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Abstract

Combinatorialauctions,whichallow agentstobiddirectlyfor
bundlesof resources,arenecessaryfor optimalauction-based
solutionsto resourceallocation problemswith agentsthat
have non-additive valuesfor resources,suchas distributed
schedulingand task assignmentproblems. We introduce
iBundle, the first iterative combinatorialauctionthat is op-
timal for a reasonableagentbidding strategy, in this case
myopicbest-responsebidding. Its optimality is proved with
a novel connectionto primal-dualoptimizationtheory. We
demonstrateordersof magnitudeperformanceimprovements
over theonly otherknown optimalcombinatorialauction,the
GeneralizedVickrey Auction.

Intr oduction
Auctions provide useful mechanismsfor resourcealloca-
tion problemswith autonomousandself-interestedagents.
Typicalapplicationsincludetaskassignmentanddistributed
schedulingproblems,andarecharacterizedwith distributed
informationaboutagents’local problemsandmultiple con-
flicting goals(Wellman1993;Clearwater1996). Auctions
canminimizecommunicationwithin asystem,andgenerate
optimal (or near-optimal) solutionsthat maximizethe sum
valueoverall agents.

More recently, electroniccommercehasgeneratednew
interestin auction-basedsystems,both as dynamicmech-
anismsto sell items to individuals, and as systemsfor
business-to-businesstransactions.Many retailershave on-
line consumerauctions,e.g.www.onsale.com, andthere
are nascentauctionsfor procurementin the supply-chain,
e.g. www.freemarkets.com. However, at presentthe
vastmajorityof onlineauctionsaresimplevariationson the
traditionalEnglishauction,an ascending-pricesingle-item
auction.

We introduceiBundle,an iterative combinatorialauction
thatallowsagentsto bid for bundlesof itemswhile theauc-
tioneerincreasespricesandmaintainsa provisionalalloca-
tion. Bundlesareimportantin many real-world problems:
consideramanufacturerthatneedseithercomponentsA and
B, or just componentC; considera mobileagentthatneeds
an interval of computetime; considera train that needsa
bundle of departureand arrival times on tracksacrossits
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route. Although combinatorialauctionscan be approxi-
matedby multipleauctionsonsingleitems,thisoftenresults
in inefficientoutcomes(Bykowsky, Cull, & Ledyard2000).

iBundleis thefirst iterative combinatorialauctionthat is
optimalfor a reasonableagentbiddingstrategy, in this case
myopic utility-maximizing agentsthat placebest-response
bids to prices. In this paperwe prove the optimality of
iBundlewith anovel connectionto primal-dualoptimization
theory(Papadimitriou& Steiglitz1982)thatalsosuggestsa
usefulmethodologyfor thedesignandanalysisof iterative
auctionsfor otherproblems.

iBundlehasmany computationaladvantagesovertheonly
otherknown optimalcombinatorialauction,theGeneralized
Vickrey Auction(GVA) (Varian& MacKie-Mason1995).As
an iterative auction,agentscanincrementallycomputeval-
uesfor differentbundlesof itemsaspriceschange,andmake
new bids in responseto bidsfrom otheragents.In compar-
ison, the GVA is a sealed-bidauction,in which agentsfirst
submitbids simultaneously, andthenthe auctioneerdeter-
minesan allocationandpayments. In the GVA an agent’s
optimalstrategy is to bid for, andcomputethevalueof, all
bundlesfor which it haspositive value. This is often im-
possible,sincefor � ��� itemsthereare ��� ��� bundlesto value,
eachof which may requiresolving a difficult optimization
problem(Parkes1999a;Sandholm1993).

However, combinatorialauctionsintroducenew compu-
tationalcomplexities in mechanismexecution. In particu-
lar, the auctioneer’s winner-determination(WD) problem,
theproblemof choosingbidsto maximizerevenue,is 	�
 -
hardby reductionfrom themaximalweightedcliqueprob-
lem(Rothkopf etal. 1998).

In iBundlethe auctioneermustsolve a sequenceof WD
problems(onein eachround)to maintainaprovisionalallo-
cationasagentsbid. In comparison,in theGVA theauction-
eermustsolve oneWD problemfor eachagentin thefinal
allocation. EachWD problemin iBundle is smaller than
in the GVA, becauseagentsbid for lessbundles. In addi-
tion, theauctioneercanincreasetheminimal bid increment
andreducethe numberof roundsto termination,reducing
computationfor somelossin economicefficiency. Further
speed-upsareachieved throughcachingof solutionsfrom
previousroundsin theauction,andintroducingapproximate
WD algorithmsthatmaintainthesameincentivesfor myopic
agentsto bid truthfully in eachround.

We notethat the GVA hasstrongertruth-revelationprop-



ertiesthaniBundle. Truthful bidding is optimal in the GVA
whate� ver the bids of other agents. In comparison,ratio-
nal agentswith lookaheadcouldmanipulatetheoutcomeof
iBundle to their advantage,and lead to suboptimalalloca-
tions. However, there is someevidencethat myopic bid-
ding may be a reasonableassumptionin practice,perhaps
becauseof thecomputationalcomplexity of strategic behav-
ior. For example,in theFCCbroadbandspectrumauction,
conductedasasetof simultaneousascending-priceauctions
on spectrumlicenses,bidswererarelyabove minimumask
pricesandjumpbidsweretheexception(Cramton1997).

In Parkes& Ungar(2000)we presenta simpleextension
to iBundlethatmakesit robust to strategic manipulationin
several interestingproblems;we adjust the final pricesin
iBundletowardsVickrey prices.

The Ascending-PriceBundle Auction

iBundleis anascending-priceauctionthatallows agentsto
bid on arbitrarycombinationsof itemsduring the auction.
The auctioneerincreasespriceson bundlesasbids are re-
ceived andmaintainsa set of winning bids that maximize
revenue.

