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Abstract

Combinatoriabuctionswhichallow agentgo bid directlyfor
bundlesof resourcesarenecessarfor optimalauction-based
solutionsto resourceallocation problemswith agentsthat
have non-additve valuesfor resourcessuchas distributed
schedulingand task assignmentproblems. We introduce
iBundle, the first iterative combinatorialauctionthat is op-
timal for a reasonableagentbidding stratgy, in this case
myopic best-responsbidding. Its optimality is proved with
a novel connectionto primal-dualoptimizationtheory We
demonstraterdersof magnitudeperformanceémprovements
overtheonly otherknowvn optimalcombinatoriabuction the
Generalized/ickrey Auction.

Intr oduction

Auctions provide useful mechanismdor resourcealloca-
tion problemswith autonomousnd self-interestechgents.
Typicalapplicationsncludetaskassignmenanddistributed
schedulingproblems andarecharacterizeavith distributed
informationaboutagents’local problemsandmultiple con-
flicting goals(Wellman 1993; Clearwater 1996). Auctions
canminimizecommunicatiorwithin a systemandgenerate
optimal (or nearoptimal) solutionsthat maximizethe sum
valueoverall agents.

More recently electroniccommercehas generatechew
interestin auction-basedystemsboth as dynamicmech-
anismsto sell items to individuals, and as systemsfor
business-to-bisinesdransactions.Many retailershave on-
line consumenuctionse.g.ww. onsal e. com andthere
are nascentauctionsfor procuremenin the supply-chain,
e.g. wwv. f reemar ket s. com However, at presenthe
vastmajority of onlineauctionsaresimplevariationsonthe
traditional Englishauction,an ascending-pricsingle-item
auction.

We introduceiBundle,aniterative combinatorialauction
thatallows agentdo bid for bundlesof itemswhile theauc-
tioneerincreasepricesand maintainsa provisional alloca-
tion. Bundlesareimportantin mary real-world problems:
considera manufcturerthatneedsithercomponenté\ and
B, or justcomponent; considera mobile agentthatneeds
an interval of computetime; considera train that needsa
bundle of departureand arrival times on tracks acrossits
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route. Although combinatorialauctionscan be approxi-
matedby multiple auctionson singleitems,thisoftenresults
in inefficientoutcomegBykowsky, Cull, & Ledyard2000).

iBundleis thefirst iteratve combinatorialuctionthatis
optimalfor areasonablagentbidding stratey, in this case
myopic utility-maximizing agentsthat place best-esponse
bids to prices. In this paperwe prove the optimality of
iBundlewith anovel connectiorio primal-dualoptimization
theory(Papadimitriou& Steiglitz1982)thatalsosuggests
usefulmethodologyfor the designandanalysisof iterative
auctiongor otherproblems.

iBundlehasmary computationahdvantagesvertheonly
otherknown optimalcombinatoriabuction theGeneralized
Vickrey Auction(GvA) (Varian& MacKie-Masorl995).As
aniterative auction,agentscanincrementallycomputeval-
uesfor differentbundlesof itemsaspriceschangeandmalke
new bidsin responseo bidsfrom otheragents.In compar
ison, the GvA is a sealed-bidauction,in which agentdfirst
submitbids simultaneouslyand thenthe auctioneerdeter
minesan allocationand payments.In the GvA an agents
optimalstratey is to bid for, andcomputethe valueof, all
bundlesfor which it haspositive value. This is oftenim-
possiblesincefor |G| itemsthereare2'@! bundlesto value,
eachof which may requiresolving a difficult optimization
problem(Parkes1999a;Sandholml993).

However, combinatorialauctionsintroducenen compu-
tational compleities in mechanisnmexecution. In particu-
lar, the auctionees winnerdetermination(WD) problem,
the problemof choosingbidsto maximizerevenue s A/ P-
hardby reductionfrom the maximalweightedclique prob-
lem (Rothlkopf etal. 1998).

In iBundlethe auctioneemustsolve a sequencef WD
problemgonein eachround)to maintaina provisionalallo-
cationasagentsid. In comparisonin the GvA theauction-
eermustsolve oneWD problemfor eachagentin thefinal
allocation. EachWD problemin iBundleis smallerthan
in the GvA, becauseagentshid for lessbundles. In addi-
tion, the auctioneecanincreasehe minimal bid increment
and reducethe numberof roundsto termination,reducing
computatiorfor somelossin economicefficiency. Further
speed-upsre achieved throughcachingof solutionsfrom
previousroundsin theauction,andintroducingapproximate
WD algorithmghatmaintainthesameancentivesfor myopic
agentdo bid truthfully in eachround.

We notethatthe GvA hasstrongertruth-revelationprop-



ertiesthaniBundle. Truthful biddingis optimalin the Gva
whatever the bids of other agents. In comparisonratio-
nal agentswith lookaheadcould manipulatehe outcomeof
iBundleto their advantageandleadto suboptimalalloca-
tions. However, thereis someevidencethat myopic bid-
ding may be a reasonablessumptiorin practice,perhaps
becausef thecomputationatompleity of stratejic beha-
ior. For example,in the FCC broadbandpectrumauction,
conductedhsa setof simultaneousiscending-pricauctions
on spectrunlicenseshpids wererarely above minimumask
pricesandjump bidswerethe exception(Cramton1997).

