
❏♦✉r♥❛❧ ♦❢ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ❘❡s❡❛r❝❤ ✻✹ ✭✷✵✶✾✮ ✸✶✺✲✸✺✺ ❙✉❜♠✐tt❡❞ ✵✺✴✶✽❀ ♣✉❜❧✐s❤❡❞ ✵✷✴✶✾

■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥

❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

◆✐❦❤✐❧ ●❛r❣ ♥❦❣❛r❣❅st❛♥❢♦r❞✳❡❞✉

❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t②

❉❡♣❛rt♠❡♥t ♦❢ ❊❧❡❝tr✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣

✹✼✺ ❱✐❛ ❖rt❡❣❛✱ ❙t❛♥❢♦r❞✱ ❈❆ ✾✹✵✸✺ ❯❙❆

❱✐❥❛② ❑❛♠❜❧❡ ❦❛♠❜❧❡❅✉✐❝✳❡❞✉

❯♥✐✈❡rs✐t② ♦❢ ■❧❧✐♥♦✐s ❛t ❈❤✐❝❛❣♦

❈♦❧❧❡❣❡ ♦❢ ❇✉s✐♥❡ss ❆❞♠✐♥✐str❛t✐♦♥

✻✵✶ ❙ ▼♦r❣❛♥ ❙t✱ ❈❤✐❝❛❣♦✱ ■▲ ✻✵✻✵✼ ❯❙❆

❆s❤✐s❤ ●♦❡❧ ❛s❤✐s❤❣❅st❛♥❢♦r❞✳❡❞✉

❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t②

❉❡♣❛rt♠❡♥t ♦❢ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡ ✫ ❊♥❣✐♥❡❡r✐♥❣

✹✼✺ ❱✐❛ ❖rt❡❣❛✱ ❙t❛♥❢♦r❞✱ ❈❆ ✾✹✵✸✺ ❯❙❆

❉❛✈✐❞ ▼❛r♥ ♠❛r♥❅❜❡r❦❡❧❡②✳❡❞✉

❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛✱ ❇❡r❦❡❧❡②

❉❡♣❛rt♠❡♥t ♦❢ ❊❧❡❝tr✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣ ✫ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡

✷✻✷✻ ❍❡❛rst ❆✈❡✱ ❇❡r❦❡❧❡②✱ ❈❆ ✾✹✼✷✵ ❯❙❆

❑❛♠❡s❤ ▼✉♥❛❣❛❧❛ ❦❛♠❡s❤❅❝s✳❞✉❦❡✳❡❞✉

❉✉❦❡ ❯♥✐✈❡rs✐t②✱ ❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡

❉✷✵✺✱ ▲❡✈✐♥❡ ❙❝✐❡♥❝❡ ❘❡s❡❛r❝❤ ❈❡♥t❡r✱

❘❡s❡❛r❝❤ ❉r✐✈❡✱ ❉✉r❤❛♠✱ ◆❈ ✷✼✼✵✽

❆❜str❛❝t

▼❛♥② s♦❝✐❡t❛❧ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠s ❧✐❡ ✐♥ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉♦✉s s♣❛❝❡s ♥♦t ❛♠❡♥❛❜❧❡

t♦ t❤❡ ✈♦t✐♥❣ t❡❝❤♥✐q✉❡s ❝♦♠♠♦♥ ❢♦r t❤❡✐r ❞✐s❝r❡t❡ ♦r s✐♥❣❧❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦✉♥t❡r♣❛rts✳

❚❤❡s❡ ♣r♦❜❧❡♠s ❛r❡ t②♣✐❝❛❧❧② ❞✐s❝r❡t✐③❡❞ ❜❡❢♦r❡ r✉♥♥✐♥❣ ❛♥ ❡❧❡❝t✐♦♥ ♦r ❞❡❝✐❞❡❞ ✉♣♦♥ t❤r♦✉❣❤

♥❡❣♦t✐❛t✐♦♥ ❜② r❡♣r❡s❡♥t❛t✐✈❡s✳ ❲❡ ♣r♦♣♦s❡ ❛ ❛❧❣♦r✐t❤♠ ❝❛❧❧❡❞ ■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r

❝♦❧❧❡❝t✐✈❡ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ t❤✐s s❡tt✐♥❣✳ ■♥ t❤✐s ❛❧❣♦r✐t❤♠✱ ✈♦t❡rs ❛r❡ s❡q✉❡♥t✐❛❧❧② s❛♠♣❧❡❞

❛♥❞ ❛s❦❡❞ t♦ ♠♦❞✐❢② ❛ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥ ✇✐t❤✐♥ s♦♠❡ ❧♦❝❛❧ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✐ts ❝✉rr❡♥t

✈❛❧✉❡✱ ❛s ❞❡✜♥❡❞ ❜② ❛ ❜❛❧❧ ✐♥ s♦♠❡ ❝❤♦s❡♥ ♥♦r♠✱ ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ❜❛❧❧ s❤r✐♥❦✐♥❣ ❛t ❛

s♣❡❝✐✜❡❞ r❛t❡✳

❲❡ ✜rst ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✉♥❞❡r ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡s ♦❢ ♥❡✐❣❤✲

❜♦r❤♦♦❞s t♦ P❛r❡t♦ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ✇✐t❤ ❞❡s✐r❛❜❧❡ ❢❛✐r♥❡ss ♣r♦♣❡rt✐❡s ✐♥ ❝❡rt❛✐♥ ♥❛t✉r❛❧

s❡tt✐♥❣s✿ ✇❤❡♥ t❤❡ ✈♦t❡rs✬ ✉t✐❧✐t✐❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ s♦♠❡ ❢♦r♠ ♦❢ ❞✐st❛♥❝❡ ❢r♦♠

t❤❡✐r ✐❞❡❛❧ s♦❧✉t✐♦♥✱ ❛♥❞ ✇❤❡♥ t❤❡s❡ ✉t✐❧✐t✐❡s ❛r❡ ❛❞❞✐t✐✈❡❧② ❞❡❝♦♠♣♦s❛❜❧❡ ❛❝r♦ss ❞✐♠❡♥s✐♦♥s✳

■♥ ♠❛♥② ♦❢ t❤❡s❡ ❝❛s❡s✱ ✇❡ ♦❜t❛✐♥ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ s♦❝✐❡t❛❧ ✇❡❧❢❛r❡ ♠❛①✐♠✐③✐♥❣ s♦❧✉t✐♦♥✳

❲❡ t❤❡♥ ❞❡s❝r✐❜❡ ❛♥ ❡①♣❡r✐♠❡♥t ✐♥ ✇❤✐❝❤ ✇❡ t❡st ♦✉r ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❞❡❝✐s✐♦♥ ♦❢ t❤❡

❯✳❙✳ ❋❡❞❡r❛❧ ❇✉❞❣❡t ♦♥ ▼❡❝❤❛♥✐❝❛❧ ❚✉r❦ ✇✐t❤ ♦✈❡r ✷✱✵✵✵ ✇♦r❦❡rs✱ ❡♠♣❧♦②✐♥❣ ♥❡✐❣❤❜♦r✲

❤♦♦❞s ❞❡✜♥❡❞ ❜② ✈❛r✐♦✉s ▲✲◆♦r♠ ❜❛❧❧s✳ ❲❡ ♠❛❦❡ s❡✈❡r❛❧ ♦❜s❡r✈❛t✐♦♥s t❤❛t ✐♥❢♦r♠ ❢✉t✉r❡

✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ s✉❝❤ ❛ ♣r♦❝❡❞✉r❡✳

❝©✷✵✶✾ ❆■ ❆❝❝❡ss ❋♦✉♥❞❛t✐♦♥✳ ❆❧❧ r✐❣❤ts r❡s❡r✈❡❞✳
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✶✳ ■♥tr♦❞✉❝t✐♦♥

▼❡t❤♦❞s ❛♥❞ ❡①♣❡r✐♠❡♥ts t♦ ✐♥❝r❡❛s❡ ❧❛r❣❡✲s❝❛❧❡✱ ❞✐r❡❝t ❝✐t✐③❡♥ ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥ ♣♦❧✐❝②✲
♠❛❦✐♥❣ ❤❛✈❡ r❡❝❡♥t❧② ❜❡❝♦♠❡ ❝♦♠♠♦♥♣❧❛❝❡ ❛s ❛♥ ❛tt❡♠♣t t♦ r❡✈✐t❛❧✐③❡ ❞❡♠♦❝r❛❝②✳ ❈♦♠♣✉✲
t❛t✐♦♥❛❧ ❛♥❞ ❝r♦✇❞s♦✉r❝✐♥❣ t❡❝❤♥✐q✉❡s ✐♥✈♦❧✈✐♥❣ ❤✉♠❛♥✲❛❧❣♦r✐t❤♠ ✐♥t❡r❛❝t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❛
❦❡② ❞r✐✈❡r ♦❢ t❤✐s tr❡♥❞ ✭❈❛❜❛♥♥❡s✱ ✷✵✵✹❀ ▼❝❉❡r♠♦tt✱ ✷✵✶✵❀ ▲❡❡✱ ●♦❡❧✱ ❆✐t❛♠✉rt♦✱ ✫ ▲❛♥✲
❞❡♠♦r❡✱ ✷✵✶✹❀ ◗✉❛r❢♦♦t✱ ✈♦♥ ❑♦❤♦r♥✱ ❙❧❛✈✐♥✱ ❙✉t❤❡r❧❛♥❞✱ ●♦❧❞st❡✐♥✱ ✫ ❑♦♥❛r✱ ✷✵✶✼✮✳ ❙♦♠❡
♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝♦❧❧❡❝t✐✈❡ ❞❡❝✐s✐♦♥s✱ ✇❤❡t❤❡r ✐♥ ❣♦✈❡r♥♠❡♥t ♦r ✐♥ ❜✉s✐♥❡ss✱ ❧✐❡ ✐♥ ❤✐❣❤✲
❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♥t✐♥✉♦✉s s♣❛❝❡s ✕ ❡✳❣✳ ❜✉❞❣❡t✐♥❣✱ t❛①❛t✐♦♥ ❜r❛❝❦❡ts ❛♥❞ r❛t❡s✱ ❝♦❧❧❡❝t✐✈❡❧②
❜❛r❣❛✐♥❡❞ ✇❛❣❡s ❛♥❞ ❜❡♥❡✜ts✱ ✉r❜❛♥ ♣❧❛♥♥✐♥❣ ❡t❝✳ ❉✐r❡❝t ✈♦t✐♥❣ ♠❡t❤♦❞s ♦r✐❣✐♥❛❧❧② ❞❡s✐❣♥❡❞
❢♦r ❝❛t❡❣♦r✐❝❛❧ ❞❡❝✐s✐♦♥s ❛r❡ t②♣✐❝❛❧❧② ✐♥❢❡❛s✐❜❧❡ ❢♦r ❝♦❧❧❡❝t✐✈❡ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ s✉❝❤ s♣❛❝❡s✳
❆❧t❤♦✉❣❤ t❤❡r❡ ❤❛s ❜❡❡♥ s♦♠❡ t❤❡♦r❡t✐❝❛❧ ♣r♦❣r❡ss ♦♥ ❞❡s✐❣♥✐♥❣ ♠❡❝❤❛♥✐s♠s ❢♦r ❝♦♥t✐♥✉♦✉s
❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✭Pr♦❝❛❝❝✐❛ ✫ ❚❡♥♥❡♥❤♦❧t③✱ ✷✵✵✾❀ ❈❤❡♥❣ ✫ ❩❤♦✉✱ ✷✵✶✺❀ ▼♦✉❧✐♥✱ ✶✾✽✵✮✱ ✐♥
♣r❛❝t✐❝❡ t❤❡s❡ ♣r♦❜❧❡♠s ❛r❡ ✉s✉❛❧❧② r❡s♦❧✈❡❞ ✉s✐♥❣ tr❛❞✐t✐♦♥❛❧ ❛♣♣r♦❛❝❤❡s ✕ t❤❡② ❛r❡ ❡✐t❤❡r
❞✐s❝r❡t✐③❡❞ ❜❡❢♦r❡ r✉♥♥✐♥❣ ❛♥ ❡❧❡❝t✐♦♥✱ ♦r ❛r❡ ❞❡❝✐❞❡❞ ✉♣♦♥ t❤r♦✉❣❤ ♥❡❣♦t✐❛t✐♦♥ ❜② ❝♦♠♠✐t✲
t❡❡✱ s✉❝❤ ❛s ✐♥ ❛ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐✈❡ ❞❡♠♦❝r❛❝② ✭❈❛❜❛♥♥❡s✱ ✷✵✵✹❀ ❙❤❛❤✱ ✷✵✵✼❀ ❙✐♥t♦♠❡r✱
❍❡r③❜❡r❣✱ ✫ ❘♦❝❦❡✱ ✷✵✵✽❀ ●✐❧♠❛♥✱ ✷✵✶✷❀ ●♦❡❧✱ ❑r✐s❤♥❛s✇❛♠②✱ ❙❛❦s❤✉✇♦♥❣✱ ✫ ❆✐t❛♠✉rt♦✱
✷✵✶✻✮✳

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡❛s♦♥s ❢♦r t❤❡ ❝✉rr❡♥t ❣❛♣ ❜❡t✇❡❡♥ t❤❡♦r② ❛♥❞ ♣r❛❝t✐❝❡ ✐♥ t❤✐s ❞♦♠❛✐♥ ✐s
t❤❡ ❝❤❛❧❧❡♥❣❡ ♦❢ ❞❡s✐❣♥✐♥❣ ♣r❛❝t✐❝❛❧❧② ✐♠♣❧❡♠❡♥t❛❜❧❡ ♠❡❝❤❛♥✐s♠s✳ ❲❡ ❞❡s✐r❡ ♣r♦❝❡❞✉r❡s t❤❛t
❛r❡ s✐♠♣❧❡ ❡♥♦✉❣❤ t♦ ❡①♣❧❛✐♥ ❛♥❞ ✉s❡ ✐♥ ♣r❛❝t✐❝❡✱ ❛♥❞ t❤❛t r❡s✉❧t ✐♥ ❥✉st✐✜❛❜❧❡ s♦❧✉t✐♦♥s ✇❤✐❧❡
❜❡✐♥❣ r♦❜✉st t♦ t❤❡ ✐♥❡✈✐t❛❜❧❡ ❞❡✈✐❛t✐♦♥s ❢r♦♠ ✐❞❡❛❧ ♠♦❞❡❧s ♦❢ ✉s❡r ❜❡❤❛✈✐♦r ❛♥❞ ♣r❡❢❡r❡♥❝❡s✳
❚♦ ❛❞❞r❡ss t❤✐s ❝❤❛❧❧❡♥❣❡✱ ❛ s♦❝✐❛❧ ♣❧❛♥♥❡r ♠✉st ✜rst ♠❛❦❡ ♣r❛❝t✐❝❛❧❧② r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥s
♦♥ t❤❡ ♥❛t✉r❡ ❛♥❞ ❝♦♠♣❧❡①✐t② ♦❢ ❢❡❡❞❜❛❝❦ t❤❛t ❝❛♥ ❜❡ ❡❧✐❝✐t❡❞ ❢r♦♠ ♣❡♦♣❧❡ ❛♥❞ t❤❡♥ ❞❡s✐❣♥
s✐♠♣❧❡ ❛❧❣♦r✐t❤♠s t❤❛t ♦♣❡r❛t❡ ❡✛❡❝t✐✈❡❧② ✉♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳ ❋✉rt❤❡r✱ ✇❤✐❧❡ r♦❜✉st♥❡ss
t♦ r❡❛❧✲✇♦r❧❞ ♠♦❞❡❧ ❞❡✈✐❛t✐♦♥s ♠❛② ❜❡ ❞✐✣❝✉❧t t♦ ♣r♦✈❡ ✐♥ t❤❡♦r②✱ ✐t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥
♣r❛❝t✐❝❡ t❤r♦✉❣❤ ❡①♣❡r✐♠❡♥ts✳

❲❡ ✜rst t❛❝❦❧❡ t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❛t t②♣❡ ♦❢ ❢❡❡❞❜❛❝❦ ✈♦t❡rs ❝❛♥ ❣✐✈❡✳ ■♥ ❣❡♥❡r❛❧✱ ❢♦r t❤❡
t②♣❡s ♦❢ ♣r♦❜❧❡♠s ✇❡ ✇✐s❤ t♦ s♦❧✈❡✱ ❛ ✈♦t❡r ❝❛♥♥♦t ❢✉❧❧② ❛rt✐❝✉❧❛t❡ ❤❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❊✈❡♥
✐❢ ✈♦t❡rs ✐♥ ❛ ✈♦t✐♥❣ ❜♦♦t❤ ❤❛❞ t❤❡ ♣❛t✐❡♥❝❡ t♦ st❛t❡ t❤❡✐r ❡①❛❝t ✉t✐❧✐t② ❢♦r ❛ r❡❛s♦♥❛❜❧② ❧❛r❣❡
♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✭❡✳❣✳ ❤♦✇ ♠✉❝❤ t❤❡② ❧✐❦❡❞ ❡❛❝❤ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥ ♦♥ ❛ s❝❛❧❡ ❢r♦♠ ♦♥❡ t♦
✜✈❡✮✱ t❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t♦ ❜❡❧✐❡✈❡ t❤❛t t❤❡② ❝♦✉❧❞ ❞♦ s♦ ✐♥ ❛♥② ❝♦♥s✐st❡♥t ♠❛♥♥❡r✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✇❡ ♣♦s✐t t❤❛t ✐t ✐s r❡❧❛t✐✈❡❧② ❡❛s② ❢♦r ♣❡♦♣❧❡ t♦ ❝❤♦♦s❡ t❤❡✐r ❢❛✈♦r✐t❡ ❛♠♦♥❣st
❛ r❡❛s♦♥❛❜❧② s♠❛❧❧ s❡t ♦❢ ♦♣t✐♦♥s✱ ♦r ❛rt✐❝✉❧❛t❡ ❤♦✇ t❤❡② ✇♦✉❧❞ ❧✐❦❡ t♦ ❧♦❝❛❧❧② ♠♦❞✐❢② ❛
❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥ t♦ ❜❡tt❡r ♠❛t❝❤ t❤❡✐r ♣r❡❢❡r❡♥❝❡s✳ ❙✉❝❤ ❛♥ ❛ss✉♠♣t✐♦♥ ✐s ❝♦♠♠♦♥ ❛♥❞
✐s ❛ ❝❡♥tr❛❧ ♠♦t✐✈❛t✐♦♥ ✐♥ s♦❝✐❛❧ ❝❤♦✐❝❡✱ ❡s♣❡❝✐❛❧❧② ✐♠♣❧✐❝✐t ✉t✐❧✐t❛r✐❛♥ ✈♦t✐♥❣ ✭Pr♦❝❛❝❝✐❛ ✫
❘♦s❡♥s❝❤❡✐♥✱ ✷✵✵✻✮✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❧② t❡st ❛ t②♣❡ ♦❢ ❛❧❣♦r✐t❤♠ ❢♦r ❧❛r❣❡✲s❝❛❧❡ ♣r❡❢❡r✲
❡♥❝❡ ❛❣❣r❡❣❛t✐♦♥ t❤❛t ❡✛❡❝t✐✈❡❧② ❧❡✈❡r❛❣❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛s❦✐♥❣ ✈♦t❡rs s✉❝❤ ❡❛s② q✉❡st✐♦♥s✳
■♥ t❤✐s ❛❧❣♦r✐t❤♠ t❤❛t ✇❡ ❝❛❧❧ ■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ✭■▲❱✮✱ ✈♦t❡rs ❛r❡ s❡q✉❡♥t✐❛❧❧② s❛♠✲
♣❧❡❞ ❛♥❞ ❛r❡ ❛s❦❡❞ t♦ ♠♦❞✐❢② ❛ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥ t♦ t❤❡✐r ❢❛✈♦r✐t❡ ♣♦✐♥t ✇✐t❤✐♥ s♦♠❡ ❧♦❝❛❧
♥❡✐❣❤❜♦r❤♦♦❞✱ ✉♥t✐❧ ❛ st❛❜❧❡ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✭✐❢ ❛t ❛❧❧✮✳ ❲✐t❤ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ✈♦t❡rs✱
♥♦ ♦♥❡ ✈♦t❡s ♠♦r❡ t❤❛♥ ♦♥❝❡✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❞❡s✐❣♥❡r ❤❛s ✢❡①✐❜✐❧✐t② ✐♥ ❞❡❝✐❞✐♥❣ ❤♦✇ t❤❡s❡
❧♦❝❛❧ ♥❡✐❣❤❜♦r❤♦♦❞s ❛r❡ ❞❡✜♥❡❞ ✕ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ ♥❡✐❣❤❜♦r❤♦♦❞s t❤❛t ❛r❡ ❜❛❧❧s ✐♥
t❤❡ Lq ♥♦r♠✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ t❤❡ ❝❛s❡s ✇❤❡r❡ q = 1, 2 ♦r ∞✳ ✭❋♦r M < ∞ ❞✐♠❡♥s✐♦♥❛❧

✸✶✻



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

✈❡❝t♦rs✱ t❤❡ Lq ♥♦r♠ ‖x‖q , q
√
∑

m |xm|q✳ q = 1, 2 ❛♥❞ ∞ ♥❡✐❣❤❜♦r❤♦♦❞s ❝♦rr❡s♣♦♥❞ t♦
❜♦✉♥❞s ♦♥ t❤❡ s✉♠ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝❤❛♥❣❡s✱ t❤❡ s✉♠ ♦❢ t❤❡ sq✉❛r❡ ♦❢ t❤❡ ❝❤❛♥❣❡s✱
❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❝❤❛♥❣❡✱ r❡s♣❡❝t✐✈❡❧②✳✮

▼♦r❡ ❢♦r♠❛❧❧②✱ ❝♦♥s✐❞❡r ❛ M ✲❞✐♠❡♥s✐♦♥❛❧ s♦❝✐❡t❛❧ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ✐♥ X ⊂ R
M ❛♥❞ ❛

♣♦♣✉❧❛t✐♦♥ ♦❢ ✈♦t❡rs V ✱ ✇❤❡r❡ ❡❛❝❤ ✈♦t❡r v ∈ V ❤❛s ❜♦✉♥❞❡❞ ✉t✐❧✐t② fv(x) ∈ R, ∀x ∈ X ✳
❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss ♦❢ ❛❧❣♦r✐t❤♠s ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✳ ❲❡ st✉❞② t❤❡ ❛❧❣♦r✐t❤♠
❝❧❛ss ✉♥❞❡r t✇♦ ♣❧❛✉s✐❜❧❡ ♠♦❞❡❧s ♦❢ ❤♦✇ ✈♦t❡rs r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮✱ ✇❤✐❝❤ ❛s❦s ❢♦r t❤❡
✈♦t❡r✬s ❢❛✈♦r✐t❡ ♣♦✐♥t ✐♥ ❛ ❧♦❝❛❧ r❡❣✐♦♥✳

• ▼♦❞❡❧ ❆✿ ❖♥❡ ♣♦ss✐❜✐❧✐t② ✐s t❤❛t ✈♦t❡rs ❡①❛❝t❧② ♣❡r❢♦r♠ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ❛s❦❡❞ ♦❢
t❤❡♠✱ r❡s♣♦♥❞✐♥❣ ✇✐t❤ t❤❡✐r ❢❛✈♦r✐t❡ ♣♦✐♥t ✐♥ t❤❡ ❣✐✈❡♥ Lq ♥♦r♠ ❝♦♥str❛✐♥t s❡t✳ ■♥ ♦t❤❡r
✇♦r❞s✱ t❤❡② r❡t✉r♥ ❛ ♣♦✐♥t argmaxx∈{s:‖s−xt−1‖q≤rt}fvt(x)✳ ◆♦t❡ t❤❛t ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s
♠♦✈❡♠❡♥t✱ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ♠②♦♣✐❝❛❧❧② ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡✿ ✐❢ ❛ ✈♦t❡r ✐s t❤❡ ❧❛st ✈♦t❡r
❛♥❞ ♥♦ ♣r♦❥❡❝t✐♦♥s ❛r❡ ✉s❡❞✱ t❤❡♥ tr✉t❤❢✉❧❧② ♣❡r❢♦r♠✐♥❣ t❤✐s ♠♦✈❡♠❡♥t ✐s t❤❡ ❞♦♠✐♥❛♥t
str❛t❡❣②✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ♠❡❝❤❛♥✐s♠ ✐s ♥♦t ❣❧♦❜❛❧❧② ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡✱ ♥♦r ✐♥❝❡♥t✐✈❡
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ♣r♦❥❡❝t✐♦♥s ♦♥t♦ t❤❡ ❢❡❛s✐❜❧❡ r❡❣✐♦♥✳ ❙✐♠♣❧❡ ❡①❛♠♣❧❡s ♦❢ ♠❛♥✐♣✉❧❛t✐♦♥s
✐♥ ❜♦t❤ ✐♥st❛♥❝❡s ❡①✐st✳

• ▼♦❞❡❧ ❇✿ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✈♦t❡rs ♠❛② ♥♦t ❛❝t✉❛❧❧② s❡❛r❝❤ ✇✐t❤✐♥ t❤❡ ❝♦♥str❛✐♥t s❡t
t♦ ✜♥❞ t❤❡✐r ❢❛✈♦r✐t❡ ♣♦✐♥t ✐♥s✐❞❡ ♦❢ ✐t✳ ❘❛t❤❡r✱ ❛ ✈♦t❡r v ♠❛② ❤❛✈❡ ❛♥ ✐❞❡❛ ❛❜♦✉t ❤♦✇
t♦ ❜❡st ✐♠♣r♦✈❡ t❤❡ ❝✉rr❡♥t ♣♦✐♥t ❛♥❞ t❤❡♥ ♠♦✈❡ ✐♥ t❤❛t ❞✐r❡❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢
t❤❡ ❣✐✈❡♥ ❝♦♥str❛✐♥t s❡t✳ ❚❤✐s ♠♦❞❡❧ ❧❡❛❞s t♦ ❛ ✈♦t❡r ♠♦✈✐♥❣ t❤❡ ❝✉rr❡♥t s♦❧✉t✐♦♥ ✐♥ t❤❡
❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ ❤❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥✱ r❡t✉r♥✐♥❣ ❛ ♣♦✐♥t xt−1 + rt

gt
‖gt‖q

✱ ❢♦r s♦♠❡

gt ∈ ∂fvt(xt−1)✳ ◆♦t❡ t❤❛t ∂f(x) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ s✉❜❣r❛❞✐❡♥ts ♦❢ ❛ ❢✉♥❝t✐♦♥ f ❛t x✱ ✐✳❡✳
g ∈ ∂f(x) ✐❢ ∀y✱ f(y)− f(x) ≥ gT (y − x)✳

■▲❱ ✐s ❞✐r❡❝t❧② ✐♥s♣✐r❡❞ ❜② t❤❡ st♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠s ✭❘♦❜❜✐♥s ✫ ▼♦♥r♦✱ ✶✾✺✶✮✱ ❡s♣❡❝✐❛❧❧② st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ✭❙●❉✮ ❛♥❞ t❤❡
st♦❝❤❛st✐❝ s✉❜❣r❛❞✐❡♥t ♠❡t❤♦❞ ✭❙❙●▼✮✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ✐❢ ✭❛✮ ✈♦t❡r ♣r❡❢❡r❡♥❝❡s ❛r❡ ❞r❛✇♥
❢r♦♠ s♦♠❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✭❜✮ t❤❡ r❡s♣♦♥s❡ ♦❢ ❛ ✈♦t❡r t♦ t❤❡ q✉❡r② ✭✶✮ ♠♦✈❡s t❤❡
s♦❧✉t✐♦♥ ❛♣♣r♦①✐♠❛t❡❧② ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❤❡r ✉t✐❧✐t② ❣r❛❞✐❡♥t✱ t❤❡♥ t❤✐s ♣r♦❝❡❞✉r❡ ❛❧♠♦st

✐♠♣❧❡♠❡♥ts st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❢♦r ♠✐♥✐♠✐③✐♥❣ ♥❡❣❛t✐✈❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t②✳

❚❤❡ ❝❛✈❡❛t ✐s t❤❛t ❛❧t❤♦✉❣❤ t❤❡ ♣r♦❝❡❞✉r❡ ❝❛♥ ♣♦t❡♥t✐❛❧❧② ♦❜t❛✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡
❣r❛❞✐❡♥t ♦❢ t❤❡ ✈♦t❡r ✉t✐❧✐t✐❡s✱ ✐t ❝❛♥♥♦t ✐♥ ❣❡♥❡r❛❧ ♦❜t❛✐♥ ❛♥② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✐ts ♠❛❣♥✐✲
t✉❞❡ s✐♥❝❡ t❤❡ ♠♦✈❡♠❡♥t ♥♦r♠ ✐s ❝❤♦s❡♥ ❜② t❤❡ ♣r♦❝❡❞✉r❡ ✐ts❡❧❢✳ ❍♦✇❡✈❡r✱ ✇❡ s❤♦✇ t❤❛t ❢♦r
❝❡rt❛✐♥ ♣❧❛✉s✐❜❧❡ ✉t✐❧✐t② ❛♥❞ ✈♦t❡r r❡s♣♦♥s❡ ♠♦❞❡❧s✱ t❤❡ ❛❧❣♦r✐t❤♠ ❞♦❡s ✐♥❞❡❡❞ ❝♦♥✈❡r❣❡ t♦ ❛
✉♥✐q✉❡ ♣♦✐♥t ✇✐t❤ ❞❡s✐r❛❜❧❡ ♣r♦♣❡rt✐❡s✱ ✐♥❝❧✉❞✐♥❣ ❝❛s❡s ✐♥ ✇❤✐❝❤ ✐t ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❝✐❡t❛❧
♦♣t✐♠✉♠✳

◆♦t❡ t❤❛t ✇✐t❤ s✉❝❤ ❢❡❡❞❜❛❝❦ ❛♥❞ ✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ ✈♦t❡r ♣r❡❢❡r✲
❡♥❝❡s ✭❡✳❣✳ t❤❛t ✈♦t❡r ✉t✐❧✐t✐❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡ s❛♠❡ s❝❛❧❡✮✱ ♥♦ ❛❧❣♦r✐t❤♠ ❤❛s ❛♥② ❤♦♣❡
♦❢ ✜♥❞✐♥❣ ❛ ❞❡s✐r❛❜❧❡ s♦❧✉t✐♦♥ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❛r❞✐♥❛❧ ✈❛❧✉❡s ♦❢ ✈♦t❡rs✬ ✉t✐❧✐t✐❡s✱ ❡✳❣✳✱ t❤❡
s♦❝✐❛❧ ✇❡❧❢❛r❡ ♠❛①✐♠✐③✐♥❣ s♦❧✉t✐♦♥ ✭t❤❡ s♦❧✉t✐♦♥ t❤❛t ♠❛①✐♠✐③❡s t❤❡ s✉♠ ♦❢ ❛❣❡♥t ✉t✐❧✐t✐❡s✮✳
❚❤✐s ✐s ❜❡❝❛✉s❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ✉s❡s ♦♥❧② ♦r❞✐♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✈♦t❡r ♣r❡❢❡r❡♥❝❡s ✐s
✐♥s❡♥s✐t✐✈❡ t♦ ❛♥② s❝❛❧✐♥❣ ♦r ❡✈❡♥ ♠♦♥♦t♦♥✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤♦s❡ ♣r❡❢❡r❡♥❝❡s✳

✸✶✼



●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

❆❧❣♦r✐t❤♠ ✶✿ ■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ✭■▲❱✮

■♥♣✉ts✿ ■♥✐t✐❛❧ s♦❧✉t✐♦♥ x0 ∈ X ✱ t♦❧❡r❛♥❝❡ ǫ > 0✱ ❛♥ ✐♥t❡❣❡r N ✱ ✐♥✐t✐❛❧ r❛❞✐✉s r0 > 0✱
t❡r♠✐♥❛t✐♦♥ t✐♠❡ T ✱ ♥♦r♠ q ❢♦r ❧♦❝❛❧ ♥❡✐❣❤❜♦r❤♦♦❞✳

❖✉t♣✉t✿ ❙♦❧✉t✐♦♥ x✳

• ❋♦r t ≥ 1✱ s❛♠♣❧❡ ❛ ✈♦t❡r vt ∈ V ❛t r❛♥❞♦♠ ❢r♦♠ t❤❡ ♣♦♣✉❧❛t✐♦♥❀ s❡t rt = r0/t
❛♥❞ ❡❧✐❝✐t

x′t = argmaxx∈{s:‖s−xt−1‖q≤rt}fvt(x), (1)

❛♥❞ t❤❡♥ ❝♦♠♣✉t❡ xt = [x′t]X ✱ ✇❤❡r❡ [·]X ✐s ❛ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ s♣❛❝❡ X ❀ ✐✳❡✳ ❛s❦
t❤❡ ✈♦t❡r t♦ ♠♦✈❡ t♦ ❤❡r ❢❛✈♦r✐t❡ ♣♦✐♥t ✇✐t❤✐♥ ❝♦♥str❛✐♥ts✱ ❛♥❞ t❤❡♥ ♣r♦❥❡❝t t❤❡
r❡♣♦rt❡❞ ♣♦✐♥t ♦♥t♦ X ✳

• ❙t♦♣ ✇❤❡♥ ❡✐t❤❡r t = T ✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ r❡t✉r♥ xT ✱ ♦r ✇❤❡♥
maxl,m∈{t−N,...,t} |xl − xm| ≤ ǫ✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ r❡t✉r♥ x = xt✳