Let 
 denotethe setof itemsto be auctioned,� denote
thesetof agents,and ����
 denotea bundleof items.The
auctionproceedsin rounds,indexed ����� . We describethe
typesof bids thatagentscanplace,andtheallocationsand
priceupdatescomputedby theauctioneer.1

Bids. Agentscanplaceexclusive-orbidsfor bundles,e.g.��� XOR ��� , to indicatethananagentwantseitherall items
in � � or all itemsin � � but notboth � � and � � .2

Agent � associatesabid price ����! "$# %'&(�*) with abid for bun-
dle � in round � , non-negativeby definition.Thepricemust
eitherbewithin + of, or greaterthan,theaskpriceannounced
by the auctioneer(seebelow). Parameter+�,.- defines
theminimalbid increment, theminimalpriceincreasein the
auction.Agentsmustrepeatbids for bundlesin thecurrent
allocation,but canbid at thesamepriceif theaskpricehas
increasedsincethepreviousround.3

Winner-determination. Theauctioneersolvesa winner-
determinationproblemin eachround,computinganalloca-
tion of bundlesto agentsthatmaximizesrevenue.Theauc-
tioneermustrespectagents’XOR bid constraints,andcannot
allocateany item to morethanoneagent. The provisional
allocationbecomesthefinal allocationwhentheauctionter-
minates.

1The iBundleauctionhasthreevariations,that differ in their
price updaterules(Parkes1999b). In this paper, we useiBundle
bothto referto thefamily of auctionsin general,andalsoto varia-
tion iBundle(d), whichwedescribein detail.

2Exclusive-orbidsprovide completeexpressibility, but arenot
necessarilycomputationallyefficient for all problems.We cande-
riveprice-updaterulesfor otherbid languages(Parkes1999b).

3An agentcanalsobid / below theaskpricefor any bundlein
any round—but thenit cannotbid ahigherpricefor thatbundlein
thefuture. This allows anagentto bid for a bundlepricedslightly
above its value.

Approximate Winner-determination. The auction-
eer can also use an approximatealgorithm for winner-
determination,and still maintain the sameincentives for
myopic agentsto follow the samebidding strategy. To
achieve this an approximatealgorithm musthave the bid-
monotonicityproperty:

Definition 1. Bid monotonicity. An algorithm for winner-
determinationsatisfiesbid monotonicity if whenever an
agent � is allocateda bundlewith bids 0 % , it is also allo-
cateda bundlewith bids 0 %�132 that includea bid for an
additionalbundle 2 .

It is straightforward to prove that optimal winner-
determinationalgorithmsarebid-monotonic.

Prices. Theprice-updaterule generalizesthe rule in the
Englishauction,which is an ascending-priceauctionfor a
single item. In the English auctionthe price is increased
whenever two or moreagentsbid for theitem at thecurrent
price. In iBundlethe price on a bundle is increasedwhen
oneor moreagentsthatdonotreceiveabundlein thecurrent
allocationbid at(orabove)thecurrentaskpricefor abundle.
Thepriceis increasedto + (theminimalbid increment)above
thegreatestfailedbid price.Theinitial askpricesarezero.

The auctioneerannouncesa new ask price, � �4'576 &(�*) in
round � , for all bundles � that increasein price. Other
bundlesare implicitly pricedat leastashigh as the great-
estpriceof any bundlethey contain,i.e. � 48596 &:�<;=)>�?� 48596 &(�@)
for � ;*A � . Theseaskpricesareanonymous,thesamefor
all agents.

Price discrimination. In someproblemsthe auctioneer
introducespricediscriminationbasedon agents’bids,with
differentaskpricesto differentagents,whenthis is neces-
saryto achieveanoptimalallocation.A simpleruledynam-
ically introducespricediscriminationon anagent-by-agent
basis,whenanagentsubmitsbidsthatarenot safe:

Definition 2. Safebids.Anagent’sbidsaresafe if theagent
is allocateda bundle in the current allocation, or it does
not bid at or abovetheaskprice for anypair of compatible
bundles���$B8��� , such that ���*CD�E�GF�H .

Supposeagent� bidsunsuccessfullyfor compatiblebun-
dles � � and � � in round � . It is still possiblethat bids for
bundles ��� and ��� from two different agentscan be suc-
cessfulat theprices.RememberthattheXOR bid constraint
preventstheauctioneeracceptingbothbidsfrom agent� .

When an agent’s bids are not safe the agent receives
individual ask prices, � 48596I# % &(�*) , in future rounds. Indi-
vidual pricesare initialized to the currentgeneralprices,���48596I# % &:�*)JFK���48596 &(�@) , andincreasedto + above the agent’s
bidsin futureroundsthattheagentreceivesnobundlein the
provisionalallocation.

Termination. The auction terminateswhen: [T1] all
agentssubmitthe samebids in two consecutive rounds,or
[T2] all agentsthatbid receiveabundle.

A Myopic Best-ResponseBidding Strategy
iBundlecomputesanoptimalallocationwith myopicallyra-
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tional agentsthatplay a best(utility-maximizing) response
to theL currentaskpricesandallocationin theauction. The
agentsaremyopic in the sensethat they only considerthe
currentroundof theauction.

Let MON8P(Q@R denoteagentS ’svaluefor bundle Q , andassumeM N P(TUR*VXW andfreedisposalof items,sothat M N P(Q*YZR>[\M N P:Q*R
for all Q Y^] Q . Considera risk-neutral agent,with a quasi-
linear utility function _`N'P(Q*RaVbMON8P(Q*RdcfegP:Q*R for bundle Q
at price egP(Q@R . Further, assumethatagentsareindifferentto
within a utility of hji , the minimal bid increment. This is
reasonableas i�klW .