In Parkes& Ungar(2000)we presenta simpleextension
to iBundlethat makesit robustto stratgic manipulationin
several interestingproblems;we adjustthe final pricesin
iBundletowardsVickrey prices.

The Ascending-PriceBundle Auction

iBundleis anascending-pricauctionthat allows agentsto
bid on arbitrary combinationsof items during the auction.
The auctioneeiincreasegriceson bundlesas bids are re-
ceived and maintainsa set of winning bids that maximize
revenue.

Let G denotethe setof itemsto be auctioned,/ denote
the setof agentsandS C G denotea bundleof items. The
auctionproceedsn rounds,indexedt > 1. We describehe
typesof bids thatagentscanplace,andthe allocationsand
price updatesomputedoy theauctioneet

Bids. Agentscanplaceexclusive-orbidsfor bundles.e.g.
S1 XOR Ss, to indicatethanan agentwantseitherall items
in S; orall itemsin S, but notboth.S; andS,.2

Agenti associateabid pricepy,; ;(S) with abid for bun-
dle S in roundt, non-ngyative by definition. The price must
eitherbewithin € of, or greatethan theaskpriceannounced
by the auctioneer(seebelown). Parametere > 0 defines
theminimalbid incrementtheminimal priceincreasen the
auction. Agentsmustrepeatbids for bundlesin the current
allocation,but canbid at the samepriceif theaskprice has
increaseaincethe previousround?

Winner-determination. Theauctioneesolvesawinner
determinatiorproblemin eachround,computinganalloca-
tion of bundlesto agentghatmaximizesrevenue.The auc-
tioneemustrespechgents’x OR bid constraintsandcannot
allocateary item to morethanoneagent. The provisional
allocationbecomeshefinal allocationwhentheauctionter-
minates.

1The iBundle auctionhasthreevariations, that differ in their
price updaterules (Parkes 1999b). In this paper we useiBundle
bothto referto the family of auctionsin generalandalsoto varia-
tion iBundle@), which we describen detail.

2Exclusive-or bids provide completeexpressibility but arenot
necessarilyomputationallyefficient for all problems.We cande-
rive price-updateulesfor otherbid languageg¢Parkes1999b).

3An agentcanalsobid e below the askpricefor ary bundlein
ary round—but thenit cannotbid a higherpricefor thatbundlein
thefuture. This allows anagentto bid for a bundlepricedslightly
above its value.

Approximate Winner-determination. The auction-
eer can also use an approximatealgorithm for winner
determination,and still maintain the sameincentives for
myopic agentsto follow the samebidding stratgy. To
achieve this an approximatealgorithm must have the bid-
monotonicityproperty:

Definition 1. Bid monotonicity An algorithm for winner
determinationsatisfiesbid monotonicityif wheneer an
agent: is allocateda bundlewith bids 5;, it is also allo-
cateda bundlewith bids B; U B that include a bid for an
additionalbundle B.

It is straightforvard to prove that optimal winner
determinatioralgorithmsarebid-monotonic.

Prices. The price-updateule generalizesherule in the
Englishauction,which is an ascending-pricauctionfor a
singleitem. In the English auctionthe price is increased
wheneertwo or moreagentdid for theitem at the current
price. In iBundlethe price on a bundleis increasedvhen
oneor moreagentghatdonotreceveabundlein thecurrent
allocationbid at(or above)thecurrentaskpricefor abundle.
Thepriceisincreasedo € (theminimalbidincrementabore
thegreatestailedbid price. Theinitial askpricesarezero.

The auctioneerannouncesa new ask price, p,(S) in
round ¢, for all bundlesS that increasein price. Other
bundlesareimplicitly priced at leastas high asthe great-
estpriceof any bundlethey contain,i.e. p.si(S’) > pasi(S)
for S D S. Theseaskpricesareanorymous,the samefor
all agents.

Price discrimination. In someproblemsthe auctioneer
introducesprice discriminationbasedon agents’bids, with
differentaskpricesto differentagentswhenthis is neces-
saryto achieze anoptimalallocation.A simplerule dynam-
ically introducesprice discriminationon an agent-by-agent
basiswhenanagentsubmitsbidsthatarenot safe

Definition 2. Safebids. Anagent'sbidsare safe if theagent
is allocateda bundlein the current allocation, or it does
not bid at or abovethe askprice for any pair of compatible
bundlesS;, S, sudthatS; NSy = 0.

Supposegent: bids unsuccessfullyor compatiblebun-
dlesS: and S, in roundt. It is still possiblethat bids for
bundlesS; and S, from two differentagentscan be suc-
cessfulatthe prices.Remembethatthe X OR bid constraint
preventstheauctioneeacceptingpothbidsfrom agent.

When an agents bids are not safe the agentreceves
individual ask prices pagk,{S), in future rounds. Indi-
vidual pricesare initialized to the currentgeneralprices,
Pha.i(S) = pia(S), andincreasedo e above the agents
bidsin futureroundsthattheagentrecevesno bundlein the
provisionalallocation.