✶✳✶ ❈♦♥tr✐❜✉t✐♦♥s

❚❤✐s ✇♦r❦ ✐s ❛ st❡♣ ✐♥ ❡①t❡♥❞✐♥❣ t❤❡ ✈❛st ❧✐t❡r❛t✉r❡ ✐♥ s♦❝✐❛❧ ❝❤♦✐❝❡ t♦ ❝♦♥t✐♥✉♦✉s s♣❛❝❡s✱
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❡❡❞❜❛❝❦ t❤❛t ✈♦t❡rs ❝❛♥ ❛❝t✉❛❧❧② ❣✐✈❡✳ ❖✉r ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ ❝♦♥tr✐✲
❜✉t✐♦♥s ❛r❡ ❛s ❢♦❧❧♦✇s✿

• ❈♦♥✈❡r❣❡♥❝❡ ❢♦r Lp ♥♦r♠❡❞ ✉t✐❧✐t✐❡s✿ ❲❡ s❤♦✇ t❤❛t ✐❢ t❤❡ ❛❣❡♥ts ❝♦st ❢✉♥❝t✐♦♥s
❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ Lp ❞✐st❛♥❝❡ ❢r♦♠ t❤❡✐r ✐❞❡❛❧ s♦❧✉t✐♦♥✱ ❛♥❞ ✐❢ ❛❣❡♥ts ❝♦rr❡❝t❧②
r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮✱ t❤❡♥ ❛♥ ✐♥t❡r❡st✐♥❣ ❞✉❛❧✐t② ❡♠❡r❣❡s✿ ❢♦r p = 1, 2 ♦r ∞✱ ✉s✐♥❣ Lq

♥❡✐❣❤❜♦r❤♦♦❞s✱ ✇❤❡r❡ q = ∞, 2 ❛♥❞ 1 r❡s♣❡❝t✐✈❡❧②✱ r❡s✉❧ts ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣✐♥❣
t♦ t❤❡ ✉♥✐q✉❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ♦♣t✐♠✐③✐♥❣ s♦❧✉t✐♦♥✳ ❲❤❡t❤❡r s✉❝❤ ❛ r❡s✉❧t ❤♦❧❞s ❢♦r ❣❡♥❡r❛❧
(p, q)✱ ✇❤❡r❡ q ✐s t❤❡ ❞✉❛❧ ♥♦r♠ t♦ p ✭✐✳❡✳ 1/p+ 1/q = 1✮✱ ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳ ❍♦✇❡✈❡r✱
✇❡ s❤♦✇ t❤❛t s✉❝❤ ❛ ❣❡♥❡r❛❧ r❡s✉❧t ❤♦❧❞s ✐❢✱ ✐♥ r❡s♣♦♥s❡ t♦ q✉❡r② ✭✶✮✱ t❤❡ ✈♦t❡r ✐♥st❡❛❞
♠♦✈❡s t❤❡ ❝✉rr❡♥t s♦❧✉t✐♦♥ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ ❤❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ t♦ t❤❡
♥❡✐❣❤❜♦r❤♦♦❞ ❜♦✉♥❞❛r②✳

• ❈♦♥✈❡r❣❡♥❝❡ ❢♦r ♦t❤❡r ✉t✐❧✐t✐❡s✿ ◆❡①t✱ ✇❡ s❤♦✇ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥
t✇♦ ❝❛s❡s✿ ✭❛✮ ✇❤❡♥ t❤❡ ✈♦t❡r ❝♦st ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ L2 ❞✐st❛♥❝❡s
♦✈❡r s✉❜✲s♣❛❝❡s ♦❢ t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡✱ ✉♥❞❡r L2 ♥❡✐❣❤❜♦r❤♦♦❞s ✕ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ s♦❧✉✲
t✐♦♥ ✐s ❛❧s♦ P❛r❡t♦ ❡✣❝✐❡♥t✱ ❛♥❞ ✭❜✮ ✇❤❡♥ t❤❡ ✈♦t❡r ✉t✐❧✐t② ❝❛♥ ❜❡ ❛❞❞✐t✐✈❡❧② ❞❡❝♦♠♣♦s❡❞
❛❝r♦ss ❞✐♠❡♥s✐♦♥s✱ ✉♥❞❡r L∞ ♥❡✐❣❤❜♦r❤♦♦❞s ✕ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦
t❤❡ ♠❡❞✐❛♥ ♦❢ t❤❡ ✐❞❡❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✈♦t❡rs ♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳

❲❡ t❤❡♥ ❜✉✐❧❞ ❛ ♣❧❛t❢♦r♠ ❛♥❞ r✉♥ t❤❡ ✜rst ❧❛r❣❡✲s❝❛❧❡ ❡①♣❡r✐♠❡♥t ✐♥ ✈♦t✐♥❣ ✐♥ ♠✉❧t✐✲
❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉♦✉s s♣❛❝❡s✱ ✐♥ ❛ ❜✉❞❣❡t ❛❧❧♦❝❛t✐♦♥ s❡tt✐♥❣✳ ❲❡ t❡st t❤r❡❡ ✈❛r✐❛♥ts ♦❢ ■▲❱✿
✇✐t❤ L1✱ L2 ❛♥❞ L∞ ♥❡✐❣❤❜♦r❤♦♦❞s✳ ❖✉r ♠❛✐♥ ✜♥❞✐♥❣s ❛r❡ ❛s ❢♦❧❧♦✇s✿

✸✶✽



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

• ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ L∞ ♥❡✐❣❤❜♦r❤♦♦❞s ✐s t❤❡ ♦♥❧② ❛❧t❡r♥❛t✐✈❡ t❤❛t s❛t✐s✜❡s
t❤❡ ✜rst✲♦r❞❡r ❝♦♥❝❡r♥ ❢♦r r❡❛❧✲✇♦r❧❞ ❞❡♣❧♦②❛❜✐❧✐t②✿ ❝♦♥s✐st❡♥t ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛ ✉♥✐q✉❡
st❛❜❧❡ s♦❧✉t✐♦♥✳ ❇♦t❤ L1 ❛♥❞ L2 ♥❡✐❣❤❜♦r❤♦♦❞s r❡s✉❧t ✐♥ ❝♦♥✈❡r❣❡♥❝❡ t♦ ♠✉❧t✐♣❧❡ s♦❧✉t✐♦♥s✳

• ❚❤❡ ❝♦♥s✐st❡♥t ❝♦♥✈❡r❣❡♥❝❡ ✉♥❞❡r L∞ ♥❡✐❣❤❜♦r❤♦♦❞s ✐♥ ❡①♣❡r✐♠❡♥ts str♦♥❣❧② s✉❣❣❡sts t❤❡
❞❡❝♦♠♣♦s❛❜✐❧✐t② ♦❢ ✈♦t❡r ✉t✐❧✐t✐❡s ❢♦r t❤❡ ❜✉❞❣❡t✐♥❣ ♣r♦❜❧❡♠✳ ▼♦t✐✈❛t❡❞ ❜② t❤✐s ♦❜s❡r✈❛✲
t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ ❛ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ❞❡❝♦♠♣♦s❛❜❧❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s t♦ ♠♦❞❡❧ ✉s❡r ❜❡❤❛✈✐♦r
❢♦r t❤❡ ❜✉❞❣❡t ❛❧❧♦❝❛t✐♦♥ s❡tt✐♥❣✳

• ❲❡ ♠❛❦❡ s❡✈❡r❛❧ q✉❛❧✐t❛t✐✈❡ ♦❜s❡r✈❛t✐♦♥s ❛❜♦✉t ✉s❡r ❜❡❤❛✈✐♦r ❛♥❞ ♣r❡❢❡r❡♥❝❡s✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ✈♦t❡rs ❤❛✈❡ ❧❛r❣❡ ✐♥❞✐✛❡r❡♥❝❡ r❡❣✐♦♥s ✐♥ t❤❡✐r ✉t✐❧✐t✐❡s✱ ✇✐t❤ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡r
r❡❣✐♦♥s ✐♥ ❞✐♠❡♥s✐♦♥s ❛❜♦✉t ✇❤✐❝❤ t❤❡② ❝❛r❡ ❛❜♦✉t ❧❡ss✳ ❋✉rt❤❡r✱ ✇❡ s❤♦✇ t❤❛t ❛s❦✐♥❣
✈♦t❡rs ❢♦r t❤❡✐r ✐❞❡❛❧ ❜✉❞❣❡t ❛❧❧♦❝❛t✐♦♥s ❛♥❞ ❤♦✇ ♠✉❝❤ t❤❡② ❝❛r❡ ❛❜♦✉t ❛ ❣✐✈❡♥ ✐t❡♠ ✐s
❢r❛✉❣❤t ✇✐t❤ ❯■ ❜✐❛s❡s ❛♥❞ s❤♦✉❧❞ ❜❡ ❝❛r❡❢✉❧❧② ❞❡s✐❣♥❡❞✳

❲❡ r❡♠❛r❦ t❤❛t ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛ttr❛❝t✐✈❡ ❢❡❛t✉r❡ ♦❢ s✉❝❤ ❛ ❝♦♥str❛✐♥❡❞ ❧♦❝❛❧ ✉♣❞❛t❡
❛❧❣♦r✐t❤♠ ✐♥ ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ s❡tt✐♥❣ ✐s t❤❛t str❛t❡❣✐❝ ❜❡❤❛✈✐♦r ❢r♦♠ t❤❡ ✈♦t❡rs ✐s ❧❡ss ♦❢ ❛
❝♦♥❝❡r♥✿ ❡✈❡♥ ✐❢ ❛ s✐♥❣❧❡ ✈♦t❡r ✐s str❛t❡❣✐❝✱ ❤❡r ❡✛❡❝t ♦♥ t❤❡ ♦✉t❝♦♠❡ ✐s ♥❡❣❧✐❣✐❜❧❡✳ ❋✉rt❤❡r✱
✐t ♠❛② ❜❡ ❞✐✣❝✉❧t ❢♦r ❛ ✈♦t❡r✱ ♦r ❡✈❡♥ ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ✈♦t❡rs✱ t♦ str❛t❡❣✐❝❛❧❧② ✈♦t❡❀ ♦♥❡ ♠✉st
r❡❛s♦♥ ♦✈❡r t❤❡ ♣♦ss✐❜❧❡ ❢✉t✉r❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♦✈❡r t❤❡ r❛♥❞♦♠♥❡ss ♦❢ ❢✉t✉r❡
✈♦t❡rs✳ ❖♥❡ ❝♦❛❧✐t✐♦♥ str❛t❡❣② ❢♦r L2 ❛♥❞ L∞ ♥❡✐❣❤❜♦r❤♦♦❞s✱ ✈♦t❡rs tr❛❞❡ ✈♦t❡s ♦♥ ❞✐✛❡r❡♥t
❞✐♠❡♥s✐♦♥s ✇✐t❤ ♦♥❡ ❛♥♦t❤❡r❀ ✇❡ ❧❡❛✈❡ r♦❜✉st♥❡ss t♦ s✉❝❤ str❛t❡❣✐❡s t♦ ❢✉t✉r❡ ✇♦r❦✳

❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❆❢t❡r ❞✐s❝✉ss✐♥❣ r❡❧❛t❡❞ ✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✷✱
✇❡ ♣r❡s❡♥t ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r ♦✉r ❛❧❣♦r✐t❤♠ ✉♥❞❡r ❞✐✛❡r❡♥t s❡tt✐♥❣s ✐♥ ❙❡❝t✐♦♥ ✸✳ ■♥
❙❡❝t✐♦♥ ✹✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜✉❞❣❡t ❛❧❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ❞❡s❝r✐❜❡ ♦✉r ❡①♣❡r✐♠❡♥t❛❧ ♣❧❛t✲
❢♦r♠✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❡①♣❡r✐♠❡♥t r❡s✉❧ts✱ ❛♥❞ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣❛♣❡r ✐♥
❙❡❝t✐♦♥ ✻✳ ❚❤❡ ♣r♦♦❢s ♦❢ ♦✉r r❡s✉❧ts ❛r❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✷✳ ❘❡❧❛t❡❞ ❲♦r❦

❖✉r ✇♦r❦ r❡❧❛t❡s t♦ ✈❛r✐♦✉s str❛♥❞s ♦❢ ❧✐t❡r❛t✉r❡✳ ❲❡ ♥♦t❡ t❤❛t ❛ ❝♦♥❢❡r❡♥❝❡ ✈❡rs✐♦♥ ♦❢ t❤✐s
✇♦r❦ ❛♣♣❡❛r❡❞ ♣r❡✈✐♦✉s❧② ✭●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛✱ ✷✵✶✼✮✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ t❡r♠ ✏✐t❡r❛t✐✈❡ ✈♦t✐♥❣✑ ✐s ❛❧s♦ ✉s❡❞ ✐♥ ♦t❤❡r ✇♦r❦s t♦ ❞❡♥♦t❡ ✉♥r❡❧❛t❡❞ ♠❡t❤♦❞s ✭▼❡✐r✱
P♦❧✉❦❛r♦✈✱ ❘♦s❡♥s❝❤❡✐♥✱ ✫ ❏❡♥♥✐♥❣s✱ ✷✵✶✵❀ ❆✐r✐❛✉ ✫ ❊♥❞r✐ss✱ ✷✵✵✾✮✳

✷✳✶ ❙t♦❝❤❛st✐❝ ❙✉❜❣r❛❞✐❡♥t ▼❡t❤♦❞

❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ❞r❛✇ ♠♦t✐✈❛t✐♦♥ ❢r♦♠ t❤❡ st♦❝❤❛st✐❝ s✉❜❣r❛❞✐❡♥t ♠❡t❤♦❞
✭❙❙●▼✮✱ ❛♥❞ ♦✉r ♠❛✐♥ ♣r♦♦❢ t❡❝❤♥✐q✉❡ ✐s ♠❛♣♣✐♥❣ ♦✉r ❛❧❣♦r✐t❤♠ t♦ ❙❙●▼✳ ❇❡❣✐♥♥✐♥❣
✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ st♦❝❤❛st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❜② ❘♦❜❜✐♥s ❛♥❞ ▼♦♥r♦ ✭❘♦❜❜✐♥s ✫
▼♦♥r♦✱ ✶✾✺✶✮✱ ❛ r✐❝❤ ❧✐t❡r❛t✉r❡ s✉rr♦✉♥❞s ❙❙●▼✱ ❢♦r ✐♥st❛♥❝❡ s❡❡ ✭❇♦②❞ ✫ ▼✉t❛♣❝✐❝✱ ✷✵✵✻❀
◆❡♠✐r♦✈s❦✐✱ ❏✉❞✐ts❦②✱ ▲❛♥✱ ✫ ❙❤❛♣✐r♦✱ ✷✵✵✾❀ ❏✐❛♥❣ ✫ ❲❛❧r❛♥❞✱ ✷✵✶✵❀ ❙❤♦r✱ ✶✾✾✽✮✳

✷✳✷ ■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣

❆ ✈❡rs✐♦♥ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✱ ✇✐t❤ L2 ♥♦r♠ ♥❡✐❣❤❜♦r❤♦♦❞s✱ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②
s❡✈❡r❛❧ t✐♠❡s ✭❍②❧❧❛♥❞ ✫ ❩❡❝❦❤❛✉s❡r✱ ✶✾✽✵❀ ❈❤✉♥❣ ✫ ❉✉❣❣❛♥✱ ✷✵✶✽❀ ❇❡♥❥❛♠✐♥✱ ❍❡✛❡t③✱ ❑✐♠✲

✸✶✾



●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

❜❛❧❧✱ ✫ ❙③❡♠❜r♦t✱ ✷✵✶✸✮ ❛♥❞ ✐s r❡❢❡rr❡❞ t♦ ❛s ◆♦r♠❛❧✐③❡❞ ●r❛❞✐❡♥t ❆s❝❡♥t ✭◆●❆✮✳ ■♥st❡❛❞ ♦❢

❞✐r❡❝t❧② ❛s❦✐♥❣ ✈♦t❡rs t♦ ♣❡r❢♦r♠ q✉❡r② ✭✶✮✱ t❤❡ ♠♦✈❡♠❡♥t ∇fv(xt−1)
‖∇fv(xt−1)‖2

✇♦✉❧❞ ❜❡ ❡st✐♠❛t❡❞

t❤r♦✉❣❤ ♣♦♣✉❧❛t✐♦♥ s✉r✈❡②s t♦ tr② t♦ ❝♦♠♣✉t❡ t❤❡ ✜①❡❞ ♣♦✐♥t ✇❤❡r❡ ❊v

[

∇fv(x)
‖∇fv(x)‖2

]

= 0✳

✭◆♦t❡ t❤❛t ✇❡ ✇♦r❦ ✇✐t❤ ❞✐str✐❜✉t✐♦♥s ♦❢ ✈♦t❡rs ❛♥❞ ❢♦r str✐❝t❧② ❝♦♥❝❛✈❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱
t❤❡ ♠♦✈❡♠❡♥t ❢♦r ❡❛❝❤ ✈♦t❡r ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r ❛❧❧ ❜✉t ❛ ♠❡❛s✉r❡ ✵ s❡t✳ ❚❤❡♥✱ ❣✐✈❡♥ ❛
❜♦✉♥❞❡❞ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ✈♦t❡rs✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s ✇❡❧❧✲❞❡✜♥❡❞✮✳

❚❤✐s ✜①❡❞ ♣♦✐♥t ❤❛s ❜❡❡♥ ❝❛❧❧❡❞ ❉✐r❡❝t✐♦♥❛❧ ❊q✉✐❧✐❜r✐✉♠ ✭❉❊✮ ✐♥ t❤❡ r❡❝❡♥t ❧✐t❡r❛t✉r❡
✭❈❤✉♥❣ ✫ ❉✉❣❣❛♥✱ ✷✵✶✽✮✳ ❚❤❡ ♠♦✈❡♠❡♥t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♠♦✈❡♠❡♥t ✐♥ t❤✐s ✇♦r❦ ✐♥
t❤❡ ❝❛s❡ ✈♦t❡rs r❡s♣♦♥❞ ❛❝❝♦r❞✐♥❣ t♦ ▼♦❞❡❧ ❇ ❛♥❞ ✇✐t❤ L2 ♥❡✐❣❤❜♦r❤♦♦❞s✱ ❛♥❞ ✇❡ s❤♦✇ ✐♥
❙❡❝t✐♦♥ ✸✳✸ t❤❛t✱ ✐♥ s✉❝❤ ❝❛s❡s✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ ❛ ❉✐r❡❝t✐♦♥❛❧ ❊q✉✐❧✐❜r✐✉♠ ✇❤❡♥ ✐t
❝♦♥✈❡r❣❡s✳ ❲❡ ❢✉rt❤❡r ❝♦♥❥❡❝t✉r❡ t❤❛t ❡✈❡♥ ✉♥❞❡r ✈♦t❡r ▼♦❞❡❧ ❆✱ ✐❢ ❆❧❣♦r✐t❤♠ ✷ ❝♦♥✈❡r❣❡s✱
t❤❡ ✜①❡❞ ♣♦✐♥t ✐s ❛ ❉✐r❡❝t✐♦♥❛❧ ❊q✉✐❧✐❜r✐✉♠✳

❙❡✈❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✇♦r❦ ♦❢ ❍②❧✲
❧❛♥❞ ❛♥❞ ❩❡❝❦❤❛✉s❡r ✭✶✾✽✵✮ t♦ ♠♦r❡ r❡❝❡♥t❧②✱ t❤❡ ✇♦r❦ ♦❢ ❈❤✉♥❣ ❛♥❞ ❉✉❣❣❛♥ ✭✷✵✶✽✮ ❛♥❞
❇❡♥❥❛♠✐♥ ❡t ❛❧✳ ✭✷✵✶✸✮✿ ✐t ❡①✐sts ✉♥❞❡r ❧✐❣❤t ❛ss✉♠♣t✐♦♥s✱ ✐s P❛r❡t♦ ❡✣❝✐❡♥t✱ ❛♥❞ ❤❛s ✐♠✲
♣♦rt❛♥t ❝♦♥♥❡❝t✐♦♥s t♦ t❤❡ ▼❛❥♦r✐t② ❈♦r❡ ❧✐t❡r❛t✉r❡ ✐♥ ❡❝♦♥♦♠✐❝s✳ ❙❤♦✇✐♥❣ t❤❛t ❛♥ ✐t❡r❛t✐✈❡
❛❧❣♦r✐t❤♠ ❛❦✐♥ t♦ ♦✉rs ❝♦♥✈❡r❣❡s t♦ s✉❝❤ ❛ ♣♦✐♥t ❤❛s ❜❡❡♥ ❝❤❛❧❧❡♥❣✐♥❣❀ ✐♥❞❡❡❞✱ ❡①❝❡♣t ❢♦r
s♣❡❝✐❛❧ ❝❛s❡s s✉❝❤ ❛s q✉❛❞r❛t✐❝ ✉t✐❧✐t✐❡s fv(x) = −(x − xv)TΩ(x − xv)✱ ✇✐t❤ s♦❝✐❡t②✲✇✐❞❡
Ω t❤❛t ❡♥❝♦❞❡s t❤❡ r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡ ❛♥❞ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ✐ss✉❡s ✭❇❡♥❥❛♠✐♥ ❡t ❛❧✳✱
✷✵✶✸✮✱ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳

❖✉r ❛❧❣♦r✐t❤♠ ❞✐✛❡rs ❢r♦♠ ◆●❆ ✐♥ ❛ ❢❡✇ ❝r✉❝✐❛❧ ❞✐r❡❝t✐♦♥s✱ ❡✈❡♥ ✐♥ t❤❡ ❝❛s❡ t❤❛t t❤❡
♠♦✈❡♠❡♥t ✐s ❡q✉✐✈❛❧❡♥t✿ ❜② r❡❧❛t✐♥❣ ♦✉r ❛❧❣♦r✐t❤♠ t♦ ❙❙●▼✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡
st❡♣✲s✐③❡ ❜❡❤❛✈✐♦r ♥❡❝❡ss❛r② ❢♦r ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ s❤♦✇ ❝♦♥✈❡r❣❡♥❝❡ ❡✈❡♥ ✇❤❡♥ ❡❛❝❤ st❡♣ ✐s
♠❛❞❡ ❜② ❛ s✐♥❣❧❡ ✈♦t❡r✱ r❛t❤❡r t❤❛♥ ❛❢t❡r ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ s♦❝✐❡t❛❧ ♥♦r♠❛❧✐③❡❞ ❣r❛❞✐❡♥t✳
❖♥❡ ❝❛♥ ❛❧s♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✭◆❡♠✐r♦✈s❦✐ ❡t ❛❧✳✱ ✷✵✵✾✮✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ❧✐t❡r❛t✉r❡ ❤❛s r❡❢❡rr❡❞ t♦ t❤❡ L2 ♥♦r♠ ✭♦r ✏q✉❛❞r❛t✐❝ ❜✉❞❣❡t✑✮ ❝♦♥str❛✐♥t ❛s
✏❝❡♥tr❛❧ t♦ t❤❡✐r str❛t❡❣✐❝ ♣r♦♣❡rt✐❡s✑ ✭❇❡♥❥❛♠✐♥✱ ❍❡✛❡t③✱ ❑✐♠❜❛❧❧✱ ✫ ▲♦✉❣❡❡✱ ✷✵✶✼✮✳ ■♥ t❤✐s
✇♦r❦✱ t❤✐s ❧✐♠✐t❛t✐♦♥ ✐s r❡❧❛①❡❞ ✕ t❤❡ s❛♠❡ str❛t❡❣✐❝ ♣r♦♣❡rt②✱ ♠②♦♣✐❝ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✱
❤♦❧❞s ❢♦r t❤❡ ♦t❤❡r ♥♦r♠ ❝♦♥str❛✐♥ts ❢♦r t❤❡✐r r❡s♣❡❝t✐✈❡ ❝❛s❡s✳

❋✐♥❛❧❧②✱ ❜❡❝❛✉s❡ ✇❡ ❛r❡ ♣r✐♠❛r✐❧② ✐♥t❡r❡st❡❞ ✐♥ ❞❡s✐❣♥✐♥❣ ✐♠♣❧❡♠❡♥t❛❜❧❡ ✈♦t✐♥❣ ♠❡❝❤❛✲
♥✐s♠s✱ ✇❡ ❢♦❝✉s ♦♥ s♦♠❡✇❤❛t ❞✐✛❡r❡♥t ❝♦♥❝❡r♥s t❤❛♥ t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐❛ ❧✐t❡r❛t✉r❡✳
❍♦✇❡✈❡r✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ✐❞❡❛s ✐♥ t❤✐s ✇♦r❦✱ ❡s♣❡❝✐❛❧❧② t❤❡ ❝♦♥♥❡❝t✐♦♥s t♦ t❤❡ ♦♣t✐✲
♠✐③❛t✐♦♥ ❧✐t❡r❛t✉r❡✱ ♠❛② ♣r♦✈❡ ✉s❡❢✉❧ t♦ ✇♦r❦ ♦♥ ◆●❆✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦
✇♦r❦ st✉❞✐❡s s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ✇✐t❤ ♦t❤❡r ♥❡✐❣❤❜♦r❤♦♦❞s ❛♥❞ ✉♥❞❡r ♦r❞✐♥❛❧ ❢❡❡❞❜❛❝❦✱ ♦r
✐♠♣❧❡♠❡♥ts s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠✳

✷✳✸ ❖♣t✐♠✐③❛t✐♦♥ ✇✐t❤♦✉t ●r❛❞✐❡♥ts

❇❡❝❛✉s❡ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤♦✉t ❛❝❝❡ss t♦ ✈♦t❡rs✬ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ♦r ✐ts
❣r❛❞✐❡♥ts✱ t❤✐s ✇♦r❦ s❡❡♠s t♦ ❜❡ ✐♥ t❤❡ s❛♠❡ ✈❡✐♥ ❛s r❡❝❡♥t ❧✐t❡r❛t✉r❡ ♦♥ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥
✇✐t❤♦✉t ❣r❛❞✐❡♥ts ✕ s✉❝❤ ❛s ✇✐t❤ ❝♦♠♣❛r✐s♦♥s ♦r ✇✐t❤ ♣❛✐rs ♦❢ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s ✭❋❧❛①♠❛♥✱
❑❛❧❛✐✱ ✫ ▼❝▼❛❤❛♥✱ ✷✵✵✺❀ ❏❛♠✐❡s♦♥✱ ◆♦✇❛❦✱ ✫ ❘❡❝❤t✱ ✷✵✶✷❀ ❉✉❝❤✐✱ ❆❣❛r✇❛❧✱ ✫ ❲❛✐♥✇r✐❣❤t✱
✷✵✶✷❀ ❉✉❝❤✐✱ ❏♦r❞❛♥✱ ❲❛✐♥✇r✐❣❤t✱ ✫ ❲✐❜✐s♦♥♦✱ ✷✵✶✺✮✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ s♦❝✐❛❧ ❝❤♦✐❝❡ ♦r
❤✉♠❛♥ ♦♣t✐♠✐③❛t✐♦♥ s❡tt✐♥❣✱ ✇❡ ❝❛♥♥♦t ❡st✐♠❛t❡ ❡❛❝❤ ✈♦t❡r✬s ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ♦r ❣r❛❞✐❡♥ts

✸✷✵



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

❡①❛❝t❧② r❛t❤❡r t❤❛♥ ✉♣ t♦ ❛ s❝❛❧✐♥❣ t❡r♠✱ ❛♥❞ ②❡t ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✜♥❞ s♦♠❡ ♣♦✐♥t ✇✐t❤ ❣♦♦❞
s♦❝✐❡t❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤✐s ❧✐♠✐t❛t✐♦♥ ♣r❡✈❡♥ts t❤❡ ✉s❡ ♦❢ str❛t❡❣✐❡s ❢r♦♠ s✉❝❤ ✇♦r❦s✳

❏❛♠✐❡s♦♥ ❡t ❛❧✳ ✭✷✵✶✷✮✱ ❢♦r ❡①❛♠♣❧❡✱ ♣r❡s❡♥t ❛♥ ♦♣t✐♠❛❧ ❝♦♦r❞✐♥❛t❡✲❞❡s❝❡♥t ❜❛s❡❞ ❛❧❣♦✲
r✐t❤♠ t♦ ✜♥❞ t❤❡ ♦♣t✐♠✉♠ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ ♥♦✐s② ❝♦♠♣❛r✐s♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡
♦♥ t❤❛t ❢✉♥❝t✐♦♥❀ ✐♥ ♦✉r s❡tt✐♥❣✱ s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡
❢♦r ❡❛❝❤ ✈♦t❡r✱ ❜✉t ♥♦t t❤❡ s♦❝✐❡t❛❧ ♦♣t✐♠✉♠ ❜❡❝❛✉s❡ ❡❛❝❤ ✈♦t❡r ❝❛♥ ✐♥❞❡♣❡♥❞❡♥t❧② s❝❛❧❡
❤❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❉✉❝❤✐ ❡t ❛❧✳ ✭✷✵✶✷✮ ♣r❡s❡♥t ❛ ❞✐str✐❜✉t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇❤❡r❡
❡❛❝❤ ♥♦❞❡ ✭✈♦t❡r✮ ❤❛s ❛❝❝❡ss t♦ ✐ts ♦✇♥ s✉❜❣r❛❞✐❡♥ts ❛♥❞ ❛ ❢❡✇ ♦❢ ✐ts ♥❡✐❣❤❜♦rs✱ ❜✉t ✐♥ ♦✉r
❝❛s❡ ❡❛❝❤ ✈♦t❡r ❝❛♥ ❛r❜✐tr❛r✐❧② s❝❛❧❡ ❤❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛♥❞ t❤✉s ❤❡r s✉❜❣r❛❞✐❡♥ts✳ ❙✐♠✐❧❛r
♣r♦❜❧❡♠s ❡♠❡r❣❡ ✐♥ ❛♣♣❧②✐♥❣ r❡s✉❧ts ❢r♦♠ t❤❡ ✇♦r❦ ♦❢ ❉✉❝❤✐ ❡t ❛❧✳ ✭✷✵✶✺✮✳ ■♥ ♦✉r ✇♦r❦✱ s✉❝❤
s❝❛❧✐♥❣ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♣♦✐♥t t♦ ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s✳

✷✳✹ P❛rt✐❝✐♣❛t♦r② ❇✉❞❣❡t✐♥❣

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡tt✐♥❣ ❢♦r t❤✐s ✇♦r❦✱ ❛♥❞ ❛ ❞r✐✈✐♥❣ ♠♦t✐✈❛t✐♦♥✱ ✐s P❛rt✐❝✐♣❛t♦r② ❇✉❞❣❡t✐♥❣✱
✐♥ ✇❤✐❝❤ ✈♦t❡rs ❛r❡ ❛s❦❡❞ t♦ ❤❡❧♣ ❝r❡❛t❡ ❛ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t✳ P❛rt✐❝✐♣❛t♦r② ❜✉❞❣❡t✐♥❣ ❤❛s
❜❡❡♥ ❛♠♦♥❣ t❤❡ ♠♦st s✉❝❝❡ss❢✉❧ ♣r♦❣r❛♠s ♦❢ ❈r♦✇❞s♦✉r❝❡❞ ❉❡♠♦❝r❛❝②✱ ✇✐t❤ ❞❡♣❧♦②♠❡♥ts
t❤r♦✉❣❤♦✉t t❤❡ ✇♦r❧❞ ❛❧❧♦❝❛t✐♥❣ ❤✉♥❞r❡❞s ♦❢ ♠✐❧❧✐♦♥s ♦❢ ❞♦❧❧❛rs ❛♥♥✉❛❧❧②✱ ❛♥❞ st✉❞✐❡s ❤❛✈❡
s❤♦✇♥ ✐ts ❝✐✈✐❝ ❡♥❣❛❣❡♠❡♥t ❜❡♥❡✜ts ✭❈❛❜❛♥♥❡s✱ ✷✵✵✹❀ ❙❤❛❤✱ ✷✵✵✼❀ ❙✐♥t♦♠❡r ❡t ❛❧✳✱ ✷✵✵✽❀
●✐❧♠❛♥✱ ✷✵✶✷❀ ●♦❡❧ ❡t ❛❧✳✱ ✷✵✶✻❀ ▼❝❉❡r♠♦tt✱ ✷✵✶✵❀ ▲❡❡ ❡t ❛❧✳✱ ✷✵✶✹✮✳

■♥ ❛ t②♣✐❝❛❧ ❡❧❡❝t✐♦♥✱ ❝♦♠♠✉♥✐t② ♠❡♠❜❡rs ♣r♦♣♦s❡ ♣r♦❥❡❝ts✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ r❡✜♥❡❞ ❛♥❞
✈♦t❡❞ ♦♥ ❜② ❡✐t❤❡r t❤❡✐r r❡♣r❡s❡♥t❛t✐✈❡s ♦r t❤❡ ❡♥t✐r❡ ❝♦♠♠✉♥✐t②✱ t❤r♦✉❣❤ s♦♠❡ ❞✐s❝r❡t❡
❛❣❣r❡❣❛t✐♦♥ s❝❤❡♠❡✳ ■♥ ♥♦ s✉❝❤ r❡❛❧✲✇♦r❧❞ ❡❧❡❝t✐♦♥✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❝❛♥ t❤❡ ❛♠♦✉♥t ♦❢
♠♦♥❡② t♦ ❛❧❧♦❝❛t❡ t♦ ❛ ♣r♦❥❡❝t ❜❡ ❞❡t❡r♠✐♥❡❞ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s s♣❛❝❡ ✇✐t❤✐♥ t❤❡ ✈♦t✐♥❣ ♣r♦❝❡ss✱
❡①❝❡♣t t❤r♦✉❣❤ ♥❡❣♦t✐❛t✐♦♥ ❜② r❡♣r❡s❡♥t❛t✐✈❡s✳

