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Iterative Frequency Domain Equalization for
Single-Carrier Wideband MIMO Channels

Gökhan M. Güvensen, A.̈Ozgür Yılmaz

Abstract— Single carrier frequency domain equalization (SC-
FDE) is receiving considerable attention recently due to its
comparable complexity and performance with OFDM. In this
paper, an iterative SC-FDE with decision feedback in frequency
domain is proposed for wideband multiple-input multiple-output
(MIMO) channels and more general multipath vector channelsas
a generalization of previous works considering FDE with decision
feedback for single-input single-output (SISO) systems. The
proposed detector is based on iterative forward and backward
filtering followed by a MIMO multi-stream detector that uses a
priori log-likelihood ratios (LLR) of coded symbols. Forward and
feedback filters are jointly optimized according to the minimum
mean square error (MMSE) criterion to minimize both self inter-
symbol-interference (ISI) and interference from other streams
transmitted at different antennas. It has been observed that
the proposed structure exploits the multi-path diversity sources
of the channel effectively and a performance very close to
MIMO-OFDM outage probability can be achieved. Therefore,
our proposed iterative SC-FDE technique for MIMO wideband
channels can be viewed as a strong alternative to MIMO-OFDM
schemes with similar complexity.

I. I NTRODUCTION

While OFDM based schemes are well-recognized candi-
dates for broadband wireless technology, single-carrier (SC)-
based technology has also started to gain considerable at-
tention due to its comparable complexity with OFDM. It
has been shown in [1] that frequency domain equalization
(FDE) can readily be applied to SC transmission to yield
similar performance to OFDM. Since OFDM suffers from high
peak-to-average power ratio (PAPR) problem, SC techniques
leading to more efficient use of power amplifiers are more
suitable for uplink channels [1], [2]. Due to the attractive
features of SC-FDE, it has been viewed as a strong alternative
to OFDM-based systems recently and its importance is clear
for wideband channels.

Block iterative FDE was proposed for uncoded single-input
single-output (SISO) multipath channels in [3] and, block
iterative FDE was considered in [4] together with channel
decoding. Iterative equalization schemes for wideband MIMO
channels was considered in [5]. They consider MMSE type
forward filtering and successive interference cancellation (SIC)
to mitigate the interference in time domain. Turbo equalization
with MMSE type filtering in frequency domain was studied
in [6], but it does not consider the use of decision feedback
filters or SIC operation.
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The contribution of the paper is threefold. We first show
that SC-FDE with both forward and backward filters can be
generalized from SISO to vector channels, which includes
MIMO as a special case. We, furthermore, derive the jointly
optimal forward and backward filters in the frequency domain
so that the complexity advantage of FDE is not compromised.
Since reliability of coded symbols from the decoding process
are used in deriving the optimal forward and backward filters,
the filters employed in this work have a different structure
from that of previous interference-cancellation-based MIMO
turbo equalizers, such as in [7], [8] and [9]. Third, the MIMO
wideband channel can be quasi-parallelized with the help of
our proposed space-frequency equalizer and so, the code con-
struction techniques achieving optimal rate-diversity tradeoff
given by the singleton bound for block-fading channels [10],
[11] can be effectively used such that the proposed equal-
ization scheme combined with this type of coding structures
yields a very close performance to the MIMO-OFDM outage
probability and hypothetical matched filter bound (MFB) [12].

This paper is organized as follows. In Section II, the
system model is described. In Section III, iterative frequency
domain equalization techniques with frequency domain deci-
sion feedback generalized to vector channels are discussedin
detail. In Section IV, asymptotic performance analysis of the
proposed iterative FDE is done. Finally, the code construction
techniques, simulation results and concluding remarks are
presented in Section V and Section VI, respectively.

II. SYSTEM MODEL

The following notation is used throughout the paper. Bold-
face upper-case letters denote matrices and scalars are denoted
by plain lower-case letters. The superscript(·)∗ denotes the
complex conjugate for scalars and(·)H denotes the conjugate
transpose for vectors and matrices. Then× n identity matrix
is shown withIn. The autocorrelation matrix for a random
vectora is Ra = E{aaH} whereE{·} stands for the expected
value operator. The(i, j)th element of a matrixA is denoted
by A(i, j) and theith element of a vectora is denoted byai.

