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1 Introduction

As part of the motivation of Definition 3.1, let us recall that, on the one hand,
in the development of fixed point theory by finding more general conditions
which guarantee the existence (and uniqueness) of fixed points, an important
role is played by the so called Banach orbital condition. It has been studied
by several mathematicians (see [3], [10], [13], [21]- [22] and [25]). For example
we have the following:

Theorem 1.1. (see [10]). Let (X, d) be a metric space and f : X → X such
that there exists C ∈ [0, 1) having the property that

d(f(x), f [2](x)) ≤ Cd(x, f(x)),
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for every x ∈ X. Then:

i) For every x0 ∈ X, the sequence (f [n](x0))n∈N is Cauchy.

ii) If, in addition, (X, d) is complete and the function g : X → X, given
by g(x) = d(x, f(x)) for every x ∈ X, is lower semi-continuous at a point
α ∈ {f [n](x0) | n ∈ N}′, then f(α) = α.

On the other hand, we recall that using the concept of iterated function
system introduced by J. Hutchinson (see [11]) one can obtain a significant
class of fractals. Consequently various authors extended this notion (see
[1]-[2], [4]-[9], [12], [14]-[20], [23]- [24] and [26] and the references therein).

By combining these two lines of research, we introduce the concept of iterated
function system consisting of continuous functions satisfying Banach’s orbital
condition and prove that the fractal operator associated to such a system is
weakly Picard. In particular we obtain that a continuous function f : X →
X, where (X, d) is a complete metric space, which satisfies Banach’s orbital
condition is weakly Picard. Two examples are provided.

2 Preliminaries

Notations and terminology

Given two sets X and Y , we consider the functions π1 : X × Y → X given
by π1(x, y) = x for every (x, y) ∈ X × Y and π2 : X × Y → Y given by
π2(x, y) = y for every (x, y) ∈ X × Y .

Given a set X, a function f : X → X and n ∈ N, by f [n] we mean
f ◦ f ◦ ... ◦ f

n times
.

Given a metric space (X, d), by:

– Pcp(X) we mean the set of non-empty compact subsets of X

– the Hausdorff-Pompeiu metric we mean H : Pcp(X) × Pcp(X) → [0,+∞)
given by

H(A,B) = max{D(A,B), D(B,A)}

for all A,B ∈ Pcp(X), where D(A,B) = sup
x∈A

( inf
y∈B

d(x, y)) and D(B,A) =

sup
x∈B

(inf
y∈A

d(x, y))

– a weakly Picard operator we mean a function f : X → X having the
property that, for every x ∈ X, the sequence (f [n](x))n∈N is convergent to a
fixed point of f .
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Two results regarding the Hausdorff-Pompeiu metric

Let us recall two very well known facts concerning the Hausdorff-Pompeiu
metric.

Proposition 2.1. For a metric space (X, d), we have

H

(⋃
i∈I

Ki,
⋃
i∈I

Li

)
≤ sup

i∈I
H (Ki, Li) ,

for every (Ki)i∈I and (Li)i∈I finite families of elements from Pcp(X).

Proposition 2.2. The metric space (Pcp(X), H) is complete provided that
the metric space (X, d) is complete.

More notations

BA represents the set of functions from A to B.
For a set I, we use the following notation:

– I{1,2,...,n}
not
= Λn(I); hence the elements of Λn(I) can be written as words

ω = ω1ω2...ωn with n letters from I; n is called the length of ω and is denoted
by |ω|.
– ∪
n∈N

Λn(I)
not
= Λ∗(I), where Λ0(I) consists on a single element, namely the

empty word denoted by λ; hence Λ∗(I) is the set of all finite words with
letters from I.
Given a nonempty set I, m,n ∈ N and two words ω = ω1ω2...ωn ∈ Λn(I)
and θ = θ1θ2...θm ∈ Λm(I), by ωθ we mean the concatenation of the words
ω and θ, i.e. ωθ = ω1ω2...ωnθ1θ2...θm.
For a family of functions (fi)i∈I , where fi : X → X, and ω = ω1ω2...ωn ∈
Λn(I), we shall use the following notation: fω

not
= fω1 ◦ fω2 ◦ ... ◦ fωn . By fλ

we mean IdX .

3 The main result

Definition 3.1. An iterated function system consisting of continuous func-
tions satisfying Banach’s orbital condition is described by:
– a complete metric space (X, d)
– a finite family of continuous functions (fi)i∈I , where fi : X → X, having
the property that there exists C ∈ (0, 1) such that

d(fω(x), fωi(x)) ≤ C |ω|d(x, fi(x)),
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for every x ∈ X, i ∈ I and ω ∈ Λ∗(I).
We denote such a system by S = ((X, d), (fi)i∈I).

Remark 3.1. Taking ω = j ∈ I and i = j in the above definition we obtain
that the functions fi satisfy Banach’s orbital condition.