Termination. The auctionterminateswhen: [T1] all
agentssubmitthe samebidsin two consecutie rounds,or
[T2] all agentghatbid receve abundle.

A Myopic Best-Respons®&idding Strategy
iBundlecomputesnoptimalallocationwith myopicallyra-



tional agentgthat play a best(utility-maximizing) response
to the currentaskpricesandallocationin the auction. The
agentsare myopicin the sensethatthey only considerthe
currentroundof theauction.

Letw;(S) denoteagenti’svaluefor bundleS, andassume
v;(@) = 0 andfreedisposalof items,sothatv;(S") > v;(S)
for all S" O S. Considerarisk-neutal agentwith a quasi-
linear utility functionw;(S) = v;(S) — p(S) for bundle S
atprice p(S). Further assumehatagentsareindifferentto
within a utility of +e, the minimal bid increment. This is
reasonablase — 0.

By definition,a myopicagentbidsto maximizeutility at
the currentaskprices(taking an e discountwhenrepeating
a bid for a bundlein the provisional allocationor bidding
for a bundlepricedjust above its value). The myopic best-
responsestratgy is to submitan xor bid for all bundles
S that maximize (to within €) utility «;(S) at the current
prices. This maximizesthe probability of a successfubid
for bid-monotonidWD algorithms.

Theoretical Results

We arenow readyto introduceour maintheoreticalkesults.
Recallthat|G| is the numberof items,|I| is the numberof
agentsande is theminimal bid increment.

Theorem 1. iBundleterminateswith an allocation that is
within 3 min{|G|, |I|}e of the optimal solution,for myopic
best-esponsagentbiddingstrategies.

The auctionis optimal asthe bid incrementapproaches
zerobecauseheerrortermgoesto zero.

However, iBundlerequiresprice discrimination,andthis
can be hard to enforce. For example, the auctioneer
must prevent agentsentering the auction under multiple
pseudogms, and also prevent the transferof itemsin an
aftermarket. In asimplervariation,iBundle@), theauction-
eernever testsfor bid-safetyand never price discriminates
betweeragentgParkes1999b)? FromTheoreml, thisvari-
ationis optimalatleastwhenbidsaresafe(this conditionis
sufficientbut notnecessary):

Theorem 2. iBundle(2)terminateswith an allocation that
is within 3 min{|G|, |I| }¢ of the optimalsolutionwhenbids
are safe for myopicbest-esponsagentbiddingstrategies.

As anexample bidsaresafeif eachagentidsfor asetof
conflictingbundlesin everyroundof theauction.iBundle@)
also provably solvesthe following problemswithout price
discrimination: (1) every agentdemanddifferentbundles;
(2) agentshave additive or superadditie values,i.e. v(S U
S > v(S) + v(S") for non-conflictingbundlesS andS’;
(3) the bundlesthatreceve bids throughoutthe auctionare
from a singlepartitionof items,e.g. all bidsarefor pairsof
matchingshoespr singleitems.

In experimentaltestsiBundle@) performswell in mary
hard problems,achieving an averageof 99% allocative ef-

4Label 2 refersto “second-dgree” price discrimination,non-
linear pricesin bundlesof itemsbut identicalpricesacrossagents
(Bikchandani& Ostroy 1998).

ficiengy® (Parkes 1999b)comparedo 82% allocative effi-
ciengy from non-combinatoriahuctionsin the sameprob-
lems. We found that price discriminationonly had a no-
ticeableeffect on allocatie efficiencgy with very small bid
incrementsandaftermary roundsof bidding.

Proof of Optimality

The proof of iBundle’s optimality is inspired by a proof
dueto Bertsekag1990)for a simpleriterative auction,and
makesaninterestingconnectiorwith primal-dualtheoryof
linear programming. It helpsto motivate the price-update
rules,the safetyconditionfor introducingprice discrimina-
tion, andthe conditionsfor termination.

Primal-dualis an algorithm-desigrparadigmthat is of-
tenusedto solve combinatorialoptimizationproblems(Pa-
padimitriou& Steiglitz1982).A problemis first formulated
bothasa primal anda dual linear program(seethe exam-
plesbelow for iBundle). A primal-dualalgorithmsearches
for feasibleprimal and dual solutionsthat satisfy comple-
mentarysladknessconditions insteadof searchingfor an
optimalprimal (or dual) solutiondirectly. Complementary-
slacknesgCS for short)expressedogical relationshipge-
tweenthevaluesof primalanddualsolutionsthatareneces-
saryandsufficientfor optimality:

Complementary-Slacknes3 heorem. Feasibleprimal and
dual solutionsare optimalif andonlyif they satisfycomple-
mentarysladknessonditions.

iBundleimplementsa primal-dualalgorithmfor alinear
programformulation of the combinatorialresourcealloca-
tion problem.It doesthis withoutformulatingor solvingthe
primal anddual problemsexplicitly, but basedon informa-
tionin agents’bids. Remembethatthe auctioneedoesnot
know agentsvaluesfor resources.

Proof of iBundle(2)

We first prove Theorem?2, the optimality of iBundle@)
(the variationwithout price discrimination)in problemsfor
whichagentsbhidsaresafe.A proofof Theoremdl, theopti-
mality of iBundlein generalproblems follows from a sim-
ple transformatiorbetweeriBundleandiBundle@).