This paper considers block-based transmission as in [4] and
[3]. During the transmission of one block, the channel is as-
sumed to be constant and it changes independently from block
to block. Without dealing with the channel estimation problem,
the channel is assumed to be perfectly known at each block
transmission. Cyclic prefix (CP) is used to prevent inter-block
interference and enable frequency domain equalization with
length larger than or equal to maximum channel length(L) as
explained in [13]. The signal for a transmitted block with CP
is a sequence of vectors:[x0,x1, . . . ,xN−1,x0, . . . ,xL−1].
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Assuming symbol rate sampling, the discrete time baseband
equivalent model of the point-to-point MIMO wideband chan-
nel with nr receive antennas andnt transmit antennas can be
written as [14],

yk =

L−1
∑

l=0

Hlxk−l + nk, k = 0, 1, . . . , N − 1, (1)

whereHl’s, l = 0, . . . , L − 1, are complex channel matrices
comprised of independent zero-mean circularly symmetric
complex Gaussian (ZMCSCG) random variables with variance
given by the power delay profile of each channel [15]. Block
fading model is considered and thus the channel matrices are
assumed to be constant during a coherence interval signifi-
cantly larger than a duration needed for the transmission of
one block [13] and channel state information at transmitter
(CSIT) is not available. Noise vectorsnk ’s are also taken
as ZMCSCG white (spatially and temporally) noise with
varianceN0. Only BPSK modulation is considered during
the simulation studies. Extension to other M-ary or M-PSK
modulations is straightforward.

If we define the DFT operation asAk =
1√
N

∑N−1
n=0 ane−j2πnk/N for k = 0, . . . , N − 1, where

an and Ak are the time domain sequence and its frequency
domain sequence, respectively, then after the DFT operation
to each element ofyk in (1), we can obtain the following
expression in the frequency domain as done in [9]

Yk = ΛkXk + Nk, k = 0, . . . , N − 1 (2)

where Λk is an nr × nt matrix representing the channel
frequency response at thekth tone with the entries [9]

λi
m(k) =

L−1
∑

l=0

Hl(i, m)e−j2πkl/N , (3)

for i = 1, . . . , nr andm = 1, . . . , nt andHl(i, m) is a scalar
and defined as the(i, m)th element of the channel matrixHl.
The expression in (2) is the frequency domain equivalent of
the channel in (1) and will be frequently used in the remainder
of the paper. Also, DFT operation is performed by usingqm

n =
1√
N

e−j2πmn/N for m, n = 0, 1, . . . , N − 1 hereafter.

III. I TERATIVE FREQUENCY DOMAIN EQUALIZATION FOR

WIDEBAND MIMO CHANNELS

We consider iterative frequency domain equalization (FDE)
with frequency domain decision feedback in this paper. Since
both equalization and decoding process can be performed in
each iteration, turbo principle can be applied as done in [4],
[16]. In Fig. 1, an exemplary receiver structure is shown for
the frequency domain decision feedback (FDDF) case.

As it will be observed in Section V, the combined multipath
and space enriched diversity of the channel is exploited by
the proposed space-frequency equalizer effectively such that
the performance obtained by the matched filter bound (MFB)
[12] is approximately achieved.

The iterative frequency domain equalizer with hard and soft
decision feedback in the frequency domain is studied in [2],
[3] and [4] for the SISO systems. We derive the filter matrices

Fig. 1. FDE-FDDF: Iterative FDE with frequency domain decision feedback
(FDDF)

based on the MMSE criterion like the FDE with time domain
decision feedback (FDE-TDDF) case.

Output of the FDE-FDDF for thekth vector in the block
(for the ith iteration) can be expressed as,

x̃
(i)
k =

N−1
∑

j=0

(qk
j )∗

[

(W
(i)
j )HYj − (C

(i)
j )HX̂

(i−1)
j

]

(4)

for k = 0, . . . , N − 1. W
(i)
j ’s and C

(i)
j ’s are forward and

feedback filters both in frequency domain with sizesnr × nt

and nt × nt respectively and̂X(i−1)
j ’s are the DFT’s of soft

decisions from the previous iteration.
It can be shown that one can find an optimum equalizer

with time domain decision feedback which is equivalent to
an equalizer with frequency domain decision feedback. The
forward and backward filter matrices are jointly optimized
and found according to the MMSE criterion in time domain
given by E