By definition,a myopicagentbidsto maximizeutility at
thecurrentaskprices(takingan i discountwhenrepeating
a bid for a bundle in the provisional allocationor bidding
for a bundlepricedjust above its value). Themyopicbest-
responsestrategy is to submit an XOR bid for all bundlesQ that maximize(to within i ) utility _`N8P(Q*R at the current
prices. This maximizesthe probability of a successfulbid
for bid-monotonicWD algorithms.

Theoretical Results
We arenow readyto introduceour maintheoreticalresults.
Recallthat m n�m is thenumberof items, m opm is thenumberof
agents,and i is theminimalbid increment.

Theorem 1. iBundleterminateswith an allocation that is
within q<rtsvuEwxm n�mzyIm opm|{Ii of the optimal solution,for myopic
best-responseagentbiddingstrategies.

The auctionis optimal as the bid incrementapproaches
zerobecausetheerror-termgoesto zero.

However, iBundlerequirespricediscrimination,andthis
can be hard to enforce. For example, the auctioneer
must prevent agentsentering the auction under multiple
pseudonyms, and also prevent the transferof items in an
after-market. In asimplervariation,iBundle(2), theauction-
eernever testsfor bid-safetyandnever price discriminates
betweenagents(Parkes1999b).4 FromTheorem1, thisvari-
ationis optimalat leastwhenbidsaresafe(thisconditionis
sufficientbut notnecessary):

Theorem 2. iBundle(2)terminateswith an allocation that
is within q*r}sZu�w~m n�m�y�m o`mz{�i of theoptimalsolutionwhenbids
aresafe, for myopicbest-responseagentbiddingstrategies.

As anexample,bidsaresafeif eachagentbidsfor asetof
conflictingbundlesin everyroundof theauction.iBundle(2)
alsoprovably solves the following problemswithout price
discrimination:(1) every agentdemandsdifferentbundles;
(2) agentshave additive or superadditive values,i.e. MpP(Q��Q Y Ra[�M`P:Q*R<��MpP(Q Y R for non-conflictingbundlesQ and Q Y ;
(3) thebundlesthat receive bids throughouttheauctionare
from a singlepartitionof items,e.g.all bidsarefor pairsof
matchingshoes,or singleitems.

In experimentaltestsiBundle(2) performswell in many
hardproblems,achieving an averageof 99% allocative ef-

4Label 2 refersto “second-degree” price discrimination,non-
linearpricesin bundlesof itemsbut identicalpricesacrossagents
(Bikchandani& Ostroy 1998).

ficiency5 (Parkes1999b)comparedto 82% allocative effi-
ciency from non-combinatorialauctionsin the sameprob-
lems. We found that price discriminationonly had a no-
ticeableeffect on allocative efficiency with very small bid
increments,andaftermany roundsof bidding.

Proof of Optimality
The proof of iBundle’s optimality is inspired by a proof
dueto Bertsekas(1990)for a simpleriterative auction,and
makesaninterestingconnectionwith primal-dualtheoryof
linear programming. It helpsto motivate the price-update
rules,thesafetyconditionfor introducingpricediscrimina-
tion, andtheconditionsfor termination.

Primal-dualis an algorithm-designparadigmthat is of-
tenusedto solve combinatorialoptimizationproblems(Pa-
padimitriou& Steiglitz1982).A problemis first formulated
both asa primal anda dual linear program(seethe exam-
plesbelow for iBundle). A primal-dualalgorithmsearches
for feasibleprimal anddual solutionsthat satisfy comple-
mentaryslacknessconditions, insteadof searchingfor an
optimalprimal (or dual)solutiondirectly. Complementary-
slackness(CS for short)expresseslogical relationshipsbe-
tweenthevaluesof primalanddualsolutionsthatareneces-
saryandsufficient for optimality:

Complementary-SlacknessTheorem.Feasibleprimaland
dualsolutionsareoptimalif andonly if they satisfycomple-
mentaryslacknessconditions.

iBundleimplementsa primal-dualalgorithmfor a linear-
programformulationof the combinatorialresourcealloca-
tion problem.It doesthiswithoutformulatingor solvingthe
primal anddualproblemsexplicitly, but basedon informa-
tion in agents’bids.Rememberthattheauctioneerdoesnot
know agents’valuesfor resources.

Proof of iBundle(2)
We first prove Theorem2, the optimality of iBundle(2)
(thevariationwithout pricediscrimination)in problemsfor
whichagents’bidsaresafe.A proofof Theorem1, theopti-
mality of iBundlein generalproblems,follows from a sim-
ple transformationbetweeniBundleandiBundle(2).

Figure 1 presentsa standardinteger programformula-
tion of thecombinatorialresourceallocationproblem. The
objective is to maximizethe total value of the allocation,
givenvalue M N P(Q@R for bundle Q to agentS . Integervariables� N8P(Q*Rd�fw�W�y!�O{ indicatewhetheror notagentS receivesbun-
dle Q . Constraints(IP-1) ensurethat eachagentreceives
at mosta singlebundle,constraints(IP-2) ensurethateach
itemis allocatedto atmostoneagent.

Bikchandani& Ostroy (1998)formulatethe combinato-
rial resourceallocationproblemas a linear program, see
[LP� ] in Figure2. The integer constraints� N P(Q*R���wIW�y��O{
in [ IP] arerelaxedto � N'P:Q*R�[�W , andnew variables�3���
areintroducedwhich correspondto a partitionof itemsinto
bundles. � is thesetof all possiblepartitions.Constraints

5Allocativeefficiencyis a measureof optimality, computedas
theratio of thetotal valueof theallocationacrossall agentsto the
valueof theoptimalallocation.
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�J�O���� �Z��� ����`� � ���U�� 
� ¡:¢*£¥¤O� ¡:¢*£

[IP]¦�§ ¨�§ ����`�  
� ¡:¢*£>©Xª « ¬p­ (IP-1)����`�*®°¯ � � � �  
� ¡:¢*£>©Xª « ¬�± (IP-2)  � ¡:¢*£>²f³�´ « ªOµ « ¬`­°« ¢

Figure1: Combinatorialresourceallocationproblem:Integerpro-
gram[ IP] formulation.