Figure 1 presentsa standardinteger programformula-
tion of the combinatorialresourceallocationproblem. The
objective is to maximizethe total value of the allocation,
givenvaluew;(S) for bundleS to agenti. Integervariables
z;(S) € {0,1} indicatewhetheror notagent; recevesbun-
dle S. Constraints(iP-1) ensurethat eachagentreceves
at mosta singlebundle,constraint1P-2) ensurethateach
itemis allocatedo at mostoneagent.

Bikchandani& Ostroy (1998)formulatethe combinato-
rial resourceallocationproblemas a linear program, see
[LPs] in Figure2. Theinteger constraintse;(S) € {0,1}
in [1P] arerelaxedto z;(S) > 0, andnew variablesk € K
areintroducedwhich correspondo a partition of itemsinto
bundles. K is the setof all possiblepartitions. Constraints

SAllocative efiiciencyis a measureof optimality, computedas
theratio of thetotal valueof the allocationacrossall agentgo the
valueof theoptimalallocation.
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Figurel: Combinatoriatesourcellocationproblem:integerpro-
gram[1p] formulation.
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Figure2: Combinatoriaresourceallocationproblem:Primallin-
earprogram[LP;] andduallinearprogram[DLP-] formulations.

(LP-2) and(LP-3) replaceconstraintg1P-2), andensurdhat
a feasiblesolutiondoesnot allocatemorethanoneof each
item.

In generalanoptimalsolutionto thelinearprogram[LPs]
canallocatefractionalitemsto agentsandneednotbeafea-
sible solutionto [1P]. In fact,the optimal solutionto [LP]
is integral andsolves|[1pP] if andonly if non-discriminatory
bundle prices exist that supportthe optimal allocationin
competitiveequilibrium with best-responsagentbidding
stratgies(Bikchandani& Ostrgy 1998). Competitize equi-
librium implies that agents’maximizeutility andthe auc-
tioneermaximizes’revenuegiven the final pricesand the
final allocation.

The dual problem,[DLP:], to primal [LP:] is shavn in
Figure 2. Variablesp(i), p(S) andx correspondo con-
straints(LP-1), (LP-2) and (LP-3) respectrely, and dual
constraint§DLP-1) and(DLP-2) correspondo primal vari-
ablesz(S) andy(k). Whenthe primal solutionis integral

the dual problemcomputescompetitve equilibriumbundle
pricesthatminimize the sumof agentutility andauctioneer
revenue see(1) and(2) below.

We provethatiBundle) implementsa primal-dualalgo-
rithmfor [LP,] and[DLP:], andcomputesntegral solutions
to [LP2] whenagentsfollow myopic best-responskidding
stratgiesandbids aresafe. First, we show thatthe alloca-
tion andpricesin eachround of the auctioncorrespondo
feasibleprimal anddual solutions. Then,we shaw thatthe
primal and dual solutionssatisfy CS whenthe auctionter-
minates.

Let S; denotethe provisional allocationto agenti, and
Pask(S) denotetheaskpricefor bundleS.

Feasibleprimal. To constructa feasibleprimal solution
assignz;(S;) = 1 andz;(S") = 0 for all S” # S;. Partition
y(k*) = 1for k* = [Sy,..., 8], andy(k) = 0 otherwise.

Feasibledual. To constructa feasibledual solutionas-
signp(S) = pask(S). ConstraintyDLP-1) and(DLP-2) are
satisfiedwith assignments:

i) = max {0, max(oiS) -S|} @
™ = max Z p(S) 2
S€ek

Thevaluep(i) canbeinterpretedasagenti’s maximum
utility attheprices,andr canbeinterpretecasthemaximum
revenuethat the auctioneercan achieve at the prices(irre-
spectve of the bids placedby agents).The auctioneedoes
notexplicitly computethevalueof p(i), ratherwe provethat
theallocationandpricesin theauctionsatisfyCSwith these
assignmentsrhenthe auctionterminateshasedn the bids
placedby agents. This is just aswell, becausehe values
v;(S) remainprivateinformationto agentsduring the auc-
tion.

Complementary-slacknesgonditions. Thefirst primal
CScondition® (cs-1) is:

SL',(S) >0 = p(l) +p(S) = Ui(S)a Vi, S (CS-1)

Given (1) it stateghatall agentsmustonly receve bun-
dles that maximize utility at the current prices. (cs-1)
is maintainedthroughoutthe auctionbecausebundlesare
only allocatedaccordingto bids from agents,and agents
placebest-responsbids. Formally, for ary bundle S bid
by agenti: () pas(S) — € < ppia,dS) < pasi(S); (i)
’U,(S) _pbid,z(S) +€ > maxg {vz(S’) —pbid,i(S’)} because
agentsbid for bundlesthat maximize utility within e; (iii)
v;(S) — pria,(S) > 0, becausagentsonly bid for bundles
with positive utility. Sincez;(S;) = 1 impliesagenti bid
for bundleS;, we have:

z;(S) > 0 = v;(S) — pas(S) + 2¢ >
max {0, max{vi(S') — pask(S')} }
5Complementaryslacknessstatesthat if a primal variableis

non-zerathenits correspondinglual inequalityconstraints bind-
ing. Similarly for dualvariables.