●♦❡❧ ❡t ❛❧✳ ✭✷✵✶✻✮ ♣r♦♣♦s❡ ❛ ✏❑♥❛♣s❛❝❦ ❱♦t✐♥❣✑ ♠❡❝❤❛♥✐s♠ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ✈♦t❡r ✐s ❛s❦❡❞
t♦ ❝r❡❛t❡ ❛ ✈❛❧✐❞ ❜✉❞❣❡t ✉♥❞❡r t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t❀ t❤❡ ✈♦t❡s ❛r❡ t❤❡♥ ❛❣❣r❡❣❛t❡❞ ✉s✐♥❣ ❑✲
❛♣♣r♦✈❛❧ ❛❣❣r❡❣❛t✐♦♥ ♦♥ ❡❛❝❤ ❞♦❧❧❛r ✐♥ t❤❡ ❜✉❞❣❡t✱ ❛❧❧♦✇✐♥❣ ❢♦r ❢✉❧❧② ❝♦♥t✐♥✉♦✉s ❛❧❧♦❝❛t✐♦♥ ✐♥
t❤❡ s♣❛❝❡✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ ✐s str❛t❡❣②✲♣r♦♦❢ ✉♥❞❡r s♦♠❡ ✈♦t❡r ✉t✐❧✐t② ♠♦❞❡❧s✳ ■♥ ❝♦♠♣❛r✐s♦♥✱
♦✉r ♠❡❝❤❛♥✐s♠ ✇♦r❦s ✐♥ ♠♦r❡ ❣❡♥❡r❛❧ s♣❛❝❡s ❛♥❞ ✐s ♣♦t❡♥t✐❛❧❧② ❡❛s✐❡r ❢♦r ✈♦t❡rs t♦ ❞♦✳

✷✳✺ ■♠♣❧✐❝✐t ❯t✐❧✐t❛r✐❛♥ ❱♦t✐♥❣

❲✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦♣t✐♠✐③✐♥❣ s♦♠❡ s♦❝✐❡t❛❧ ✉t✐❧✐t② ❢✉♥❝t✐♦♥
✭❜❛s❡❞ ♦♥ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ✈♦t❡r ✉t✐❧✐t✐❡s✮ ❣✐✈❡♥ ♦♥❧② ♦r❞✐♥❛❧ ❢❡❡❞❜❛❝❦ ✐s ✇❡❧❧✲st✉❞✐❡❞✱ ✇✐t❤
t❤❡ s❛♠❡ ♠♦t✐✈❛t✐♦♥ ❛s ✐♥ t❤✐s ✇♦r❦✿ ♦r❞✐♥❛❧ ❢❡❡❞❜❛❝❦ s✉❝❤ ❛s r❛♥❦✐♥❣s ❛♥❞ s✉❜s❡t s❡❧❡❝t✐♦♥s
❛r❡ r❡❧❛t✐✈❡❧② ❡❛s② ❢♦r ✈♦t❡rs t♦ ♣r♦✈✐❞❡✳ ❚❤❡ ❢♦❝✉s ✐♥ s✉❝❤ ✇♦r❦✱ r❡❢❡rr❡❞ t♦ ❛s ✐♠♣❧✐❝✐t

✉t✐❧✐t❛r✐❛♥ ✈♦t✐♥❣✱ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ❞✐st♦rt✐♦♥ ♦❢ t❤❡ ♦✉t♣✉t s❡❧❡❝t❡❞ ❜② ❛ ❣✐✈❡♥ ✈♦t✐♥❣ r✉❧❡✱
♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✈♦t❡s✱ ✐✳❡✳ ♠✐♥✐♠✐③❡ t❤❡ ✇♦rst ❝❛s❡ ❡rr♦r
❛❝❤✐❡✈❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ❞✉❡ t♦ ❛♥ ✉♥❞❡r✲❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ✇❤❡♥ ♦♥❧② ✉s✐♥❣
t❤❡ ♣r♦✈✐❞❡❞ ✐♥♣✉ts ✭Pr♦❝❛❝❝✐❛ ✫ ❘♦s❡♥s❝❤❡✐♥✱ ✷✵✵✻❀ ❈❛r❛❣✐❛♥♥✐s ✫ Pr♦❝❛❝❝✐❛✱ ✷✵✶✶❀ ●♦❡❧✱
❑r✐s❤♥❛s✇❛♠②✱ ✫ ▼✉♥❛❣❛❧❛✱ ✷✵✶✼❀ ❈❛r❛❣✐❛♥♥✐s✱ ◆❛t❤✱ Pr♦❝❛❝❝✐❛✱ ✫ ❙❤❛❤✱ ✷✵✶✼✮✳ ■♥ t❤✐s
✇♦r❦✱ ✇❡ s❤♦✇ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ✉♥❞❡r ❝❡rt❛✐♥ ✐♠♣❧✐❝✐t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❢♦r♠s✳
❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♠❛①✐♠✉♠ ❞✐st♦rt✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ✜①❡❞ ♣♦✐♥t ✭♦r
❡✈❡♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛♥② ✜①❡❞ ♣♦✐♥t✮ ✉♥❞❡r ❛♥② ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
❣✐✈❡♥ ❢❡❡❞❜❛❝❦✱ ❧❡❛✈✐♥❣ s✉❝❤ ❛♥❛❧②s✐s ❢♦r ❢✉t✉r❡ ✇♦r❦✳

✸✷✶



●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

▼♦❞❡❧ ❆ ▼♦❞❡❧ ❇

❙♣❛t✐❛❧✱ (p, q) = (2, 2)✱ (1,∞)✱ ♦r (∞, 1) ❙♦❝✐❛❧ ❖♣t✳ ✭❚❤♠ ✶✮
❙♣❛t✐❛❧✱ (p, q) s✳t✳ 1/p+ 1/q = 1 ❄ ❙♦❝✐❛❧ ❖♣t✳ ✭❚❤♠ ✷✮
❲❡✐❣❤t❡❞ ❊✉❝❧✐❞❡❛♥ ❙♦❝✐❛❧ ❖♣t✳ ✭❚❤♠ ✶✮
❉❡❝♦♠♣♦s❛❜❧❡ ▼❡❞✐❛♥s ✭❚❤♠ ✷✮

❚❛❜❧❡ ✶✿ ❙✉♠♠❛r② ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts

✸✳ ❈♦♥✈❡r❣❡♥❝❡ ❆♥❛❧②s✐s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ ■▲❱ ✉♥❞❡r ✈❛r✐♦✉s ✉t✐❧✐t② ❛♥❞
❜❡❤❛✈✐♦r ♠♦❞❡❧s✳ ❋♦r t❤❡ r❡st ♦❢ t❤❡ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s
♦♥ ♦✉r ♠♦❞❡❧✳

❈1 ❚❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ X ⊆ R
M ✐s ♥♦♥✲❡♠♣t②✱ ❜♦✉♥❞❡❞✱ ❝❧♦s❡❞✱ ❛♥❞ ❝♦♥✈❡①✳

❈2 ❊❛❝❤ ✈♦t❡r v ❤❛s ❛ ✉♥✐q✉❡ ✐❞❡❛❧ s♦❧✉t✐♦♥ xv ∈ X ✳

❈3 ❚❤❡ ✐❞❡❛❧ ♣♦✐♥t xv ♦❢ ❡❛❝❤ ✈♦t❡r ✐s ❞r❛✇♥ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
✇✐t❤ ❛ ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ hX ✳

❯♥❞❡r t❤✐s ♠♦❞❡❧✱ ❢♦r ❛ s♦❧✉t✐♦♥ x ∈ X ✱ t❤❡ s♦❝✐❡t❛❧ ✉t✐❧✐t② ✐s ❣✐✈❡♥ ❜② ❊v[fv(x)]✳ ❛♥❞ t❤❡
s♦❝✐❛❧ ♦♣t✐♠❛❧ ✭❙❖✮ s♦❧✉t✐♦♥ ✐s ❛♥② x∗ ∈ argmaxx∈X ❊v[fv(x)]✳

✏❈♦♥✈❡r❣❡♥❝❡✑ ♦❢ ■▲❱ r❡❢❡rs t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
{xt}t≥1 t♦ s♦♠❡ x ∈ X ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛❧❧♦✇❡❞ t♦ r✉♥
✐♥❞❡✜♥✐t❡❧② ✭t❤✐s ♥♦t✐♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛❧s♦ ✐♠♣❧✐❡s t❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤
♣r♦❜❛❜✐❧✐t② 1✮✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✱ ✇❡ ♣r❡s❡♥t s❡✈❡r❛❧ ❝❧❛ss❡s ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❢♦r ✇❤✐❝❤
t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s✱ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❲❡ ❢✉rt❤❡r ❢♦r♠❛❧✐③❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ t♦
❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐❛ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳

✸✳✶ ❙♣❛t✐❛❧ ❯t✐❧✐t✐❡s

❍❡r❡ ✇❡ ❝♦♥s✐❞❡r s♣❛t✐❛❧ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ ✇❤❡r❡ t❤❡ ✉t✐❧✐t✐❡s ♦❢ ❡❛❝❤ ✈♦t❡rs ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
✐♥ t❤❡ ❢♦r♠ ♦❢ s♦♠❡ ❦✐♥❞ ♦❢ s♣❛t✐❛❧ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡✐r ✐❞❡❛❧ s♦❧✉t✐♦♥s✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❦✐♥❞ ♦❢ ✉t✐❧✐t✐❡s✳

❉❡✜♥✐t✐♦♥ ✶✳ Lp ♥♦r♠❡❞ ✉t✐❧✐t✐❡s✳ ❚❤❡ ✈♦t❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s Lp ♥♦r♠❡❞ ✐❢ fv(x) =
−‖x− xv‖p, ∀x ∈ X ✳

❯♥❞❡r s✉❝❤ ✉t✐❧✐t✐❡s✱ ❢♦r p = 1, 2 ❛♥❞ ∞✱ r❡str✐❝t✐♥❣ ✈♦t❡rs t♦ ❛ ❜❛❧❧ ✐♥ t❤❡ ❞✉❛❧ ♥♦r♠
❧❡❛❞s t♦ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ s♦❝✐❡t❛❧ ♦♣t✐♠✉♠✳

❚❤❡♦r❡♠ ✶✳ ❙✉♣♣♦s❡ t❤❛t ❝♦♥❞✐t✐♦♥s C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ✈♦t❡r ✉t✐❧✐t✐❡s ❛r❡ Lp

♥♦r♠❡❞✱ ❛♥❞ ✈♦t❡rs r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮ ❛❝❝♦r❞✐♥❣ t♦ ❡✐t❤❡r ▼♦❞❡❧ ❆ ♦r ▼♦❞❡❧ ❇✳ ❚❤❡♥✱

■▲❱ ✇✐t❤ Lq ♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❝✐❡t❛❧ ♦♣t✐♠❛❧ ♣♦✐♥t ✇✳♣✳ 1 ✇❤❡♥ (p, q) = (2, 2)✱
(1,∞)✱ ♦r (∞, 1)✳

✸✷✷



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

❚❤❡ ♣r♦♦❢ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ❆ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❛s ❢♦❧❧♦✇s✳ ❋♦r t❤❡
❣✐✈❡♥ ♣❛✐rs (p, q)✱ ✇❡ s❤♦✇ t❤❛t✱ ❡①❝❡♣t ✐♥ ❝❡rt❛✐♥ ❵❜❛❞✬ r❡❣✐♦♥s✱ t❤❡ ✉♣❞❛t❡ r✉❧❡ xt+1 =
argminx[‖x − xvt‖p : ‖x − xt‖q ≤ rt] ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ st♦❝❤❛st✐❝ s✉❜❣r❛❞✐❡♥t ♠❡t❤♦❞
✭❙❙●▼✮ ✉♣❞❛t❡ r✉❧❡ xt+1 = xt−rtgt✱ ❢♦r s♦♠❡ gt ∈ ∂❊v[‖x−xvt‖p]✱ ❛♥❞ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ ❜❡✐♥❣ ✐♥ ❛ ❵❜❛❞✬ r❡❣✐♦♥ ❞❡❝r❡❛s❡s ❢❛st ❡♥♦✉❣❤ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ rt✳ ❲❡ t❤❡♥ ❧❡✈❡r❛❣❡ ❛
st❛♥❞❛r❞ ❙❙●▼ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢✳ ❖♥❡ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤❡
r❡s✉❧t ❡①t❡♥❞s t♦ ❣❡♥❡r❛❧ ❞✉❛❧ ♥♦r♠s p, q✱ ✇❤❡r❡ 1/p + 1/q = 1✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ✉♣❞❛t❡
r✉❧❡ ✐s ♥♦t ❡q✉✐✈❛❧❡♥t t♦ ❙❙●▼ ✐♥ ❣❡♥❡r❛❧✱ ❛♥❞ ✇❡ ❧❡❛✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ s♦❝✐❡t❛❧
♦♣t✐♠✉♠ ❢♦r ❣❡♥❡r❛❧ (p, q) ❛s ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳

❋✉rt❤❡r✱ ♥♦t❡ t❤❛t ❡✈❡♥ ✐❢ ❡❛❝❤ ✈♦t❡r ❝♦✉❧❞ s❝❛❧❡ t❤❡✐r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛r❜✐tr❛r✐❧②✱ t❤❡
❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❝♦♥✈❡r❣❡ t♦ t❤❡ s❛♠❡ ♣♦✐♥t✳

❍♦✇❡✈❡r✱ t❤❡ ❣❡♥❡r❛❧ r❡s✉❧t ❞♦❡s ❤♦❧❞ ❢♦r ❣❡♥❡r❛❧ ❞✉❛❧ ♥♦r♠s (p, q) ✐❢ ♦♥❡ ❛ss✉♠❡s t❤❡
❛❧t❡r♥❛t✐✈❡ ❜❡❤❛✈✐♦r ♠♦❞❡❧✳

❚❤❡♦r❡♠ ✷✳ ❙✉♣♣♦s❡ t❤❛t ❝♦♥❞✐t✐♦♥s C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ✈♦t❡r ✉t✐❧✐t✐❡s ❛r❡

Lp ♥♦r♠❡❞✱ ❛♥❞ ✈♦t❡rs r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮ ❛❝❝♦r❞✐♥❣ t♦ ▼♦❞❡❧ ❇✳ ❚❤❡♥✱ ■▲❱ ✇✐t❤ Lq

♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❝✐❡t❛❧ ♦♣t✐♠❛❧ ♣♦✐♥t ✇✳♣✳ 1 ❢♦r ❛♥② p > 0 ❛♥❞ q > 0 s✉❝❤

t❤❛t 1/p+ 1/q = 1✳

❚❤❡ ♣r♦♦❢ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ■t ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ Lp ♥♦r♠❡❞
✉t✐❧✐t✐❡s✿ t❤❡ Lq ♥♦r♠ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡s❡ ✉t✐❧✐t✐❡s ❛t ❛♥② ♣♦✐♥t ♦t❤❡r t❤❛♥ t❤❡ ✐❞❡❛❧
♣♦✐♥t ✐s ❝♦♥st❛♥t✳ ❚❤✐s ❢❛❝t✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✈♦t❡r ❜❡❤❛✈✐♦r ♠♦❞❡❧✱ ❛❧❧♦✇s t❤❡ ❛❧❣♦r✐t❤♠ t♦
✐♠♣❧✐❝✐t❧② ❝❛♣t✉r❡ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ✉t✐❧✐t✐❡s✱ ❛♥❞ t❤✉s ❛ ❞✐r❡❝t ♠❛♣♣✐♥❣
t♦ ❙❙●▼ ✐s ♦❜t❛✐♥❡❞✳

◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ r❡s✉❧t ❤♦❧❞s ❡✈❡♥ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t ❛ ✈♦t❡r ♠♦✈❡s t♦ ❤❡r ✐❞❡❛❧ ♣♦✐♥t
xv ✐♥ ❝❛s❡ ✐t ❢❛❧❧s ✇✐t❤✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ✭s✐♥❝❡✱ ❛s ❡①♣❧❛✐♥❡❞ ❡❛r❧✐❡r✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
s❛♠♣❧✐♥❣ s✉❝❤ ❛ ✈♦t❡r ❞❡❝r❡❛s❡s ❢❛st ❡♥♦✉❣❤✮✳

◆❡①t✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❲❡✐❣❤t❡❞

❊✉❝❧✐❞❡❛♥ ✉t✐❧✐t✐❡s✱ ❢♦r ✇❤✐❝❤ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳ ❲❡✐❣❤t❡❞ ❊✉❝❧✐❞❡❛♥ ✉t✐❧✐t✐❡s✳ ▲❡t t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ X ❜❡ ❞❡❝♦♠♣♦s❛❜❧❡

✐♥t♦ K ❞✐✛❡r❡♥t s✉❜✲s♣❛❝❡s✱ s♦ t❤❛t x = (x1, . . . , xK) ❢♦r ❡❛❝❤ x ∈ X ✭✇❤❡r❡
∑K

k=1 ❞✐♠(xk) =
M✮✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈♦t❡r v ✐s

fv(x) = −
K
∑

k=1

wk
v

‖wv‖2
‖xk − xkv‖2.

✇❤❡r❡ wv ✐s ❛ ✈♦t❡r✲s♣❡❝✐✜❝ ✇❡✐❣❤t ✈❡❝t♦r✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❛ ❲❡✐❣❤t❡❞ ❊✉❝❧✐❞❡❛♥ ✉t✐❧✐t②

❢✉♥❝t✐♦♥✳ ❲❡ ❢✉rt❤❡r ❛ss✉♠❡ t❤❛t wv ∈ W ⊂ R
K
+ ❛♥❞ xv ❛r❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❞r❛✇♥ ❢♦r ❡❛❝❤

✈♦t❡r v ❢r♦♠ ❛ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥✱

✇✐t❤ W ♥♦♥❡♠♣t②✱ ❜♦✉♥❞❡❞✱ ❝❧♦s❡❞✱ ❛♥❞ ❝♦♥✈❡①✳

❚❤✐s ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❢♦❧❧♦✇s✿ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ♣r♦❜❧❡♠ ✐s ❞❡✲
❝♦♠♣♦s❛❜❧❡ ✐♥t♦ K s✉❜✲♣r♦❜❧❡♠s✱ ❛♥❞ ❡❛❝❤ ✈♦t❡r v ❤❛s ❛♥ ✐❞❡❛❧ ♣♦✐♥t xkv ❛♥❞ ❛ ✇❡✐❣❤t wk

v

❢♦r ❡❛❝❤ s✉❜✲♣r♦❜❧❡♠ k✱ s♦ t❤❛t t❤❡ ✈♦t❡r✬s ❞✐s✉t✐❧✐t② ❢♦r ❛ s♦❧✉t✐♦♥ ✐s t❤❡ ✇❡✐❣❤t❡❞ s✉♠ ♦❢
t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡s t♦ t❤❡ ✐❞❡❛❧ ♣♦✐♥ts ✐♥ ❡❛❝❤ s✉❜✲♣r♦❜❧❡♠s✳ ❙✉❝❤ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s
♠❛② ❡♠❡r❣❡ ✐♥ ❢❛❝✐❧✐t② ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠s✱ ❢♦r ❡①❛♠♣❧❡✱ ✇❤❡r❡ ✈♦t❡rs ❤❛✈❡ ♣r❡❢❡r❡♥❝❡s ♦♥
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●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

t❤❡ ❧♦❝❛t✐♦♥s ♦❢ ♠✉❧t✐♣❧❡ ❢❛❝✐❧✐t✐❡s ♦♥ ❛ ♠❛♣✳ ❚❤✐s ✉t✐❧✐t② ❢♦r♠ ✐s ❛❧s♦ t❤❡ ♦♥❡ ♠♦st ❝❧♦s❡❧②
r❡❧❛t❡❞ t♦ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ ❉✐r❡❝t✐♦♥❛❧ ❊q✉✐❧✐❜r✐❛ ❛♥❞ ◗✉❛❞r❛t✐❝ ❱♦t✐♥❣✱ ✐♥ ✇❤✐❝❤
♣r❡❢❡r❡♥❝❡s ❛r❡ ❧✐♥❡❛r✳ ❚♦ r❡❝♦✈❡r t❤❡ ✇❡✐❣❤t❡❞ ❧✐♥❡❛r ♣r❡❢❡r❡♥❝❡s ❝❛s❡✱ s❡t K = M ✱ ✇✐t❤
❡❛❝❤ s✉❜✲s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ ✶✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

Pr♦♣♦s✐t✐♦♥ ✶✳ ❙✉♣♣♦s❡ t❤❛t ❝♦♥❞✐t✐♦♥s C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ✈♦t❡r ✉t✐❧✐t✐❡s ❛r❡

❲❡✐❣❤t❡❞ ❊✉❝❧✐❞❡❛♥✱ ❛♥❞ ✈♦t❡rs ❝♦rr❡❝t❧② r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮ ❛❝❝♦r❞✐♥❣ t♦ ❡✐t❤❡r ▼♦❞❡❧ ❆

♦r ▼♦❞❡❧ ❇✳ ❚❤❡♥✱ ■▲❱ ✇✐t❤ L2 ♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥✈❡r❣❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 t♦ t❤❡ s♦❝✐❡t❛❧

♦♣t✐♠❛❧ ♣♦✐♥t✳

❚❤❡ ✐♥t✉✐t✐♦♥ ❢♦r t❤❡ r❡s✉❧t ✐s ❛s ❢♦❧❧♦✇s✿ ❛s ❧♦♥❣ ❛s t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ❞♦❡s ♥♦t ❝♦♥t❛✐♥
t❤❡ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ s❛♠♣❧❡❞ ✈♦t❡r✱ t❤❡ ❝♦rr❡❝t r❡s♣♦♥s❡ t♦ q✉❡r② ✭✶✮ ✉♥❞❡r ✇❡✐❣❤t❡❞
❊✉❝❧✐❞❡❛♥ ♣r❡❢❡r❡♥❝❡s ✐s t♦ ♠♦✈❡ t❤❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧ ♣♦✐♥t t♦ t❤❡
♥❡✐❣❤❜♦r❤♦♦❞ ❜♦✉♥❞❛r②✱ ✇❤✐❝❤✱ ❛s ✐t t✉r♥s ♦✉t✱ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t✳
❚❤✉s ✇✐t❤ r❛❞✐✉s rt✱ t❤❡ ❡✛❡❝t✐✈❡ ♠♦✈❡♠❡♥t ✐s ∇fv(xt)

||∇fv(xt)||2
✳ ❲✐t❤ ✭♥♦r♠❛❧✐③❡❞✮ ✇❡✐❣❤t❡❞

❊✉❝❧✐❞❡❛♥ ✉t✐❧✐t✐❡s✱ ‖∇fv(xt)‖2 = 1 ❡✈❡r②✇❤❡r❡✳ ❆s ❜❡❢♦r❡✱ ❡✈❡♥ ✐❢ t❤❡ ✉t✐❧✐t✐❡s ✇❡r❡ ♥♦t
♥♦r♠❛❧✐③❡❞ ✭✐✳❡✳ ♥♦t ❞✐✈✐❞❡❞ ❜② ‖w‖2✮✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❝♦♥✈❡r❣❡ t♦ t❤❡ s❛♠❡ ♣♦✐♥t✱ ❛s
✐❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ✇❡r❡ ♥♦r♠❛❧✐③❡❞✳

✸✳✷ ❉❡❝♦♠♣♦s❛❜❧❡ ❯t✐❧✐t✐❡s

◆❡①t ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ❞❡❝♦♠♣♦s❛❜❧❡ ✉t✐❧✐t✐❡s✱ ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡
❛❧❣♦r✐t❤♠ ✇✐t❤ L∞ ♥❡✐❣❤❜♦r❤♦♦❞s ✐s ♦❢ s♣❡❝✐❛❧ ✐♥t❡r❡st s✐♥❝❡ t❤❡② ❛r❡ ❡❛s② ❢♦r ❤✉♠❛♥s t♦
✉♥❞❡rst❛♥❞✿ ♦♥❡ ❝❛♥ ❝❤❛♥❣❡ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✉♣ t♦ ❛ ❝❡rt❛✐♥ ❛♠♦✉♥t✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
♦t❤❡rs✳

❉❡✜♥✐t✐♦♥ ✸✳ ❉❡❝♦♠♣♦s❛❜❧❡ ✉t✐❧✐t✐❡s✳ ❆ ✈♦t❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❞❡❝♦♠♣♦s❛❜❧❡ ✐❢ t❤❡r❡

❡①✐sts ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s fm
v ❢♦r m ∈ {1 . . .M} s✉❝❤ t❤❛t fv(x) =

∑M
m=1 f

m
v (xm)✳

■❢ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ✈♦t❡rs ❛r❡ ❞❡❝♦♠♣♦s❛❜❧❡✱ t❤❡♥ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ♦✉r
❛❧❣♦r✐t❤♠ ✉♥❞❡r L∞ ♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥✈❡r❣❡s t♦ t❤❡ ✈❡❝t♦r ♦❢ ♠❡❞✐❛♥s ♦❢ ✈♦t❡rs✬ ✐❞❡❛❧ ♣♦✐♥ts
♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t hmX ✐s t❤❡ ♠❛r❣✐♥❛❧ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
xmv ✱ ❛♥❞ ❧❡t x̄m ❜❡ t❤❡ s❡t ♦❢ ♠❡❞✐❛♥s ♦❢ xmv ✳ ✭❇② s❡t ♦❢ ♠❡❞✐❛♥s✱ ✇❡ ♠❡❛♥ t❤❡ s❡t ♦❢ ♣♦✐♥ts
s✉❝❤ t❤❛t✱ ♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✱ t❤❡ ♠❛ss ♦❢ ✈♦t❡rs ✇✐t❤ ✐❞❡❛❧ ♣♦✐♥ts ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇✳✮

Pr♦♣♦s✐t✐♦♥ ✷✳ ❙✉♣♣♦s❡ t❤❛t ❝♦♥❞✐t✐♦♥s C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ✈♦t❡r ✉t✐❧✐t✐❡s

❛r❡ ❞❡❝♦♠♣♦s❛❜❧❡✱ ❛♥❞ ✈♦t❡rs r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮ ❛❝❝♦r❞✐♥❣ t♦ ❡✐t❤❡r ▼♦❞❡❧ ❆ ♦r ▼♦❞❡❧

❇✳ ❚❤❡♥✱ ■▲❱ ✇✐t❤ L∞ ♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥✈❡r❣❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 t♦ ❛ ♣♦✐♥t ✐♥ t❤❡ s❡t ♦❢

♠❡❞✐❛♥s x̄✳

❆❧t❤♦✉❣❤ s✐♠♣❧② ❡❧✐❝✐t✐♥❣ ❡❛❝❤ ❛❣❡♥t✬s ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ ✈❡❝t♦r ♦❢
♠❡❞✐❛♥ ❛❧❧♦❝❛t✐♦♥s ♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✐s ❛ ✈✐❛❜❧❡ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞❡❝♦♠♣♦s❛❜❧❡
✉t✐❧✐t✐❡s✱ ❞❡❝✐❞✐♥❣ ❛♥ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ❛❝r♦ss ♠✉❧t✐♣❧❡ ❞✐♠❡♥s✐♦♥s ✐s ❛ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣
❝♦❣♥✐t✐✈❡ t❛s❦ t❤❛♥ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r ♦♥❡ ✇❛♥ts t♦ ✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡ ❡❛❝❤ ❞✐♠❡♥s✐♦♥
r❡❧❛t✐✈❡ t♦ t❤❡ ❝✉rr❡♥t s♦❧✉t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✷✳✸ ❢♦r ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡✮✳ ■♥ ❢❛❝t✱ ✐♥ t❤✐s
❝❛s❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ r✉♥ s❡♣❛r❛t❡❧② ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥✱ s♦ t❤❛t ❡❛❝❤ ✈♦t❡r ❡①♣r❡ss❡s
❤❡r ♣r❡❢❡r❡♥❝❡s ♦♥ ♦♥❧② ♦♥❡ ❞✐♠❡♥s✐♦♥✱ ❞r❛st✐❝❛❧❧② r❡❞✉❝✐♥❣ t❤❡ ❝♦❣♥✐t✐✈❡ ❜✉r❞❡♥ ♦❢ ❞❡❝✐s✐♦♥✲
♠❛❦✐♥❣ ♦♥ t❤❡ ✈♦t❡r✱ ❡s♣❡❝✐❛❧❧② ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s ❧✐❦❡ ❜✉❞❣❡t✐♥❣✳

✸✷✹



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

✸✳✸ ❊q✉✐✈❛❧❡♥❝❡ t♦ ❉✐r❡❝t✐♦♥❛❧ ❊q✉✐❧✐❜r✐✉♠

❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✱ ♦✉r ❛❧❣♦r✐t❤♠✱ ✇✐t❤ L2✲♥♦r♠ ♥❡✐❣❤❜♦r❤♦♦❞s✱ ✐s r❡❧❛t❡❞ t♦ ❛♥ ❛❧❣♦✲
r✐t❤♠✱ ◆●❆✱ t♦ ✜♥❞ ✇❤❛t ❛r❡ ❝❛❧❧❡❞ ❉✐r❡❝t✐♦♥❛❧ ❊q✉✐❧✐❜r✐❛ ✐♥ ❧✐t❡r❛t✉r❡✳ Pr✐♦r ✇♦r❦ ♠♦st❧②
❢♦❝✉s❡s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t✱ ✇✐t❤ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❧✐♠✲
✐t❡❞ t♦ s✐♠✉❧❛t✐♦♥s✳ ❲❡ s❤♦✇ t❤❛t ✇✐t❤ t❤❡ r❛❞✐✉s ❞❡❝r❡❛s✐♥❣ ❛s O(1t )✱ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥❞❡❡❞
✜♥❞s ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐❛ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ✐❢ ✉♥❞❡r ❛ ❢❡✇ ❝♦♥❞✐t✐♦♥s ❛ tr❛❥❡❝t♦r② ♦❢
t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ ❛ ♣♦✐♥t✱ t❤❡♥ t❤❛t ♣♦✐♥t ✐s ❛ ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡♦r❡♠ ✸✳ ❙✉♣♣♦s❡ t❤❛t C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ ❛♥❞ ❧❡t G(x) , Ev

[

∇fv(x)
‖∇fv(x)‖2

]

✳

❙✉♣♣♦s❡✱ G(x) ✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✱ L2 ♠♦✈❡♠❡♥t ♥♦r♠ ❝♦♥str❛✐♥ts ❛r❡ ✉s❡❞✱ ❛♥❞ ✈♦t❡rs

♠♦✈❡ ❛❝❝♦r❞✐♥❣ t♦ ▼♦❞❡❧ ❇✳ ■❢ ❛ tr❛❥❡❝t♦r② {x}∞t=1 ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ x∗✱ ✐✳❡✳

xt → x∗✱ t❤❡♥ x∗ ✐s ❛ ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠✱ ✐✳❡✳ G(x∗) = 0✳

❚❤❡ ♣r♦♦❢ ✐s ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ■t r❡❧✐❡s ❤❡❛✈✐❧② ♦♥ t❤❡ ❝♦♥t✐♥✉✐t② ❛ss✉♠♣t✐♦♥✿ ✐❢ ❛ ♣♦✐♥t x
✐s ♥♦t ❛ ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ st❡♣ s✐③❡s O(1t ) ✇✐❧❧ ✇✐t❤ ♣r♦❜❛❜✐❧✐t②
1 ❧❡❛✈❡ ❛♥② s♠❛❧❧ r❡❣✐♦♥ s✉rr♦✉♥❞✐♥❣ x✿ t❤❡ ♥❡t ❞r✐❢t ♦❢ t❤❡ ✈♦t❡r ♠♦✈❡♠❡♥ts ✐s ❛✇❛② ❢r♦♠
t❤❡ r❡❣✐♦♥✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♥❡❝❡ss❛r② ❛ss✉♠♣t✐♦♥s ❤♦❧❞ ❢♦r ❛❧❧ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❢♦r ✇❤✐❝❤
❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s✱ ✉s✐♥❣ t❤❡ L2 ♥♦r♠ ❛❧❣♦r✐t❤♠ ✭❡✳❣✳ ✇❡✐❣❤t❡❞ ❊✉❝❧✐❞❡❛♥ ✉t✐❧✐t✐❡s✮✳ ■t ✐s
❢✉rt❤❡r ♣♦ss✐❜❧❡ t♦ ❝❤❛r❛❝t❡r✐③❡ ♦t❤❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❤♦❧❞s✿ ✇✐t❤
❛♣♣r♦♣r✐❛t❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✈♦t❡rs ❛♥❞ ❤♦✇ f ❞✐✛❡rs ❛♠♦♥❣ ✈♦t❡rs✱ t❤❡
❝♦♥❞✐t✐♦♥s ♦♥ G ❝❛♥ ❜❡ ♠❡t✳

❲❡ ❢✉rt❤❡r ❝♦♥❥❡❝t✉r❡ t❤❛t ❡✈❡♥ ✉♥❞❡r ✈♦t❡r ▼♦❞❡❧ ❆✱ ✐❢ ❆❧❣♦r✐t❤♠ ✷ ❝♦♥✈❡r❣❡s✱ t❤❡ ✜①❡❞
♣♦✐♥t ✐s ❛ ❉✐r❡❝t✐♦♥❛❧ ❊q✉✐❧✐❜r✐✉♠✳ ◆♦t❡ t❤❛t ❛s rt → 0✱ fv(y) ❝❛♥ ❜❡ ❧✐♥❡❛r❧② ❛♣♣r♦①✐♠❛t❡❞
❜② t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❛r♦✉♥❞ x✱ ❢♦r y ∈ {s : ||s−x||2 ≤ rt}✳ ❚❤❡♥✱
t♦ ♠❛①✐♠✐③❡ fv(y) ✐♥ t❤❡ r❡❣✐♦♥✱ ✐❢ t❤❡ r❡❣✐♦♥ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ xv ✈♦t❡r v ❝❤♦♦s❡s y∗ s.t.

y∗ − x ≈ rt
∇f(x)

||∇f(x)||2
✱ ✐✳❡✳✱ t❤❡ ✈♦t❡r ♠♦✈❡s t❤❡ s♦❧✉t✐♦♥ ❛♣♣r♦①✐♠❛t❡❧② ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❤❡r