�t�O���� �Z���¶® ·$�Z¸¹� ����`� � ���U�  
�|¡:¢*£¥¤O� ¡:¢*£

[LP º ]¦�§ ¨�§ ����p�  
� ¡:¢*£d©»ª « ¬p­ (LP-1)� ���U�   � ¡:¢*£d© �¸ �U¼ ® � � ¸p½

¡(¾�£ « ¬ ¢ (LP-2)�¸ �U¼ ½
¡:¾�£d©»ª

(LP-3)  � ¡(¢@£ « ½
¡:¾�£d¿À´ « ¬p­8« ¢ « ¾

�tÁZÂÃ$� � �¶® Ã$�Z���¶® Ä � �9�U��Å ¡ ­ £EÆÈÇ [DLP º ]¦!§ ¨�§ Å ¡ ­ £EÆ Å ¡:¢*£d¿\¤O� ¡:¢*£ « ¬`­°« ¢ (DLP-1)ÇDÉ �� � ¸ Å
¡:¢*£d¿À´ « ¬ ¾ (DLP-2)Å ¡ ­ £ « Å ¡(¢*£ « Ç3¿À´ « ¬p­8« ¢

Figure2: Combinatorialresourceallocationproblem:Primallin-
earprogram[LPÊ ] andduallinearprogram[DLPÊ ] formulations.

(LP-2) and(LP-3) replaceconstraints(IP-2), andensurethat
a feasiblesolutiondoesnot allocatemorethanoneof each
item.

In general,anoptimalsolutionto thelinearprogram[LPº ]
canallocatefractionalitemsto agents,andneednotbeafea-
siblesolutionto [ IP]. In fact, theoptimalsolutionto [LPº ]
is integral andsolves[ IP] if andonly if non-discriminatory
bundle prices exist that supportthe optimal allocation in
competitiveequilibrium with best-responseagentbidding
strategies(Bikchandani& Ostroy 1998).Competitive equi-
librium implies that agents’maximizeutility and the auc-
tioneermaximizes’revenuegiven the final pricesand the
final allocation.

The dual problem,[DLPº ], to primal [LPº ] is shown in
Figure 2. Variables

Å ¡ ­ £ , Å ¡:¢*£ and

Ç
correspondto con-

straints(LP-1), (LP-2) and (LP-3) respectively, and dual
constraints(DLP-1) and(DLP-2) correspondto primalvari-
ables

  � ¡(¢*£
and ½

¡(¾�£
. Whenthe primal solutionis integral

thedualproblemcomputescompetitive equilibriumbundle
pricesthatminimizethesumof agentutility andauctioneer
revenue,see(1) and(2) below.

We provethat iBundle(2) implementsa primal-dualalgo-
rithm for [LPº ] and[DLPº ], andcomputesintegralsolutions
to [LPº ] whenagentsfollow myopicbest-responsebidding
strategiesandbidsaresafe. First, we show that thealloca-
tion andpricesin eachroundof the auctioncorrespondto
feasibleprimal anddualsolutions.Then,we show that the
primal anddual solutionssatisfyCS whenthe auctionter-
minates.

Let

¢E�
denotethe provisional allocationto agent ­ , andÅ�Ë8Ì9Í ¡(¢*£

denotetheaskpricefor bundle

¢
.

Feasibleprimal. To constructa feasibleprimal solution
assign

  �'¡:¢��(£dÎÏª
and

  �8¡(¢<ÐÑ£�Î»´
for all

¢<Ð*ÒÎÓ¢��
. Partition½

¡:¾�ÔÕ£�Î�ª
for

¾�ÔÖÎ�× ¢�Ø « §�§!§ « ¢<Ù � Ù Ú , and ½
¡(¾�£*ÎX´

otherwise.

Feasibledual. To constructa feasibledual solutionas-
sign

Å ¡:¢*£dÎ Å Ë8Ì9Í ¡(¢@£
. Constraints(DLP-1) and(DLP-2) are

satisfiedwith assignments:Å ¡ ­ £*Î �t�O�aÛ ´ « �t�O����p� ³�¤O� ¡(¢*£^É Å ¡:¢*£°µÝÜ (1)Ç�Î �t�O�¸ �U¼ �� � ¸ Å
¡(¢*£

(2)

Thevalue
Å ¡ ­ £ canbe interpretedasagent ­ ’s maximum

utility attheprices,and

Ç
canbeinterpretedasthemaximum

revenuethat the auctioneercanachieve at the prices(irre-
spective of thebidsplacedby agents).Theauctioneerdoes
notexplicitly computethevalueof

Å ¡ ­ £ , ratherweprovethat
theallocationandpricesin theauctionsatisfyCSwith these
assignmentswhentheauctionterminates,basedon thebids
placedby agents. This is just aswell, becausethe values
¤O�Þ¡(¢@£

remainprivateinformationto agentsduring the auc-
tion.