{

∑N−1
k=0 ||x̃

(i)
k − xk||

2
}

presented in [4], [3].
Since, the proposed FDE-FDDF and FDE-TDDF structures
are equivalent, one can find a relation between time domain
feedback filtersF(i)

j and frequency domain feedback filters

C
(i)
j . It can be shown that

(F
(i)
k )∗(m, n) =

N−1
∑

l=0

(C
(i)
l )∗(m, n)ej2πkl/N (5)

for m, n = 1, . . . , nt and k = 0, . . . , N − 1 where(m, n)th

elements of(C(i)
j )H and(F

(i)
j )H are defined as(C(i)

j )∗(m, n)

and (F
(i)
j )∗(m, n), respectively. Since the optimization prob-

lem for FDE-FDDF case is mathematically equivalent to FDE-
TDDF with the constraintF(i)

0 (n, n) = 0, n = 1, . . . , nt, we
can set the constraint for frequency domain feedback filters
from (5) as

(F
(i)
0 )∗(n, n) =

N−1
∑

l=0

(C
(i)
l )∗(n, n) = 0, n = 1, . . . , nt (6)

With this constraint, one can avoid self-subtraction of the
desired symbol by its previous estimate. The Lagrange mul-
tiplier method can be used to obtain optimal forward and
backward frequency domain filters. Lagrangian vectors and the
corresponding scalar constraints (Lagrangian function) can be
written as

Γ(i) = diag
[

Γ
(i)
1 , . . . , Γ(i)

nt

]

(nt×nt)
,

Lagrangian(Γ(i)) =

nt
∑

n=1

N−1
∑

j=0

(C
(i)
j (n, n))∗Γ(i)

n (7)
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The mitigation of inter-stream interference originated from
other antenna stream’s spatial interference and inter sym-
bol interference (ISI) resulted from frequency selectivity is
done optimally with this structure. This differs from previous
MIMO studies which use spatial interference suppression
techniques based on successive interference cancellation(SIC).

Interleaving operation is used both in time and space, thus
we can assume that,

E{xk(xl)
H} = EsInt

δkl, for k, l = 0, . . . , N − 1. (8)

Some important correlation matrices used by the forward and
feedback filters are defined for theith iteration as

P(i) = E{xk(x̂
(i−1)
k )H}, B(i) = E{x̂

(i−1)
k (x̂

(i−1)
k )H}

(9)
for k = 0, . . . , N − 1. They can be found by using the soft
feedback decisions,̂xk ’s, obtained from the decoder as done
in [17]. The correlation matrices are updated in each iteration
by using the soft information provided by the decoder. The
forward and backward filters are shown to be independent of
time indexk and, so the block processing on each frequency
bin can be implemented effectively.

After taking the gradient of the MMSE cost function and the
Lagrangian with respect to the rows of(W

(i)
j )H and(C

(i)
j )H ,

equating the gradients to the zero vector, taking expecta-
tions and combining vectors into single matrix equations for
n = 1, . . . , nt, one can obtain the following matrix equations
giving the optimal forward and backward filter matrices in the
frequency domain

RYj
W

(i)
j = Λj

[

EsInt
+ P(i)C

(i)
j

]

(10)

B(i)C
(i)
j = (P(i))H

[

Λ
H

j W
(i)
j − Int

]

− Γ(i) (11)

for j = 0, . . . , N − 1, where

RYj
= E{Yj(Yj)

H} =
(

ΛjΛ
H

j Es + N0Inr

)

(12)

andΓ(i) can be obtained from the constraint

N−1
∑

j=0

C
(i)
j (n, n) = 0, n = 1, . . . , nt. (13)

By substitutingW(i)
j ’s into (11) and using the constraint (13),

the Lagrangian terms given in (7) and backward filter matrices
can be readily found after some calculus as

Γ(i)
n =

[

∑N−1
j=0 A

(i)
j (n, :)D

(i)
j (:, n)

]

[

∑N−1
j=0 A

(i)
j (n, n)

] , n = 1, . . . , nt (14)

C
(i)
j = A

(i)
j

[

D
(i)
j − Γ(i)

]

, (15)

where

A
(i)
j =

[

B(i) − (P(i))HΛ
H

j R−1
Yj

ΛjP
(i)

]−1

, (16)

D
(i)
j = (P(i))HΛ

H

j R−1
Yj

ΛjEs − (P(i))H , (17)

andA
(i)
j (n, :) is then−th row of A(i)

j , D
(i)
j (:, n) is then−th

column ofD(i)
j . Forward filtersW(i)

j ’s are obtained from (10)
for j = 0, . . . , N − 1.