❣r❛❞✐❡♥t t♦ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ❜♦✉♥❞❛r②✳

❆ s✐♥❣❧❡ st❡♣ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ✇✐t❤ L2 ♥❡✐❣❤❜♦r❤♦♦❞s ✐s s✐♠✐❧❛r t♦ ◗✉❛❞r❛t✐❝ ❱♦t✐♥❣ ✭▲❛❧✲
❧❡② ✫ ❲❡②❧✱ ✷✵✶✺❀ ❚✐❞❡♠❛♥ ✫ P❧❛ss♠❛♥♥✱ ✷✵✶✻✮ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥✳ ■♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦✉r
✇♦r❦✱ ❇❡♥❥❛♠✐♥ ❡t ❛❧✳ ✭✷✵✶✼✮ ❢♦r♠❛❧✐③❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ◆♦r♠❛❧✐③❡❞ ●r❛❞✐❡♥t
❆s❝❡♥t ♠❡❝❤❛♥✐s♠ ❛♥❞ ◗✉❛❞r❛t✐❝ ❱♦t✐♥❣✳

✹✳ ❊①♣❡r✐♠❡♥ts ✇✐t❤ ❇✉❞❣❡ts

❲❡ ❜✉✐❧t ❛ ✈♦t✐♥❣ ♣❧❛t❢♦r♠ ❛♥❞ r❛♥ ❛ ❧❛r❣❡ s❝❛❧❡ ❡①♣❡r✐♠❡♥t✱ ❛❧♦♥❣ ✇✐t❤ s❡✈❡r❛❧ ❡①t❡♥✲
s✐✈❡ ♣✐❧♦ts✱ ♦♥ ❆♠❛③♦♥ ▼❡❝❤❛♥✐❝❛❧ ❚✉r❦ ✭❤tt♣s✿✴✴✇✇✇✳♠t✉r❦✳❝♦♠✮✳ ❖✈❡r ✹✱✵✵✵ ✇♦r❦❡rs
♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t♦t❛❧ ❝♦✉♥t✐♥❣ ♣✐❧♦ts ❛♥❞ t❤❡ ✜♥❛❧ ❡①♣❡r✐♠❡♥t✱ ✇✐t❤ ♦✈❡r ✷✱✵✵✵ ✇♦r❦❡rs ♣❛r✲
t✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ ✜♥❛❧ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ❞❡s✐❣♥ ❝❤❛❧❧❡♥❣❡s ✇❡ ❢❛❝❡❞ ❛♥❞ ✈♦t❡r ❢❡❡❞❜❛❝❦ ✇❡
r❡❝❡✐✈❡❞ ♣r♦✈✐❞❡ ✐♠♣♦rt❛♥t ❧❡ss♦♥s ❢♦r ❞❡♣❧♦②✐♥❣ s✉❝❤ s②st❡♠s ✐♥ ❛ r❡❛❧✲✇♦r❧❞ s❡tt✐♥❣✳

❋✐rst ✇❡ ♣r❡s❡♥t ❛ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ❢♦r ♦✉r s❡tt✐♥❣✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❜✉❞❣❡t ❛❧❧♦❝❛t✐♦♥
♣r♦❜❧❡♠ ♦♥ M ✐t❡♠s✱ ✇❤❡r❡ t❤❡ ✐t❡♠s ♠❛② ✐♥❝❧✉❞❡ ❜♦t❤ ❡①♣❡♥❞✐t✉r❡s ❛♥❞ ✐♥❝♦♠❡s✳ ❖♥❡
♣♦ss✐❜✐❧✐t② ✐s t♦ ❞❡✜♥❡ X ❛s t❤❡ s♣❛❝❡ ♦❢ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥s✱ s✉❝❤ ❛s t❤♦s❡ ❜❡❧♦✇ ❛ s♣❡♥❞✐♥❣
❧✐♠✐t✱ ❛♥❞ t♦ r✉♥ t❤❡ ❛❧❣♦r✐t❤♠ ❛s ❞❡✜♥❡❞✱ ✇✐t❤ ♣r♦❥❡❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐♥ s✉❝❤ ❝❛s❡s✱ ✐t ♠❛②
❜❡ ❞✐✣❝✉❧t t♦ t❤❡♦r✐③❡ ❛❜♦✉t ❤♦✇ ✈♦t❡rs ❜❡❤❛✈❡❀ ❡✳❣✳ ✐❢ ✈♦t❡rs ❦♥❡✇ t❤❡✐r ❛♥s✇❡rs ✇♦✉❧❞ ❜❡
♣r♦❥❡❝t❡❞ ♦♥t♦ ❛ ❜✉❞❣❡t ❜❛❧❛♥❝❡❞ s❡t✱ t❤❡② ♠❛② r❡s♣♦♥❞ ❞✐✛❡r❡♥t❧②✳

✸✷✺



●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

❘❛t❤❡r✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✉♥❝♦♥str❛✐♥❡❞ ❜✉❞❣❡t ❛❧❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠✱ ♦♥❡ ✐♥ ✇❤✐❝❤ ❛ ✈♦t❡r✬s
✉t✐❧✐t② ✐♥❝❧✉❞❡s ❛ t❡r♠ ❢♦r t❤❡ ❜✉❞❣❡t ❞❡✜❝✐t✳ ▲❡t E ⊆ {1 . . .M}, I = {1 . . .M} \ E ❜❡
t❤❡ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ ✐♥❝♦♠❡ ✐t❡♠s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ t❤❡ ❣❡♥❡r❛❧ ❜✉❞❣❡t ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s
fv(x) = gv(x)− d(

∑

e∈E x
e −

∑

i∈I x
i)✱ ✇❤❡r❡ d ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❞❡✜❝✐t✳

❋♦r ❡①❛♠♣❧❡✱ s✉♣♣♦s❡ ❛ ✈♦t❡r✬s ❞✐s✉t✐❧✐t② ✇❛s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ sq✉❛r❡ ♦❢ t❤❡ ❜✉❞❣❡t
❞❡✜❝✐t ✭s❤❡ ❡s♣❡❝✐❛❧❧② ❞✐s❧✐❦❡s ❧❛r❣❡ ❜✉❞❣❡t ❞❡✜❝✐ts✮❀ t❤❡♥✱ t❤✐s t❡r♠ ❛❞❞s ❝♦♠♣❧❡① ❞❡♣❡♥✲
❞❡♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ ❜✉❞❣❡t ✐t❡♠s✳ ■♥ ❣❡♥❡r❛❧✱ ♥♦t❤✐♥❣ ✐s ❦♥♦✇♥ ❛❜♦✉t ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❆❧❣♦✲
r✐t❤♠ ✶ ✇✐t❤ s✉❝❤ ✉t✐❧✐t✐❡s✱ ❛s t❤❡ ❞❡✜❝✐t t❡r♠ ♠❛② ❛❞❞ ❝♦♠♣❧❡① ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ t❤❡
❞✐♠❡♥s✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ✈♦t❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❛r❡ ❞❡❝♦♠♣♦s❛❜❧❡ ❛❝r♦ss t❤❡ ❞✐♠❡♥s✐♦♥s
❛♥❞ L∞ ♥❡✐❣❤❜♦r❤♦♦❞s ✉s❡❞✱ t❤❡♥ t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸✳✷ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳ ❲❡ ♣r♦♣♦s❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss ♦❢ ❞❡❝♦♠♣♦s❛❜❧❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ❜✉❞❣❡t✐♥❣ ♣r♦❜❧❡♠✱ ❛❝❤✐❡✈❡❞
❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❝♦st ❢♦r t❤❡ ❞❡✜❝✐t ✐s ❧✐♥❡❛r✱ ❛♥❞ ❝❛❧❧ t❤❡ ❝❧❛ss ✏❞❡❝♦♠♣♦s❛❜❧❡ ✇✐t❤ ❛
❧✐♥❡❛r ❝♦st ❢♦r ❞❡✜❝✐t✱✧ ♦r ❉▲❈❉✳

❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t fv(x) ❜❡ ❉▲❈❉ ✐❢

fv(x) =
M
∑

m=1

fm
v (xm)− wv

(

∑

e∈E

xe −
∑

i∈I

xi

)

,

✇❤❡r❡ fm
v ✐s ❛ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ❢♦r ❡❛❝❤ m ❛♥❞ wv ∈ R+✳

■♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❞✐s❝✉ss❡❞ ❜❡❧♦✇ ✐♥ t❤❡ ❜✉❞❣❡t s❡tt✐♥❣✱ ■▲❱ ❝♦♥s✐st❡♥t❧② ❛♥❞ r♦❜✉st❧②
❝♦♥✈❡r❣❡s ✇✐t❤ L∞ ♥♦r♠ ♥❡✐❣❤❜♦r❤♦♦❞s✳ ❋✉rt❤❡r✱ ✐t ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥✈❡r❣❡s t♦ t❤❡ ♠❡❞✐❛♥s
♦❢ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ✭✇❤✐❝❤ ❛r❡ ❡❧✐❝✐t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✮✱ ❛s t❤❡♦r✐③❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳ ❙✉❝❤
❛ ❝♦♥✈❡r❣❡♥❝❡ ♣❛tt❡r♥ s✉❣❣❡sts t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❉▲❈❉ ♠♦❞❡❧✱ t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ❢♦r♠❛❧❧②
❛♥❛❧②③❡ t❤✐s ❝❧❛✐♠✳

✹✳✶ ❊①♣❡r✐♠❡♥t❛❧ ❙❡t✉♣

❲❡ ❛s❦❡❞ ✈♦t❡rs t♦ ✈♦t❡ ♦♥ t❤❡ ❯✳❙✳ ❋❡❞❡r❛❧ ❇✉❞❣❡t ❛❝r♦ss s❡✈❡r❛❧ ♦❢ ✐ts ♠❛❥♦r ❝❛t❡❣♦r✐❡s✿
◆❛t✐♦♥❛❧ ❉❡❢❡♥s❡❀ ❍❡❛❧t❤❝❛r❡❀ ❚r❛♥s♣♦rt❛t✐♦♥✱ ❙❝✐❡♥❝❡✱ ✫ ❊❞✉❝❛t✐♦♥❀ ❛♥❞ ■♥❞✐✈✐❞✉❛❧ ■♥❝♦♠❡
❚❛① ✭◆♦t❡ t❤❛t t❤❡ ❯❙ ❋❡❞❡r❛❧ ●♦✈❡r♥♠❡♥t ❝❛♥♥♦t ❥✉st ❞❡❝✐❞❡ t♦ s❡t t❛① r❡❝❡✐♣ts t♦ s♦♠❡
✈❛❧✉❡✳ ❲❡ ❛s❦❡❞ ✇♦r❦❡rs t♦ ❛ss✉♠❡ t❛① r❛t❡s ✇♦✉❧❞ ❜❡ ✐♥❝r❡❛s❡❞ ♦r ❞❡❝r❡❛s❡❞ ❛t ♣r♦♣♦rt✐♦♥❛❧
r❛t❡s ✐♥ ❤♦♣❡s ♦❢ ❛✛❡❝t✐♥❣ r❡❝❡✐♣ts✳✮

❚❤✐s s❡tt✐♥❣ ✇❛s ❞❡❡♠❡❞ t❤❡ ♠♦st ❧✐❦❡❧② t♦ ❜❡ ♠❡❛♥✐♥❣❢✉❧ t♦ t❤❡ ❧❛r❣❡st ❝r♦ss✲s❡❝t✐♦♥
♦❢ ✇♦r❦❡rs ❛♥❞ t♦ ②✐❡❧❞ ❛ ❞✐✈❡rs✐t② ♦❢ ♦♣✐♥✐♦♥✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ❜✉❞❣❡ts ❛ ♣r✐♠❡ ❛♣♣❧✐❝❛t✐♦♥
❛r❡❛ ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡ s♣❡❝✐✜❝ ❝❛t❡❣♦r✐❡s ✇❡r❡ ❝❤♦s❡♥ ❜❡❝❛✉s❡ t❤❡② ♠❛❦❡ ✉♣ ❛ s✉❜st❛♥t✐❛❧
♣♦rt✐♦♥ ♦❢ t❤❡ ❜✉❞❣❡t ❛♥❞ ❛r❡ ❛♠♦♥❣ t❤❡ ♠♦st✲❞✐s❝✉ss❡❞ ✐t❡♠s ✐♥ ❆♠❡r✐❝❛♥ ♣♦❧✐t✐❝s✳ ❲❡
♠❛❦❡ ♥♦ ♥♦r♠❛t✐✈❡ ❝❧❛✐♠s ❛❜♦✉t r✉♥♥✐♥❣ ❛ ✈♦t❡ ✐♥ t❤✐s s❡tt✐♥❣ ✐♥ r❡❛❧✐t②✱ ❛♥❞ P❛rt✐❝✐♣❛t♦r②
❇✉❞❣❡t✐♥❣ ❤❛s ❤✐st♦r✐❝❛❧❧② ❜❡❡♥ ♠♦r❡ s✉❝❝❡ss❢✉❧ ❛t ❛ ❧♦❝❛❧ ❧❡✈❡❧✳

❖♥❡ ♠❛❥♦r ❝♦♥❝❡r♥ ✇❛s t❤❛t ✇✐t❤ ♥♦ ✇❛② t♦ ✈❛❧✐❞❛t❡ t❤❛t ❛ ✇♦r❦❡r ❛❝t✉❛❧❧② ♣❡r❢♦r♠❡❞
t❤❡ t❛s❦ ✭s✐♥❝❡ ♥♦ ♦r ❧✐tt❧❡ ♠♦✈❡♠❡♥t ✐s ❛ ✈❛❧✐❞ r❡s♣♦♥s❡ ✐❢ t❤❡ s♦❧✉t✐♦♥ ♣r❡s❡♥t❡❞ t♦ t❤❡
✇♦r❦❡r ✇❛s ♥❡❛r ❤❡r ✐❞❡❛❧ ❜✉❞❣❡t✮✱ ✇❡ ♠❛② ♥♦t r❡❝❡✐✈❡ ❤✐❣❤✲q✉❛❧✐t② r❡s♣♦♥s❡s✳ ❚❤✐s ✐ss✉❡ ✐s
❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t ✐♥ ♦✉r s❡tt✐♥❣ ❜❡❝❛✉s❡ ❛ ✇♦r❦❡r✬s ❛❝t✐♦♥s ✐♥✢✉❡♥❝❡ t❤❡ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥
❢✉t✉r❡ ✇♦r❦❡rs s❡❡✳ ❲❡ t❤✉s r❡str✐❝t❡❞ t❤❡ ❡①♣❡r✐♠❡♥t t♦ ✇♦r❦❡rs ✇✐t❤ ❛ ❤✐❣❤ ❛♣♣r♦✈❛❧ r❛t❡
❛♥❞ ✇❤♦ ❤❛✈❡ ❝♦♠♣❧❡t❡❞ ♦✈❡r 500 t❛s❦s ♦♥ ▼❡❝❤❛♥✐❝❛❧ ❚✉r❦ ✭▼❚✉r❦✮✳ ❋✉rt❤❡r✱ ✇❡ ♦✛❡r❡❞

✸✷✻



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

❛ ❜♦♥✉s t♦ ✇♦r❦❡rs ❢♦r ❥✉st✐❢②✐♥❣ t❤❡✐r ♠♦✈❡♠❡♥ts ✇❡❧❧✱ ❛♥❞ ♠♦r❡ t❤❛♥ 80% ♦❢ ✇♦r❦❡rs
q✉❛❧✐✜❡❞✱ s✉❣❣❡st✐♥❣ t❤❛t ✇❡ ❛❧s♦ r❡❝❡✐✈❡❞ ❤✐❣❤✲q✉❛❧✐t② ♠♦✈❡♠❡♥ts✳ ❚❤❡ ❡①♣❡r✐♠❡♥t ✇❛s
r❡str✐❝t❡❞ t♦ ❆♠❡r✐❝❛♥s t♦ ❜❡st ❡♥s✉r❡ ❢❛♠✐❧✐❛r✐t② ✇✐t❤ t❤❡ s❡tt✐♥❣✳ ❚✉r❦♣r✐♠❡ ✭❤tt♣s✿
✴✴✇✇✇✳t✉r❦♣r✐♠❡✳❝♦♠✮ ✇❛s ✉s❡❞ t♦ ♠❛♥❛❣❡ ♣♦st✐♥❣s ❛♥❞ ♣❛②♠❡♥t✳

✹✳✷ ❊①♣❡r✐♠❡♥t❛❧ P❛r❛♠❡t❡rs

❖✉r ❧❛r❣❡ s❝❛❧❡ ❡①♣❡r✐♠❡♥t ✐♥❝❧✉❞❡❞ ✷✱✵✵✵ ✇♦r❦❡rs ❛♥❞ r❛♥ ♦✈❡r ❛ ✇❡❡❦ ✐♥ r❡❛❧✲t✐♠❡✳ P❛rt✐❝✲
✐♣❛♥ts ♦❢ ❛♥② ♦❢ t❤❡ ♣✐❧♦ts ✇❡r❡ ❡①❝❧✉❞❡❞✳ ❲❡ t❡st❡❞ t❤❡ L1,L2✱ ❛♥❞ L∞ ♠❡❝❤❛♥✐s♠s✱ ❛❧♦♥❣
✇✐t❤ ❛ ✏❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥✑ ♠❡❝❤❛♥✐s♠ ✐♥ ✇❤✐❝❤ ✇♦r❦❡rs r❡♣♦rt❡❞ t❤❡✐r ✐❞❡❛❧ ✈❛❧✉❡s ❢♦r ❡❛❝❤ ✐t❡♠✱
❛♥❞ ❛ ✏✇❡✐❣❤t✑ ✐♥ [0, 10] ✐♥❞✐❝❛t✐♥❣ ❤♦✇ ♠✉❝❤ t❤❡② ❝❛r❡❞ ❛❜♦✉t t❤❡ ❛❝t✉❛❧ s♣❡♥❞✐♥❣ ✐♥ t❤❛t
✐t❡♠ ❜❡✐♥❣ ❝❧♦s❡ t♦ t❤❡✐r st❛t❡❞ ✈❛❧✉❡✳

❚♦ t❡st r❡♣❡❛t❛❜✐❧✐t② ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱ ❡❛❝❤ ♦❢ t❤❡ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠s ❤❛❞ t❤r❡❡
❝♦♣✐❡s✱ ❣✐✈❡♥ t♦ t❤r❡❡ s❡♣❛r❛t❡ ❣r♦✉♣s ♦❢ ♣❡♦♣❧❡✳ ❊❛❝❤ ❣r♦✉♣ ❝♦♥s✐st❡❞ ♦❢ t✇♦ s❡ts ✇✐t❤
❞✐✛❡r❡♥t st❛rt✐♥❣ ♣♦✐♥ts✱ ✇✐t❤ ❡❛❝❤ ✇♦r❦❡r ❜❡✐♥❣ ❛s❦❡❞ t♦ ✈♦t❡ ✐♥ ❡❛❝❤ s❡t ✐♥ ❤❡r ❛ss✐❣♥❡❞
❣r♦✉♣✳ ❊❛❝❤ ✇♦r❦❡r ♦♥❧② ♣❛rt✐❝✐♣❛t❡s ❛s ♣❛rt ♦❢ ♦♥❡ ❣r♦✉♣✱ ❛♥❞ ❝❛♥♥♦t ✈♦t❡ ♠✉❧t✐♣❧❡ t✐♠❡s✳

❲❡ ✉s❡❞ ❛ t♦t❛❧ ♦❢ t❤r❡❡ ❞✐✛❡r❡♥t s❡ts ♦❢ st❛rt✐♥❣ ♣♦✐♥ts ❛❝r♦ss t❤❡ t❤r❡❡ ❣r♦✉♣s✱ s✉❝❤
t❤❛t ❡❛❝❤ ❣r♦✉♣ s❤❛r❡❞ ♦♥❡ s❡t ♦❢ st❛rt✐♥❣ ♣♦✐♥ts ✇✐t❤ ❡❛❝❤ ♦❢ t❤❡ ♦t❤❡r t✇♦ ❣r♦✉♣s✳ ❚❤✐s
s❡t✉♣ ❛❧❧♦✇❡❞ t❡st✐♥❣ ❢♦r r❡♣❡❛t❛❜✐❧✐t② ❛❝r♦ss ❞✐✛❡r❡♥t st❛rt✐♥❣ ♣♦✐♥ts ❛♥❞ ♦❜s❡r✈✐♥❣ ❡❛❝❤
✇♦r❦❡r✬s ❜❡❤❛✈✐♦r ❛t t✇♦ ♣♦✐♥ts✳ ❲♦r❦❡rs ✐♥ ♦♥❡ ❣r♦✉♣ ✐♥ ❡❛❝❤ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠
t②♣❡ ✇❡r❡ ❛❧s♦ ❛s❦❡❞ t♦ ❞♦ t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ❛❢t❡r s✉❜♠✐tt✐♥❣ t❤❡✐r ♠♦✈❡♠❡♥ts ❢♦r t❤❡
❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠✱ ❛♥❞ s✉❝❤ ✇♦r❦❡rs ✇❡r❡ ♣❛✐❞ ❡①tr❛✳ ❚❤❡s❡ ❝♦♣✐❡s✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❢✉❧❧
❡❧✐❝✐t❛t✐♦♥✱ r❡s✉❧t❡❞ ✐♥ ✶✵ ❞✐✛❡r❡♥t ♠❡❝❤❛♥✐s♠ ✐♥st❛♥❝❡s t♦ ✇❤✐❝❤ ✇♦r❦❡rs ❝♦✉❧❞ ❜❡ ❛❧❧♦❝❛t❡❞✱
❡❛❝❤ ❝♦♠♣❧❡t❡❞ ❜② ❛❜♦✉t ✷✵✵ ✇♦r❦❡rs✳

❚♦ ✉♣❞❛t❡ t❤❡ ❝✉rr❡♥t ♣♦✐♥t✱ ✇❡ ✇❛✐t❡❞ ❢♦r ✶✵ s✉❜♠✐ss✐♦♥s ❛♥❞ t❤❡♥ ✉♣❞❛t❡❞ t❤❡ ♣♦✐♥t
t♦ t❤❡✐r ❛✈❡r❛❣❡✳ ❚❤✐s ❛✈❡r❛❣✐♥❣ ❡①♣❧❛✐♥s t❤❡ st❡♣✲❧✐❦❡ str✉❝t✉r❡ ✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣❧♦ts ✐♥
t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❚❤❡ r❛❞✐✉s ✇❛s ❞❡❝r❡❛s❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❡✈❡r② ✻✵ s✉❜♠✐ss✐♦♥s✱ rt ≅

r0
⌈t/60⌉ ✳

❚❤❡ ❛✈❡r❛❣✐♥❣ ❛♥❞ s❧♦✇ r❛❞✐✉s ❞❡❝❛② r❛t❡ ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ r❡s♣♦♥s❡ t♦ ♦❜s❡r✈✐♥❣ ✐♥ t❤❡
♣✐❧♦ts t❤❛t t❤❡ ✐♥✐t✐❛❧ ❢❡✇ ✈♦t❡rs ✇✐t❤ ❛ ❧❛r❣❡ r❛❞✐✉s ❤❛❞ ❛ ❞✐s♣r♦♣♦rt✐♦♥❛t❡❧② ❤✐❣❤ ✐♠♣❛❝t✱ ❛s
t❤❡r❡ ✇❡r❡ ♥♦t ❡♥♦✉❣❤ s✉❜s❡q✉❡♥t ✈♦t❡rs t♦ r❡❝♦✈❡r ❢r♦♠ ❧❛r❣❡ ✐♥✐t✐❛❧ ♠♦✈❡♠❡♥ts ❛✇❛② ❢r♦♠
❛♥ ❡✈❡♥t✉❛❧ ✜①❡❞ ♣♦✐♥t ✭t❤♦✉❣❤ ✐♥ t❤❡♦r② t❤✐s ✇♦✉❧❞ ♥♦t ❜❡ ❛ ♣r♦❜❧❡♠ ❣✐✈❡♥ ❡♥♦✉❣❤ ✈♦t❡rs✮✳
❲❡ ♥♦t❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r st♦❝❤❛st✐❝ s✉❜❣r❛❞✐❡♥t ♠❡t❤♦❞s tr✐✈✐❛❧❧② ❡①t❡♥❞ t♦
❝♦✈❡r t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s✿ t❤❡ ❛✈❡r❛❣❡ ♠♦✈❡♠❡♥t ♦✈❡r ❛ ❜❛t❝❤ ♦❢ s✉❜♠✐ss✐♦♥s st❛rt✐♥❣ ❛t t❤❡
s❛♠❡ ♣♦✐♥t ✐s st✐❧❧ ✐♥ ❡①♣❡❝t❛t✐♦♥ ❛ s✉❜❣r❛❞✐❡♥t✱ ❛♥❞ t❤❡ st❡♣♣❡❞ r❛❞✐✉s ❞❡❝r❡❛s❡ st✐❧❧ ♠❡❡ts
t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ✈❛❧✐❞ st❡♣✲s✐③❡s✳

✹✳✸ ❯s❡r ❊①♣❡r✐❡♥❝❡

❆s ✇♦r❦❡rs ❛rr✐✈❡❞✱ t❤❡② ✇❡r❡ r❛♥❞♦♠❧② ❛ss✐❣♥❡❞ t♦ ❛ ♠❡❝❤❛♥✐s♠ ✐♥st❛♥❝❡✳ ❚❤❡② ❤❛❞ ❛
r♦✉❣❤❧② ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜❡✐♥❣ ❛ss✐❣♥❡❞ t♦ ❡❛❝❤ ✐♥st❛♥❝❡✱ ✇✐t❤ s❧✐❣❤t ❞❡✈✐❛t✐♦♥s ✐♥ ❝❛s❡
❛♥ ✐♥st❛♥❝❡ ✇❛s ✏❜✉s②✑ ✭❛♥♦t❤❡r ✉s❡r ✇❛s ❝✉rr❡♥t❧② ❞♦✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ 10t❤ s✉❜♠✐ss✐♦♥
❜❡❢♦r❡ ❛♥ ✉♣❞❛t❡ ♦❢ t❤❡ ✐♥st❛♥❝❡✬s ❝✉rr❡♥t ♣♦✐♥t✮ ❛♥❞ t♦ ❦❡❡♣ t❤❡ ♥✉♠❜❡r ♦❢ ✇♦r❦❡rs ✐♥ ❡❛❝❤
✐♥st❛♥❝❡ ❜❛❧❛♥❝❡❞✳ ❯♣♦♥ st❛rt✐♥❣✱ ✇♦r❦❡rs ✇❡r❡ s❤♦✇♥ ♠❡❝❤❛♥✐s♠ ✐♥str✉❝t✐♦♥s✳ ❲❡ s❤♦✇❡❞
t❤❡ ✐♥str✉❝t✐♦♥s ♦♥ ❛ s❡♣❛r❛t❡ ♣❛❣❡ s♦ ❛s t♦ ❜❡ ❛❜❧❡ t♦ s❡♣❛r❛t❡❧② ♠❡❛s✉r❡ t❤❡ t✐♠❡ ✐t t❛❦❡s
t♦ r❡❛❞ ✫ ✉♥❞❡rst❛♥❞ ❛ ❣✐✈❡♥ ♠❡❝❤❛♥✐s♠✱ ❛♥❞ t❤❡ t✐♠❡ ✐t t❛❦❡s t♦ ❞♦ ✐t✱ ❜✉t ✇❡ r❡♣❡❛t❡❞
t❤❡ ✐♥str✉❝t✐♦♥s ♦♥ t❤❡ ❛❝t✉❛❧ ♠❡❝❤❛♥✐s♠ ♣❛❣❡ ❛s ✇❡❧❧ ❢♦r r❡❢❡r❡♥❝❡✳
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●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

❋✐❣✉r❡ ✶✿ ❯■ ❙❝r❡❡♥s❤♦t ❢♦r ✶ s❡t ♦❢ t❤❡ L2 ▼❡❝❤❛♥✐s♠

❖♥ t❤❡ ♠❡❝❤❛♥✐s♠ ♣❛❣❡✱ ✇♦r❦❡rs ✇❡r❡ s❤♦✇♥ t❤❡ ❝✉rr❡♥t ❛❧❧♦❝❛t✐♦♥ ❢♦r ❡❛❝❤ ♦❢ t❤❡
t✇♦ s❡ts ✐♥ t❤❡✐r ❣r♦✉♣✳ ❚❤❡② ❝♦✉❧❞ t❤❡♥ ♠♦✈❡✱ t❤r♦✉❣❤ s❧✐❞❡rs✱ t♦ t❤❡✐r ❢❛✈♦r✐t❡ ❛❧❧♦❝❛✲
t✐♦♥ ✉♥❞❡r t❤❡ ♠♦✈❡♠❡♥t ❝♦♥str❛✐♥t✳ ❲❡ ❡①♣❧❛✐♥❡❞ t❤❡ ♠♦✈❡♠❡♥t ❝♦♥str❛✐♥ts ✐♥ t❡①t ❛♥❞
❛❧s♦ ❛✉t♦♠❛t✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡♠ t❤❡ ♥✉♠❜❡r ♦❢ ✏❝r❡❞✐ts✑ t❤❡✐r ❝✉rr❡♥t ♠♦✈❡♠❡♥ts
✇❡r❡ ✉s✐♥❣✱ ❛♥❞ ❤♦✇ ♠❛♥② t❤❡② ❤❛❞ ❧❡❢t✳ ◆❡①t t♦ ❡❛❝❤ ❜✉❞❣❡t ✐t❡♠✱ ✇❡ ❞✐s♣❧❛②❡❞ t❤❡
♣❡r❝❡♥t❛❣❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ ❢r♦♠ t❤❡ ✷✵✶✻ ❜❛s❡❧✐♥❡ ❢❡❞❡r❛❧ ❜✉❞❣❡t✱ ♣r♦✈✐❞✲
✐♥❣ ✐♠♣♦rt❛♥t ❝♦♥t❡①t t♦ ✇♦r❦❡rs ✭❚❤❡ ✷✵✶✻ ❜✉❞❣❡t ❡st✐♠❛t❡ ✇❛s ♦❜t❛✐♥❡❞ ❢r♦♠ ❤tt♣✿✴✴

❢❡❞❡r❛❧✲❜✉❞❣❡t✳✐♥s✐❞❡❣♦✈✳❝♦♠✴❧✴✶✶✾✴✷✵✶✻✲❊st✐♠❛t❡ ❛♥❞ ❤tt♣✿✴✴❛t❧❛s✳♥❡✇❛♠❡r✐❝❛✳

♦r❣✴❡❞✉❝❛t✐♦♥✲❢❡❞❡r❛❧✲❜✉❞❣❡t✮✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡❞ s❤♦rt ❞❡s❝r✐♣t✐♦♥s ♦❢ ✇❤❛t ❣♦❡s ✐♥t♦
❡❛❝❤ ❜✉❞❣❡t ✐t❡♠ ❛s s❝r♦❧❧✲♦✈❡r t❡①t✳ ❚❤❡ r❡s✉❧t✐♥❣ ❜✉❞❣❡t ❞❡✜❝✐t ❛♥❞ ✐ts ♣❡r❝❡♥t ❝❤❛♥❣❡
✇❡r❡ ❞✐s♣❧❛②❡❞ ❛❜♦✈❡ t❤❡ s❧✐❞❡rs✱ ❛ss✉♠✐♥❣ ♦t❤❡r ❜✉❞❣❡t ✐t❡♠s ❛r❡ ❤❡❧❞ ❝♦♥st❛♥t✳

❋♦r t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✱ ✇♦r❦❡rs ✇❡r❡ ❛s❦❡❞ t♦ ♠♦✈❡ t❤❡ s❧✐❞❡rs t♦ t❤❡✐r ❢❛✈♦r✐t❡
♣♦✐♥ts ✇✐t❤ ♥♦ ❝♦♥str❛✐♥ts ✭t❤❡ s❧✐❞❡rs ✇❡♥t ❢r♦♠ $0 t♦ t✇✐❝❡ t❤❡ ✷✵✶✻ ✈❛❧✉❡ ✐♥ t❤❛t ❝❛t❡❣♦r②✮✱
❛♥❞ t❤❡♥ ✇❡r❡ ❛s❦❡❞ ❢♦r t❤❡✐r ✏✇❡✐❣❤ts✑ ♦♥ ❡❛❝❤ ❜✉❞❣❡t ✐t❡♠✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❞❡✜❝✐t✳ ❋✐❣✉r❡ ✶
s❤♦✇s ♣❛rt ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❢♦r t❤❡ L2 ♠❡❝❤❛♥✐s♠✱ ♥♦t ✐♥❝❧✉❞✐♥❣ ✐♥str✉❝t✐♦♥s✱ ✇✐t❤ s✐♠✐❧❛r
✐♥t❡r❢❛❝❡s ❢♦r t❤❡ ♦t❤❡r ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠s✳ ❚❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❛❞❞✐t✐♦♥❛❧❧②
✐♥❝❧✉❞❡❞ s❧✐❞❡rs ❢♦r ✐t❡♠s✬ ✇❡✐❣❤ts✳ ❖♥ t❤❡ ✜♥❛❧ ♣❛❣❡✱ ✇♦r❦❡rs ✇❡r❡ ❛s❦❡❞ ❢♦r ❢❡❡❞❜❛❝❦ ♦♥
t❤❡ ❡①♣❡r✐♠❡♥t✳

