z(me + Ms25) (M3535 + Mlasas) > —A° 4+ C~.

In order to prove this claim, we will introduce a method to extract quadratic
estimates from the semipositivity of the matrix M. First note that if a matrix M : V — V
is semipositive, then the tensor product Ml ® M is positive semidefinite. Next, consider

the wedge product v A w, which belongs to the space V® V,

VAW = VW —w Q).

L
V2
Then we have

M® M@ A w,v A w) =M, v)Mw, w) — M(v, w)? > 0,

which is the determinant of a two-by-two submatrix. However, we can use sums of wedge
products of vectors to obtain more sophisticated estimates, which is what we will do
in the following. We now apply this to our positive semidefinite matrix M above with

V = s0(5) and vectors v = Aj;.
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Proof. Here, we will exploit the fact that M is positive semidefinite. We apply the

following vectors:

Vi = (A5 A Ass — Ags A Ass),
V,t = (A15 A Aas — Azs A Ags),

to the positive semidefinite matrix M ® M, and we get the following inequalities:
M e M(V, V),

=2A%+2B%? — 2(D? — C?) + 2EF, (39)

M 515Mas35 + Mis2sMasas > (A+ B)? 4 (A — B)? — 2(C 4+ D)(—C + D) + 2EF

M ® M(V,", V"),

M1515Masas + MasasMasss > (C + D)2 + (—C + D)> + 2(A+ B)(A— B) — 2EF
= 2C? 4 2D? + 2(A? — B?) — 2EF. (40)

Adding (39) to (40),

(Mis15 + Ms2s)(Mzs35 + Masas) > 4A% +4C2. (41)

Proof (Proof of Theorem 5.1). By Claims 5.2 and 5.3, we see that at a minimal space

frame, we have

d
—K .
arcz0

By the refined maximum principle, this shows that K5 is preserved by the Ricci flow.

6 Higher Dimensional Isotropic Curvature

In this section, we consider nonnegative isotropic curvature in dimensions six and higher.
Here, the nonlinearity contains curvature terms with two components that lie off the

minimal isotropic plane.

Theorem 6.1. Let (M7, g;;(t)) be a Ricciflow with initial nonnegative isotropic curvature.

Then (M", g;;(t)) also has nonnegative isotropic curvature.
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6.1 First- and second-order quantities

At a critical point, we have VK = 0. This gives us the following identities, 5 < k < n:

1 0K 1 0K _
20412

20A3,

LOK _ 10K ps+R R Ris2s =0
28A13_28A24_ 2313 2414 1323 1424 — Yy

1 oK 1 oK
= = —Ry213 + Raa24 — Ri33a + Ri224 =0,

20A1s  20Ag3

1 oK = Riak3 + Rka14 — Ri23a =0,
2 0A 1k

1 oK = Ry323 + Rkaza — Rikzs =0,
2 0 Aok

1 oK = Ria1x + Rokas — Rizka = 0,
2 0 A3

1ok _ Rik14 + Rak2a — Rizsk = 0.
2 9Am

At a minimal point, we have V2K > 0. We consider the matrix M where V2 =
A'MA, where A is the basis

n
A1z AisArg Aoz Aps Y Atk Aok Ask Aak Y Axg
k=5 k#lk>1

We will only require the part of matrix corresponding to
Ak Aok Ask Aax Au Az Az Agl

This has the following form:

M, N,
M = e Na |
Ny M
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where the individual matrices My, M;, Ny; have the explicit form:

and

Ny

—Rj313 — Ris14

~+ Rag3k + Rakak
+Ri234

—Ry323 — Rig24

—Riksx — Rokak
—Ri434 + Ra3a3

—Rikak + Rokak

—Ry343 — Rogaq

—Rikaa

—Ryopa

—Rio3k

Rska; + Rakal

Riiz + Rizik

Rix14 + Rikia

—Ri323 — Ria24

—Ry323 — Roazs

~+Ragsk + Rakak
+Ri234

—Rskok + Rikak

—Ry434 — Ri343

—Rogak — Riksk
—R3423 + Ria3s

—Ryi34

Rskar + Raka

Rik23 + Rokis

—Ryjpa
Rix24 + Rokia

—Ryjax

Using the following expressions:

Ay =

Cy =

—Riksk — Rokak,
— Rigak + Roksk,

—Ry323 — Ria24,

—Riksx — Rokak
—Ria34 + Rozaz

—Ragox + Rikak

—Ro434 — Ri3a3

—Rj313 — Ro323
+Riki1x + Rokok
+Ri23s

—Ri314 — Rog23

Ry3ki + Rugs

—Ry214
Ryi23 + Rkaa

—Ryjka

Rk + Roxa

— Rk

Risis + Ruka |

Roski + Rojka

Rk + Roka

—Rikax + Rokak

—Riy343 — Roaza

—Rogak — Riksk
—R3423 + Riaza

—Ri314 — Rogo3

—Ri414 — Rogq
+Rik1k + Rok2k
+Ri234

— Ry23

— Ry

— Ry

B = —Riy434 + Raza3,
D = —Ry343 — Rosaa,

F = —Rj314 — Roa23,
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the first matrix may be rewritten as follows:

—Rj313 — Ria14

+ Rakax + Rakak E
+Ri234
—Ry323 — Roazs
E + Ragsk + Rakak
+R
M — 1234
Ay + B —Cx+ D
Cr+ D A, — B

6.2 Evolution equation

Isotropic Curvature and the Ricci Flow

Ay + B

—Cx+ D

—Rj313 — Ra323
+Riki1x + Rokok
+Ri234

F

Cyx+D

Ay — B

—Ri414 — Rog2s

+Rik1x + Rokok
+Ri234

19

(42)