Substitutingfor p(i) andpasi(S) = p(S), we provee-CS-

1:
2;(S) >0 = p(i) + p(S) < v;(S) + 2¢, Vi, S
(e-CS-1)
Thesecondprimal CScondition,(cs-2), is:
y(k)>0=>m—> p(S)=0, Vk (CS-2)

Sek

Given (2) it stategthatthe allocationmustmaximizethe
auctioneess revenueat pricesp(.S), over all possibleallo-
cationsandirrespectve of bids receved from agents. We
prove (Cs-2) is maintainedin all roundsbecausét is not
bindingthatthe auctioneemustallocatebundlesaccording
to agents’bids. Throughthe price-updateulestheauction-
eeris ableto maximizerevenuegivenpricesin everyround.

Formally: (i) Agent: with oneof the highestlosing bid
for bundle S in round¢ will continueto bid for bundlesS in
roundst + 1. Let ul(S) denoteagenti’s utility for bundle
S in round¢t. Then,u‘t!(S) = u(S) — € becausehe ask
price for S increasedy e. Also, u(S) > wut(S’) for all
bundlesS’ the agentdid not bid in roundt. Hence,with
ut(S") > ult'(S") becausehepriceof S’ canonly increase
in roundt + 1, we have u!t'(S) > ult'(S") — e andabid for
S’ canneverexcludeabid for S from agent’sbest-response
bidsin roundt + 1. A similarargumentcanbemadefor the
utility of bundlesthatthe agentdid bid in roundt; (i) No
singleagentcauseghe priceto increaseo its currentlevel
on a pair of compatiblebundles.This follows becauserice
updatesaredueto safebidsfrom agents.

Therefore, for partition k* such that y(k*) = 1,
Z.Siek* pask(Si) > ZSiEk* pbid,z(si)l because
Pask(S) > puia,dS), and Y g cp.pbialSi) >
maxpek Y. g, cp Poia,{S;) becauseof (i) and (i), i.e.
the constraintso allocateto agents’bids are not binding.
Finally, with (2) we have maxyek D g, ¢ Pbid,{Si) >
m — min{|G|, |I|}e becausepiq,{S) > pas(S) — € and
an allocationcan include no more bundlesthan thereare
agentsor items.We prove e-CS-2:

y(k) >0=>m—> p(S) <min{|G|,[I|}e,  Vk
ot (e-CS-2)

Thefirst dualCScondition,(cs-3), is:

pi)>0= > x(S)=1, Vi
sca

Given(1) it stateghateveryagentwith positive utility for
somebundleat the currentpricesmustreceie a bundlein
the allocation. (cs-3) is only satisfiedduring the auction
for agentghatreceve bundlesin the provisionalallocation,
but we prove (cs-3) for all agentswheniBundle@) termi-
nates.In terminationcasgT2] everyagenthatbidsreceves
abundle,sowe immediatelyhave (cs-3) with myopicbest-
responseagents.In case[T1] someagentanay bid andre-
ceive nobundles.However, theseagentsnustbid ate belov

(CS-3)

the ask price and have valuesjust below askprices,other
wise priceswould increaseandtheir bidswould change.

Finally, the last pair of dual CS conditions,(cs-4) and

(cs-5), are:
pS)>0=>"z(S)= > y(k), VS (CS-4)
iel keK,Sck
T>0= Y yk)=1 (CS-5)
keK

The assignmenty(k*) = 1 for the partition k* =
[S1... Sy trivially satisfiethe RHS of bothconditions.

Termination. By contradictionassumeheauctionnever
terminatesinformally, [T1] impliesthatagentsnustsubmit
differentbids in successie rounds,but with myopic best-
responsdiddingthis impliesthat pricesmustincreaseand
agentsmusteventually bid above their valuesfor bundles.
We prove acontradictiorwith myopicbest-respondsidding
stratgies.

Putting it all together. Summinge-CS-1over all agents
in the final allocation,and with p(i) = 0 for agentsnot
in the allocationby (cs-3), >, p(i) < Y i vi(Si) —
Y icr P(Si) + 2min{|G/,|I|}e, becausen allocationcan
include no more bundlesthan there are items or agents.
Introducing e-CS-2, becausey(k*) = 1 for the bundle-
setthat correspondgo the final allocation S;, thenn <
Y icr P(Si) + min{|G|,|I|}e. Finally, addingthesetwo
equations,we have m + >, .;p(i) < > . c;vi(S:) +
3min{|G|,|I|}e. The LHS is the value of the final dual
solution, Vpr,p, andthe first-termon the RHS is the value
of thefinal primal solution, Vi,p. We know Vi’%s < Vprp,
where V[ is the value of the optimal primal solution by
the weak duality property of linear programs. Thus, be-
causeVprp < Vip + 3min{|G|,|I|}e, it follows that
Vip > Vi'p — 3min{|G|, |I|}€ . Finally, becaus¢heprimal
solutionis integral (by constructiorduringiBundle),it is a
feasibleand optimal solutionto the combinatorialresource
allocationproblem[iP]. O

In addition, it follows immediatelythat iBundle@) ter-
minatesin competitve equilibriumwhenagentsaremyopi-
cally rationalandplacesafebids.