❆ ❢✉❧❧ ✇❛❧❦✲t❤r♦✉❣❤ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ✇✐t❤ s❝r❡❡♥s❤♦ts ❛♥❞ ❧✐♥❦ t♦ ❛♥ ♦♥❧✐♥❡ ❞❡♠♦ ✐s
❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳ ❲❡ ♣❧❛♥ ♦♥ ♣♦st✐♥❣ t❤❡ ❞❛t❛✱ ✐♥❝❧✉❞✐♥❣ ❢❡❡❞❜❛❝❦✳ ■♥ ❣❡♥❡r❛❧✱
✇♦r❦❡rs s❡❡♠❡❞ t♦ ❧✐❦❡ t❤❡ ❡①♣❡r✐♠❡♥t✱ t❤♦✉❣❤ s♦♠❡ ❝♦♠♣❧❛✐♥❡❞ ❛❜♦✉t t❤❡ ❝♦♥str❛✐♥ts✱ ❛♥❞
♦t❤❡rs ✇❡r❡ ❣❡♥❡r❛❧❧② ❝♦♥❢✉s❡❞✳ ❙♦♠❡ ❡①♣r❡ss❡❞ ❡①❝✐t❡♠❡♥t ❛❜♦✉t ❜❡✐♥❣ ❛s❦❡❞ t❤❡✐r ✈✐❡✇s
✐♥ ❛♥ ✐♥♥♦✈❛t✐✈❡ ♠❛♥♥❡r ❛♥❞ s✉❣❣❡st❡❞ t❤❛t ❡✈❡r②♦♥❡ ❝♦✉❧❞ ❜❡♥❡✜t ❢r♦♠ ♣❛rt✐❝✐♣❛t✐♥❣ ❛s✱
❛t t❤❡ ❧❡❛st✱ ❛ t❤♦✉❣❤t ❡①❡r❝✐s❡✳ ❚❤❡ ❢❡❡❞❜❛❝❦ ❛♥❞ ❡①♣❧❛♥❛t✐♦♥s ♣r♦✈✐❞❡❞ ❜② ✇♦r❦❡rs ✇❡r❡
♠✉❝❤ ❧♦♥❣❡r t❤❛♥ ✇❡ ❛♥t✐❝✐♣❛t❡❞✱ ❛♥❞ t❤❡② ❝♦♥✈✐♥❝❡ ✉s ♦❢ t❤❡ ♣r♦❝❡❞✉r❡✬s ❝✐✈✐❝ ❡♥❣❛❣❡♠❡♥t
❜❡♥❡✜ts✳
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■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

✺✳ ❘❡s✉❧ts ❛♥❞ ❆♥❛❧②s✐s

❲❡ ♥♦✇ ❞✐s❝✉ss t❤❡ r❡s✉❧ts ♦❢ ♦✉r ❡①♣❡r✐♠❡♥ts✳
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1

❋✐❣✉r❡ ✷✿ ❙♦❧✉t✐♦♥ ♦✈❡r t✐♠❡ ❢♦r ❡❛❝❤ ♠❡❝❤❛♥✐s♠ t②♣❡

❖♥❡ ❜❛s✐❝ t❡st ♦❢ ❛ ✈♦t✐♥❣ ♠❡❝❤❛♥✐s♠ ✐s ✇❤❡t❤❡r ✐t ♣r♦❞✉❝❡s ❛ ❝♦♥s✐st❡♥t ❛♥❞ ✉♥✐q✉❡
s♦❧✉t✐♦♥✱ ❣✐✈❡♥ ❛ ✈♦t✐♥❣ ♣♦♣✉❧❛t✐♦♥ ❛♥❞ t❤❡✐r ❜❡❤❛✈✐♦rs✳ ■❢ ❛♥ ❡❧❡❝t✐♦♥ ♣r♦❝❡ss ❝❛♥ ♣r♦❞✉❝❡
♠✉❧t✐♣❧❡✱ ❞✐st✐♥❝t s♦❧✉t✐♦♥s ♣✉r❡❧② ❜② ❝❤❛♥❝❡✱ ♦♣♣♦♥❡♥ts ❝❛♥ ❛ss❛✐❧ ❛♥② ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ❛s
❛ ✢✉❦❡ ❛♥❞ ❝❛❧❧ ❢♦r ❛ r❡✲✈♦t❡✳ ❚❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❡t❤❡r t❤❡ ♠❡❝❤❛♥✐s♠s ❝♦♥s✐st❡♥t❧② ❝♦♥✈❡r❣❡
t♦ t❤❡ s❛♠❡ ♣♦✐♥t t❤✉s ♠✉st ❜❡ ❛♥s✇❡r❡❞ ❜❡❢♦r❡ ❛♥❛❧②③✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t
✐ts❡❧❢✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ L2 ❛♥❞ L1 ❛❧❣♦r✐t❤♠s ❞♦ ♥♦t ❛♣♣❡❛r t♦ ❝♦♥✈❡r❣❡ t♦
❛ ✉♥✐q✉❡ ♣♦✐♥t✱ ✇❤✐❧❡ t❤❡ L∞ ♠❡❝❤❛♥✐s♠ ❝♦♥✈❡r❣❡s t♦ ❛ ✉♥✐q✉❡ ♣♦✐♥t ❛❝r♦ss s❡✈❡r❛❧ ✐♥✐t✐❛❧
♣♦✐♥ts ❛♥❞ ✇✐t❤ ❞✐st✐♥❝t ✇♦r❦❡r ♣♦♣✉❧❛t✐♦♥s✳

❚❤❡ s♦❧✉t✐♦♥s ❛❢t❡r ❡❛❝❤ ✈♦t❡r ❢♦r ❡❛❝❤ s❡t ♦❢ st❛rt✐♥❣ ♣♦✐♥ts✱ ❛❝r♦ss t❤❡ ✸ s❡♣❛r❛t❡ ❣r♦✉♣s
♦❢ ♣❡♦♣❧❡ ❢♦r ❡❛❝❤ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳ ❊❛❝❤ ♣❧♦t s❤♦✇s ❛❧❧ t❤❡
tr❛❥❡❝t♦r✐❡s ✇✐t❤ t❤❡ ❣✐✈❡♥ ♠❡❝❤❛♥✐s♠ t②♣❡✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♠❡❞✐❛♥ ♦❢ t❤❡ ✐❞❡❛❧ ♣♦✐♥ts ❡❧✐❝✐t❡❞
❢r♦♠ t❤❡ s❡♣❛r❛t❡ ✈♦t❡rs ✇❤♦ ♦♥❧② ♣❡r❢♦r♠❡❞ t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❖❜s❡r✈❡ t❤❛t
t❤❡ t❤r❡❡ ♠❡❝❤❛♥✐s♠s ❤❛✈❡ r❡♠❛r❦❛❜❧② ❞✐✛❡r❡♥t ❝♦♥✈❡r❣❡♥❝❡ ♣❛tt❡r♥s✳ ■♥ t❤❡ L1 ♠❡❝❤❛♥✐s♠✱
♥♦t ❡✈❡♥ t❤❡ s❡ts ❞♦♥❡ ❜② t❤❡ s❛♠❡ ❣r♦✉♣ ♦❢ ✈♦t❡rs ✭✐♥ t❤❡ s❛♠❡ ♦r❞❡r✮ ❝♦♥✈❡r❣❡❞ ✐♥ ❛❧❧ ❝❛s❡s✳
■♥ s♦♠❡ ❝❛s❡s✱ t❤❡② ❝♦♥✈❡r❣❡❞ ❢♦r s♦♠❡ ❜✉❞❣❡t ✐t❡♠s ❜✉t t❤❡♥ ❞✐✈❡r❣❡❞ ❛❣❛✐♥✳ ■♥ t❤❡ L2
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❋✐❣✉r❡ ✸✿ ◆❡t ♥♦r♠❛❧✐③❡❞ ♠♦✈❡♠❡♥t ✐♥ ✇✐♥❞♦✇ ♦❢ N = 30

♠❡❝❤❛♥✐s♠✱ s❡ts ❞♦♥❡ ❜② t❤❡ s❛♠❡ ✈♦t❡rs st❛rt✐♥❣ ❢r♦♠ s❡♣❛r❛t❡ st❛rt✐♥❣ ♣♦✐♥ts ❛♣♣❡❛r t♦
❝♦♥✈❡r❣❡✱ ❜✉t t❤❡ t❤r❡❡ ❣r♦✉♣s ♦❢ ✈♦t❡rs s❡❡♠ t♦ ❤❛✈❡ s❡tt❧❡❞ ❛t t✇♦ s❡♣❛r❛t❡ ❡q✉✐❧✐❜r✐❛
✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳ ❯♥❞❡r t❤❡ L∞ ♥❡✐❣❤❜♦r❤♦♦❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❧❧ s✐① tr❛❥❡❝t♦r✐❡s✱
♣❡r❢♦r♠❡❞ ❜② t❤r❡❡ ❣r♦✉♣s ♦❢ ♣❡♦♣❧❡✱ ❝♦♥✈❡r❣❡❞ t♦ t❤❡ s❛♠❡ ❛❧❧♦❝❛t✐♦♥ ✈❡r② q✉✐❝❦❧② ❛♥❞
r❡♠❛✐♥❡❞ t♦❣❡t❤❡r t❤r♦✉❣❤♦✉t t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✜♥❛❧ ♣♦✐♥ts✱
✐♥ ❛❧❧ ❞✐♠❡♥s✐♦♥s ❡①❝❡♣t ❍❡❛❧t❤❝❛r❡✱ ❝♦rr❡s♣♦♥❞ ❛❧♠♦st ❡①❛❝t❧② t♦ t❤❡ ♠❡❞✐❛♥ ♦❢ ✈❛❧✉❡s
❡❧✐❝✐t❡❞ ❢r♦♠ t❤❡ s❡♣❛r❛t❡ s❡t ♦❢ ✈♦t❡rs ✇❤♦ ❞✐❞ ♦♥❧② t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❋♦r
❍❡❛❧t❤❝❛r❡✱ t❤❡ ❞✐s❝r❡♣❛♥❝② ❝♦✉❧❞ r❡s✉❧t ❢r♦♠ ❜✐❛s❡s ✐♥ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✷✳✹✮✱
t❤♦✉❣❤ ✇❡ ♠❛❦❡ ♥♦ ❞❡✜♥✐t✐✈❡ ❝❧❛✐♠s✳ ❚❤❡s❡ ♣❛tt❡r♥s s❤❡❞ ✐♥✐t✐❛❧ ✐♥s✐❣❤t ♦♥ ❤♦✇ t❤❡ ✉s❡ ♦❢
L2 ❝♦♥str❛✐♥ts ♠❛② ❞✐✛❡r ❢r♦♠ t❤❡♦r② ✐♥ ♣r✐♦r ❧✐t❡r❛t✉r❡ ❛♥❞ ♦✛❡r ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡ ✉s❡ ♦❢
❉▲❈❉ ✉t✐❧✐t② ♠♦❞❡❧s ❛♥❞ t❤❡ L∞ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠✳

❖♥❡ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤❡s❡ ♠❡❝❤❛♥✐s♠s r❡❛❧❧② ❤❛✈❡ ❝♦♥✈❡r❣❡❞✱ ♦r ✇❤❡t❤❡r ✐❢
✇❡ ❧❡t t❤❡ ❡①♣❡r✐♠❡♥t ❝♦♥t✐♥✉❡✱ t❤❡ r❡s✉❧ts ✇♦✉❧❞ ❝❤❛♥❣❡✳ ❚❤✐s q✉❡st✐♦♥ ✐s ❡s♣❡❝✐❛❧❧② s❛❧✐❡♥t
❢♦r t❤❡ L2 tr❛❥❡❝t♦r✐❡s✱ ✇❤❡r❡ tr❛❥❡❝t♦r✐❡s ✇✐t❤✐♥ ❛ ❣r♦✉♣ ♦❢ ♣❡♦♣❧❡ ❝♦♥✈❡r❣❡❞ t♦ t❤❡ s❛♠❡
♣♦✐♥t✱ ❜✉t tr❛❥❡❝t♦r✐❡s ❜❡t✇❡❡♥ ❣r♦✉♣s ❞✐❞ ♥♦t✳ ❙✉❝❤ ❛ ♣❛tt❡r♥ ❝♦✉❧❞ s✉❣❣❡st t❤❛t ♦✉r r❡s✉❧ts
❛r❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❛❞✐✉s ❞❡❝r❡❛s✐♥❣ t♦♦ q✉✐❝❦❧② ♦✈❡r t✐♠❡✱ ♦r t❤❛t t❤❡ ❣r♦✉♣s ❤❛❞✱ ❜②
❝❤❛♥❝❡✱ ❞✐✛❡r❡♥t ❞✐str✐❜✉t✐♦♥s ♦❢ ✈♦t❡rs ✇❤✐❝❤ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❝♦rr❡❝t❡❞ ✇✐t❤ ♠♦r❡ ✈♦t❡rs✳
❍♦✇❡✈❡r✱ ✇❡ ❛r❣✉❡ t❤❛t s✉❝❤ ❞♦❡s ♥♦t s❡❡♠ t♦ ❜❡ t❤❡ ❝❛s❡✱ ❛♥❞ t❤❛t t❤❡ ♠❡❝❤❛♥✐s♠ tr✉❧②
❢♦✉♥❞ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛✳
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■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

❲❡ ❝❛♥ t❡st ✇❤❡t❤❡r t❤❡ ✜♥❛❧ ♣♦✐♥ts ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r② ❛r❡ st❛❜❧❡ ❜② ❝❤❡❝❦✐♥❣ t❤❡ ♥❡t
♠♦✈❡♠❡♥t ✐♥ ❛ ✇✐♥❞♦✇✱ ♥♦r♠❛❧✐③❡❞ ❜② ❡❛❝❤ ✈♦t❡r✬s r❛❞✐✉s✱ ✐✳❡✳ 1

N

∑t
s=t−N

xs−xs−1

rs
✱ ❢♦r s♦♠❡

N ✳ ■❢ ✈♦t❡rs ✐♥ ❛ ✇✐♥❞♦✇ ❛r❡ ❝❛♥❝❡❧✐♥❣ ❡❛❝❤ ♦t❤❡r✬s ♠♦✈❡♠❡♥ts✱ t❤❡♥ t❤✐s ✈❛❧✉❡ ✇♦✉❧❞ ❣♦
t♦ ✵✱ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❜❡ st❛❜❧❡ ❡✈❡♥ ✐❢ t❤❡ r❛❞✐✉s ❞♦❡s ♥♦t ❞❡❝r❡❛s❡✳ ❚❤❡ ♥♦t✐♦♥
✐s t❤✉s r♦❜✉st t♦ ❛♣♣❛r❡♥t ❝♦♥✈❡r❣❡♥❝❡ ❥✉st ❞✉❡ t♦ ❞❡❝r❡❛s✐♥❣ r❛❞✐✐✳ ❚❤❡ ♥❡t ♠♦✈❡♠❡♥t
♥♦r♠❛❧✐③❡❞ ✐♥ ❛ s❧✐❞✐♥❣ ✇✐♥❞♦✇ ♦❢ ✸✵ ✈♦t❡rs✱ ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ❛♥❞ ♠❡❝❤❛♥✐s♠✱ ✐s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✸✳ ■t s❡❡♠s t♦ ❛❧♠♦st ❞✐❡ ❞♦✇♥ ❢♦r ❛❧♠♦st ❛❧❧ ♠❡❝❤❛♥✐s♠s ❛♥❞ ❜✉❞❣❡t ✐t❡♠s✱ ❡①❝❡♣t
❢♦r ❛ ❢❡✇ ❝❛s❡s ✇❤✐❝❤ ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ r❡s✉❧t✳ ❲❡ ❝♦♥❝❧✉❞❡ ✐t ❧✐❦❡❧② t❤❛t t❤❡ ♠❡❝❤❛♥✐s♠s
❤❛✈❡ s❡tt❧❡❞ ✐♥t♦ ❡q✉✐❧✐❜r✐❛ ✇❤✐❝❤ ❛r❡ ✉♥❧✐❦❡❧② t♦ ❝❤❛♥❣❡ ❣✐✈❡♥ ♠♦r❡ ✈♦t❡rs✳

✺✳✷ ❯♥❞❡rst❛♥❞✐♥❣ ❱♦t❡r ❇❡❤❛✈✐♦r

❆ ♠❡❝❤❛♥✐s♠✬s ♣r❛❝t✐❝❛❧ ✐♠♣❛❝t ❞❡♣❡♥❞s ♦♥ ♠♦r❡ t❤❛♥ ✇❤❡t❤❡r ✐t ❝♦♥s✐st❡♥t❧② ❝♦♥✈❡r❣❡s✱
❤♦✇❡✈❡r✳ ❲❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ✉♥❞❡rst❛♥❞✐♥❣ ❤♦✇ ✈♦t❡rs ❜❡❤❛✈❡ ✉♥❞❡r ❡❛❝❤ ♠❡❝❤✲
❛♥✐s♠ ❛♥❞ ✇❤❡t❤❡r ✇❡ ❝❛♥ ❧❡❛r♥ ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡✐r ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❢r♦♠ t❤❛t ❜❡❤❛✈✐♦r✳
❲❡ ✜♥❞ t❤❛t ✈♦t❡rs ✉♥❞❡rst♦♦❞ t❤❡ ♠❡❝❤❛♥✐s♠s ❜✉t t❤❛t t❤❡✐r ❜❡❤❛✈✐♦rs s✉❣❣❡st ❧❛r❣❡ ✐♥✲
❞✐✛❡r❡♥❝❡ r❡❣✐♦♥s✱ ❛♥❞ t❤❛t t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ s❝❤❡♠❡ ✐s s✉s❝❡♣t✐❜❧❡ t♦ ❜✐❛s❡s t❤❛t ❝❛♥ s❦❡✇
t❤❡ r❡s✉❧ts✳

✺✳✷✳✶ ❱♦t❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ♠❡❝❤❛♥✐s♠s

❖♥❡ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r✱ ❣✐✈❡♥ ✈❡r② ❧✐tt❧❡ ✐♥str✉❝t✐♦♥ ♦♥ ❤♦✇ t♦ ❜❡❤❛✈❡✱ ✈♦t❡rs
✉♥❞❡rst❛♥❞ t❤❡ ♠❡❝❤❛♥✐s♠s ❛♥❞ ❛❝t ❛♣♣r♦①✐♠❛t❡❧② ♦♣t✐♠❛❧❧② ✉♥❞❡r t❤❡✐r ✭✉♥❦♥♦✇♥ t♦ ✉s✮
✉t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❚❤✐s s❡❝t✐♦♥ s❤♦✇s t❤❛t t❤❡ ✈♦t❡rs ❜❡❤❛✈✐♦r ❢♦❧❧♦✇s ✇❤❛t ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t
✐♥ ♦♥❡ ✐♠♣♦rt❛♥t r❡s♣❡❝t✿ ❤♦✇ ♠✉❝❤ ♦❢ ♦♥❡✬s ♠♦✈❡♠❡♥t ❜✉❞❣❡t t❤❡ ✈♦t❡r ✉s❡❞ ♦♥ ❡❛❝❤
❞✐♠❡♥s✐♦♥✱ ❣✐✈❡♥ t❤❡ ❝♦♥str❛✐♥t t②♣❡✳

❘❡❣❛r❞❧❡ss ♦❢ t❤❡ ❡①❛❝t ❢♦r♠ ♦❢ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✱ ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t t❤❛t✱ ✐♥ t❤❡ L1

❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠✱ ❛ ✈♦t❡r ✇♦✉❧❞ ✉s❡ ♠♦st ♦❢ ❤❡r ♠♦✈❡♠❡♥t ❝r❡❞✐ts ✐♥ t❤❡ ❞✐♠❡♥s✐♦♥
❛❜♦✉t ✇❤✐❝❤ s❤❡ ❝❛r❡s ♠♦st✳ ■♥ ❢❛❝t✱ ✐♥ ❡✐t❤❡r t❤❡ ❲❡✐❣❤t❡❞ ❊✉❝❧✐❞❡❛♥ ♣r❡❢❡r❡♥❝❡s ❝❛s❡
✭❛♥❞ ✇✐t❤ ❵s✉❜✲s♣❛❝❡✬ ❜❡✐♥❣ ❛ s✐♥❣❧❡ ❞✐♠❡♥s✐♦♥✮ ♦r ✇✐t❤ ❛ s♠❛❧❧ r❛❞✐✉s ✇✐t❤ L1 ❝♦♥str❛✐♥ts✱
❛ ✈♦t❡r ✇♦✉❧❞ ♠♦✈❡ ♦♥❧② ♦♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✳ ❲✐t❤ L2 ❝♦♥str❛✐♥ts✱ ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ❛
✈♦t❡r t♦ ❛♣♣♦rt✐♦♥ ❤❡r ♠♦✈❡♠❡♥t ♠♦r❡ ❡q✉❛❧❧② ❜❡❝❛✉s❡ s❤❡ ♣❛②s ❛♥ ✐♥❝r❡❛s✐♥❣ ♠❛r❣✐♥❛❧
❝♦st t♦ ♠♦✈❡ ♠♦r❡ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥ ✭♣❡♦♣❧❡ ✇❡r❡ ❡①♣❧✐❝✐t❧② ✐♥❢♦r♠❡❞ ♦❢ t❤✐s ❝♦♥s❡q✉❡♥❝❡ ✐♥
t❤❡ ✐♥str✉❝t✐♦♥s✮✳ ❯♥❞❡r t❤❡ ❲❡✐❣❤t❡❞ ❊✉❝❧✐❞❡❛♥ ♣r❡❢❡r❡♥❝❡s ♠♦❞❡❧ ✇✐t❤ L2 ❝♦♥str❛✐♥ts✱ ❛
✈♦t❡r ✇♦✉❧❞ ♠♦✈❡ ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ♣r♦♣♦rt✐♦♥❛❧ t♦ ❤❡r ✇❡✐❣❤t ✐♥ t❤❛t ❞✐♠❡♥s✐♦♥✳ ❋✐♥❛❧❧②✱
✇✐t❤ L∞ ❝♦♥str❛✐♥ts✱ ❛ ✈♦t❡r ✇♦✉❧❞ ♠♦✈❡✱ ✐♥ ❛❧❧ ❞✐♠❡♥s✐♦♥s ✐♥ ✇❤✐❝❤ s❤❡ ✐s ♥♦t ✐♥❞✐✛❡r❡♥t✱
t♦ ❤❡r ❢❛✈♦r✐t❡ ♣♦✐♥t ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ❢♦r t❤❛t ❞✐♠❡♥s✐♦♥ ✭♠♦st ❧✐❦❡❧② ❛♥ ❡♥❞♣♦✐♥t✮✱
✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦t❤❡r ❞✐♠❡♥s✐♦♥s✳ ❖♥❡ ✇♦✉❧❞ t❤✉s ❡①♣❡❝t ❛ ♠♦r❡ ❡q✉❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢
♠♦✈❡♠❡♥ts✳

❋✐❣✉r❡ ✹ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ♠♦✈❡♠❡♥t ✭❛s ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✈♦t❡r✬s t♦t❛❧ ♠♦✈❡♠❡♥t✮
❜② ❡❛❝❤ ✈♦t❡r ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥ s❤❡ ♠♦✈❡❞ ♠♦st✱ s❡❝♦♥❞✱ t❤✐r❞✱ ❛♥❞ ❢♦✉rt❤✱ r❡s♣❡❝t✐✈❡❧②✱
❢♦r ❡❛❝❤ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠✳ ❲❡ r❡s❡r✈❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ✇❡✐❣❤ts ❢♦r
❙❡❝t✐♦♥ ✺✳✷✳✹✳ ❚❤❡ ♠♦✈❡♠❡♥t ♣❛tt❡r♥s ✐♥❞✐❝❛t❡ t❤❛t ✈♦t❡rs ✉♥❞❡rst♦♦❞ t❤❡ ❝♦♥str❛✐♥ts ❛♥❞
♠♦✈❡❞ ❛❝❝♦r❞✐♥❣❧② ✕ ✇✐t❤ ♠♦r❡ ❡q✉❛❧ ♠♦✈❡♠❡♥ts ❛❝r♦ss ❞✐♠❡♥s✐♦♥s ✐♥ L2 t❤❛♥ ✐♥ L1✱ ❛♥❞
♠♦r❡ ❡q✉❛❧ ♠♦✈❡♠❡♥ts st✐❧❧ ✐♥ L∞✳ ❲❡ ❞✐❣ ❞❡❡♣❡r ✐♥t♦ ✉s❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ♥❡①t✱ ❜✉t ❝❛♥

✸✸✸
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❝♦♥❝❧✉❞❡ t❤❛t✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r ❡①❛❝t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ ✈♦t❡rs r❡s♣♦♥❞❡❞ t♦ t❤❡ ❝♦♥str❛✐♥t
s❡ts ❛♣♣r♦♣r✐❛t❡❧②✳
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❋✐❣✉r❡ ✹✿ ❆✈❡r❛❣❡ ♠♦✈❡♠❡♥t ✐♥ ❞✐♠❡♥s✐♦♥ ♦✈❡r t♦t❛❧ ♠♦✈❡♠❡♥t ❢♦r ❡❛❝❤ ✈♦t❡r✱ ✇✐t❤ ❞✐♠❡♥✲
s✐♦♥s s♦rt❡❞

✺✳✷✳✷ ▲❛r❣❡ ✐♥❞✐❢❢❡r❡♥❝❡ r❡❣✐♦♥s

❆❧t❤♦✉❣❤ ✐t ✐s ❞✐✣❝✉❧t t♦ ❡①tr❛❝t ❛ ✈♦t❡r✬s ❢✉❧❧ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡✐r ♠♦✈❡♠❡♥ts✱ t❤❡
s❡♣❛r❛❜✐❧✐t② ♦❢ ❞✐♠❡♥s✐♦♥s ✭❡①❝❡♣t t❤r♦✉❣❤ t❤❡ ❞❡✜❝✐t t❡r♠✮ ✉♥❞❡r t❤❡ L∞ ❝♦♥str❛✐♥t ❛❧❧♦✇s
✉s t♦ t❡st ✇❤❡t❤❡r ✈♦t❡rs ❜❡❤❛✈❡ ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ❣✐✈❡♥ ✉t✐❧✐t② ♠♦❞❡❧ ✐♥ t❤❛t ❞✐♠❡♥s✐♦♥✱
✇✐t❤♦✉t ✇♦rr②✐♥❣ ❛❜♦✉t t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ♦t❤❡r ❞✐♠❡♥s✐♦♥s✳

❋✐❣✉r❡ ✺ s❤♦✇s✱ ❢♦r t❤❡ L∞ ♠❡❝❤❛♥✐s♠✱ ❛ ❤✐st♦❣r❛♠ ♦❢ t❤❡ ♠♦✈❡♠❡♥t ♦♥ ❛ ❞✐♠❡♥s✐♦♥ ❛s
❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ r❛❞✐✉s ✭✇❡ ✜♥❞ ♥♦ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❞✐♠❡♥s✐♦♥s ❤❡r❡✮✳ ◆♦t❡ t❤❛t ❛ ❧❛r❣❡
♣❡r❝❡♥t❛❣❡ ♦❢ ✈♦t❡rs ♠♦✈❡❞ ✈❡r② ❧✐tt❧❡ ♦♥ ❛ ❞✐♠❡♥s✐♦♥✱ ❡✈❡♥ ✐♥ ❝❛s❡s ✇❤❡r❡ t❤❡✐r ✐❞❡❛❧ ♣♦✐♥t
✐♥ t❤❛t ❞✐♠❡♥s✐♦♥ ✇❛s ❢❛r ❛✇❛② ✭❞❡✜♥❡❞ ❛s ❜❡✐♥❣ ✉♥r❡❛❝❤❛❜❧❡ ✉♥❞❡r t❤❡ ❝✉rr❡♥t r❛❞✐✉s✮✳
❚❤✐s r❡s✉❧t ❝❛♥♥♦t ❜❡ ❡①♣❧❛✐♥❡❞ ❛✇❛② ❜② ✇♦r❦❡rs ❝❧✐❝❦✐♥❣ t❤r♦✉❣❤ ✇✐t❤♦✉t ♣❡r❢♦r♠✐♥❣ t❤❡
t❛s❦✿ ❛❧♠♦st ❛❧❧ ✇♦r❦❡rs ♠♦✈❡❞ ❛t ❧❡❛st ♦♥❡ ❞✐♠❡♥s✐♦♥✱ ❛♥❞✱ ❣✐✈❡♥ t❤❛t ❛ ✇♦r❦❡r ♠♦✈❡❞ ✐♥ ❛
❣✐✈❡♥ ❞✐♠❡♥s✐♦♥✱ ✐t ✇♦✉❧❞ ♥♦t ❡①♣❧❛✐♥ s♠❛❧❧❡r ♠♦✈❡♠❡♥ts ❜❡✐♥❣ ♠♦r❡ ❝♦♠♠♦♥ t❤❛♥ ❧❛r❣❡r
♠♦✈❡♠❡♥ts✳ ❚❤❛t t❤✐s ♣❛tt❡r♥ ♦❝❝✉rs ✐♥ t❤❡ L∞ ♠❡❝❤❛♥✐s♠ ✐s ❦❡② ✕ ✐❢ ❛ ✈♦t❡r ❢❡❡❧s ❛♥②

♠❛r❣✐♥❛❧ ❞✐s✉t✐❧✐t② ✐♥ ❛ ❞✐♠❡♥s✐♦♥✱ s❤❡ ❝❛♥ ♠♦✈❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✇✐t❤♦✉t ♣❛②✐♥❣ ❛ ❝♦st ♦❢
♠♦r❡ ❧✐♠✐t❡❞ ♠♦✈❡♠❡♥t ✐♥ ♦t❤❡r ❞✐♠❡♥s✐♦♥s✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ t❤♦✉❣❤ ✈♦t❡rs ♠❛② s❤❛r❡
❛ s✐♥❣❧❡ ✐❞❡❛❧ ♣♦✐♥t ❢♦r ❛ ❞✐♠❡♥s✐♦♥ ✇❤❡♥ ❛s❦❡❞ ❢♦r ✐t✱ t❤❡② ❛r❡ ✐♥ ❢❛❝t r❡❧❛t✐✈❡❧② ✐♥❞✐✛❡r❡♥t
♦✈❡r ❛ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ r❡❣✐♦♥ ✕ ❛♥❞ t❤❡✐r ❛❝t✐♦♥s r❡✢❡❝t s♦✳

❲❡ ❢✉rt❤❡r ❛♥❛❧②③❡ t❤✐s ❝❧❛✐♠ ✐♥ ❆♣♣❡♥❞✐① ❙❡❝t✐♦♥ ❇✱ ❧♦♦❦✐♥❣ ❛t t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢
♠♦✈❡♠❡♥t ❜✉t ❢♦❝✉s✐♥❣ ♦♥ ✇♦r❦❡rs ✇❤♦ ♣r♦✈✐❞❡❞ ❛ t❡①t ❡①♣❧❛♥❛t✐♦♥ ❧♦♥❣❡r t❤❛♥ ✭❛♥❞ s❤♦rt❡r
t❤❛♥✱ s❡♣❛r❛t❡❧②✮ t❤❡ ♠❡❞✐❛♥ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ✶✾✼ ❝❤❛r❛❝t❡rs✳ ✭❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✈♦t❡rs
✇❤♦ ✐♥✈❡st❡❞ t✐♠❡ ✐♥ ♣r♦✈✐❞✐♥❣ ❛ ♠♦r❡ t❤♦r♦✉❣❤ ❡①♣❧❛♥❛t✐♦♥ t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ✇♦r❦❡r ❛❧s♦
✐♥✈❡st❡❞ t✐♠❡ ✐♥ ♠♦✈✐♥❣ t❤❡ s❧✐❞❡rs t♦ ❛ s❛t✐s❢❛❝t♦r② ♣♦✐♥t✱ t❤♦✉❣❤ t❤✐s ❛ss✉♠♣t✐♦♥ ❝❛♥♥♦t
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■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

❜❡ ✈❛❧✐❞❛t❡❞✳✮ ❚❤♦✉❣❤ t❤❡r❡ ❛r❡ s♦♠❡ ❞✐✛❡r❡♥❝❡s ✭t❤♦s❡ ✇❤♦ ♣r♦✈✐❞❡ ❧♦♥❣❡r ❡①♣❧❛♥❛t✐♦♥s
❛❧s♦ t❡♥❞ t♦ ✉s❡ ♠♦r❡ ♦❢ t❤❡✐r ♠♦✈❡♠❡♥t✮✱ t❤❡ ❣❡♥❡r❛❧ ♣❛tt❡r♥ r❡♠❛✐♥s t❤❡ s❛♠❡❀ ♦♥❧② ❛❜♦✉t
40% ♦❢ ✇♦r❦❡rs ✇❤♦ ♣r♦✈✐❞❡❞ ❛ ❧♦♥❣ ❡①♣❧❛♥❛t✐♦♥ ❛♥❞ ✇❡r❡ ❢❛r ❛✇❛② ❢r♦♠ t❤❡✐r ✐❞❡❛❧ ♣♦✐♥t ♦♥
❛ ❞✐♠❡♥s✐♦♥ ✉s❡❞ t❤❡ ❢✉❧❧ ♠♦✈❡♠❡♥t ❜✉❞❣❡t✳ ❚❤✐s ♣❛tt❡r♥ s✉❣❣❡sts t❤❛t ✈♦t❡rs ❛r❡ r❡❧❛t✐✈❡❧②
✐♥❞✐✛❡r❡♥t ♦✈❡r ❧❛r❣❡ r❡❣✐♦♥s✳