Complementary-slacknessconditions. Thefirst primal
CScondition,6 (CS-1) is:  � ¡(¢*£dßÖ´áà Å ¡ ­ £�Æ Å ¡(¢@£*Î�¤ � ¡(¢*£ « ¬`­°« ¢ (CS-1)

Given(1) it statesthat all agentsmustonly receive bun-
dles that maximize utility at the current prices. (CS-1)
is maintainedthroughoutthe auctionbecausebundlesare
only allocatedaccordingto bids from agents,and agents
placebest-responsebids. Formally, for any bundle

¢
bid

by agent ­ : (i)
ÅÝË'Ì9Í ¡:¢*£âÉ�ã»© Å�ä�å æ ® � ¡:¢*£�© ÅÝË'Ì9Í ¡(¢*£

; (ii)
¤ � ¡(¢@£~É Å ä�å æ ® � ¡(¢*£�ÆDãÖ¿ �t�O� �èç ³�¤ � ¡:¢<Ð=£~É Å ä!å æ ® � ¡(¢<ÐÑ£°µ because
agentsbid for bundlesthat maximizeutility within

ã
; (iii)

¤O�Þ¡(¢@£*É ÅÝä!å æ ® � ¡(¢*£j¿Ó´
, becauseagentsonly bid for bundles

with positive utility. Since
  �'¡:¢��¶£éÎêª

implies agent ­ bid
for bundle

¢ �
, wehave:  �8¡(¢*£dß�´Xàê¤O�'¡:¢*£^É Å�Ë8Ì9Í ¡(¢*£gÆìëUã�¿�J�$�áí ´ « �J�$�� ç ³�¤O�8¡(¢ Ð £^É Å�Ë8Ì9Í ¡(¢ Ð £¹µ~î

6Complementaryslacknessstatesthat if a primal variable is
non-zerothenits correspondingdual inequalityconstraintis bind-
ing. Similarly for dualvariables.
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Substitutingfor ïgð7ñóò andï�ô8õ9öÞð:÷*ò*ø�ïùð(÷*ò , weprove ú -CS-
1: ûÝü ð(÷*òdý�þXÿ ïgð7ñóò � ïùð(÷*ò����

ü ð:÷*ò ��� ú	� 
pñ��8÷
( ú -CS-1)

ThesecondprimalCScondition,(CS-2), is:

� ð�
�òdý�þâÿ����������� ïgð:÷*ò@ø�þ�� 
�
 (CS-2)

Given (2) it statesthat the allocationmustmaximizethe
auctioneer’s revenueat prices ïgð:÷*ò , over all possibleallo-
cationsand irrespective of bids received from agents. We
prove (CS-2) is maintainedin all roundsbecauseit is not
bindingthattheauctioneermustallocatebundlesaccording
to agents’bids. Throughtheprice-updaterulestheauction-
eeris ableto maximizerevenuegivenpricesin everyround.

Formally: (i) Agent ñ with oneof the highestlosing bid
for bundle ÷ in round � will continueto bid for bundle ÷ in
rounds� ���

. Let � �
ü ð:÷*ò denoteagentñ ’s utility for bundle÷ in round � . Then, � �"!$#
ü ð:÷*òáø%� �

ü ð(÷*ò&�\ú becausetheask
price for ÷ increasesby ú . Also, � �

ü ð(÷*ò(')� �
ü ð(÷+*Ñò for all

bundles ÷,* the agentdid not bid in round � . Hence,with� �
ü ð:÷+*Ñò�'�� �"!$#

ü ð(÷+*Ñò becausethepriceof ÷+* canonly increase
in round� �-�

, wehave � �"!$#
ü ð(÷@ò�'�� �"!$#

ü ð(÷+*Ñò.�}ú andabid for÷+* canneverexcludeabid for ÷ fromagentñ ’sbest-response
bidsin round � ���

. A similarargumentcanbemadefor the
utility of bundlesthat the agentdid bid in round � ; (ii) No
singleagentcausestheprice to increaseto its currentlevel
ona pairof compatiblebundles.This followsbecauseprice
updatesaredueto safebidsfrom agents.

Therefore, for partition 
�/ such that � ð0
�/�ò ø �
,1 �324���65 ï ô8õ9ö ð(÷ ü ò ' 1 �724���65 ï�869 :3; ü ð(÷ ü ò , becauseï�ô8õ9öóð:÷*ò ' ï 869 :3; ü ð(÷*ò , and

1 �32<��� 5 ï 869 :3; ü ð(÷ ü ò '=?>3@ �	�BA 1 � 2 ��� ï 869 :3; ü ð(÷ ü ò becauseof (i) and (ii), i.e.
the constraintsto allocateto agents’bids arenot binding.
Finally, with (2) we have =?>7@ �	�BA 1 �324��� ï�8C9 :7; ü ð:÷ ü òD'��� =FEHG�IKJ LMJ � J NOJQP ú becauseï 869 :3; ü ð(÷*òR' ï�ô8õ9öóð:÷*òS�»ú and
an allocationcan include no more bundlesthan thereare
agentsor items.We prove ú -CS-2:

� ð0
�ò�ý\þéÿD�T����U��� ïùð(÷*ò�� =FEHG�IKJ LMJ � J NOJQP ú	� 
V

( ú -CS-2)

Thefirst dualCScondition,(CS-3), is:ïùð9ñóòdýÀþáÿW��UXOY
û ü ð(÷@ò*ø � � 
pñ (CS-3)

Given(1) it statesthateveryagentwith positiveutility for
somebundleat the currentpricesmustreceive a bundlein
the allocation. (CS-3) is only satisfiedduring the auction
for agentsthatreceivebundlesin theprovisionalallocation,
but we prove (CS-3) for all agentswhen iBundle(2) termi-
nates.In terminationcase[T2] everyagentthatbidsreceives
abundle,sowe immediatelyhave (CS-3) with myopicbest-
responseagents.In case[T1] someagentsmaybid andre-
ceivenobundles.However, theseagentsmustbid at ú below

the askprice andhave valuesjust below askprices,other-
wisepriceswould increaseandtheirbidswouldchange.

Finally, the last pair of dual CS conditions,(CS-4) and
(CS-5), are:ïùð(÷*òdý�þáÿZ� ü �B[ û ü ð(÷*ò�ø ��	�BA ; �����

� ð�
�ò\� 
�÷ (CS-4)

�fý�þáÿ]��	�BA � ð0
�ò*ø �
(CS-5)

The assignment� ð�
�/�òêø �
for the partition 
�/lø^ ÷ #`_6_6_ ÷+a [ a b trivially satisfiestheRHSof bothconditions.