Proof of iBundle

A simpletransformatiorof agentsbidsallowsiBundleto be
implementedvithin iBundle@) andensureshatagentshids
remainsafe throughoutthe auction. Whenever bids from

agent arenotsafein iBundle@) we cansimulatethe price-

updaterule in iBundle by introducinga new dummyitem

thatis specificto thatagentcall it X;. Thisitemis concate-
natedby theauctioneeto all bidsfrom agenti in thisround
andall futurerounds.It hasthefollowing effects:

1. The outcomeof winnerdeterminationor the allocatve
efficiencgy of the auction,is unchangedecausao other
agentbidsfor item X;;.

2. Agenti’s bidsarealwayssafebecause@very bid includes
item X;, andno pair of bidsis compatible.



3. Thepriceincreaseslueto bidsfrom agent areisolatedto
thatagentin all futureroundsbecausall priceincreases
arefor bundlesthatincludeitem X;.

The optimality of iBundlefollows immediatelyfrom the
optimality of iBundle(2).

Computational Analysis

As aniterative auction,iBundlehasmarny computationahd-
vantagesor agentsoverthesealed-bidsva, aswediscussed
in theintroduction.In Parkes(1999b)we presentesultsthat
demonstratsavingsin agentvaluationwork in iBundle.

However, the winnerdetermination(WD) problemthat
the auctioneersolvesin eachroundof iBundleto compute
the provisional allocationis A/ P-hard, just asin the GvA.
The auctioneemustsolve oneWD problemin eachround,
anda naive worst-casenalysisgives O (BVipax /€) rounds
to corverge,for atotal of B bundleswith positive valueover
all agentsmaximumvalueV,,, for ary bundle,and mini-
mal bid incremente. In theworst-casahe price of a single
bundle mustincreaseby at leaste in eachroundthe auc-
tion remainsopen,andpricesareboundeddy the maximum
value over all agents. The numberof roundsto termina-
tion is inverselyproportionalto the minimal bid increment.
The auctioneercansolve lessWD problemsby increasing
the minimal bid incrementfor somelossin economiceffi-
ciengy.

A numberof optimizationsare possiblewithin iBundle
to speed-upcomputationon winnerdeterminationn each
round. First, the provisional allocationfrom the previous
round providesa goodinitial solutionto the WD problem,
becauseagentsmust re-bid bundlesreceied in the previ-
ousround. This allows pruningof the searchor a revenue-
maximizing allocation. An additionalsaving in computa-
tion time is achieved by limiting searchto an allocationat
leaste betterthanthe valueof theallocationin the previous
round. Moreover, althougheachintermediaté/VD problem
in iBundlemaybeintrinsically moredifficult thaneachWD
problemin GvA becauseall agentsbid at similar pricesfor
bundles(Anderssoretal. 2000),the problemsaretypically
muchsmallerthanin the GvA.

The auctioneeronly announcegprice increasesin each
round,andneednot maintainexplicit pricesfor all possible
bundles.Bid pricesareverified dynamicallyin eachround,
to checkthat bids are at leastas large as the ask price of
all containedbundles. With a simplesorted-listimplemen-
tation, the total work in checkingeachbid is linear in the
numberP of bundlesthat have explicit ask prices. Simi-
larly, pricescanbe maintainedn lineartimein P for each
new price increase.In addition, P < B, with agentsthat
havevaluedfor B bundlesbecausenly bundlesthatreceve
bidscanreceve explicit askprices.

Experimental Results

We comparethe computationand communicationcost of
iBundlewith the Generalized/ickrey Auction (GVA).

We considerproblemsDecay Weighted-andom(WR),
Randomand Uniform from Sandholm(1999). Eachprob-
lem definesa distribution over agentsvaluesfor bundlesof

items,with XOR valuationfunctions,suchthatagentswant
atmostonebundle.In our mainexperimentshe numberof
items, |G| = 50, andwe scalethe problemsby increasing
the numberof agentsfrom 5 to 40, with valuesfor 10 bun-
dlesperagent. We setSandholms parameterr = 0.85 in
Decay andselectbundlesof size10in Uniform.

Resultsarepresentedior iBundle@), theauctionvariation
without price discrimination. A variation on Sandholms
depth-firstbranch-and-boundearchalgorithm (Sandholm
1999)solveswinnerdeterminatiofWD) in eachround,and
computegheallocationandpricesin the GvA. We introduce
anew heuristicto make searchmoreefficientfor XoR bids.
Theheuristiccomputesnoverestimatef thepossiblevalue
of apartialallocationbasednallocatingat mostonebundle
to eachremainingagentwithoutabundle.

In addition,we measurehe performancef iBundlewith
a greedyapproximatewinnerdeterminatioralgorithm due
to Lehmanretal. (1999)thatsatisfieghe bid-monotonicity
property(Definition 1).