❋✉rt❤❡r♠♦r❡✱ t❤✐s ❧❛❝❦ ♦❢ ♠♦✈❡♠❡♥t ✐s ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❛ ✈♦t❡r✬s ✇❡✐❣❤ts ✇❤❡♥ s❤❡ ✇❛s
❛❧s♦ ❛s❦❡❞ t♦ ❞♦ t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❈♦♥❞✐t✐♦♥❡❞ ♦♥ ❜❡✐♥❣ ❢❛r ❢r♦♠ ❤❡r ✐❞❡❛❧
♣♦✐♥t✱ ✇❤❡♥ ❛ ✈♦t❡r r❛♥❦❡❞ ❛♥ ✐t❡♠ ❛s ♦♥❡ ♦❢ ❤❡r t♦♣ t✇♦ ✐♠♣♦rt❛♥t ✐t❡♠s ✭♥♦t ❝♦✉♥t✐♥❣ t❤❡
❞❡✜❝✐t t❡r♠✮✱ s❤❡ ♠♦✈❡❞ ❛♥ ❛✈❡r❛❣❡ ♦❢ 74% ♦❢ ❤❡r ❛❧❧♦✇❡❞ ♠♦✈❡♠❡♥t ✐♥ t❤❛t ❞✐♠❡♥s✐♦♥❀ ✇❤❡♥
s❤❡ r❛♥❦❡❞ ❛♥ ✐t❡♠ ❛s ♦♥❡ ♦❢ ❧❡❛st t✇♦ ✐♠♣♦rt❛♥t ✐t❡♠s✱ s❤❡ ♠♦✈❡❞ ❛♥ ❛✈❡r❛❣❡ ♦❢ 61%✱ ❛♥❞
t❤❡ ❞✐✛❡r❡♥❝❡ ✐s s✐❣♥✐✜❝❛♥t t❤r♦✉❣❤ ❛ t✇♦ s❛♠♣❧❡ t✲t❡st ✇✐t❤ p = .013✳ ❲❡ ✜♥❞ ♥♦ s✐❣♥✐✜❝❛♥t
❞✐✛❡r❡♥❝❡ ✐♥ ♠♦✈❡♠❡♥t ✇✐t❤✐♥ t❤❡ t♦♣ t✇♦ r❛♥❦❡❞ ✐t❡♠s ♦r ✇✐t❤✐♥ t❤❡ ❜♦tt♦♠ t✇♦ r❛♥❦❡❞
✐t❡♠s✳ ❚❤✐s ❝♦♥♥❡❝t✐♦♥ s✉❣❣❡sts t❤❛t ♦♥❡ ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❞✐♠❡♥s✐♦♥s ❛
✈♦t❡r ❝❛r❡s ❛❜♦✉t ❜② ♦❜s❡r✈✐♥❣ t❤❡s❡ ✐♥❞✐✛❡r❡♥❝❡ r❡❣✐♦♥s ❛♥❞ ♠♦✈❡♠❡♥ts✱ ❡✈❡♥ ✐♥ t❤❡ L∞

❝♦♥str❛✐♥❡❞ ❝❛s❡✳ ❖♥❡ ❝❛✈❡❛t ✐s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ ❡✛❡❝ts ❛r❡ ♥♦t ❧❛r❣❡✱ ❛♥❞ s♦ ❛t t❤❡
✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ ✐♥❢❡r❡♥❝❡ ♦❢ ❤♦✇ ♠✉❝❤ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❝❛r❡s ❛❜♦✉t ♦♥❡ ❞✐♠❡♥s✐♦♥ ♦✈❡r ❛♥♦t❤❡r
♠❛② ❜❡ ♥♦✐s②✳ ❖♥ t❤❡ ❛❣❣r❡❣❛t❡✱ ❤♦✇❡✈❡r✱ s✉❝❤ ❞❡t❡r♠✐♥❛t✐♦♥ ♠❛② ♣r♦✈❡ ✉s❡❢✉❧✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ♥♦t❡ t❤❛t ✇❤✐❧❡ s✉❝❤ ✐♥❞✐✛❡r❡♥❝❡ r❡❣✐♦♥s ❝♦♥✢✐❝t ✇✐t❤ t❤❡ ✉t✐❧✐t② ♠♦❞❡❧s
✉♥❞❡r ✇❤✐❝❤ t❤❡ L2 ❝♦♥str❛✐♥t ♠❡❝❤❛♥✐s♠ ❝♦♥✈❡r❣❡s ✐♥ t❤❡♦r②✱ ✐t ✜ts ✇✐t❤✐♥ t❤❡ ❉▲❈❉
❢r❛♠❡✇♦r❦ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳
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❋✐❣✉r❡ ✺✿ ❋r❛❝t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ ♠♦✈❡♠❡♥t ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✐♥ L∞✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ ❞✐st❛♥❝❡
t♦ ✐❞❡❛❧ ♣t✳ ❚❤❡ ❵❆❧❧✬ ❝♦♥❞✐t✐♦♥ ❝♦♥t❛✐♥s ❞❛t❛ ❢r♦♠ ❛❧❧ t❤r❡❡ L∞ ✐♥st❛♥❝❡s✱ ✇❤❡r❡❛s t❤❡
♦t❤❡rs ♦♥❧② ❢r♦♠ t❤❡ ✐♥st❛♥❝❡ t❤❛t ❛❧s♦ ❞✐❞ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥✳

✺✳✷✳✸ ▼❡❝❤❛♥✐s♠ t✐♠❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♥♦t❡ ♦♥❡ ♣♦t❡♥t✐❛❧ ♣r♦❜❧❡♠ ✇✐t❤ s❝❤❡♠❡s t❤❛t ❡①♣❧✐❝✐t❧② ❡❧✐❝✐t ✈♦t❡r✬s
♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ✕ ❢♦r ✐♥st❛♥❝❡✱ t♦ ✜♥❞ t❤❡ ❝♦♠♣♦♥❡♥t✲✇✐s❡ ♠❡❞✐❛♥ ✕ ❛s ❝♦♠♣❛r❡❞ t♦
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❋✐❣✉r❡ ✻✿ ▼❡❞✐❛♥ t✐♠❡ ♣❡r ♣❛❣❡

t❤❡ ❝♦♥str❛✐♥❡❞ ❡❧✐❝✐t❛t✐♦♥ ✉s❡❞ ✐♥ ■▲❱✿ ✐t s❡❡♠s t♦ ❜❡ ❝♦❣♥✐t✐✈❡❧② ❞✐✣❝✉❧t ❢♦r ✈♦t❡rs✳ ■♥
❋✐❣✉r❡ ✻✱ t❤❡ ♠❡❞✐❛♥ t✐♠❡ ♣❡r ♣❛❣❡✱ ❛❣❣r❡❣❛t❡❞ ❛❝r♦ss ❡❛❝❤ ♠❡❝❤❛♥✐s♠ t②♣❡✱ ✐s s❤♦✇♥✳ ❚❤❡
✏▼❡❝❤❛♥✐s♠✑ t✐♠❡ ✐♥❝❧✉❞❡s ❛ s✐♥❣❧❡ ✉s❡r ❝♦♠♣❧❡t✐♥❣ ❜♦t❤ s❡ts ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❝♦♥str❛✐♥❡❞
♠❡❝❤❛♥✐s♠ t②♣❡s✱ ❜✉t ♥♦t ❞♦❡s ✐♥❝❧✉❞❡ t❤❡ t✐♠❡ t♦ ❛❧s♦ ❞♦ t❤❡ ❡①tr❛ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ t❛s❦ ✐♥
❝❛s❡s ✇❤❡r❡ ❛ ✈♦t❡r ✇❛s ❛s❦❡❞ t♦ ❞♦ ❜♦t❤ ❛ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠ ❛♥❞ t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥✳
❚❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ❜❛rs ✐♥❝❧✉❞❡ ♦♥❧② ✈♦t❡rs ✇❤♦ ❞✐❞ ♦♥❧② t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✱
❛♥❞ s♦ t❤❡ ❜❛rs ❛r❡ ❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❖♥ ❛✈❡r❛❣❡✱ ✐t t♦♦❦ ❧♦♥❣❡r t♦ ❞♦ t❤❡ ❢✉❧❧
❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠ t❤❛♥ ✐t t♦♦❦ t♦ ❞♦ t✇♦ s❡ts ♦❢ ❛♥② ♦❢ t❤❡ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠s✱
s✉❣❣❡st✐♥❣ s♦♠❡ ❧❡✈❡❧ ♦❢ ❝♦❣♥✐t✐✈❡ ❞✐✣❝✉❧t② ✐♥ ❛rt✐❝✉❧❛t✐♥❣ ♦♥❡✬s ✐❞❡❛❧ ♣♦✐♥ts ❛♥❞ ✇❡✐❣❤ts ♦♥
❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✕ ❡✈❡♥ t❤♦✉❣❤ ✉♥❞❡rst❛♥❞✐♥❣ ✇❤❛t t❤❡ ✐♥str✉❝t✐♦♥s ❛r❡ ❛s❦✐♥❣ ✇❛s s✐♠♣❧❡✱
❛s ❞❡♠♦♥str❛t❡❞ ❜② t❤❡ s❤♦rt❡r ✐♥str✉❝t✐♦♥ r❡❛❞✐♥❣ t✐♠❡ ❢♦r t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳
❚❤❡ L∞ ♠❡❝❤❛♥✐s♠ t♦♦❦ t❤❡ ❧❡❛st t✐♠❡ t♦ ❜♦t❤ ✉♥❞❡rst❛♥❞ ❛♥❞ ❞♦✱ ✇❤✐❧❡ t❤❡ L2 ♠❡❝❤❛♥✐s♠
t♦♦❦ t❤❡ ❧♦♥❣❡st t♦ ❞♦✱ ❛♠♦♥❣ t❤❡ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠s✳

❚❤✐s r❡s✉❧t ✐s ✐♥t✉✐t✐✈❡✿ ✐t ✐s ❡❛s✐❡r t♦ ♠♦✈❡ ❡❛❝❤ ❜✉❞❣❡t ✐t❡♠ ✐♥❞❡♣❡♥❞❡♥t❧② ✇❤❡♥ t❤❡
♠❛①✐♠✉♠ ♠♦✈❡♠❡♥t ✐s ❜♦✉♥❞❡❞ t❤❛♥ ✐t ✐s t♦ ♠♦✈❡ t❤❡ ✐t❡♠s ✇❤❡♥ t❤❡ s✉♠ ♦r t❤❡ s✉♠ ♦❢
t❤❡ ❝❤❛♥❣❡s sq✉❛r❡❞ ✐s ❜♦✉♥❞❡❞ ✭❡✈❡♥ ✇❤❡♥ t❤❡s❡ ✈❛❧✉❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ✈♦t❡r✮✳ ■♥
♣r❛❝t✐❝❡✱ ✇✐t❤ ♣♦t❡♥t✐❛❧❧② t❡♥s ♦❢ ✐t❡♠s ♦♥ ✇❤✐❝❤ ❝♦♥st✐t✉❡♥ts ❛r❡ ✈♦t✐♥❣✱ t❤❡s❡ r❡❧❛t✐✈❡ t✐♠❡
❞✐✛❡r❡♥❝❡s ✇♦✉❧❞ ❣r♦✇ ❡✈❡♥ ❧❛r❣❡r✱ ♣♦t❡♥t✐❛❧❧② r❡♥❞❡r✐♥❣ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♦r L2 ❝♦♥str❛✐♥ts
✉♥♣❛❧❛t❛❜❧❡ t♦ ✈♦t❡rs✳

❖♥❡ ♣♦t❡♥t✐❛❧ ❝❛✈❡❛t t♦ t❤✐s ✜♥❞✐♥❣ ✐s t❤❛t t❤❡ ❋✉❧❧ ❊❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ♣♦t❡♥t✐❛❧❧②
♣r♦✈✐❞❡s ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛♥ ❞♦ t❤❡ ♦t❤❡r ♠❡❝❤❛♥✐s♠s✳ ❋r♦♠ ❛ ♣♦❧❧✐♥❣ ♣❡rs♣❡❝t✐✈❡✱ ✐t ✐s
tr✉❡ t❤❛t ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ♣r♦✈✐❞❡❞ ❢r♦♠ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ✕ ♦♥❡ ❝❛♥ s❡❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
✈♦t❡s✱ t❤❡ ❞✐s❛❣r❡❡♠❡♥t✱ ❛♥❞ ❝♦rr❡❧❛t✐♦♥ ❛❝r♦ss ✐ss✉❡s✱ ❛♠♦♥❣ ♦t❤❡r t❤✐♥❣s✳ ❍♦✇❡✈❡r✱ ❢r♦♠
❛ ✈♦t✐♥❣ ♣❡rs♣❡❝t✐✈❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ❛❣❣r❡❣❛t✐♦♥ ✭✇✐♥♥❡r✮ ✐s t❤❡ ♦♥❧② t❤✐♥❣ r❡♣♦rt❡❞✱ ✐t ✐s
♥♦t ❝❧❡❛r t❤❛t t❤✐s ❡①tr❛ ✐♥❢♦r♠❛t✐♦♥ ✐s ✉s❡❢✉❧✳ ❋✉rt❤❡r✱ ♠✉❝❤ ♦❢ t❤✐s ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❢✉❧❧
❡❧✐❝✐t❛t✐♦♥ ♣r♦✈✐❞❡s ❝❛♥ r❡❛s♦♥❛❜❧② ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ ♠♦✈❡♠❡♥ts ♦❢ ✈♦t❡rs✱ ❡s♣❡❝✐❛❧❧② t❤❡
♠♦✈❡♠❡♥ts ♦❢ t❤♦s❡ ✇❤♦ ❛r❡ ❣✐✈❡♥ ❛ st❛rt✐♥❣ ♣♦✐♥t ❝❧♦s❡ t♦ t❤❡ ❡✈❡♥t✉❛❧ ❡q✉✐❧✐❜r✐✉♠✳

✸✸✻



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

✺✳✷✳✹ ❯■ ❜✐❛s❡s

❲❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ ✇♦r❦❡rs ❜❡❤❛✈❡❞ ✉♥❞❡r t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥
♠❡❝❤❛♥✐s♠ ❛♥❞ ❤✐❣❤❧✐❣❤t s♦♠❡ ♣♦t❡♥t✐❛❧ ♣r♦❜❧❡♠s t❤❛t ♠❛② ❛✛❡❝t r❡s✉❧ts ✐♥ r❡❛❧ ❞❡♣❧♦②✲
♠❡♥ts✳ ❋✐❣✉r❡s ✼ ❛♥❞ ✽ s❤♦✇ t❤❡ ❤✐st♦❣r❛♠ ♦❢ ✈❛❧✉❡s ❛♥❞ ✇❡✐❣❤ts✱ r❡s♣❡❝t✐✈❡❧②✱ ❡❧✐❝✐t❡❞ ❢r♦♠
❛❧❧ ✇♦r❦❡rs ✇❤♦ ❞✐❞ t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❤✐st♦❣r❛♠ ♦❢ ✈❛❧✉❡s✱ ✐♥
❡✈❡r② ❞✐♠❡♥s✐♦♥✱ t❤❡ ❧❛r❣❡st ♣❡❛❦ ✐s ❛t t❤❡ s❧✐❞❡r✬s ❞❡❢❛✉❧t ✈❛❧✉❡ ✭❛t t❤❡ ✷✵✶✻ ❡st✐♠❛t❡❞ ❜✉❞✲
❣❡t✮✱ ❛♥❞ t❤❡ ❤✐st♦❣r❛♠s s❡❡♠ t♦ ✉♥❞❡r❣♦ ❛ ♣❤❛s❡ s❤✐❢t ❛t t❤❛t ♣❡❛❦✱ s✉❣❣❡st✐♥❣ t❤❛t ✈♦t❡rs
❛r❡ str♦♥❣❧② ❛♥❝❤♦r❡❞ ❛t t❤❡ s❧✐❞❡r✬s st❛rt✐♥❣ ✈❛❧✉❡✳ ❚❤✐s ❛♥❝❤♦r✐♥❣ ❝♦✉❧❞ s②st❡♠❛t✐❝❛❧❧② ❜✐❛s
t❤❡ ♠❡❞✐❛♥s ♦❢ t❤❡ ❡❧✐❝✐t❡❞ ✈❛❧✉❡s✳

❆ s✐♠✐❧❛r ❡✛❡❝t ♦❝❝✉rs ✐♥ ❡❧✐❝✐t✐♥❣ ✈♦t❡r ✇❡✐❣❤ts ♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳ ❖❜s❡r✈❡ t❤❛t ✐♥
❋✐❣✉r❡ ✹ t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ✇❡✐❣❤ts ❛♣♣❡❛r ❢❛r ♠♦r❡ ❜❛❧❛♥❝❡❞ t❤❛♥ t❤❡ ✇❡✐❣❤ts ✐♠♣❧✐❡❞ ❜②
❛♥② ♦❢ t❤❡ ♠❡❝❤❛♥✐s♠s ✭❢♦r t❤❡ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✱ t❤❡ ♣❧♦t s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ✇❡✐❣❤t
♦✈❡r t❤❡ s✉♠ ♦❢ t❤❡ ✇❡✐❣❤ts ❢♦r ❡❛❝❤ ✈♦t❡r✮✳ ❋r♦♠ t❤❡ ❤✐st♦❣r❛♠ ♦❢ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ✇❡✐❣❤ts✱
❤♦✇❡✈❡r✱ ✇❡ s❡❡ t❤❛t t❤✐s r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✈♦t❡rs r❛r❡❧② ♠♦✈✐♥❣ ❛ ❞✐♠❡♥s✐♦♥✬s ✇❡✐❣❤t
❞♦✇♥ ❢r♦♠ t❤❡ ❞❡❢❛✉❧t ♦❢ ✺✱ ❜✉t r❛t❤❡r ♠♦✈✐♥❣ ♦t❤❡rs ✉♣✳

❖♥❡ ♣♦t❡♥t✐❛❧ ❝❛✉s❡ ♦❢ t❤✐s ❜❡❤❛✈✐♦r ✐s t❤❛t ✈♦t❡rs ♠✐❣❤t t❤✐♥❦ t❤❛t ♣✉tt✐♥❣ ❤✐❣❤ ✇❡✐❣❤ts
♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✇♦✉❧❞ ♠❡❛♥ t❤❡✐r ♦♣✐♥✐♦♥s ✇♦✉❧❞ ❝♦✉♥t ♠♦r❡✱ ✇❤❡r❡❛s ✐♥ ❛♥② ❛❣❣r❡❣❛t✐♦♥
♦♥❡ ✇♦✉❧❞ ❡✐t❤❡r ✐❣♥♦r❡ t❤❡ ✇❡✐❣❤ts ✭❝❛❧❝✉❧❛t❡ t❤❡ ✉♥✇❡✐❣❤t❡❞ ♠❡❞✐❛♥✮ ♦r ♥♦r♠❛❧✐③❡ t❤❡
✇❡✐❣❤ts ❜❡❢♦r❡ ❛❣❣r❡❣❛t✐♥❣✳ ■♥ ❢✉t✉r❡ ✇♦r❦✱ ♦♥❡ ♣♦t❡♥t✐❛❧ ✜① ❝♦✉❧❞ ❜❡ t♦ ❛❞❞ ❛ ✏♥♦r♠❛❧✐③❡✑
❜✉tt♦♥ ❢♦r t❤❡ ✇❡✐❣❤ts✱ ✇❤✐❝❤ ✇♦✉❧❞ r❡✲♥♦r♠❛❧✐③❡ t❤❡ ✇❡✐❣❤ts✱ ♦r t♦ ❛✉t♦♠❛t✐❝❛❧❧② ♥♦r♠❛❧✐③❡
t❤❡ ✇❡✐❣❤ts ❛s ✈♦t❡rs ♠♦✈❡ t❤❡ s❧✐❞❡rs✳

❚❤❡s❡ ♣❛tt❡r♥s ❞❡♠♦♥str❛t❡ t❤❡ ❞✐✣❝✉❧t② ✐♥ ❡❧✐❝✐t✐♥❣ ✉t✐❧✐t✐❡s ❢r♦♠ ✈♦t❡rs ❞✐r❡❝t❧②❀ ❡✈❡♥
❛s❦✐♥❣ ✈♦t❡rs ❤♦✇ ♠✉❝❤ t❤❡② ❝❛r❡ ❛❜♦✉t ❛ ♣❛rt✐❝✉❧❛r ❜✉❞❣❡t ✐t❡♠ ✐s ❡①tr❡♠❡❧② s✉s❝❡♣t✐❜❧❡
t♦ t❤❡ ✉s❡r ✐♥t❡r❢❛❝❡ ❞❡s✐❣♥✳ ❚❤♦✉❣❤ s✉❝❤ ❛♥❝❤♦r✐♥❣ t♦ t❤❡ s❧✐❞❡r ❞❡❢❛✉❧t ✉♥❞♦✉❜t❡❞❧②
❛❧s♦ ♦❝❝✉rs ✐♥ t❤❡ L∞ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠✱ ✐t ✇♦✉❧❞ ♦♥❧② s❧♦✇ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱
❛ss✉♠✐♥❣ t❤❡ ❛♥❝❤♦r✐♥❣ ❛✛❡❝ts ❞✐✛❡r❡♥t ✈♦t❡rs s✐♠✐❧❛r❧②✳ ❚❤❡s❡ ❜✐❛s❡s ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❜❡
♦✈❡r❝♦♠❡ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❯■ ❞❡s✐❣♥✱ s✉❝❤ ❛s ❜② ♣r♦✈✐❞✐♥❣ ♥♦ ❞❡❢❛✉❧t ✈❛❧✉❡ t❤r♦✉❣❤ s❧✐❞❡rs✳
❙✉❝❤ ❞❡s✐❣♥ ❝❤♦✐❝❡s ♠✉st ❜❡ ❝❛r❡❢✉❧❧② t❤♦✉❣❤t t❤r♦✉❣❤ ❜❡❢♦r❡ ❞❡♣❧♦②✐♥❣ r❡❛❧ s②st❡♠s✱ ❛s
t❤❡② ❝❛♥ ❤❛✈❡ s❡r✐♦✉s ❝♦♥s❡q✉❡♥❝❡s✳

✻✳ ❈♦♥❝❧✉s✐♦♥

❲❡ ❡✈❛❧✉❛t❡ ❛ ♥❛t✉r❛❧ ❝❧❛ss ♦❢ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s ❢♦r ❝♦❧❧❡❝t✐✈❡ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❝♦♥t✐♥✉✲
♦✉s s♣❛❝❡s t❤❛t ♠❛❦❡s ♣r❛❝t✐❝❛❧❧② r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ ❤✉♠❛♥ ❢❡❡❞❜❛❝❦✳
❲❡ ✜rst ✐♥tr♦❞✉❝❡ s❡✈❡r❛❧ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❝✐❡t❛❧ ♦♣t✐♠✉♠
♣♦✐♥t✱ ❛♥❞ ♦t❤❡rs ✐♥ ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ ♦t❤❡r ✐♥t❡r❡st✐♥❣ s♦❧✉t✐♦♥s✳ ❲❡ t❤❡♥
❡①♣❡r✐♠❡♥t❛❧❧② t❡st s✉❝❤ ❛❧❣♦r✐t❤♠s ✐♥ t❤❡ ✜rst ✇♦r❦ t♦ ❞❡♣❧♦② s✉❝❤ ❛ s❝❤❡♠❡✳ ❖✉r ✜♥❞✲
✐♥❣s ❛r❡ s✐❣♥✐✜❝❛♥t✿ ❡✈❡♥ ✇✐t❤ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦✐♥❣✱ t✇♦ ✈❛r✐❛♥ts ❢❛✐❧ t❤❡ ❜❛s✐❝ t❡st ♦❢ ❜❡✐♥❣
❛❜❧❡ t♦ ❣✐✈❡ ❛ ❝♦♥s✐st❡♥t ❞❡❝✐s✐♦♥ ❛❝r♦ss ♠✉❧t✐♣❧❡ tr✐❛❧s ✇✐t❤ t❤❡ s❛♠❡ s❡t ♦❢ ✈♦t❡rs✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❛ ✈❛r✐❛♥t t❤❛t ✉s❡s L∞ ♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥s✐st❡♥t❧② ❧❡❛❞s t♦ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡
s❛♠❡ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ❤❛s ❛ttr❛❝t✐✈❡ ♣r♦♣❡rt✐❡s ✉♥❞❡r ❛ ❧✐❦❡❧② ♠♦❞❡❧ ❢♦r ✈♦t❡r ♣r❡❢❡r❡♥❝❡s
s✉❣❣❡st❡❞ ❜② t❤✐s ❝♦♥✈❡r❣❡♥❝❡✳ ❲❡ ❛❧s♦ ♠❛❦❡ ❝❡rt❛✐♥ ♦❜s❡r✈❛t✐♦♥s ❛❜♦✉t ♦t❤❡r ♣r♦♣❡rt✐❡s
♦❢ ✉s❡r ♣r❡❢❡r❡♥❝❡s ✕ ♠♦st s❛❧✐❡♥t❧②✱ t❤❛t t❤❡② ❤❛✈❡ ❧❛r❣❡ ✐♥❞✐✛❡r❡♥❝❡s ♦♥ ❞✐♠❡♥s✐♦♥s ❛❜♦✉t
✇❤✐❝❤ t❤❡② ❝❛r❡ ❧❡ss✳
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❋✐❣✉r❡ ✼✿ ❍✐st♦❣r❛♠ ♦❢ ✈❛❧✉❡s ❢r♦♠ ❛❧❧ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ❞❛t❛✳ ❚❤❡ r❡❞ ✈❡rt✐❝❛❧ ❧✐♥❡s ✐♥❞✐❝❛t❡
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❋✐❣✉r❡ ✽✿ ❍✐st♦❣r❛♠ ♦❢ ✇❡✐❣❤ts ❢r♦♠ ❛❧❧ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥ ❞❛t❛✳ ❚❤❡ r❡❞ ✈❡rt✐❝❛❧ ❧✐♥❡s ✐♥❞✐❝❛t❡
t❤❡ s❧✐❞❡rs✬ ❞❡❢❛✉❧t ✈❛❧✉❡ ♦❢ ✺✳

■♥ ❣❡♥❡r❛❧✱ t❤✐s ✇♦r❦ t❛❦❡s ❛ s✐❣♥✐✜❝❛♥t st❡♣ ✇✐t❤✐♥ t❤❡ ❜r♦❛❞ r❡s❡❛r❝❤ ❛❣❡♥❞❛ ♦❢ ✉♥✲
❞❡rst❛♥❞✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛t✐♦♥s ♦♥ t❤❡ q✉❛❧✐t② ♦❢ s♦❝✐❡t❛❧ ♦✉t❝♦♠❡s ♣♦s❡❞ ❜② t❤❡
❝♦♥str❛✐♥ts ♦❢ ❤✉♠❛♥ ❢❡❡❞❜❛❝❦✱ ❛♥❞ ✐♥ ❞❡s✐❣♥✐♥❣ ✐♥♥♦✈❛t✐✈❡ ♠❡❝❤❛♥✐s♠s t❤❛t ❧❡✈❡r❛❣❡ t❤✐s
❢❡❡❞❜❛❝❦ ♦♣t✐♠❛❧❧② t♦ ♦❜t❛✐♥ t❤❡ ❜❡st ❛❝❤✐❡✈❛❜❧❡ ♦✉t❝♦♠❡s✳
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■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❙✉♣♣♦rt❡❞ ❜② ◆❙❋ ❣r❛♥t ♥♦s✳ ❈❈❋✲✶✹✵✽✼✽✹✱ ❈❈❋✲✶✻✸✼✸✾✼✱ ❈❈❋✲✶✻✸✼✹✶✽✱ ❛♥❞ ■■❙✲✶✹✹✼✺✺✹✱
❖◆❘ ❣r❛♥t ♥♦✳ ◆✵✵✵✶✹✲✶✺✲✶✲✷✼✽✻✱ ❆❘❖ ❣r❛♥t ♥♦✳ ❲✾✶✶◆❋✲✶✹✲✶✲✵✺✷✻✱ ❛♥❞ t❤❡ ◆❙❋ ●r❛❞✲
✉❛t❡ ❘❡s❡❛r❝❤ ❋❡❧❧♦✇s❤✐♣ ✉♥❞❡r ❣r❛♥t ♥♦✳ ❉●❊✲✶✶✹✼✹✼✳ ❚❤✐s ✇♦r❦ ❜❡♥❡✜t❡❞ ❢r♦♠ ♠❛♥②
❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥s ✇✐t❤ ❖❧✐✈❡r ❍✐♥❞❡r✳

❆♣♣❡♥❞✐① ❆✳ ▼❡❝❤❛♥✐❝❛❧ ❚✉r❦ ❊①♣❡r✐♠❡♥t ❆❞❞✐t✐♦♥❛❧ ■♥❢♦r♠❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ ♦✉r ❆♠❛③♦♥ ▼❡❝❤❛♥✐❝❛❧ ❚✉r❦
❡①♣❡r✐♠❡♥t✱ ✐♥❝❧✉❞✐♥❣ ❛ ✇❛❧❦✲t❤r♦✉❣❤ ♦❢ t❤❡ ✉s❡r ❡①♣❡r✐❡♥❝❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❛ ❧✐✈❡
❞❡♠♦ ❛❝❝❡ss✐❜❧❡ ❛t✿ ❤tt♣✿✴✴❣❛r❣♥✐❦❤✐❧✳❝♦♠✴♣r♦❥❡❝t❞❡t❛✐❧s✴■t❡r❛t✐✈❡▲♦❝❛❧❱♦t✐♥❣✴✳
❚❤✐s ❞❡♠♦ ✇✐❧❧ r❡♠❛✐♥ ♦♥❧✐♥❡ ❢♦r t❤❡ ❢♦r❡s❡❡❛❜❧❡ ❢✉t✉r❡✳

❋✐❣✉r❡s ✾ t❤r♦✉❣❤ ✶✸ s❤♦✇ s❝r❡❡♥s❤♦ts ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❲❡ ♥♦✇ ✇❛❧❦t❤r♦✉❣❤ t❤❡ ❡①♣❡r✐✲
♠❡♥t✿

• ❋✐❣✉r❡ ✾ ✕ ❲❡❧❝♦♠❡ ♣❛❣❡✳ ❆rr✐✈✐♥❣ ❢r♦♠ ❆♠❛③♦♥ ▼❡❝❤❛♥✐❝❛❧ ❚✉r❦✱ t❤❡ ✇♦r❦❡rs r❡❛❞
❛♥ ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♥s❡♥t ❛❣r❡❡♠❡♥t✳

• ❋✐❣✉r❡ ✶✵ ✕ ■♥str✉❝t✐♦♥s ✭s❤♦✇♥ ❛r❡ L2 ✐♥str✉❝t✐♦♥s✮✳ ❚❤❡ ✇♦r❦❡rs r❡❛❞ t❤❡ ✐♥str✉❝✲
t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ ♣r♦✈✐❞❡❞ ♦♥ t❤❡ ♠❡❝❤❛♥✐s♠ ♣❛❣❡✳ ❚❤❡r❡ ✐s ❛ ✺ ♠✐♥✉t❡ ❧✐♠✐t ❢♦r
t❤✐s ♣❛❣❡✳

• ❋✐❣✉r❡s ✶✶✱ ✶✸ ✕ ▼❡❝❤❛♥✐s♠ ♣❛❣❡ ❢♦r L2 ❛♥❞ ❋✉❧❧ ❊❧✐❝✐t❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡
❢♦r♠❡r✱ ✇♦r❦❡rs ❛r❡ ❛s❦❡❞ t♦ ♠♦✈❡ t♦ t❤❡✐r ❢❛✈♦r✐t❡ ♣♦✐♥t ✇✐t❤✐♥ ❛ ❝♦♥str❛✐♥t s❡t✱ ❢♦r ✷
❞✐✛❡r❡♥t ❜✉❞❣❡t ♣♦✐♥ts✳ ❚❤❡ ✏❈✉rr❡♥t ❈r❡❞✐t ❆❧❧♦❝❛t✐♦♥✑ ❡♥❝♦❞❡s t❤❡ ❝♦♥str❛✐♥t s❡t ✕
❛s ✇♦r❦❡rs ♠♦✈❡ t❤❡ ❜✉❞❣❡t ❜❛rs✱ ✐t s❤♦✇s ❤♦✇ ♠✉❝❤ ♦❢ t❤❡✐r ♠♦✈❡♠❡♥t ❜✉❞❣❡t t❤❡②
❤❛✈❡ s♣❡♥t✱ ❛♥❞ ♦♥ ✇❤✐❝❤ ✐t❡♠s✳ ❚❤❡ ♦t❤❡r ❝♦♥str❛✐♥❡❞ ♠♦✈❡♠❡♥t ♠❡❝❤❛♥✐s♠s ❛r❡
s✐♠✐❧❛r✳ ❋♦r t❤❡ ❋✉❧❧ ❊❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✱ ✈♦t❡rs ❛r❡ s✐♠♣❧② ❛s❦❡❞ t♦ ✐♥❞✐❝❛t❡ t❤❡✐r
❢❛✈♦r✐t❡ ❜✉❞❣❡t ♣♦✐♥t ❛♥❞ ✇❡✐❣❤ts✳ ❚❤❡ ✐♥str✉❝t✐♦♥s ❛r❡ r❡♣❡❛t❡❞ ♦♥ t❤❡ ♠❡❝❤❛♥✐s♠
♣❛❣❡ ❛s ✇❡❧❧ ❛t t❤❡ t♦♣✳ ❚❤❡r❡ ✐s ❛ ✶✵ ♠✐♥✉t❡ ❧✐♠✐t ❢♦r t❤✐s ♣❛❣❡✳

• ❙❡❝♦♥❞ ♠❡❝❤❛♥✐s♠✱ ✸✵% ♦❢ ✇♦r❦❡rs✳ ❙♦♠❡ ✇♦r❦❡rs ✇❡r❡ ❛s❦❡❞ t♦ ❞♦ ❜♦t❤ ♦♥❡ ♦❢
t❤❡ L1✱L2✱ ♦r L∞✱ ❛♥❞ t❤❡ ❋✉❧❧ ❊❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❋♦r t❤❡s❡ ✇♦r❦❡rs✱ t❤❡ ❋✉❧❧
❊❧✐❝✐t❛t✐♦♥ ♠❡❝❤❛♥✐s♠ s❤♦✇s ✉♣ ❛❢t❡r t❤❡ ❝♦♥str❛✐♥❡❞ ♠❡❝❤❛♥✐s♠✳