The computational complexity to obtain forward and feed-
back filters is considerably reduced for FDE-FDDF case, since
only nr×nr andnt×nt matrix inversions are needed as can be
seen from (14)-(17) and size of these matrices is independent
of block length(N) just like OFDM-based systems.

As to the decoding stage, well known turbo decoding idea
is used. The equalizer and decoder iteratively exchange soft
information in terms of likelihood values of the transmitted
data to improve their performance. The soft-in soft-out decoder
produces likelihood information of each coded bit and it can
be in the form of a convolutional, block or spacetime trellis
decoder depending on the encoding structure. The equalizer
coefficients are updated by using the likelihood information
of transmitted data given by the decoder at each iteration.

IV. A SYMPTOTIC PERFORMANCEANALYSIS OF

FDE-FDDF

At each iteration, forward and feedback filters approach the
optimal coefficients in case of perfect feedback with the help
of improved log a-posteriori probability (APP) ratio of each
coded symbol obtained from the decoder. At later iterations,
feedback decisions become more and more reliable and corre-
lation matrices approach the asymptotic values:P(i) → EsInt

andB(i) → EsInt
. Signal-to-interference-noise-ratio’s (SINR)

of each parallelized channel after equalization are evaluated for
the asymptotic case and given as

SINRm =

L−1
∑

l=0

nr
∑

i=1

|Hl(i, m)|2
Es

N0
, for m = 1, . . . , nt

(18)
The complete work can be found in ( [18], Appendix).

It is seen from (18) that one can achieve the full diversity
gain (nr ×L) at each of the parallelized channels. If transmit
diversity schemes in the form of coding across antennas
such as universal space-time codes [19] or other coding-
multiplexing based techniques [11] are utilized, the maximum
potential diversity gain of(nr × nt × L) can be achieved by
the proposed equalization scheme here.

It is well known that the SC-MMSE receiver reduces to
a channel matched filter if the perfect a priori information
of all transmitted symbols leading to ISI and inter-stream
interference are available at the receiver and all the interference
is cancelled [16]. Therefore, an upper bound to the packet
error rate (PER) referred to as the matched filter bound (MFB)
of the receiver can be obtained by assuming perfect decision
feedback [12]. As long as the channel is not in outage, the
feedback decisions approach to their true values and thus, the
proposed receiver attains a very close performance to MFB.

V. SIMULATION RESULTS

A. Outage Probability and MFB Calculations

In this section, we will compare the performance of our pro-
posed equalizer with the hypothetical MFB performance and
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the corresponding constrained outage probability of MIMO-
OFDM system. The constrained capacity can be found for
the system model in (2) given the complex vector setχ of
cardinalityMnt (e.g., M-ary or M-PSK modulations) similar
to the derivations for block fading channels in [11] as

Cχ
MIMO−OFDM =

1

N

N−1
∑

j=0

I(Xj ;Yj |Λj) =

nt log2(M) −
1

N

N−1
∑

j=0

ENj
{

∑

Xk∈χ

1

Mnt
log2

∑

Xi∈χ

exp

(

−‖Λj(Xk − Xi) + Nj‖
2 + ‖Nj‖

2

N0

)

} (19)

and the corresponding outage probability can be written as

PMIMO−OFDM, χ
out (R) = P

{

Cχ
MIMO−OFDM < R

}

. (20)

Constrained outage probability and the MFB will be used
for performance evaluation in the next part. We used powerful
channel codes in our simulations to get a close performance
to channel capacity, but similar observations are obtained
when less powerful or high rate codes are applied. Again, the
proposed receiver operates very close to the hypothetical MFB
since this structure uses jointly optimal forward and feedback
filtering in each equalizer iteration. Due to space limitations,
we can not include these results.

B. Code Construction and Performance Results

The code construction used in our work is similar to
the structure for random-like codes adapted to the block-
fading channel based on blockwise concatenation and on bit-
interleaved coded modulation (BICM) in [11]. The presented
coded modulation construction in [11] systematically yields
singleton-bound achieving turbo-like codes defined over an
arbitrary signal set. As such, any other coding architecture that
performs well in parallel block fading channels can be used
in our system. We have used the same encoding and decoding
structures as in [11] in simulations.