The evolution equation for the high-dimensional Ricci flow of isotropic curvature is

given by the following formula. As in the five-dimensional case, we group the terms

of the evolution equation according to whether they appear in the first or the second

derivative. For the second group of terms, we make a further subdivision. First, note

that we only have in any curvature term at most two vectors e, ¢ that appear off the

minimal frame. Group all the terms that appear with only one vector. These terms will

appear only in the matrix My and may be handled like in the five-dimensional case. The

remaining terms will contain curvature with two nonminimal vectors. They are precisely

the vectors that appear in the matrix Ny;. Using this, grouping the following evolution

equation is a straightforward but long computation:

a
at

k=5
= K
+ +Ri21k
k=5

+ Raask

K
Aok 0A gk

a
_Kk = _K4I

oK
Ay

+ Ragka

+

n
1
Z [Z(Mlklk + Mokok) Makax + Magax) — AZ — C§:| ,

K
Ragpa ,

dA3k

(43)

(44)

(45)
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(Risk3 + Roask)? + (Riaka — Roska)?

n 2 2
+(Roaka + Ri3ax)* + (Rozks — Riask)
+> , , | (46)
i—s | +(Rak2a + Risk2)® + (Ria1x — Riksz)
+(Rik13 + Rikaz)? + (Rog2s — Riak2)?

n

Z [(Rews — Riiks)® + (Rxzia — Rioka)? + (Ritka — Riua)? + (Riaks — Riars)?l, (47)

k=5 k£l
n
—2 > (Rikal + Raar)(Rusk + Roka) + (Ruak — Rokat) (Rixar — Raisi)], (48)
k=5 k=4l
n
+2 Z [Ri2ki Rriza — (Rigu + Rog21)(Rakar + Ragarll, (49)
k=5 k£l

n

-2 Z [(Rik31 Rotak)(Rusk + Rokar) + (Rijak — Rokat)(Rikar — Rask)]. (50)
k=5 k41

6.3 Proof of Theorem 6.1

To prove the main theorem, we use the same technique as in dimension five, but now we
must account for the cross terms. Fortunately, the vectors used in that proof work for

the higher dimensional case and the cross terms are precisely accounted for.

Proof. By applying the vectors

n

V= Z[Au( A Ak — Ao A Aggl,
k=5

n
v, = Z[Alk A Aag + Ao A Asid,
k=5
to the positive semidefinite matrix M ® M, we get the following inequalities:
M ® M(V;, Vi)

n

n
Z[MlklkM3k3k + M2k2kM4k4k] > Z [M%kSk + M%k‘tk — 2M1k4kM3k2k — 2M1k2kM3k4k]
k=5 k=5

n n
+2 ) MiggMaky — MyuMagal —2 Y [MigaMakar — MigzrMaga]
k=5 kAl k1=5,kl

n n
-2 Z [Mlzg3iMag1; — Mog1iMagse] + 2 Z [MlpraiMagor — Mg Magall, (51)
k,1=5k#l k,1=5k#l
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M ® M(V,, V,1):
n n
Z[MlklkM4k4k + MikorxMagsk] > Z [Mfmk + M2, 31 + 2M 3 Magox — 2M1k2kM4k3k]

k=5 k=5

n n
+2 ) MiygaMagy — MygnuMagal +2 ) MigarMagar — Mg Magai]

k1=5 k=l k,1=5 k=l
n n
+2 Z [MlpraiMag 1 — Mog1uMsgal + 2 Z [MlpxaMsgar — Moo Msgal. (52)
%15 k=l k1=5 k=l

Consider the sum of (51) and (52), the first terms on the left-hand side and the right-hand

side of the inequality sum to

(Mig1k + Mokok) Makak + Makar) = MZap + Mg — 2MigacMakor — 2MikoeMakak
+ M2 ar + Mpsr + 2MikacMakar — 2MikoxMaksk

=4 A7 +4C3. (53)
The remaining terms simplify as follows:

—2M1 ko1 Mygar + 2Mog1Maga; + 2Mi g Migkar — 2Miog 1 Misga
= 2(Migzr — Miak) (Magar — Makar)
= B8Rk Rikaa, —2MiguMagar — 2MogorMakar — 2Miyg1Magar — 2Mog2iMaga
= —8(Riku + Rok21)(Rakar + Rakal),
M gaiMagar + MigaMag1 + MigaMagy — MigaMagz
+ MakaMuar + MaokaMagar + MoggiMagzr — MagaiMagn

= (Misk + Makar) Migar + Makar) + Msgar — Mizar) Magsxe — Miksr).

Using the Bianchi identity, we see that

Mysx + Makor = Rikis — Risik — Rizka + Rikza + Rokia — Rusk = 2Ruks + 2Ropa.

Repeating for the Mgz + Maka; term, we get the equality

(M35 + Magar) (M ga; + Moga;) = 4(Rigs + Rokia)(Riiks + Roika)-
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After combining these various inequalities, we have

n

1
Z [Z(Mlklk + Mogox) Magak + Magar) — Af — Cﬁ}
k=5

n
> +2 Z [(Rigar + Rojax)(Ryak + Rogar) + (Rijax — Roksi)(Rikar — Roisk)]
k=5 k£l

n
—2 )" [RizuRusa — (Riku + Roxz)(Rekar + Rakal)]
K 1=5 kAl

n
+2 ) [(Riksi Rosa)(Rusk + Rokar) + (Ruak — Rakal)(Rikar — Raisi)l. (54)
k1=5k1

Hence, (54) shows that the sum of (44), (48), (49), and (50) is nonnegative. As the remaining
terms are strictly positive, at a space-time frame minimum, the following inequality
holds:

d

—K% > 0.

ar k=
Applying the refined maximum principle, we can conclude that Ky is preserved by the
Ricci flow.
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