• ❋✐❣✉r❡ ✶✷ ✕ ❋❡❡❞❜❛❝❦ ♣❛❣❡✳ ❋✐♥❛❧❧②✱ ✇♦r❦❡rs ❛r❡ ❛s❦❡❞ t♦ ♣r♦✈✐❞❡ ❢❡❡❞❜❛❝❦✱ ❛❢t❡r ✇❤✐❝❤
t❤❡② ❛r❡ s❤♦✇♥ ❛ ❝♦❞❡ ❛♥❞ r❡t✉r♥ t♦ t❤❡ ▼❡❝❤❛♥✐❝❛❧ ❚✉r❦ ✇❡❜s✐t❡✳

❆♣♣❡♥❞✐① ❇✳ ■♥❞✐✛❡r❡♥❝❡ ❘❡❣✐♦♥s ❆❞❞✐t✐♦♥❛❧ ■♥❢♦r♠❛t✐♦♥

❲❡ ♥♦✇ ♣r❡s❡♥t s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❞❛t❛ ❢♦r t❤❡ ❝❧❛✐♠ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✷✱ t❤❛t ✈♦t❡rs ❤❛✈❡ ❧❛r❣❡
✐♥❞✐✛❡r❡♥❝❡ r❡❣✐♦♥s ♦♥ t❤❡ s♣❛❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❋✐❣✉r❡s ✶✹ ❛♥❞ ✶✺ r❡♣r♦❞✉❝❡ ❋✐❣✉r❡ ✺
❜✉t ✇✐t❤ ✇♦r❦❡rs ✇❤♦ ♣r♦✈✐❞❡❞ ❡①♣❧❛♥❛t✐♦♥s ❧♦♥❣❡r ✭❛♥❞ s❤♦rt❡r✮ t❤❛♥ t❤❡ ♠❡❞✐❛♥ r❡s♣♦♥s❡✱
r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s s♣❧✐t ❝❛♥ ✭r♦✉❣❤❧②✮ ❝♦rr❡s♣♦♥❞ t♦ ✇♦r❦❡rs ✇❤♦ ♠❛② ❤❛✈❡ ❛♥s✇❡r❡❞ ♠♦r❡ ♦r
❧❡ss s✐♥❝❡r❡❧② t♦ t❤❡ ❜✉❞❣❡t✐♥❣ q✉❡st✐♦♥✳ ❲❡ ✜♥❞ t❤❛t t❤❡ r❡s♣♦♥s❡ ❞✐str✐❜✉t✐♦♥✱ ❛s ♠❡❛s✉r❡❞
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❋✐❣✉r❡ ✾✿ P❛❣❡ ✶ ✕ ❲❡❧❝♦♠❡ P❛❣❡ ❢♦r ❛❧❧ ♠❡❝❤❛♥✐s♠s

❋✐❣✉r❡ ✶✵✿ L2 P❛❣❡ ✷ ✕ ■♥str✉❝t✐♦♥s

❋✐❣✉r❡ ✶✶✿ L2 P❛❣❡ ✸ ✕ ▼❡❝❤❛♥✐s♠
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■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

❋✐❣✉r❡ ✶✷✿ P❛❣❡ ✹ ✕ ❋❡❡❞❜❛❝❦ ❢♦r ❛❧❧ ♠❡❝❤❛♥✐s♠s

❋✐❣✉r❡ ✶✸✿ ❋✉❧❧ ❊❧✐❝✐t❛t✐♦♥ P❛❣❡ ✸ ✕ ▼❡❝❤❛♥✐s♠
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❜② t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ ♠♦✈❡♠❡♥t ♦♥❡ ✉s❡❞ ✇❤❡♥ ❢❛r ❛✇❛② ❢r♦♠ ♦♥❡✬s ✐❞❡❛❧ ♣♦✐♥t ♦♥ ❛
❣✐✈❡♥ ❞✐♠❡♥s✐♦♥✱ ❛r❡ s✐♠✐❧❛r✳
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❋✐❣✉r❡ ✶✹✿ ❋r❛❝t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ ♠♦✈❡♠❡♥t ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✐♥ L∞✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ ❞✐st❛♥❝❡
t♦ ✐❞❡❛❧ ♣t✳ ❚❤❡ ❵❆❧❧✬ ❝♦♥❞✐t✐♦♥ ❝♦♥t❛✐♥s ❞❛t❛ ❢r♦♠ ❛❧❧ t❤r❡❡ L∞ ✐♥st❛♥❝❡s✱ ✇❤❡r❡❛s t❤❡
♦t❤❡rs ♦♥❧② ❢r♦♠ t❤❡ ✐♥st❛♥❝❡ t❤❛t ❛❧s♦ ❞✐❞ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥✳ ❚❤✐s ♣❧♦t ♦♥❧② ✐♥❝❧✉❞❡s t❤♦s❡
♣❡♦♣❧❡ ✇❤♦ ♣r♦✈✐❞❡❞ ❛♥ ❡①♣❧❛♥❛t✐♦♥ ❛s ❧♦♥❣ ♦r ❧♦♥❣❡r t❤❛♥ t❤❡ ♠❡❞✐❛♥ ❡①♣❧❛♥❛t✐♦♥
♣r♦✈✐❞❡❞ ✭✶✾✼ ❝❤❛r❛❝t❡rs✮✳
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❋✐❣✉r❡ ✶✺✿ ❋r❛❝t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ ♠♦✈❡♠❡♥t ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✐♥ L∞✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ ❞✐st❛♥❝❡
t♦ ✐❞❡❛❧ ♣t✳ ❚❤❡ ❵❆❧❧✬ ❝♦♥❞✐t✐♦♥ ❝♦♥t❛✐♥s ❞❛t❛ ❢r♦♠ ❛❧❧ t❤r❡❡ L∞ ✐♥st❛♥❝❡s✱ ✇❤❡r❡❛s t❤❡
♦t❤❡rs ♦♥❧② ❢r♦♠ t❤❡ ✐♥st❛♥❝❡ t❤❛t ❛❧s♦ ❞✐❞ ❢✉❧❧ ❡❧✐❝✐t❛t✐♦♥✳ ❚❤✐s ♣❧♦t ♦♥❧② ✐♥❝❧✉❞❡s t❤♦s❡
♣❡♦♣❧❡ ✇❤♦ ♣r♦✈✐❞❡❞ ❛♥ ❡①♣❧❛♥❛t✐♦♥ s❤♦rt❡r t❤❛♥ t❤❡ ♠❡❞✐❛♥ ❡①♣❧❛♥❛t✐♦♥ ♣r♦✈✐❞❡❞ ✭✶✾✼
❝❤❛r❛❝t❡rs✮✳

❆♣♣❡♥❞✐① ❈✳ Pr♦♦❢s

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ✐♥❝❧✉❞❡ ♣r♦♦❢s ❢♦r ❛❧❧ t❤❡ t❤❡♦r❡♠s ✐♥ t❤❡ ♣❛♣❡r✳

❈✳✶ ❑♥♦✇♥ ❙❙●▼ ❘❡s✉❧ts

❚❤❡♦r❡♠ ✹✳ ✭◆❡♠✐r♦✈s❦✐ ❡t ❛❧✳✱ ✷✵✵✾❀ ❙tr❛ss❡♥✱ ✶✾✻✺✮ ▲❡t θ ∈ Θ ❜❡ ❛ r❛♥❞♦♠ ✈❡❝t♦r ✇✐t❤

❞✐str✐❜✉t✐♦♥ P✳ ▲❡t f̄(x) = ❊[f(x, θ)] =
∫

Θ f(x, θ)dP (θ)✱ ❢♦r x ∈ X ✱ ❛ ♥♦♥✲❡♠♣t② ❜♦✉♥❞❡❞

❝❧♦s❡❞ ❝♦♥✈❡① s❡t✱ ❛♥❞ ❛ss✉♠❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ✜♥✐t❡ ✈❛❧✉❡❞✳ ❙✉♣♣♦s❡ t❤❛t

f(·, θ), θ ∈ Θ ✐s ❝♦♥✈❡① ❛♥❞ f̄(·) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✜♥✐t❡ ✈❛❧✉❡❞ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ♣♦✐♥t

x✳

❋♦r ❡❛❝❤ θ✱ ❝❤♦♦s❡ ❛♥② g(x, θ) ∈ ∂f(x, θ)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ḡ(x) ∈ ∂f̄(x) s✳t✳ ḡ(x) =
❊θ[g(x, θ)]✳

❚❤✐s t❤❡♦r❡♠ s❛②s t❤❛t t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ s✉❜✲❣r❛❞✐❡♥t ♦❢ t❤❡ ✉t✐❧✐t② ❛t ❛♥② ♣♦✐♥t
x ❛❝r♦ss ✈♦t❡rs ✐s ❛ s✉❜❣r❛❞✐❡♥t ♦❢ t❤❡ s♦❝✐❡t❛❧ ✉t✐❧✐t② ❛t x✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ ❤♦✇ t❤❡ ✈♦t❡rs
❝❤♦♦s❡ t❤❡ s✉❜❣r❛❞✐❡♥t ✇❤❡♥ t❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡ s✉❜❣r❛❞✐❡♥ts✱ ✐✳❡✳✱ ✇❤❡♥ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥
✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡✳ ❚❤✐s ❦❡② r❡s✉❧t ❛❧❧♦✇s ✉s t♦ ✉s❡ t❤❡ s✉❜❣r❛❞✐❡♥t ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ ❛
s❛♠♣❧❡❞ ✈♦t❡r ❛s ❛♥ ✉♥❜❛✐s❡❞ ❡st✐♠❛t❡ ♦❢ t❤❡ s♦❝✐❡t❛❧ s✉❜❣r❛❞✐❡♥t✳

◆♦✇✱ ❝♦♥s✐❞❡r ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ f ♦♥ ❛ ♥♦♥✲❡♠♣t② ❜♦✉♥❞❡❞ ❝❧♦s❡❞ ❝♦♥✈❡① s❡t X ⊂ R
M ✱

❛♥❞ ✉s❡ [·]X t♦ ❞❡s✐❣♥❛t❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✳ ❙t❛rt✐♥❣ ✇✐t❤ s♦♠❡ x0 ∈ X ✱ ❝♦♥s✐❞❡r t❤❡
❙❙●▼ ✉♣❞❛t❡ r✉❧❡ xt = [xt−1 − rt(ḡt + zt + bt)]X ✱ ✇❤❡r❡ zt ✐s ❛ ③❡r♦✲♠❡❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
❛♥❞ bt ✐s ❛ ❝♦♥st❛♥t✱ ❛♥❞ ḡt ∈ ∂f(xt)✳ ▲❡t ❊t[·] ❜❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❣✐✈❡♥ Ft✱ t❤❡
σ✲✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② x0, x1, . . . , xt✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✳
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❚❤❡♦r❡♠ ✺✳ ✭❏✐❛♥❣ ✫ ❲❛❧r❛♥❞✱ ✷✵✶✵✮ ❈♦♥s✐❞❡r t❤❡ ❛❜♦✈❡ ✉♣❞❛t❡ r✉❧❡✳ ■❢

f(·) ❤❛s ❛ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r x∗ ∈ X
rt > 0,

∑

t

rt = ∞,
∑

t

r2t < ∞

∃C1 ∈ R < ∞ s✳t✳ ‖∂f(x)‖2 ≤ C1, ∀x ∈ X
∃C2 ∈ R < ∞ s✳t✳ ❊t[‖zt‖2] ≤ C2, ∀ t
∃C3 ∈ R < ∞ s✳t✳ ‖bt‖2 ≤ C3, ∀ t
∑

t

rt‖bt‖ < ∞ ✇✳♣✳ 1

❚❤❡♥ xt → x∗ ✇✳♣✳ ✶ ❛s t → ∞✳

◆♦t❡✿ ❏✐❛♥❣ ❛♥❞ ❲❛❧r❛♥❞ ✭✷✵✶✵✮ ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r ❣r❛❞✐❡♥ts✱ t❤♦✉❣❤ t❤❡ s❛♠❡ ♣r♦♦❢
❢♦❧❧♦✇s ❢♦r s✉❜❣r❛❞✐❡♥ts✳ ❖♥❧② t❤❡ ✐♥❡q✉❛❧✐t② [x∗ − xt]

T gt ≤ f(x∗) − f(xt) ❢♦r ❣r❛❞✐❡♥t gt
❛t ✐t❡r❛t✐♦♥ t ✐s ✉s❡❞✱ ✇❤✐❝❤ ❤♦❧❞s ❢♦r s✉❜❣r❛❞✐❡♥ts✳ ❇♦②❞ ❛♥❞ ▼✉t❛♣❝✐❝ ✭✷✵✵✻✮ ♣r♦✈✐❞❡
❛ ❣❡♥❡r❛❧ ❞✐s❝✉ss✐♦♥ ♦❢ s✉❜❣r❛❞✐❡♥t ♠❡t❤♦❞s✱ ❛❧♦♥❣ ✇✐t❤ s✐♠✐❧❛r r❡s✉❧ts✳ ❙❤♦r ✭✶✾✾✽✮✱ ✐♥
❚❤❡♦r❡♠ ✹✻✱ ♣r♦✈✐❞❡ ❛ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢ ❢♦r t❤❡ st♦❝❤❛st✐❝ s✉❜❣r❛❞✐❡♥t ♠❡t❤♦❞ ✇✐t❤♦✉t
♣r♦❥❡❝t✐♦♥s ❛♥❞ t❤❡ ❡①tr❛ ♥♦✐s❡ t❡r♠s✳

❈✳✷ ▼❛♣♣✐♥❣ ■▲❱ t♦ ❙❙●▼

❆s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ s✉♣♣♦s❡ t❤❛t hX ✐s t❤❡ ✐♥❞✉❝❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡
✐❞❡❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ✈♦t❡rs✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ ✈♦t❡rs ❛♥❞ t❤❡✐r ✐❞❡❛❧
s♦❧✉t✐♦♥s ✐♥t❡r❝❤❛♥❣❡❛❜❧②✳

◆❡①t✱ ✇❡ r❡st❛t❡ ■▲❱ ✇✐t❤♦✉t t❤❡ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ s♦ t❤❛t ✐t ❧♦♦❦s ❧✐❦❡ t❤❡ st♦❝❤❛st✐❝
s✉❜❣r❛❞✐❡♥t ♠❡t❤♦❞✳ ❈♦♥s✐❞❡r ❆❧❣♦r✐t❤♠ ✷✳

❆❧❣♦r✐t❤♠ ✷✿ ■▲❱

❙t❛rt ❛t s♦♠❡ x0 ∈ X ✳ ❋♦r t ≥ 1✱

• ❙❛♠♣❧❡ ✈♦t❡r vt ∈ V ❢r♦♠ hV ✳

• ❈♦♠♣✉t❡ xt = [xt−1 − rtg̃vt(xt)]X ✱ ✇❤❡r❡ rt =
r0
t ❛♥❞ rtg̃vt(xt) ✐s

♠♦✈❡♠❡♥t ❣✐✈❡♥ ❜② ✈♦t❡r vt✳

❲❡ ✇❛♥t t♦ ♠✐♥✐♠✐③❡ t❤❡ s♦❝✐❡t❛❧ ❝♦st✱ f̄(x) = ❊[fv(x)]✳ ❋r♦♠ ❚❤❡♦r❡♠ ✹✱ ✐t ✐♠♠❡✲
❞✐❛t❡❧② ❢♦❧❧♦✇s t❤❛t ✐❢ ❡❛❝❤ ✈♦t❡r v ❛rt✐❝✉❧❛t❡s ❛ s✉❜❣r❛❞✐❡♥t ♦❢ ❤❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❢♦r ❛❧❧
x✱ ✐✳❡✳ g̃v(x) ∈ ∂fv(x)✱ t❤❡♥ ❢r♦♠ ❚❤❡♦r❡♠ ✺✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✲
✈❡r❣❡s✳ ❍♦✇❡✈❡r✱ ✉s❡rs ♠❛② ♥♦t ❜❡ ❛❜❧❡ t♦ ❛rt✐❝✉❧❛t❡ s✉❝❤ ❛ s✉❜❣r❛❞✐❡♥t✳ ■♥st❡❛❞✱ ✇❤❡♥
t❤❡ ✈♦t❡rs r❡s♣♦♥❞ ❝♦rr❡❝t❧② t♦ q✉❡r② ✭✶✮ ✭✐✳❡✳ ♠♦✈❡ t♦ t❤❡✐r ❢❛✈♦r✐t❡ ♣♦✐♥t ✐♥ t❤❡ ❣✐✈❡♥ Lq

♥❡✐❣❤❜♦r❤♦♦❞✮✱ ✇❡ ❤❛✈❡

g̃vt(xt) =
xt − argminx[fvt(x) : ‖x− xt‖q ≤ rt]

rt
(2)

❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛❧❧ t❤❡ ♣r♦♦❢s✱ ✇❡ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✸✹✹



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

❆✳ ❚❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ X ⊂ R
M ✐s ♥♦♥✲❡♠♣t②✱ ❜♦✉♥❞❡❞✱ ❝❧♦s❡❞✱ ❛♥❞ ❝♦♥✈❡①✳

❇✳ ❊❛❝❤ ✈♦t❡r v ❤❛s ❛ ✉♥✐q✉❡ ✐❞❡❛❧ s♦❧✉t✐♦♥ xv ∈ X ✳

❈✳ ❚❤❡ ✐❞❡❛❧ ♣♦✐♥t xv ♦❢ ❡❛❝❤ ✈♦t❡r ✐s ❞r❛✇♥ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
✇✐t❤ ❛ ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ hX ♦♥ M ❞✐♠❡♥s✐♦♥s✿
t❤❡r❡ ❡①✐sts C s✳t✳ ∀x ✇❡ ❤❛✈❡ hX (x) ≤ C✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❜♦✉♥❞ t❤❡
♣r♦❜❛❜✐❧✐t② ♦❢ ❡rr♦rs t❤❛t ♦❝❝✉r ✐♥ s♠❛❧❧ r❡❣✐♦♥s ♦❢ t❤❡ s♣❛❝❡✳

❈✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

▲❡t t❤❡ ❞✐s✉t✐❧✐t②✱ ♦r ❝♦st t♦ ✈♦t❡r v ∈ V ❜❡ fv(x) = ‖x − xv‖p ❢♦r ❛❧❧ x ∈ X ✳ ❲❡ ✉s❡ t❤❡
❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✿

▲❡♠♠❛ ✶✳ ❋♦r q ∈ {1, 2,∞}✱ t❤❡r❡ ❡①✐sts K2 ∈ R
+ s✳t✳ ‖g̃v(x)− gt‖2 ≤ K2✱ ∀ gt ∈ ∂fv(x)

❢♦r ❛♥② v ❛♥❞ x✳

❚❤❡ ❧❡♠♠❛ ❜♦✉♥❞s t❤❡ ❡rr♦r ✐♥ t❤❡ ♠♦✈❡♠❡♥t ❞✐r❡❝t✐♦♥ ❢r♦♠ t❤❡ ❣r❛❞✐❡♥t ❞✐r❡❝t✐♦♥✱ ❜②
♥♦t✐♥❣ t❤❛t ❜♦t❤ t❤❡ ♠♦✈❡♠❡♥t ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡ ❣r❛❞✐❡♥t ❞✐r❡❝t✐♦♥ ❤❛✈❡ ❜♦✉♥❞❡❞ ♥♦r♠s✳

❲❡ ❛❧s♦ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤✐❝❤ ✐s ♣r♦✈❡❞ s❡♣❛r❛t❡❧② ❢♦r ❡❛❝❤ ❝❛s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡❝t✐♦♥s✳

▲❡♠♠❛ ✷✳ ❙✉♣♣♦s❡ t❤❛t fv(x) , ‖xv − x‖p ❛♥❞ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

At , I{g̃vt(xt) /∈ ∂fvt(xt)},

✇❤❡r❡ g̃vt(xt) ✐s ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✮✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts C ∈ R s✳t✳ ∀ n✱ P(At = 1|Ft) ≤ Crt✱
✇❤❡♥ (p = 2, q = 2)✱ (p = 1, q = ∞)✱ ♦r (p = ∞, q = 1)✳

❚❤❡ ❧❡♠♠❛ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❢♦❧❧♦✇s✿ At ✐♥❞✐❝❛t❡s ❛ ❵❜❛❞✬ ❡✈❡♥t✱ ✇❤❡♥ ❛ ✈♦t❡r ♠❛② ♥♦t
❜❡ ♣r♦✈✐❞✐♥❣ ❛ tr✉❡ s✉❜❣r❛❞✐❡♥t ♦❢ ❤❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❡✈❡♥t
♦❝❝✉rr✐♥❣ ✈❛♥✐s❤❡s ✇✐t❤ rt✱ ✇❤✐❝❤✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ❜❡❧♦✇✱ ✐s t❤❡ r✐❣❤t r❛t❡ ❢♦r t❤❡ ❛❧❣♦r✐t❤♠
t♦ ❝♦♥✈❡r❣❡✳

❚❤❡♦r❡♠ ✶✳ ❙✉♣♣♦s❡ t❤❛t ❝♦♥❞✐t✐♦♥s C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ✈♦t❡r ✉t✐❧✐t✐❡s ❛r❡ Lp

♥♦r♠❡❞✱ ❛♥❞ ✈♦t❡rs r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮ ❛❝❝♦r❞✐♥❣ t♦ ❡✐t❤❡r ▼♦❞❡❧ ❆ ♦r ▼♦❞❡❧ ❇✳ ❚❤❡♥✱

■▲❱ ✇✐t❤ Lq ♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❝✐❡t❛❧ ♦♣t✐♠❛❧ ♣♦✐♥t ✇✳♣✳ 1 ✇❤❡♥ (p, q) = (2, 2)✱
(1,∞)✱ ♦r (∞, 1)✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ❆❧❣♦r✐t❤♠ ✷ ♠❡❡ts t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✺✳ ▲❡t bt ,

❊t[g̃vt(xt)] − ḡt ❛♥❞ zt , g̃vt(xt) − ❊t[g̃t]✱ ❢♦r s♦♠❡ ḡt ∈ ∂f̄(xt)✳ ❚❤❡♥✱ g̃vt(xt) ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s g̃vt(xt) = ḡt + zt + bt✳ ❲❡ s❤♦✇ t❤❛t bt✱ zt ♠❡❡t t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ t❤❡♦r❡♠✱
❛♥❞ s♦ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s✳

✸✹✺



●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

▲❡t At ❜❡ t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ▲❡♠♠❛ ✷✳ ❚❤❡♥✱ ❢♦r s♦♠❡ ḡt ∈ ∂f̄(xt)✱

bt = ❊t[g̃vt(xt)]− ḡt

= ❊t[g̃vt(xt)]− ❊t[gt] ❚❤❡♦r❡♠ 4, ✐✳✐✳❞ s❛♠♣❧✐♥❣ ♦❢ v

= P(At = 1|Ft)(❊t[g̃vt(xt)|At = 1]− ❊t[gt|At = 1])

+ P(At = 0|Ft)(❊t[g̃vt(xt)|At = 0]− ❊t[gt|At = 0])

= P(At = 1|Ft)(❊t[g̃vt(xt)|At = 1]− ❊t[gt|At = 1])

≤ Crt(❊t[g̃vt(xt)|At = 1]− ❊t[gt|At = 1]). ▲❡♠♠❛ 2

❈♦♠❜✐♥✐♥❣ ✇✐t❤ ▲❡♠♠❛ ✶✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t rt = r0/t✱ ✇❡ ❤❛✈❡

∑

rt‖bt‖ ≤ ∞ ❛♥❞ t❤❡r❡ ❡①✐sts C1 ∈ R < ∞ s✳t✳ ‖bt‖2 ≤ C1, ∀ t.

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ‖zt‖ , ‖g̃vt(xt)− ❊t[g̃vt(xt)]‖ ✐s ❜♦✉♥❞❡❞ ❢♦r ❡❛❝❤ t ❜❡❝❛✉s❡ t❤❡ ‖g̃vt(xt)‖
✐s ❜♦✉♥❞❡❞ ❛s ❞❡✜♥❡❞✳ ❚❤✉s✱ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✺ ❛r❡ ♠❡t ❢♦r ❜♦t❤ bt ❛♥❞ zt✱
❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s✳

❈✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

■♥st❡❛❞ ♦❢ ♠♦✈✐♥❣ t♦ t❤❡✐r ❢❛✈♦r✐t❡ ♣♦✐♥t ♦♥ t❤❡ ❜❛❧❧✱ ✈♦t❡rs ♥♦✇ ✐♥st❡❛❞ ♠♦✈❡ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥
♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡✐r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❣✐✈❡♥ ♥❡✐❣❤❜♦r❤♦♦❞✳ ■♥ t❤✐s
❝❛s❡✱ ✇❡ ❤❛✈❡✿

g̃vt(xt) =
gvt

‖gvt‖q
; ❢♦r gvt ∈ ∂fvt(xt). ✭✶✮

❚❤❡ ❦❡② t♦ t❤❡ ♣r♦♦❢ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✱ t❤❛t t❤❡ q ♥♦r♠ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢
t❤❡ p ♥♦r♠✱ ❡①❝❡♣t ❛t t❤❡ ✐❞❡❛❧ ♣♦✐♥ts ♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✱ ✐s ❝♦♥st❛♥t✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s
❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✸✳ ∀ (p, q) s✳t✳ p > 0✱ q > 0✱ ❛♥❞ 1/p + 1/q = 1✱ ‖∇‖x − xv‖p‖q = 1, ∀x s✳t✳

xm 6= xmv ❢♦r ❛♥② m✳

❚❤❡♦r❡♠ ✷✳ ❙✉♣♣♦s❡ t❤❛t ❝♦♥❞✐t✐♦♥s C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ✈♦t❡r ✉t✐❧✐t✐❡s ❛r❡

Lp ♥♦r♠❡❞✱ ❛♥❞ ✈♦t❡rs r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮ ❛❝❝♦r❞✐♥❣ t♦ ▼♦❞❡❧ ❇✳ ❚❤❡♥✱ ■▲❱ ✇✐t❤ Lq

♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❝✐❡t❛❧ ♦♣t✐♠❛❧ ♣♦✐♥t ✇✳♣✳ 1 ❢♦r ❛♥② p > 0 ❛♥❞ q > 0 s✉❝❤

t❤❛t 1/p+ 1/q = 1✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♣✐❝❦✐♥❣ ❛ ✈♦t❡r v s✉❝❤ t❤❛t xmt = xmv ❢♦r s♦♠❡ ❞✐♠❡♥s✐♦♥ m
✐s 0✱ ✇❡ ❤❛✈❡ g̃vt(xt) = gvt ❢♦r gvt = ∇fvt(xt)✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ t❤❡ ❣r❛❞✐❡♥t ❡①❛❝t❧②✱ ❛♥❞
❤❡♥❝❡ ❚❤❡♦r❡♠ ✺ ❛♣♣❧✐❡s ✇✐t❤ bt = 0 ❢♦r ❛❧❧ t✳

❈✳✺ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥s

❲❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ ❲❡✐❣❤t❡❞ ❊✉❝❧✐❞❡❛♥ ✉t✐❧✐t✐❡s ❛♥❞ s❤♦✇ t❤❛t ❆❧✲
❣♦r✐t❤♠ ✷ ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❝✐❡t❛❧ ♦♣t✐♠✉♠✳ ❚❤❡ ❛♥❛❧♦❣✉❡ t♦ ▲❡♠♠❛ ✷ ❢♦r t❤✐s ❝❛s❡ ✐s
✭♣r♦✈❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥✮✿

✸✹✻



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

▲❡♠♠❛ ✹✳ ❙✉♣♣♦s❡ t❤❛t fv(x) ,
∑K

k=1
wk

v

‖wv‖2
‖xk − xkv‖2✱ ❛♥❞ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

At , I{g̃vt(xt) /∈ ∂fvt(xt)},

✇❤❡r❡ g̃vt(xt) ✐s ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✮ ❢♦r q = 2✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts C ∈ R s✳t✳ ∀n✱ P(At =
1|Ft) ≤ Crt✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❙✉♣♣♦s❡ t❤❛t ❝♦♥❞✐t✐♦♥s C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ✈♦t❡r ✉t✐❧✐t✐❡s ❛r❡

❲❡✐❣❤t❡❞ ❊✉❝❧✐❞❡❛♥✱ ❛♥❞ ✈♦t❡rs ❝♦rr❡❝t❧② r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮ ❛❝❝♦r❞✐♥❣ t♦ ❡✐t❤❡r ▼♦❞❡❧ ❆

♦r ▼♦❞❡❧ ❇✳ ❚❤❡♥✱ ■▲❱ ✇✐t❤ L2 ♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥✈❡r❣❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 t♦ t❤❡ s♦❝✐❡t❛❧

♦♣t✐♠❛❧ ♣♦✐♥t✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡♥ s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❚❤❡♦r❡♠ ✶✱ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦

x∗ = argmin❊
[∑K

k=1
wk

v‖x
k−xk

v‖2
‖wv‖2

]

✳

◆♦✇✱ ✇❡ s❦❡t❝❤ t❤❡ ♣r♦♦❢ ❢♦r ❢✉❧❧② ❞❡❝♦♠♣♦s❛❜❧❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❛♥❞ L∞ ♥❡✐❣❤❜♦r❤♦♦❞s✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❙✉♣♣♦s❡ t❤❛t ❝♦♥❞✐t✐♦♥s C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ✈♦t❡r ✉t✐❧✐t✐❡s

❛r❡ ❞❡❝♦♠♣♦s❛❜❧❡✱ ❛♥❞ ✈♦t❡rs r❡s♣♦♥❞ t♦ q✉❡r② ✭✶✮ ❛❝❝♦r❞✐♥❣ t♦ ❡✐t❤❡r ▼♦❞❡❧ ❆ ♦r ▼♦❞❡❧

❇✳ ❚❤❡♥✱ ■▲❱ ✇✐t❤ L∞ ♥❡✐❣❤❜♦r❤♦♦❞s ❝♦♥✈❡r❣❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 t♦ ❛ ♣♦✐♥t ✐♥ t❤❡ s❡t ♦❢

♠❡❞✐❛♥s x̄✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ s❡♣❛r❛t❡❧②✳ ■❢ xmt−1 < xmv ✱ t❤❡♥ t❤❡ s❛♠♣❧❡❞ ✈♦t❡r ✐♥❝r❡❛s❡s
xmt−1 ❜② rt ❛s ❧♦♥❣ ❛s xmt−1 + rt ≤ xmv ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ xmt−1 > xmv ✱ t❤❡♥ t❤❡ s❛♠♣❧❡❞
✈♦t❡r ❞❡❝r❡❛s❡s xmt−1 ❜② rt ❛s ❧♦♥❣ ❛s xmt−1 − rt ≥ xmv ✳ ❚❤✉s ❡①❝❡♣t ❢♦r ✇❤❡♥ ❛ ✈♦t❡r✬s ✐❞❡❛❧
s♦❧✉t✐♦♥ ✐s t♦♦ ❝❧♦s❡ t♦ t❤❡ ❝✉rr❡♥t ♣♦✐♥t✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ s❡❡♥ ❛s ♣❡r❢♦r♠✐♥❣ ❙❙●▼
♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ s❡♣❛r❛t❡❧② ❛s ✐❢ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✇❛s L1 ✭t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ♦♥ ❡❛❝❤
❞✐♠❡♥s✐♦♥✳ ❚❤✉s ❛ ♣r♦♦❢ ❛❦✐♥ t♦ t❤❛t ♦❢ ❚❤❡♦r❡♠ ✶ ✇✐t❤ p = 1, q = ∞ ❤♦❧❞s✳

❈✳✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸

❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐❛ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ✐❢ ✉♥❞❡r
❛ ❢❡✇ ❝♦♥❞✐t✐♦♥s ❛ tr❛❥❡❝t♦r② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ ❛ ♣♦✐♥t✱ t❤❡♥ t❤❛t ♣♦✐♥t ✐s ❛
❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡♦r❡♠ ✸✳ ❙✉♣♣♦s❡ t❤❛t C1✱ C2✱ ❛♥❞ C3 ❛r❡ s❛t✐s✜❡❞✱ ❛♥❞ ❧❡t G(x) , Ev

[

∇fv(x)
‖∇fv(x)‖2

]

✳

❙✉♣♣♦s❡✱ G(x) ✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✱ L2 ♠♦✈❡♠❡♥t ♥♦r♠ ❝♦♥str❛✐♥ts ❛r❡ ✉s❡❞✱ ❛♥❞ ✈♦t❡rs

♠♦✈❡ ❛❝❝♦r❞✐♥❣ t♦ ▼♦❞❡❧ ❇✳ ■❢ ❛ tr❛❥❡❝t♦r② {x}∞t=1 ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ x∗✱ ✐✳❡✳

xt → x∗✱ t❤❡♥ x∗ ✐s ❛ ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠✱ ✐✳❡✳ G(x∗) = 0✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ x∗ ✐s ♥♦t ❛ ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠✱ ✐✳❡✳ ∃ǫ > 0 s✳t✳ ‖G(x∗)‖2 = ǫ✳ ❈♦♥s✐❞❡r ❛
δ✲❜❛❧❧ ❛r♦✉♥❞ x∗✱ Bδ , {x : ‖x∗ − x‖2 < δ}✱ ✇✐t❤ δ, ǫ2 > 0 ❝❤♦s❡♥ s✉❝❤ t❤❛t ∃m ∈ {1 . . .M}
s✳t✳ ∀x ∈ Bδ✱ sign(Gm(x)) = sign(Gm(x∗)) ❛♥❞ |Gm(x)| > ǫ2✱ ✐✳❡✳ t❤❡ ❣r❛❞✐❡♥t ✐♥ t❤❡ mt❤
❞✐♠❡♥s✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ s✐❣♥ ❛♥❞ ❤❛s ♠❛❣♥✐t✉❞❡ ❜♦✉♥❞❡❞ ❜❡❧♦✇✳ ❙✉❝❤ ❛ δ, ǫ2 ❡①✐sts ❜②
t❤❡ ❝♦♥t✐♥✉✐t② ❛ss✉♠♣t✐♦♥ ✭✐❢ x∗ ✐s ♥♦t ❛ ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠✱ ❛t ❧❡❛st ✶ ❞✐♠❡♥s✐♦♥ ♦❢
G(x∗) ✐s ♥♦♥✲③❡r♦ ❛♥❞ t❤✉s ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❜❛❧❧ ❛r♦✉♥❞ x∗ s✉❝❤ t❤❛t G(x), x ∈ Bδ ✐♥
t❤❛t ❞✐♠❡♥s✐♦♥ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s✮✳