Here, concatenated convolutional codes are used. The outer
code is a simple repetition code of rater = 1/nt and the inner
codes are rate-1 accumulators, which is referred to as repeat
and blockwise accumulate (RBA) code [11]. Fig. 2 shows the
performance of the proposed FDE-FDDF for a4 × 4 MIMO
system with the use of full block diversity attaining RBA code
of rate r = 1/4. Channel model described in Section II is
assumed and COST207 channel with exponential power delay
profile for suburban and urban areas [15] is used (with 7µ
sec delay spread). BPSK modulation is used for simplicity,
but other M-ary or M-PSK modulations combined with BICM
[20] can be applied to our proposed structure. Symbol duration
is taken as1 µ second, and the channel lengthL equals8.
The first channel tap is taken to possess unity power. The
information block length, i.e., the information bits entering
the outer encoder is taken asK = 250, then the block length
N is equal toK/(r · nt) + 1 = 251 including termination
bits. Number of iterations inside the Turbo RBA decoder is
set to 10 and the number of equalizer iterations at which

the forward and backward filters are updated by using the
reliability matrices is taken as 3.

It is seen from Fig. 2 that the performance of FDE-FDDF
is 0.3 dB away from MFB. There is approximately 1.5 dB
difference between the outage probability of the MIMO-
OFDM at rateR = nt · r = 1 bits/sec/Hz and this gap
from the outage is similar to the gaps obtained with RBA in
parallel block fading channels in [11]. Then, one can say that
ISI, spatial interference and, the error propagation problem in
decision feedback are almost eliminated, since the perfectdeci-
sion feedback performance (MFB) is approximately achieved.
Moreover, it is seen that the performance of FDE-FDDF shows
the same slope as MIMO-OFDM outage and so it is possible
to attain the maximum diversity of the MIMO broadband
channel by using the proposed space-frequency equalizer and
coding across transmit antennas. Furthermore, SC-FDE-based
schemes could be a promising candidate for wideband MIMO
systems as an alternative to MIMO-OFDM schemes and if one
takes the loss due to PAPR problem in OFDM based systems
into consideration, the performance difference between SC-
FDE-based MIMO schemes and the MIMO-OFDM systems
will be more significant.
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Fig. 2. Performance comparison of SC-FDE with MFB and outagefor 4×4

MIMO, Ts = 1µ sec and COST 207 suburban channel

In Fig. 3, simulation results are depicted for code rate,r =
1/2. A full block diversity attaining blockwise concatenated
code (BCC) is used for encoding as adapted from [11]. The
outer code is a rate− 1

2 convolutional code and the inner
codes arent trivial rate-1 accumulators. The information block
length K is taken as 248. Similar results are obtained and
a close performance to MIMO-OFDM outage at rateR =
nt · r = 2 bits/sec/Hz is achieved within 2 dB.

Our proposed SC-FDE can also be applied to classical SISO
ISI channels. In Fig. 4, we compared the performance of
iterative SC-FDE-FDDF-soft feedback with that of the outage
of an OFDM scheme. A convolutional encoder withr = 1/2
serially concatenated (SC) with a rate-1 accumulator is used
for information block lengthK = 123. At first glance, it is
surprising to note that constrained OFDM outage probability is
surpassed by the iterative FDE-FDDF, but as stated in [21] the
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Fig. 3. Performance comparison of SC-FDE with MFB and outagefor 4×4

MIMO, Ts = 1µ sec and COST 207 suburban channel

capacity of wideband channels under non-Gaussian alphabets
is an open problem and OFDM is not the capacity achieving
scheme for non-Gaussian input alphabets.
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Fig. 4. Performance comparison of SC-FDE with MFB and outagefor SISO
system,Ts = 0.5µ sec, COST 207 typical suburban exponential channel,
L = 15

Furthermore, it is interesting to note that the performance
improvement of the FDE-FDDF scheme over the linear FDE
without decision feedback is about 2 dB at PER=0.0001 for all
simulation results. There is also a loss in diversity as observed
in the reduced PER slope without decision feedback. One can
say that the proposed space-frequency equalizer gains more
diversity in comparison to linear FDE by a careful design of
both the forward and backward filters.

VI. CONCLUSION

In this paper, we extended the SC-FDE mechanism from
SISO channels to more general vector-based models which
include MIMO as a special case. We have also shown that
capacity-achieving jointly optimal forward and backward fil-
tering operations can be effectively performed in the frequency
domain. It is observed that error performance close to the

outage probability can be attained by careful coding across
transmit antennas without compromising computational com-
plexity. Therefore, our proposed iterative SC FDE technique
for MIMO wideband channels can be viewed as a strong
alternative to MIMO-OFDM schemes with similar complexity.
Future studies will include the effect of channel estimation
error on the performance of vector channel SC-FDE systems.
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