Termination. By contradiction,assumetheauctionnever
terminates.Informally, [T1] impliesthatagentsmustsubmit
differentbids in successive rounds,but with myopic best-
responsebiddingthis impliesthatpricesmustincrease,and
agentsmusteventuallybid above their valuesfor bundles.
Weproveacontradictionwith myopicbest-responsebidding
strategies.

Putting it all together. Summingú -CS-1over all agents
in the final allocation,and with ïgð9ñóò�ø þ for agentsnot
in the allocationby (CS-3),

1 ü �B[ ïùð9ñóòc� 1 ü �B[ � ü ð:÷ ü òd�1 ü �B[ ïgð:÷ ü ò �e� =fEgGOIKJ LMJ � J N JhP ú , becausean allocationcan
include no more bundlesthan there are items or agents.
Introducing ú -CS-2, because� ð�
�/!ò»ø �

for the bundle-
set that correspondsto the final allocation ÷ ü , then �i�1 ü �B[ ïgð:÷ ü ò � =FEHG�IKJ LMJ � J NOJQP ú . Finally, adding thesetwo
equations,we have � � 1 ü �B[ ïùð9ñóò�� 1 ü �B[ � ü ð(÷ ü ò �j =FEHGOIkJ LMJ � J N JhP ú . The LHS is the value of the final dual
solution, l�mVn7o , andthe first-termon the RHS is the value
of the final primal solution, l�n7o . We know lp/nBo �ql�mVn7o ,
where l /n7o is the value of the optimal primal solution by
the weak duality propertyof linear programs. Thus, be-
cause lUmVn7o]�rlUnBo � j =FEHG�IKJ LMJ � J NOJQP ú , it follows thatlUn7o('�l /n7o � j =FEgGOIKJ LMJ � J NOJQP ú . Finally, becausetheprimal
solutionis integral (by constructionduring iBundle),it is a
feasibleandoptimalsolutionto thecombinatorialresource
allocationproblem[ IP].

In addition, it follows immediatelythat iBundle(2) ter-
minatesin competitiveequilibriumwhenagentsaremyopi-
cally rationalandplacesafebids.

Proof of iBundle
A simpletransformationof agents’bidsallows iBundleto be
implementedwithin iBundle(2) andensuresthatagents’bids
remainsafethroughoutthe auction. Whenever bids from
agentñ arenotsafein iBundle(2) wecansimulatetheprice-
updaterule in iBundleby introducinga new dummyitem
thatis specificto thatagent,call it s

ü
. This itemis concate-

natedby theauctioneerto all bidsfrom agentñ in this round
andall futurerounds.It hasthefollowing effects:

1. The outcomeof winner-determination,or the allocative
efficiency of the auction,is unchangedbecauseno other
agentbidsfor item s

ü
.

2. Agent ñ ’sbidsarealwayssafebecauseeverybid includes
item s

ü
, andnopairof bidsis compatible.

5



3. Thepriceincreasesduetobidsfromagentt areisolatedto
thatu agentin all futureroundsbecauseall priceincreases
arefor bundlesthatincludeitem v?w .
Theoptimality of iBundlefollows immediatelyfrom the

optimalityof iBundle(2).

Computational Analysis
As aniterativeauction,iBundlehasmany computationalad-
vantagesfor agentsoverthesealed-bidGVA, aswediscussed
in theintroduction.In Parkes(1999b)wepresentresultsthat
demonstratesavingsin agentvaluationwork in iBundle.

However, the winner-determination(WD) problemthat
the auctioneersolvesin eachroundof iBundleto compute
the provisional allocationis xzy -hard, just as in the GVA.
Theauctioneermustsolve oneWD problemin eachround,
anda naive worst-caseanalysisgives {F|0}p~��+���.�7�\� rounds
to converge,for atotalof } bundleswith positivevalueover
all agents,maximumvalue ~ �+��� for any bundle,andmini-
mal bid increment� . In theworst-casethepriceof a single
bundle must increaseby at least � in eachround the auc-
tion remainsopen,andpricesareboundedby themaximum
value over all agents. The numberof roundsto termina-
tion is inverselyproportionalto theminimal bid increment.
The auctioneercansolve lessWD problemsby increasing
theminimal bid increment,for somelossin economiceffi-
ciency.

A numberof optimizationsare possiblewithin iBundle
to speed-upcomputationon winner-determinationin each
round. First, the provisional allocationfrom the previous
roundprovidesa goodinitial solutionto the WD problem,
becauseagentsmust re-bid bundlesreceived in the previ-
ousround.This allows pruningof thesearchfor a revenue-
maximizingallocation. An additionalsaving in computa-
tion time is achievedby limiting searchto an allocationat
least � betterthanthevalueof theallocationin theprevious
round. Moreover, althougheachintermediateWD problem
in iBundlemaybeintrinsicallymoredifficult thaneachWD
problemin GVA becauseall agentsbid at similar pricesfor
bundles(Anderssonet al. 2000),theproblemsaretypically
muchsmallerthanin theGVA.

The auctioneeronly announcesprice increasesin each
round,andneednot maintainexplicit pricesfor all possible
bundles.Bid pricesareverifieddynamicallyin eachround,
to checkthat bids areat leastas large as the askprice of
all containedbundles.With a simplesorted-listimplemen-
tation, the total work in checkingeachbid is linear in the
number y of bundlesthat have explicit ask prices. Simi-
larly, pricescanbemaintainedin linear-time in y for each
new price increase.In addition, yZ��} , with agentsthat
havevaluesfor } bundles,becauseonly bundlesthatreceive
bidscanreceiveexplicit askprices.

Experimental Results
We comparethe computationand communicationcost of
iBundlewith theGeneralizedVickrey Auction(GVA).