Truthful

Auctioneer CPU Time (s)
=
o

5 10 15 20 25 30 35 40
Number of Agents

Figure 3: Total computationtime in iBundle@), the GvA, anda
sealed-bicauctionwith truthful agentsjn problemsetDecay The
performancef iBundleis plottedwith differentbid increments,
selectedo give allocative efficiency of 80%,85%,95%and99%.

Figure 3 plots the total auctioneemwinnerdetermination
andprice-updatéime’ in iBundlein the Decayproblemset.
Performancés measuredor differentbid incrementswith
the bid incrementselectedto give allocative efficiency of
80%, 85%, 95% and99% (+1%). Figure3 alsoplots per
formancefor the Gva, andfor a sealed-bicuctionin which
agentsareassumedo bid truthfully.®? Resultsareaveraged
over10trials. First, notethatthe curvesaresublinearonthe
logarithmic value axis as the numberof agentsincreases,

"Time is measuredsusertime in secondsn a 450 MHz Pen-
tium Prowith 1024MRAM, with iBundlecodedin C++.

8The Gva proved intractablefor 30 and 40 agents. In those
problemgheruntimeis estimatedasthetime to computethe opti-
mal solutionin asingleWD problemmultiplied by the numberof
agentdn the optimalallocation.



indicating polynomial computationtime in the numberof
agents.

The performancamprovementof iBundle over GvA is
striking, achieving atleastoneorderof magnitudemprove-
mentwith 99%allocative efficiency andthreeordersof mag-
nitude with 85% allocatve efficiengy. For up to 95% effi-
cieng/ we essentiallygetthe myopic truth-revelationprop-
erties of iBundle for free, becauseéBundles run-time is
approximatelythe sameas for the sealed-bidauctionwith
truthful agents.

Problem GVA iBundle Approx-
~ 90% ~ 95% ~ 99%| Bundle
Decay Eff (%) | 100| 915 949 983 | 85.1
67.39%8 WD-time” (s)|41700 831 2400 5650| O
13.4 Prtme’(s)| — | 26 345 44 | 392
Comnf (kBit)| 18.8| 221 306 394 | 377
WR Eff (%) 100| 90.7 949 99.2| 794
71.5% WD-time(s)| 3 0.6 1.7 6 0
1 Prtime (s) - 54 115 409 | 122
Comm(kBit) | 18.1| 20.5 52.1 144 | 53.1
Rand Eff (%) 100 | 89.3 97 99 95.8
37.8% WD-time(s)| 68 4.4 7.4 11 0
11.2 Prtime(s) - 6.5 9.7 121 129
Comm(kBit) | 18.7| 49.5 66.4 82.6| 85.6

Unif Eff (%) 00| - 95.6 99.1| 76.2
58% WD-time(s)| 25 - 6.6 18.7 0
3 Prtime (s) - - 14.7 420 46

Comm(kBit) | 18.2| - 56.5 120 | 124

Table 1: Performanceén the Decay WR, random,and uniform
problems® AuctioneefWD time. ® Price-updatéime. ¢ Commu-
nicationcost. ¢ Alloc. eff. of a sealed-bicauctionwith a greedy
WD algorithmandtruthful agents.® Averagenumberof agentsn

theoptimalsolution.

Table 1 comparesiBundle with the gva for all Sand-
holm’s problems,for problemswith 30 agents. With our
parameterghe WR and Uniform problemsare quite easy
becauséahe optimal allocationsellslarge bundlesto a few
agents,which allows considerablepruning during search.
The Randomand, in particular Decay problemstend to
be harderbecausé¢he optimalallocationrequirescoordina-
tion acrossa numberof agents seealso Sandholm(1999)
and Anderssoret al. (2000). In all problemsiBundle has
lessWD time at 95% allocatve efficiengy than the GvA.
Note that price-updateis relatively expensve in the oth-
erwise easyweighted-randonfWR) problem,becausebid
pricesfor large bundlesmustbe checled for price consis-
teng/ againsthepriceof all includedbundles.

Thereis a communicatiorcosf penaltyin usingiBundle
comparedvith the GvA in theseproblemgTable1) because
of repeatedbids acrossa numberof rounds. This would

®We assumethat bids and price informationin iBundle must
only specifya bundle,becauséids are usuallyat the currentask
price, andaskpricesonly increaseby the minimal bid increment.
We also assumea broadcasnhetwork infrastructurefor price up-
dates. A bundle is specifiedwith |G| bits. In the GvA a bid
specifiesboth a bundle and a value. We assumethat valuesre-
quire 10 bits, enoughto specify a value to 3 significantfigures
(log,(1000) ~ 10.)

changein problemswith agentsthat have valuesfor mary
bundlesbecausall valuesmustbe reportedin the Gva, or
in easierproblemsbecauseBundlewill terminatequickly
with lessbids.

The performanceof iBundle with the greedyWD algo-
rithm is notavorthy: iBundleperformswell in the hardDe-
cayproblemset,with allocatie efficiency 85.1%,giving at
leasta 1000-fold reductionin WD time. We believe that
other, slightly lessgreedy approximatelgorithmswill give
evenfurtherperformancemprovements.