✸✹✼



●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

◆♦✇✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❧❡❛✈✐♥❣ ♥❡✐❣❤❜♦r❤♦♦❞s ❛r♦✉♥❞ x∗ ❣♦❡s t♦ ✶✿
∀t > 0, 0 < δ2 < δ✱ ✇✳♣✳ ✶ ∃τ ≥ t s✳t✳ ‖xτ − x∗‖2 > δ2✳
❙✉♣♣♦s❡ xt ∈ Bδ2 ✭♦t❤❡r✇✐s❡ τ = t s❛t✐s✜❡s✮✱ rk = 1

k ✳

xτ = xt +

τ
∑

k=t

∆xk ∆xk , −rk
∇fvk(xk)

‖∇fvk(xk)‖2

‖xτ − x∗‖2 = ‖xt − x∗ +

τ
∑

k=t

∆xk‖2

≥ ‖
τ
∑

k=t

∆xk‖2 − ‖xt − x∗‖2

≥ ‖
τ
∑

k=t

∆xk‖2 − δ2

‖
τ
∑

k=t

∆xk‖2 ≥ |
τ
∑

k=t

∆xk,m| ❞❡❢♥ ♦❢ ‖ · ‖2

= |Ev

[

τ
∑

k=t

∆xk,m

]

+

τ
∑

k=t

∆xk,m − Ev

[

τ
∑

k=t

∆xk,m

]

|

≥ |Ev

[

τ
∑

k=t

∆xk,m

]

| − |
τ
∑

k=t

∆xk,m − Ev

[

τ
∑

k=t

∆xk,m

]

|

❇② ❍♦❡✛❞✐♥❣✬s ✐♥❡q✉❛❧✐t②✱

Pr

(

τ
∑

k=t

∆xk,m − Ev

[

τ
∑

k=t

∆xk,m

]

≥ ǫ3

)

≤ exp

[

−2(τ − t)2ǫ23
2
∑τ

k=t
1
k

]

→ 0 ❛s τ → ∞

❋✉rt❤❡r♠♦r❡✱ ❜② t❤❡ ❝♦♥t✐♥✉✐t② ❛ss✉♠♣t✐♦♥✱

|Ev

[

τ
∑

k=t

∆xk,m

]

| , |
τ
∑

k=t

rkGm(xk)|

→ ∞ ❛s τ → ∞ ✇❤✐❧❡ xk ∈ Bδ2

❚❤✉s✱ Pr(‖xτ − x∗‖2 > δ2) → 1 ❛s τ → ∞✳ ❚❤✉s✱ ✐❢ ❛♥ ✐♥✜♥✐t❡ tr❛❥❡❝t♦r② ❝♦♥✈❡r❣❡s t♦ x∗✱
t❤❡♥ ✇✳♣✳ 1✱ t❤❡♥ x∗ ✐s ❛ ❞✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠✳

❈✳✼ Pr♦♦❢s ♦❢ ▲❡♠♠❛s

▲❡♠♠❛ ✶ ❋♦r q ∈ {1, 2,∞}✱ ∃K2 ∈ R
+ < ∞ s✳t✳ ‖g̃vt − gt‖2 ≤ K2✱ ∀ gt ∈ ∂fvt(xt), vt, xt✳

✸✹✽



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

Pr♦♦❢✳

‖g̃vt(xt)− gt‖2 ≤ ‖g̃vt(xt)‖2 + ‖gt‖2

=
‖xt − argminx[‖x− xvt‖p : ‖x− xt‖q ≤ rt]‖2

rt
+ ‖gt‖2

≤ K1 + ‖gt‖2
≤ K2

❢♦r s♦♠❡ K1,K2 ∈ R
+✳ ❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❢♦r ✜♥✐t❡ ▼✲

❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡s✱ ‖y‖2 ≤ ‖y‖1 ❛♥❞ ‖y‖2 ≤
√
M‖y‖∞✳ ❚❤❡ t❤✐r❞ ❢♦❧❧♦✇s ❢r♦♠ t❤❡

♥♦r♠ ♦❢ t❤❡ s✉❜❣r❛❞✐❡♥ts ♦❢ t❤❡ p ♥♦r♠ ❜❡✐♥❣ ❜♦✉♥❞❡❞✳

▲❡♠♠❛ ✷✱ ❝❛s❡ ✭p = 2, q = 2✮✳

Pr♦♦❢✳ ❘❡♠❡♠❜❡r t❤❛t At , I{g̃vt(xt) /∈ ∂fvt(xt)}✳ ▲❡t Bt = I{‖xvt − xt‖2 ≤ rt}✳ ❲❡ s❤♦✇
t❤❛t ❆✮ Bt = 0 =⇒ At = 0✱ ❛♥❞ ❇✮ ∃C ∈ R s✳t✳ P(Bt = 1|Ft) ≤ Crt✳ ❚❤❡♥✱ ∃C ∈ R s✳t✳
P(At = 1|Ft) ≤ Crt✳

P❛rt ❆✱ Bt = 0 =⇒ g̃vt(xt) = gt✱ ❢♦r s♦♠❡ gt ∈ ∂fvt(xt)✿
❋✐rst✱ ♥♦t❡ t❤❛t

∂fvt(x) = ∂‖x− xvt‖2

=

{

{ x−xvt

‖xvt−x‖2
} x 6= xvt

{g : ‖g‖2 ≤ 1} x = xvt

■❢ ‖xvt − xt‖2 > rt ✱ t❤❡♥

argmin
x

[‖x− xvt‖2 : ‖x− xt‖2 ≤ rt] = xt + rt
xvt − xt

‖xvt − xt‖2

❚❤❡♥✱

g̃vt(xt) =
xt − argminx[‖x− xvt‖2 : ‖x− xt‖2 ≤ rt]

rt
❉❡✜♥✐t✐♦♥

=
xt −

(

xt + rt
xvt−xt

‖xvt−xt‖2

)

rt

=
xt − xvt

‖xvt − xt‖2
∈ ∂fvt(xt)

✸✹✾



●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

P❛rt ❇✱ ∃C ∈ R s✳t✳ P(Bt = 1|Ft) ≤ Crt✿

P(Bt = 1|Ft) = P(‖xvt − xt‖2 ≤ rt|Ft)

=

∫

x∈{x:‖x−xt‖2≤rt}
hX|Ft

(x)dx

=

∫

x∈{x:‖x−xt‖2≤rt}
hX (x)dx v ❞r❛✇♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❤✐st♦r②

≤ Cr2t ❜♦✉♥❞❡❞ hX

≤ Crt rt ≤ 1 ❡✈❡♥t✉❛❧❧②

❢♦r s♦♠❡ C ∈ R < ∞✳ ◆♦t❡ t❤❛t C ❞❡♣❡♥❞s ♦♥ t❤❡ ✈♦❧✉♠❡ ♦❢ ❛ s♣❤❡r❡ ✐♥ M ❞✐♠❡♥s✐♦♥s✳

▲❡♠♠❛ ✷✱ ❝❛s❡ ✭p = 1, q = ∞✮✳

Pr♦♦❢✳ ▲❡t hvt(xt) ,
[

sign(x1vt − x1t ), . . . , sign(xmvt − xmt ), . . . , sign(xMvt − xMt )
]T

▲❡t Bt = I{∃m, |xmvt − xmt | ≤ rt}✳ ❲❡ s❤♦✇ t❤❡ t❤❡ s❛♠❡ t✇♦ ♣❛rts ❛s ✐♥ t❤❡ ❛❜♦✈❡ ♣r♦♦❢✳

P❛rt ❆✱ Bt = 0 =⇒ g̃vt(xt) = gt✱ ❢♦r s♦♠❡ gt ∈ ∂fvt(xt)✿
❋✐rst✱ ♥♦t❡ t❤❛t t❤❡ s✉❜❣r❛❞✐❡♥ts ❛r❡

∂fvt(x) = ∂‖x− xvt‖1
= {g : ‖g‖∞ ≤ 1, gT (x− xvt) = ‖x− xvt‖1}

■❢ ∀m, |xmvt − xmt | > rt✱ t❤❡♥

argmin
x

[‖x− xvt‖1 : ‖x− xt‖∞ ≤ rt] = xt + rthvt(xt)

❚❤❡♥✱

g̃vt(xt) =
xt − argminx[‖x− xvt‖1 : ‖x− xt‖∞ ≤ rt]

rt
❉❡✜♥✐t✐♦♥

=
xt − (xt + rthvt(xt))

rt
= −hvt(xt)

∈ ∂fvt(xt)

✸✺✵



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

P❛rt ❇✱ ∃C ∈ R s✳t✳ P(Bt = 1|Ft) ≤ Crt✿

P(Bt = 1|Ft) = P(∃m : |xmvt − xmt | ≤ rt|Ft)

=

∫

x∈{x:∃m,|xm−xm
t |≤rt}

hX|Ft
(x)dx

=

∫

x∈{x:∃m,|xm−xm
t |≤rt}

hX (x)dx v ❞r❛✇♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❤✐st♦r②

≤ Crt ❜♦✉♥❞❡❞ hX , ✜①❡❞ M, ❜♦✉♥❞❡❞ X

❢♦r s♦♠❡ C ∈ R < ∞✳ ■♥ t❤❡ ❧❛st ❧✐♥❡✱ C ≅ 2M(❞✐❛♠❡t❡r(X ))✱ ❜❛s❡❞ ♦♥ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡
s❧✐❝❡s ❛r♦✉♥❞ t❤❡ ✐❞❡❛❧ ♣♦✐♥ts ♦♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳

▲❡♠♠❛ ✷✱ ❝❛s❡ ✭p = 1, q = ∞✮✳

Pr♦♦❢✳ ▲❡t m̄t ∈ argmaxm |xmvt − xmt |✱
▲❡t hvt(xt) ,

[

0, 0, . . . , 0, sign(xm̄t

t − xm̄t
vt ), 0, . . . , 0, 0

]T
✱

▲❡t Bt , I{∃m 6= m̄t : |xm̄t
vt − xm̄t

t | < |xmvt − xmt |+ rt}✳ ❲❡ s❤♦✇ t❤❡ t❤❡ s❛♠❡ t✇♦ ♣❛rts ❛s
✐♥ t❤❡ ❛❜♦✈❡ ♣r♦♦❢s✳

P❛rt ❆✱ Bt = 0 =⇒ g̃vt(xt) = gt✱ ❢♦r s♦♠❡ gt ∈ ∂fvt(xt)✿

❋✐rst✱ ♥♦t❡ t❤❛t ✇❤❡♥ Bt = 0✱ t❤❡ s❡t ♦❢ s✉❜❣r❛❞✐❡♥ts ✐s

∂fvt(x) = ∂‖x− xvt‖∞
= {hvt(xt)}

❆❧s♦ ✇❤❡♥ Bt = 0✱

argmin
x

[‖x− xvt‖∞ : ‖x− xt‖1 ≤ rt] = xt − rthvt(xt)

❚❤❡♥✱

g̃vt(xt) =
xt − argminx[‖x− xvt‖1 : ‖x− xt‖∞ ≤ rt]

rt
❉❡✜♥✐t✐♦♥

=
xt − (xt − rthvt(xt))

rt
= hvt(xt)

∈ ∂fvt(xt)

✸✺✶



●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

P❛rt ❇✱ ∃C ∈ R s✳t✳ P(Bt = 1|Ft) ≤ Crt✿

P(Bt = 1|Ft)

= P(I{∃m 6= m̄t : |xm̄t
vt − xm̄t

t | < |xmvt − xmt |+ rt}|Ft)

=

∫

x∈{x:∃m 6=m̄t s✳t✳ |x
m̄t
vt

−x
m̄t
t |<|xm

vt
−xm

t |+rt}
hX|Ft

(x)dx

=

∫

x∈{x:∃m 6=m̄t s✳t✳ |x
m̄t
vt

−x
m̄t
t |<|xm

vt
−xm

t |+rt}
hX (x)dx v ✐♥❞✳ ♦❢ ❤✐st♦r②

≤ Crt ❜♦✉♥❞❡❞ hX ,X , ✜①❡❞ M

❢♦r s♦♠❡ C ∈ R < ∞✳ ◆♦t❡ t❤❛t C ≅ 2M2(❞✐❛♠❡t❡r(X ))✱ ❜❛s❡❞ ♦♥ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ s❧✐❝❡s
❛r♦✉♥❞ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳

▲❡♠♠❛ ✸ ∀ (p, q) s✳t✳ p > 0, q > 0, 1/p+1/q = 1✱ ‖∇‖x−xv‖p‖q = 1, ∀x s✳t✳ ∀m,xm 6= xmv ✳

Pr♦♦❢✳ ■❢ xm 6= xmv , ∀m :

∇m‖x− xv‖p = ∇m

(

∑

m

|xm − xmv |p
)1/p

=
1

p

∇m|xm − xmv |p

(
∑

m |xm − xmv |p)1−1/p

=
|xm − xmv |p−1 (∇m|xm − xmv |)

‖x− xv‖p−1
p

❚❤❡♥

‖∇‖x− xv‖p‖q = ‖|x
m − xmv |p−1 (∇m|xm − xmv |)

‖x− xv‖p−1
p

‖q

=
1

‖x− xv‖p−1
p

(

∑

m

∣

∣|xm − xmv |p−1 (∇m|xm − xmv |)
∣

∣

q

)1/q

=
1

‖x− xv‖p−1
p

(

∑

m

|xm − xmv |(p−1)q

)1/q

=
1

‖x− xv‖p−1
p

‖x− xv‖p/qp (p− 1)q = p

= 1

▲❡♠♠❛ ✹ ❙✉♣♣♦s❡ t❤❛t fv(x) ,
∑K

k=1
wk

v

‖wv‖2
‖xk − xkv‖2✱ ❛♥❞ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

At , I{g̃vt(xt) /∈ ∂fvt(xt)},

✇❤❡r❡ g̃vt(xt) ✐s ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✮ ❢♦r q = 2✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts C ∈ R s✳t✳ ∀n✱ P(At =
1|Ft) ≤ Crt✳

✸✺✷



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

Pr♦♦❢✳ ▲❡t Bt = I{∃k s✳t✳ ‖xkvt − xkt ‖2 ≤ rt}✳ ❲❡ s❤♦✇ t❤❡ s❛♠❡ t✇♦ ♣❛rts ❢♦r Bt ❛s ❢♦r t❤❡
♣r♦♦❢s ❢♦r ▲❡♠♠❛ ✷✳
P❛rt ❆✱ Bt = 0 =⇒ g̃vt(xt) = gt✱ ❢♦r s♦♠❡ gt ∈ ∂fvt(xt)✿
❋✐rst✱ ♥♦t❡ t❤❛t✱ ✇❤❡♥ Bt = 0✱

∂mfvt(xt) = ∂m

K
∑

k=1

wk
v

‖wv‖2
‖xk − xkv‖2

=
wkm

‖wv‖2
xm − xmvt

‖xkmvt − xkmt ‖2
km ✐s s✉❜s♣❛❝❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ mt❤ ❞✐♠❡♥s✐♦♥

❆❧s♦ ✐❢ Bt = 0✱ t❤❡♥

argmin
x

[

K
∑

k=1

wk

‖wv‖2
‖xk − xkv‖2 : ‖x− xt‖2 ≤ rt

]

= xt + rt

[

. . . ,
wkm

‖wv‖2
xmvt − xm

‖xkmvt − xkmt ‖2
, . . .

]

❚❤❡♥✱

g̃vt(xt) =
xt − argminx[‖x− xvt‖2 : ‖x− xt‖2 ≤ rt]

rt
❉❡✜♥✐t✐♦♥

∈ ∂fvt(xt)

P❛rt ❇✱ ∃C ∈ R s✳t✳ P(Bt = 1|Ft) ≤ Crt✿

P(Bt = 1|Ft) = P(‖xvt − xt‖2 ≤ rt|Ft)

=

∫

x∈{x:∃k s✳t✳ ‖xk
vt
−xk

t ‖2≤rt}
hX|Ft

(x)dx

=

∫

x∈{x:∃k s✳t✳ ‖xk
vt
−xk

t ‖2≤rt}
hX (x)dx v ❞r❛✇♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❤✐st♦r②

≤ Cr2t ❜♦✉♥❞❡❞ hX

≤ Crt rt ≤ 1 ❡✈❡♥t✉❛❧❧②

❢♦r s♦♠❡ C ∈ R < ∞✳ ◆♦t❡ t❤❛t C ❞❡♣❡♥❞s ♦♥ K ❛♥❞ M ✳

❘❡❢❡r❡♥❝❡s

❆✐r✐❛✉✱ ❙✳✱ ✫ ❊♥❞r✐ss✱ ❯✳ ✭✷✵✵✾✮✳ ■t❡r❛t❡❞ ▼❛❥♦r✐t② ❱♦t✐♥❣✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶st ■♥✲

t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆❧❣♦r✐t❤♠✐❝ ❉❡❝✐s✐♦♥ ❚❤❡♦r②✱ ❆❉❚ ✬✵✾✱ ♣♣✳ ✸✽✕✹✾✱ ❇❡r❧✐♥✱
❍❡✐❞❡❧❜❡r❣✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳

❇❡♥❥❛♠✐♥✱ ❉✳✱ ❍❡✛❡t③✱ ❖✳✱ ❑✐♠❜❛❧❧✱ ▼✳✱ ✫ ▲♦✉❣❡❡✱ ❉✳ ✭✷✵✶✼✮✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡
♥♦r♠❛❧✐③❡❞ ❣r❛❞✐❡♥t ❛❞❞✐t✐♦♥ ♠❡❝❤❛♥✐s♠ ❛♥❞ q✉❛❞r❛t✐❝ ✈♦t✐♥❣✳ P✉❜❧✐❝ ❈❤♦✐❝❡✱ ✶✼✷ ✭✶✮✱
✷✸✸✕✷✻✸✳

❇❡♥❥❛♠✐♥✱ ❉✳ ❏✳✱ ❍❡✛❡t③✱ ❖✳✱ ❑✐♠❜❛❧❧✱ ▼✳ ❙✳✱ ✫ ❙③❡♠❜r♦t✱ ◆✳ ✭✷✵✶✸✮✳ ❆❣❣r❡❣❛t✐♥❣ ▲♦❝❛❧
Pr❡❢❡r❡♥❝❡s t♦ ●✉✐❞❡ ▼❛r❣✐♥❛❧ P♦❧✐❝② ❆❞❥✉st♠❡♥ts✳ ❚❤❡ ❆♠❡r✐❝❛♥ ❡❝♦♥♦♠✐❝ r❡✈✐❡✇✱
✶✵✸ ✭✸✮✱ ✻✵✺✕✻✶✵✳

✸✺✸



●❛r❣✱ ❑❛♠❜❧❡✱ ●♦❡❧✱ ▼❛r♥✱ ✫ ▼✉♥❛❣❛❧❛

❇♦②❞✱ ❙✳✱ ✫ ▼✉t❛♣❝✐❝✱ ❆✳ ✭✷✵✵✻✮✳ ❙✉❜❣r❛❞✐❡♥t ♠❡t❤♦❞s✳ ▲❡❝t✉r❡ ♥♦t❡s ♦❢ ❊❊✸✻✹❜✱ ❙t❛♥❢♦r❞
❯♥✐✈❡rs✐t②✱ ❲✐♥t❡r ◗✉❛rt❡r✱ ✷✵✵✼✳

❈❛❜❛♥♥❡s✱ ❨✳ ✭✷✵✵✹✮✳ P❛rt✐❝✐♣❛t♦r② ❜✉❞❣❡t✐♥❣✿ ❛ s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥ t♦ ♣❛rt✐❝✐♣❛t♦r②
❞❡♠♦❝r❛❝②✳ ❊♥✈✐r♦♥♠❡♥t ❛♥❞ ❯r❜❛♥✐③❛t✐♦♥✱ ✶✻ ✭✶✮✱ ✷✼✕✹✻✳

❈❛r❛❣✐❛♥♥✐s✱ ■✳✱ ◆❛t❤✱ ❙✳✱ Pr♦❝❛❝❝✐❛✱ ❆✳ ❉✳✱ ✫ ❙❤❛❤✱ ◆✳ ✭✷✵✶✼✮✳ ❙✉❜s❡t s❡❧❡❝t✐♦♥ ✈✐❛ ✐♠♣❧✐❝✐t
✉t✐❧✐t❛r✐❛♥ ✈♦t✐♥❣✳ ❏♦✉r♥❛❧ ♦❢ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ❘❡s❡❛r❝❤✱ ✺✽✱ ✶✷✸✕✶✺✷✳

❈❛r❛❣✐❛♥♥✐s✱ ■✳✱ ✫ Pr♦❝❛❝❝✐❛✱ ❆✳ ❉✳ ✭✷✵✶✶✮✳ ❱♦t✐♥❣ ❛❧♠♦st ♠❛①✐♠✐③❡s s♦❝✐❛❧ ✇❡❧❢❛r❡ ❞❡s♣✐t❡
❧✐♠✐t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡✱ ✶✼✺ ✭✾✮✱ ✶✻✺✺✕✶✻✼✶✳

❈❤❡♥❣✱ ❨✳✱ ✫ ❩❤♦✉✱ ❙✳ ✭✷✵✶✺✮✳ ❆ ❙✉r✈❡② ♦♥ ❆♣♣r♦①✐♠❛t✐♦♥ ▼❡❝❤❛♥✐s♠ ❉❡s✐❣♥ ❲✐t❤♦✉t
▼♦♥❡② ❢♦r ❋❛❝✐❧✐t② ●❛♠❡s✳ ■♥ ●❛♦✱ ❉✳✱ ❘✉❛♥✱ ◆✳✱ ✫ ❳✐♥❣✱ ❲✳ ✭❊❞s✳✮✱ ❆❞✈❛♥❝❡s ✐♥

●❧♦❜❛❧ ❖♣t✐♠✐③❛t✐♦♥✱ ◆♦✳ ✾✺ ✐♥ ❙♣r✐♥❣❡r Pr♦❝❡❡❞✐♥❣s ✐♥ ▼❛t❤❡♠❛t✐❝s ✫ ❙t❛t✐st✐❝s✱ ♣♣✳
✶✶✼✕✶✷✽✳ ❙♣r✐♥❣❡r ■♥t❡r♥❛t✐♦♥❛❧ P✉❜❧✐s❤✐♥❣✳ ❉❖■✿ ✶✵✳✶✵✵✼✴✾✼✽✲✸✲✸✶✾✲✵✽✸✼✼✲✸❴✶✸✳

❈❤✉♥❣✱ ❍✳✱ ✫ ❉✉❣❣❛♥✱ ❏✳ ✭✷✵✶✽✮✳ ❉✐r❡❝t✐♦♥❛❧ ❡q✉✐❧✐❜r✐❛✳ ❏♦✉r♥❛❧ ♦❢ ❚❤❡♦r❡t✐❝❛❧ P♦❧✐t✐❝s✱
✸✵ ✭✸✮✱ ✷✼✷✕✸✵✺✳

❉✉❝❤✐✱ ❏✳ ❈✳✱ ❆❣❛r✇❛❧✱ ❆✳✱ ✫ ❲❛✐♥✇r✐❣❤t✱ ▼✳ ❏✳ ✭✷✵✶✷✮✳ ❉✉❛❧ ❆✈❡r❛❣✐♥❣ ❢♦r ❉✐str✐❜✉t❡❞
❖♣t✐♠✐③❛t✐♦♥✿ ❈♦♥✈❡r❣❡♥❝❡ ❆♥❛❧②s✐s ❛♥❞ ◆❡t✇♦r❦ ❙❝❛❧✐♥❣✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥

❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧✱ ✺✼ ✭✸✮✱ ✺✾✷✕✻✵✻✳

❉✉❝❤✐✱ ❏✳ ❈✳✱ ❏♦r❞❛♥✱ ▼✳ ■✳✱ ❲❛✐♥✇r✐❣❤t✱ ▼✳ ❏✳✱ ✫ ❲✐❜✐s♦♥♦✱ ❆✳ ✭✷✵✶✺✮✳ ❖♣t✐♠❛❧ ❘❛t❡s
❢♦r ❩❡r♦✲❖r❞❡r ❈♦♥✈❡① ❖♣t✐♠✐③❛t✐♦♥✿ ❚❤❡ P♦✇❡r ♦❢ ❚✇♦ ❋✉♥❝t✐♦♥ ❊✈❛❧✉❛t✐♦♥s✳ ■❊❊❊
❚r❛♥s❛❝t✐♦♥s ♦♥ ■♥❢♦r♠❛t✐♦♥ ❚❤❡♦r②✱ ✻✶ ✭✺✮✱ ✷✼✽✽✕✷✽✵✻✳

❋❧❛①♠❛♥✱ ❆✳ ❉✳✱ ❑❛❧❛✐✱ ❆✳ ❚✳✱ ✫ ▼❝▼❛❤❛♥✱ ❍✳ ❇✳ ✭✷✵✵✺✮✳ ❖♥❧✐♥❡ ❈♦♥✈❡① ❖♣t✐♠✐③❛t✐♦♥
✐♥ t❤❡ ❇❛♥❞✐t ❙❡tt✐♥❣✿ ●r❛❞✐❡♥t ❉❡s❝❡♥t ❲✐t❤♦✉t ❛ ●r❛❞✐❡♥t✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡

❙✐①t❡❡♥t❤ ❆♥♥✉❛❧ ❆❈▼✲❙■❆▼ ❙②♠♣♦s✐✉♠ ♦♥ ❉✐s❝r❡t❡ ❆❧❣♦r✐t❤♠s✱ ❙❖❉❆ ✬✵✺✱ ♣♣✳ ✸✽✺✕
✸✾✹✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✱ ❯❙❆✳ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✳

●❛r❣✱ ◆✳✱ ❑❛♠❜❧❡✱ ❱✳✱ ●♦❡❧✱ ❆✳✱ ▼❛r♥✱ ❉✳✱ ✫ ▼✉♥❛❣❛❧❛✱ ❑✳ ✭✷✵✶✼✮✳ ❈♦❧❧❛❜♦r❛t✐✈❡ ❖♣t✐♠✐③❛✲
t✐♦♥ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✻t❤

■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❲♦r❧❞ ❲✐❞❡ ❲❡❜✱ ❲❲❲ ✬✶✼✱ ♣♣✳ ✻✶✼✕✻✷✻✱ ❘❡♣✉❜❧✐❝ ❛♥❞
❈❛♥t♦♥ ♦❢ ●❡♥❡✈❛✱ ❙✇✐t③❡r❧❛♥❞✳ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❧❞ ❲✐❞❡ ❲❡❜ ❈♦♥❢❡r❡♥❝❡s ❙t❡❡r✐♥❣
❈♦♠♠✐tt❡❡✳

●✐❧♠❛♥✱ ❍✳ ❘✳ ✭✷✵✶✷✮✳ ❚r❛♥s❢♦r♠❛t✐✈❡ ❉❡❧✐❜❡r❛t✐♦♥s✿ P❛rt✐❝✐♣❛t♦r② ❇✉❞❣❡t✐♥❣ ✐♥ t❤❡ ❯♥✐t❡❞
❙t❛t❡s✳ ❏♦✉r♥❛❧ ♦❢ P✉❜❧✐❝ ❉❡❧✐❜❡r❛t✐♦♥✱ ✽ ✭✷✮✳

●♦❡❧✱ ❆✳✱ ❑r✐s❤♥❛s✇❛♠②✱ ❆✳ ❑✳✱ ✫ ▼✉♥❛❣❛❧❛✱ ❑✳ ✭✷✵✶✼✮✳ ▼❡tr✐❝ ❉✐st♦rt✐♦♥ ♦❢ ❙♦❝✐❛❧ ❈❤♦✐❝❡
❘✉❧❡s✿ ▲♦✇❡r ❇♦✉♥❞s ❛♥❞ ❋❛✐r♥❡ss Pr♦♣❡rt✐❡s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵✶✼ ❆❈▼ ❈♦♥✲

❢❡r❡♥❝❡ ♦♥ ❊❝♦♥♦♠✐❝s ❛♥❞ ❈♦♠♣✉t❛t✐♦♥✱ ❊❈ ✬✶✼✱ ♣♣✳ ✷✽✼✕✸✵✹✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✳
❆❈▼✳

●♦❡❧✱ ❆✳✱ ❑r✐s❤♥❛s✇❛♠②✱ ❆✳ ❑✳✱ ❙❛❦s❤✉✇♦♥❣✱ ❙✳✱ ✫ ❆✐t❛♠✉rt♦✱ ❚✳ ✭✷✵✶✻✮✳ ❑♥❛♣s❛❝❦ ❱♦t✐♥❣✿
❱♦t✐♥❣ ♠❡❝❤❛♥✐s♠s ❢♦r P❛rt✐❝✐♣❛t♦r② ❇✉❞❣❡t✐♥❣✳✳

❍②❧❧❛♥❞✱ ❆✳✱ ✫ ❩❡❝❦❤❛✉s❡r✱ ❘✳ ✭✶✾✽✵✮✳ ❆ ♠❡❝❤❛♥✐s♠ ❢♦r s❡❧❡❝t✐♥❣ ♣✉❜❧✐❝ ❣♦♦❞s ✇❤❡♥ ♣r❡❢❡r✲

❡♥❝❡s ♠✉st ❜❡ ❡❧✐❝✐t❡❞✳

❏❛♠✐❡s♦♥✱ ❑✳ ●✳✱ ◆♦✇❛❦✱ ❘✳✱ ✫ ❘❡❝❤t✱ ❇✳ ✭✷✵✶✷✮✳ ◗✉❡r② ❝♦♠♣❧❡①✐t② ♦❢ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ♦♣t✐✲
♠✐③❛t✐♦♥✳ ■♥ ❆❞✈❛♥❝❡s ✐♥ ◆❡✉r❛❧ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ❙②st❡♠s✱ ♣♣✳ ✷✻✼✷✕✷✻✽✵✳

✸✺✹



■t❡r❛t✐✈❡ ▲♦❝❛❧ ❱♦t✐♥❣ ❢♦r ❈♦❧❧❡❝t✐✈❡ ❉❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ❈♦♥t✐♥✉♦✉s ❙♣❛❝❡s

❏✐❛♥❣✱ ▲✳✱ ✫ ❲❛❧r❛♥❞✱ ❏✳ ✭✷✵✶✵✮✳ ❙❝❤❡❞✉❧✐♥❣ ❛♥❞ ❈♦♥❣❡st✐♦♥ ❈♦♥tr♦❧ ❢♦r ❲✐r❡❧❡ss ❛♥❞ Pr♦✲
❝❡ss✐♥❣ ◆❡t✇♦r❦s✳ ❙②♥t❤❡s✐s ▲❡❝t✉r❡s ♦♥ ❈♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s✱ ✸ ✭✶✮✱ ✶✕✶✺✻✳

▲❛❧❧❡②✱ ❙✳ P✳✱ ✫ ❲❡②❧✱ ❊✳ ●✳ ✭✷✵✶✺✮✳ ◗✉❛❞r❛t✐❝ ❱♦t✐♥❣✳ ❙❙❘◆ ❙❝❤♦❧❛r❧② P❛♣❡r ■❉ ✷✵✵✸✺✸✶✱
❙♦❝✐❛❧ ❙❝✐❡♥❝❡ ❘❡s❡❛r❝❤ ◆❡t✇♦r❦✱ ❘♦❝❤❡st❡r✱ ◆❨✳

▲❡❡✱ ❉✳ ❚✳✱ ●♦❡❧✱ ❆✳✱ ❆✐t❛♠✉rt♦✱ ❚✳✱ ✫ ▲❛♥❞❡♠♦r❡✱ ❍✳ ✭✷✵✶✹✮✳ ❈r♦✇❞s♦✉r❝✐♥❣ ❢♦r P❛rt✐❝✐✲
♣❛t♦r② ❉❡♠♦❝r❛❝✐❡s✿ ❊✣❝✐❡♥t ❊❧✐❝✐t❛t✐♦♥ ♦❢ ❙♦❝✐❛❧ ❈❤♦✐❝❡ ❋✉♥❝t✐♦♥s✳ ■♥ ❙❡❝♦♥❞ ❆❆❆■

❈♦♥❢❡r❡♥❝❡ ♦♥ ❍✉♠❛♥ ❈♦♠♣✉t❛t✐♦♥ ❛♥❞ ❈r♦✇❞s♦✉r❝✐♥❣✳

▼❝❉❡r♠♦tt✱ P✳ ✭✷✵✶✵✮✳ ❇✉✐❧❞✐♥❣ ♦♣❡♥ ❣♦✈❡r♥♠❡♥t✳ ●♦✈❡r♥♠❡♥t ■♥❢♦r♠❛t✐♦♥ ◗✉❛rt❡r❧②✱
✷✼ ✭✹✮✱ ✹✵✶✕✹✶✸✳

▼❡✐r✱ ❘✳✱ P♦❧✉❦❛r♦✈✱ ▼✳✱ ❘♦s❡♥s❝❤❡✐♥✱ ❏✳ ❙✳✱ ✫ ❏❡♥♥✐♥❣s✱ ◆✳ ❘✳ ✭✷✵✶✵✮✳ ❈♦♥✈❡r❣❡♥❝❡ t♦
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