We considerproblemsDecay, Weighted-random(WR),
RandomandUniform from Sandholm(1999). Eachprob-
lem definesa distributionoveragents’valuesfor bundlesof

items,with XOR valuationfunctions,suchthatagentswant
atmostonebundle.In ourmainexperimentsthenumberof
items, � �M�`���7� , andwe scalethe problemsby increasing
thenumberof agentsfrom 5 to 40, with valuesfor 10 bun-
dlesper agent.We setSandholm’s parameter���q��� �.� in
Decay, andselectbundlesof size10 in Uniform.

Resultsarepresentedfor iBundle(2), theauctionvariation
without price discrimination. A variation on Sandholm’s
depth-firstbranch-and-boundsearchalgorithm (Sandholm
1999)solveswinner-determination(WD) in eachround,and
computestheallocationandpricesin theGVA. Weintroduce
a new heuristicto make searchmoreefficient for XOR bids.
Theheuristiccomputesanoverestimateof thepossiblevalue
of apartialallocationbasedonallocatingatmostonebundle
to eachremainingagentwithouta bundle.

In addition,wemeasuretheperformanceof iBundlewith
a greedyapproximatewinner-determinationalgorithmdue
to Lehmannet al. (1999)thatsatisfiesthebid-monotonicity
property(Definition1).
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Figure3: Total computationtime in iBundle(2), the GVA, anda
sealed-bidauctionwith truthful agents,in problemsetDecay. The
performanceof iBundleis plottedwith differentbid increments� ,
selectedto giveallocativeefficiency of 80%,85%,95%and99%.

Figure3 plots the total auctioneerwinner-determination
andprice-updatetime7 in iBundlein theDecayproblemset.
Performanceis measuredfor differentbid increments,with
the bid incrementselectedto give allocative efficiency of
80%,85%,95% and99%( �p��� ). Figure3 alsoplots per-
formancefor theGVA, andfor asealed-bidauctionin which
agentsareassumedto bid truthfully.8 Resultsareaveraged
over10 trials. First,notethatthecurvesaresublinearon the
logarithmic value axis as the numberof agentsincreases,

7Time is measuredasusertime in secondson a 450MHz Pen-
tium Prowith 1024MRAM, with iBundlecodedin C++.

8The GVA proved intractablefor 30 and 40 agents. In those
problemstheruntime is estimatedasthetimeto computetheopti-
mal solutionin a singleWD problemmultiplied by thenumberof
agentsin theoptimalallocation.
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indicating polynomial computationtime in the numberof
agents.�

The performanceimprovementof iBundle over GVA is
striking,achieving at leastoneorderof magnitudeimprove-
mentwith 99%allocativeefficiency andthreeordersof mag-
nitudewith 85% allocative efficiency. For up to 95% effi-
ciency we essentiallyget themyopic truth-revelationprop-
erties of iBundle for free, becauseiBundle’s run-time is
approximatelythe sameasfor the sealed-bidauctionwith
truthful agents.

Problem GVA iBundle Approx-���	�	�������C�����	��� Bundle
Decay Eff (%) 100 91.5 94.9 98.3 85.1
67.3%� WD-time� (s) 41700 831 2400 5650 0
13.4  Pr-time¡ (s) – 26 34.5 44 39.2

Comm¢ (kBit) 18.8 221 306 394 377
WR Eff (%) 100 90.7 94.9 99.2 79.4

71.5% WD-time(s) 3 0.6 1.7 6 0
1 Pr-time(s) – 5.4 11.5 40.9 12.2

Comm(kBit) 18.1 20.5 52.1 144 53.1
Rand Eff (%) 100 89.3 97 99 95.8
37.8% WD-time(s) 68 4.4 7.4 11 0
11.2 Pr-time(s) – 6.5 9.7 12.1 12.9

Comm(kBit) 18.7 49.5 66.4 82.6 85.6
Unif Eff (%) 100 – 95.6 99.1 76.2
58% WD-time(s) 25 – 6.6 18.7 0

3 Pr-time(s) – – 14.7 42.0 46
Comm(kBit) 18.2 – 56.5 120 124

Table1: Performancein the Decay, WR, random,anduniform
problems.� AuctioneerWD time. ¡ Price-updatetime. ¢ Commu-
nicationcost. � Alloc. eff. of a sealed-bidauctionwith a greedy
WD algorithmandtruthful agents.  Averagenumberof agentsin
theoptimalsolution.

Table 1 comparesiBundle with the GVA for all Sand-
holm’s problems,for problemswith 30 agents. With our
parametersthe WR and Uniform problemsare quite easy
becausethe optimal allocationsells large bundlesto a few
agents,which allows considerablepruning during search.
The Randomand, in particular, Decay problemstend to
beharderbecausetheoptimalallocationrequirescoordina-
tion acrossa numberof agents,seealsoSandholm(1999)
andAnderssonet al. (2000). In all problemsiBundlehas
lessWD time at 95% allocative efficiency than the GVA.
Note that price-updateis relatively expensive in the oth-
erwiseeasyweighted-random(WR) problem,becausebid
pricesfor large bundlesmustbe checked for price consis-
tency againstthepriceof all includedbundles.

Thereis a communicationcost9 penaltyin usingiBundle
comparedwith theGVA in theseproblems(Table1) because
of repeatedbids acrossa numberof rounds. This would

9We assumethat bids and price information in iBundlemust
only specifya bundle,becausebidsareusuallyat the currentask
price,andaskpricesonly increaseby theminimal bid increment.
We alsoassumea broadcastnetwork infrastructurefor price up-
dates. A bundle is specifiedwith £ ¤¥£ bits. In the GVA a bid
specifiesboth a bundle and a value. We assumethat valuesre-
quire 10 bits, enoughto specify a value to 3 significantfigures
( ¦h§	¨B©	ª4« �	�	�	¬$� « � .)

changein problemswith agentsthat have valuesfor many
bundlesbecauseall valuesmustbereportedin the GVA, or
in easierproblemsbecauseiBundlewill terminatequickly
with lessbids.