Speedingup iBundle In additionto usingthe allocation
from the previousroundto prunesearchit is alsousefulto
cacheall previousprovisionalallocationsandselectthe best
cachedallocationas an initial solutionfor WD. A simple
linearprogramis usedto selectthe bestallocationfrom the
cacheandrequiresnggligible computationin our maintri-
alswe usea cachesizeof 1, i.e. take the solutionfrom the
previousroundasaninitial solutionto the WD problem.

WD Time % Cache
0 1 T T Correct
Decay 50/15/150 | 415 371 355 291|0 28 47 59
WR 50/50/100Q 253 243 231 163 |0 11 57 57
Rand 50/30/600|1823 1616 1491 864 |0 6 30 78
Unif 50/40/800| 343 337 336 110|0 14 29 49

Problem

Table2: Winnerdeterminatiortime with cacheof size0, 1 (last
round),andT (all previousrounds).In cachel'! revenuemaximiz-
ing cachedsolutionsfrom previous roundsare assumedptimal.
Eff > 99% in all problemsexcept*, whereEff = 96.8%. ¢ |G| /
|| / # bundlevalues.

Table 2 comparesthe WD time in each problem with
and without cachingof previous allocations. Although a
full cachecan provide an additional speed-upover using
no cachedsolutions,or just the allocationfrom the previ-
ousround,theeffectis notvery dramatic.Thereasoris that
it remainsexpensve to verify thata cachedsolutionis opti-
mal. For example althoughanextendedcachein the Decay
problemprovidesthecorrectallocationin 47%of problems,
thespeed-ups limited to around14%.

In an attemptto leveragethe correctsolutionsfrom the
cache,we testedthe performanceof iBundle underan ad-
ditional assumptiorthat if a cachedsolution from before
roundt — 1 generatesnorerevenuethanthe solutionfrom
roundt — 1, this is adoptedasthe new provisional alloca-
tion without further computation. The rule is designedo
capture“flip-flop” competitionbetweena numberof good
allocationduringanauction.

Labeledr!, therule provesusefulin Decay WR andUni-
form, reducingcomputatiorby 30%,36%and68%from the
time with no cachefor a nggligible dropin allocative effi-
cieng. However, onemustbe careful: althoughwe alsosee
a speed-upn Random,the allocatie efficiengy falls from
99% 10 96.8%. Furtheranalysisshavsthatcachedsolutions
prove optimalin 54%, 97% and 49% of roundsin Decay
WR andUniform, but only optimal 34% of roundsin Ran-
dom.

Further optimizationsshould be possible,for example



using cachedsolutionsoncea large enoughcacheis con-
structed,and solving WD whenan auctionis aboutto ter-
minatewith cachedsolutions. Anotherusefulapproachs
e-scaling,that adjuststhe bid incrementduring an auction
(Bertsekad.990).

Related Work

Rassentetal. (1982)describeanearlysingle-rounccombi-
natorialmechanisnfor airportslot allocation,while Banks
etal. (1989)describeausm, anearlyiterative bundleauc-
tion. AusM hasno explicit price-updaterules, and agents
must solve hard problemsto bid effectively. DeMartini et
al. (1998)describeRAD, aniterative extensionof Rassenti
et al., alsowith linear prices. No optimal propertieshave
beenprovedfor ary of theseauctionsn generabproblems.

The AKkBA (Wurman1999, chapter5) auctionsare con-
ceptuallysimilarto iBundle,but have differentprice-update
rules and no price discrimination. AKBA sharesmary of
iBundle’s computationapropertiesbut is not known to be
optimalfor ary reasonabldidding strateyy.

Therehavebeenanumberof proposaldo reducehecom-
putationalcostsof combinatorialauctionswhile maintain-
ing incentvesfor truth-revelation; e.g. limit the typesof
bundlesthat agentscanbid for (Rothkopf et al. 1998); or
introduceanapproximatesolutionfor winnerdetermination
(Lehmannetal. 1999),but little successn designinggood
auctionsfor generabundleproblems.Moreover, mostpre-
viouswork focusesn sealed-bidcauctions.

Conclusions

iBundleis anew iterative combinatoriakuctionthatis opti-

mal for myopically-rationalgents.As aniterative auction,
iBundleis particularly usefulwhenagentshave hardlocal
valuationproblemsbecausét allows agentso computees-
timatesof the valueof differentoutcomesncrementallyin

responseo bids from otheragents. We proved iBundle’s
optimality within a primal-dualframework, which we be-
lieve will provide a useful conceptuabasisfor the design
andanalysisof iterative auctionsfor otherproblems.

It remainsexpensve to computeoptimal solutionswith
iBundlein mary problemspecaus¢heauctioneeswinner
determinatior(WD) problemis A P-hard. We suggestec
numberof techniquedo reducecomputation,possiblyfor
somelossin allocatie efficiencgy, for example:increasehe
bidincrementusecachedllocationsandintroduceapprox-

imate winnerdeterminationalgorithms. We demonstrated

ordersof magnitudeperformanceimprovementsover the
GVA, the only otherknown optimal combinatorialauction,
in somehardproblems.

In futurework we planto testiBundlein somereal prob-
lems,andexperimentwith additionalbid restrictionsandal-
ternative approximaté/V'D algorithms. An interestingopen
problemis to adaptiBundle for two-sided markets, with
multiple buyersandsellers.
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