Definition 3.2. The fractal operator FS : Pcp(X) → Pcp(X), associated
to the iterated function system consisting of continuous functions satisfying
Banach’s orbital condition S = ((X, d), (fi)i∈I), is given by

FS(K) = ∪
i∈I
fi(K),

for every K ∈ Pcp(X).

Definition 3.3. Every fixed point of the fractal operator associated to an it-
erated function system consisting of continuous functions satisfying Banach’s
orbital condition is called attractor of the system.

Lemma 3.1. Given an iterated function system consisting of continuous
functions satisfying Banach’s orbital condition S = ((X, d), (fi)i∈I), we have

H(F
[n]
S ({x}), F [n+1]

S ({x})) ≤ CnH({x}, FS({x})),

for every x ∈ X and every n ∈ N.

Proof. On the one hand, we have

D(F
[n]
S ({x}), F [n+1]

S ({x})) = sup
ω∈Λn(I)

( inf
θ∈Λn+1(I)

d(fω(x), fθ(x))) =

= sup
ω∈Λn(I)

( inf
v∈Λn(I),
i∈I

d(fω(x), fvi(x))) ≤ sup
ω∈Λn(I)

(inf
i∈I
d(fω(x), fωi(x)))

Definition 3.1

≤

≤ Cninf
i∈I
d(x, fi(x)) = CnD({x}, FS({x})), (1)

for every x ∈ X and every n ∈ N.
On the other hand, we have

D(F
[n+1]
S ({x}), F [n]

S ({x})) = sup
θ∈Λn+1(I)

( inf
ω∈Λn(I)

d(fθ(x), fω(x))) =

= sup
v∈Λn(I),
i∈I

( inf
ω∈Λn(I)

d(fvi(x), fω(x))) ≤ sup
v∈Λn(I),
i∈I

(d(fvi(x), fv(x)))
Definition 3.1

≤

≤ Cnsup
i∈I

(d(fi(x), x)) = CnD(FS({x}), {x}), (2)

for every x ∈ X and every n ∈ N.
From (1) and (2) we obtain the conclusion.
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Theorem 3.2. Every iterated function system consisting of continuous func-
tions satisfying Banach’s orbital condition has attractor. More precisely, the
fractal operator associated to such a system is a weakly Picard operator.

Proof. Let S = ((X, d), (fi)i∈I) be an iterated function system consisting of
continuous functions satisfying Banach’s orbital condition.
Now, let us fix K0 ∈ Pcp(X) and, for every n ∈ N, denote F

[n]
S (K0) by Kn.

Claim 1. The sequence (Kn)n∈N is Cauchy.
Justification of claim 1. We have

H(Kn, Kn+1) = H(F
[n]
S (K0), F

[n+1]
S (K0)) =

= H( ∪
x∈K0

F
[n]
S ({x}), ∪

x∈K0

F
[n+1]
S ({x}))

Proposition 2.1

≤

≤ sup
x∈K0

H(F
[n]
S ({x}), F [n+1]

S ({x}))
Lemma 3.1

≤

≤ Cn sup
x∈K0

H({x}, FS({x})) = CnMK0 , (1)

for every n ∈ N, where MK0

not
= sup

x∈K0

H({x}, FS({x})). Note that, from con-

tinuity reasons, MK0 ∈ R. The fact that C ∈ (0, 1) and (1) imply that the
sequence (Kn)n∈N is Cauchy and this closes the justification of Claim 1.
Proposition 2.2 and Claim 1 assure the existence of a set AK0 ∈ Pcp(X) such
that lim

n→∞
Kn = AK0 , i.e.

lim
n→∞

F
[n]
S (K0) = AK0 . (2)

Claim 2. FS is sequentially continuous.
Justification of claim 2. Using the same technique as the one used in Theorem
3.2 Fact 1, from [16] one can prove that

lim
n→∞

H(Yn, Y ) = 0⇒ lim
n→∞

H(FS(Yn), FS(Y )) = 0,

for every (Yn)n∈N ⊆ Pcp(X) and Y ∈ Pcp(X).
Claim 3. AK0 is a fixed point of FS.
Justification of claim 3. Using (2) and Claim 2, we get

lim
n→∞

F
[n+1]
S (K0) = FS(AK0). (3)

From (2) and (3) we conclude that FS(AK0) = AK0 , i.e. AK0 is an attractor
of S, and the justification of Claim 3 is done.
Claim 3 and (2) show that the operator FS is weakly Picard.
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Corollary 3.3. Given a complete metric space (X, d), every continuous func-
tion f : X → X satisfying Banach’s orbital condition is a weakly Picard
operator.

Proof. Just consider in Theorem 3.2 the case when the set I has one element
and take into account Remark 3.1.