The performanceof iBundlewith the greedyWD algo-
rithm is noteworthy: iBundleperformswell in thehardDe-
cayproblemset,with allocative efficiency 85.1%,giving at
leasta 1000-fold reductionin WD time. We believe that
other, slightly lessgreedy, approximatealgorithmswill give
evenfurtherperformanceimprovements.

Speedingup iBundle In additionto usingthe allocation
from thepreviousroundto prunesearch,it is alsousefulto
cacheall previousprovisionalallocationsandselectthebest
cachedallocationas an initial solution for WD. A simple
linearprogramis usedto selectthebestallocationfrom the
cache,andrequiresnegligible computation.In ourmaintri-
alswe usea cachesizeof 1, i.e. take thesolutionfrom the
previousroundasaninitial solutionto theWD problem.

Problem WD Time % Cache
0 1 ­ ­¯® Correct

Decay 50/15/150� 415 371 355 291 0 28 47 59
WR 50/50/1000 253 243 231 163 0 11 57 57
Rand 50/30/600 1823 1616 1491 864° 0 6 30 78
Unif 50/40/800 343 337 336 110 0 14 29 49

Table2: Winner-determinationtime with cachesof size0, 1 (last
round),and­ (all previousrounds).In cache­¯® revenuemaximiz-
ing cachedsolutionsfrom previous roundsareassumedoptimal.
Eff ± �C��� in all problemsexcept ° , whereEff ² �	³B´ µ	� . � £ ¤¥£ /£ ¶U£ / # bundlevalues.

Table 2 comparesthe WD time in eachproblem with
and without cachingof previous allocations. Although a
full cachecan provide an additionalspeed-upover using
no cachedsolutions,or just the allocationfrom the previ-
ousround,theeffect is notverydramatic.Thereasonis that
it remainsexpensive to verify thata cachedsolutionis opti-
mal. For example,althoughanextendedcachein theDecay
problemprovidesthecorrectallocationin 47%of problems,
thespeed-upis limited to around14%.

In an attemptto leveragethe correctsolutionsfrom the
cache,we testedthe performanceof iBundleunderan ad-
ditional assumptionthat if a cachedsolution from before
round ·,¸º¹ generatesmorerevenuethanthesolutionfrom
round ·�¸»¹ , this is adoptedasthe new provisionalalloca-
tion without further computation. The rule is designedto
capture“flip-flop” competitionbetweena numberof good
allocationsduringanauction.

Labeled¼¾½ , theruleprovesusefulin Decay, WR andUni-
form, reducingcomputationby 30%,36%and68%from the
time with no cachefor a negligible drop in allocative effi-
ciency. However, onemustbecareful:althoughwealsosee
a speed-upin Random,the allocative efficiency falls from¿B¿.À

to
¿BÁUÂ Ã.À

. Furtheranalysisshowsthatcachedsolutions
prove optimal in 54%, 97% and49% of roundsin Decay,
WR andUniform, but only optimal34%of roundsin Ran-
dom.

Further optimizationsshould be possible,for example
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using cachedsolutionsoncea large enoughcacheis con-
structed,Ä andsolving WD whenan auctionis aboutto ter-
minatewith cachedsolutions. AnotherusefulapproachisÅ -scaling,that adjuststhe bid incrementduring an auction
(Bertsekas1990).

RelatedWork
Rassentietal. (1982)describeanearlysingle-roundcombi-
natorialmechanismfor airport slot allocation,while Banks
et al. (1989)describeAUSM, anearly iterative bundleauc-
tion. AUSM hasno explicit price-updaterules,andagents
mustsolve hardproblemsto bid effectively. DeMartini et
al. (1998)describe,RAD, aniterative extensionof Rassenti
et al., alsowith linear prices. No optimal propertieshave
beenprovedfor any of theseauctionsin generalproblems.

The AkBA (Wurman1999,chapter5) auctionsarecon-
ceptuallysimilar to iBundle,but havedifferentprice-update
rules and no price discrimination. AkBA sharesmany of
iBundle’s computationalproperties,but is not known to be
optimalfor any reasonablebiddingstrategy.

Therehavebeenanumberof proposalsto reducethecom-
putationalcostsof combinatorialauctionswhile maintain-
ing incentives for truth-revelation; e.g. limit the typesof
bundlesthat agentscanbid for (Rothkopf et al. 1998); or
introduceanapproximatesolutionfor winner-determination
(Lehmannet al. 1999),but little successin designinggood
auctionsfor generalbundleproblems.Moreover, mostpre-
viouswork focusesonsealed-bidauctions.

Conclusions
iBundleis a new iterativecombinatorialauctionthatis opti-
mal for myopically-rationalagents.As aniterative auction,
iBundle is particularlyusefulwhenagentshave hard local
valuationproblemsbecauseit allows agentsto computees-
timatesof thevalueof differentoutcomesincrementally, in
responseto bids from other agents. We proved iBundle’s
optimality within a primal-dualframework, which we be-
lieve will provide a usefulconceptualbasisfor the design
andanalysisof iterativeauctionsfor otherproblems.

It remainsexpensive to computeoptimal solutionswith
iBundlein many problems,becausetheauctioneer’swinner-
determination(WD) problemis ÆzÇ -hard. We suggesteda
numberof techniquesto reducecomputation,possiblyfor
somelossin allocative efficiency, for example:increasethe
bid increment,usecachedallocations,andintroduceapprox-
imate winner-determinationalgorithms. We demonstrated
ordersof magnitudeperformanceimprovementsover the
GVA, the only otherknown optimal combinatorialauction,
in somehardproblems.

In futurework weplanto testiBundlein somerealprob-
lems,andexperimentwith additionalbid restrictionsandal-
ternative approximateWD algorithms.An interestingopen
problem is to adapt iBundle for two-sidedmarkets, with
multiplebuyersandsellers.
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