4 Examples

A. Let us consider the complete metric spaces (X, d) and (Y, ρ) and the finite
family of continuous functions (gi)i∈I , where, for every i ∈ I, the function
gi : X × Y → X has the property that there exists Ci ∈ [0, 1) such that

d(gi(x, y), gi(x
′
, y)) ≤ Cid(x, x

′
), (1)

for every x, x
′ ∈ X and y ∈ Y .

Then we can consider the family of continuous functions (fi)i∈I , where for
every i ∈ I, the function fi : X × Y → X × Y is given by

fi(x, y) = (gi(x, y), π2(x, y)),

for every (x, y) ∈ X × Y .

In the sequel we adopt the notation C
not
= max

i∈I
Ci and we endow X × Y with

the metric dmax given by dmax((x1, y1), (x2, y2)) = max{d(x1, x2), ρ(y1, y2)}
for every (x1, y1), (x2, y2) ∈ X × Y .

Claim 4.1.

dmax(fω(x, y), fωi(x, y)) ≤ C |ω|dmax((x, y), fi(x, y)),

for every i ∈ I, ω ∈ Λ∗(I) and (x, y) ∈ X × Y .
Justification of the claim. Since

fi1i2...in(x, y) = (gi1(gi2(...(gin(x, y), y))..., y), y)

and
fi1i2...ini(x, y) = (gi1(gi2(...(gin((gi(x, y), y), y), y))..., y), y),

based on (1), we get

dmax(fi1i2...in(x, y), fi1i2...ini(x, y)) ≤ Cnd(x, gi(x, y)) =
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= Cndmax((x, y), (gi(x, y), y)) = Cndmax((x, y), fi(x, y)),

for every n ∈ N, i1,i2,...,in,i ∈ I and (x, y) ∈ X × Y . The justification of the
claim is done.

The claim assures us that S = ((X × Y, dmax), (fi)i∈I) is an iterated function
system consisting of continuous functions satisfying Banach’s orbital condi-
tion.
Now we present an attractor of S.
We start by noting that, for an arbitrary but fixed y ∈ Y , taking into account
(1), we can consider the classical iterated function system (i.e consisting of
Banach contractions - see [11]), denoted by Sy, described by the complete
metric space (X, d) and by the finite family of functions (hi)i∈I , where hi :
X → X is given by hi(x) = gi(x, y) for every x ∈ X. Then Sy has a unique
attractor which will be denoted by Ay ∈ Pcp(X) (this means that Ay is the
unique fixed point of FSy : Pcp(X) → Pcp(X) given by FSy(K) = ∪

i∈I
hi(K)

for every K ∈ Pcp(X)). We continue by remarking that, for K∗ = {x} ×
K ∈ Pcp(X × Y ), where x ∈ X and K ∈ Pcp(Y ), we have F

[n]
S (K∗) =

∪
y∈K

F
[n]
Sy

({x}) × {y} for every n ∈ N. As lim
n→∞

F
[n]
Sy

({x}) = Ay, we conclude

that lim
n→∞

F
[n]
S (K∗) = ∪

y∈K
Ay × {y}, so ∪

y∈K
Ay × {y} is an attractor of S.

B. Let us consider two continuous functions g1, g2 : [0, 1] → R such that
g1 ≤ 0 ≤ 1 ≤ g2, Γg1,g2 = {(x, y) ∈ R2 | x ∈ [0, 1] and y ∈ [g1(x), g2(x)]} and
the continuous functions f1, f2 : Γg1,g2 → Γg1,g2 given by

f1(x, y) = (x,
1

3
y) and f2(x, y) = (x,

1

3
y +

2

3
),

for every (x, y) ∈ Γg1,g2 .
Using the same arguments as the ones used in the previous example, one can
easily check that

d(fω(u), fωi(u)) ≤ 1

3|ω|
d(u, fi(u)),

for every u ∈ Γg1,g2 , i ∈ {1, 2} and ω ∈ Λ∗({1, 2}), so

S = ((Γg1,g2 , dmax), (fi)i∈{1,2})

is an iterated function system consisting of continuous functions satisfying
Banach’s orbital condition. One can easily check that lim

n→∞
F

[n]
S (K) = π1(K)×

C, for every K ∈ Pcp(Γg1,g2), so π1(K) × C is an attractor of S, where C is
the Cantor ternary set.

Remark 4.1. For the above mentioned examples the operator FS is weakly
Picard but it is not Picard.
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5 Further lines of research

We end this paper by mentioning some further lines of research. Namely,
given an iterated function system S = ((X, d), (fi)i∈I) consisting of conti-
nuous functions satisfying Banach’s orbital condition, we are going to:
– find supplementary conditions under which FS is Picard operator
– define and study the properties of an analogue of the canonical projection
from the shift space to AK0 , where K0 ∈ Pcp(X)
– define and study the properties of an analogue of the Hutchinson measure
associated to the system S endowed with a system of probabilities.
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