
 Open access  Book Chapter  DOI:10.1533/9780857093226.3.152

J and CTOD Estimation Equations for Shallow Cracks in Single Edge Notch Bend
Specimens — Source link 

Mark T. Kirk, Robert H. Dodds

Institutions: Naval Surface Warfare Center, University of Illinois at Urbana–Champaign

Published on: 01 Jul 1993

Topics: Crack tip opening displacement, Stress intensity factor and Fracture mechanics

Related papers:

 Significance of the Plastic Eta Factor in J Estimation Procedures for Tensile SE(T) Fracture Specimens

 An Elastic-Plastic Finite-Element Analysis of the J -Resistance Curve Using a CTOD Criterion

 
An experimentally verified finite element study of the stress-strain response of crack geometries experiencing
large-scale yielding

 Fracture Behaviour of High-Ductile CCT Specimen Under Elastic-Plastic Conditions

 Elevated temperature crack growth

Share this paper:    

View more about this paper here: https://typeset.io/papers/j-and-ctod-estimation-equations-for-shallow-cracks-in-single-
2028gu7d4l

https://typeset.io/
https://www.doi.org/10.1533/9780857093226.3.152
https://typeset.io/papers/j-and-ctod-estimation-equations-for-shallow-cracks-in-single-2028gu7d4l
https://typeset.io/authors/mark-t-kirk-4ltkaarm7h
https://typeset.io/authors/robert-h-dodds-55hy944auh
https://typeset.io/institutions/naval-surface-warfare-center-18njgahm
https://typeset.io/institutions/university-of-illinois-at-urbana-champaign-1mpdu76r
https://typeset.io/topics/crack-tip-opening-displacement-3v8k3ka2
https://typeset.io/topics/stress-intensity-factor-1mrkrv2x
https://typeset.io/topics/fracture-mechanics-1xt6b1f9
https://typeset.io/papers/significance-of-the-plastic-eta-factor-in-j-estimation-vc3ihn2e87
https://typeset.io/papers/an-elastic-plastic-finite-element-analysis-of-the-j-1fyzkytquc
https://typeset.io/papers/an-experimentally-verified-finite-element-study-of-the-2hi7ruld88
https://typeset.io/papers/fracture-behaviour-of-high-ductile-cct-specimen-under-whsflbsvds
https://typeset.io/papers/elevated-temperature-crack-growth-u1zrqlwvaf
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/j-and-ctod-estimation-equations-for-shallow-cracks-in-single-2028gu7d4l
https://twitter.com/intent/tweet?text=J%20and%20CTOD%20Estimation%20Equations%20for%20Shallow%20Cracks%20in%20Single%20Edge%20Notch%20Bend%20Specimens&url=https://typeset.io/papers/j-and-ctod-estimation-equations-for-shallow-cracks-in-single-2028gu7d4l
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/j-and-ctod-estimation-equations-for-shallow-cracks-in-single-2028gu7d4l
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/j-and-ctod-estimation-equations-for-shallow-cracks-in-single-2028gu7d4l
https://typeset.io/papers/j-and-ctod-estimation-equations-for-shallow-cracks-in-single-2028gu7d4l


I 
2~ A UILU - ENG-91 -2013 

i'~ 
IVIL ENGlf\lEERINSTUDIES 

STRUCTURAL RESEARCH SERIES NO. 565 

ISSN: 0069-4274 

J AND CT D ESTI ATI N E UATI NS F R 
S All CRAC S IN N DEN TCH 

B ND SPECI E S 

By 
MARK T. KIRK 
ROBERT H. DODDS, JR. 

A Report on a Research Project 
Sponsored by the 
DAVID TAYLOR RESEARCH CENTER 
METALS AND WELDING DIVISION 
ANNAPOLIS, MARYLAND 

DEPARTMENT OF CIVIL ENGINEERING 

UNIVERSITY OF ILUNOIS AT 
URBANA-CHAMPAIGN 

URBANA, ILLINOIS 

JANUARY 1992 



Figure 6 on page 9 should appear as follows: 

J [in· kips/in2] 
2.0,..----v-----.-----.---.,...--y--. 

CTOD [inches] 
0.016 r--_-....,.-----,---.--..---.,..-...,.--. 

1.5 

1.0 

0.5 

J/sy from Plastic 
Work 

Eqns. 3.1.1 and 3.2.2 
0.012 

0.008 

0.004 

CTOD/sy as a Fraction of CMODpl 
Eqns. 3.1.2 and 3.2.4 

0.0 O. 000 ~u::;...,a..._-'---'---L-_..L..----lI--....L----' 

0.000 0.025 0.050 0.075 0.000 0.008 0.016 0.024 0.032 
Load Line Displacement [inches] CMOD [inches] 

Figure 6: Variation of] and CTOD with LLD and CMOD for a/W=O.15, n=5 SE(B). 
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ABSTRACT 

Fracture toughness values determined using shallow cracked single edge notch bend, SE(B), speci

mens of structural thickness are useful for structural integrity assessments. However, testing stan

dards have not yet incorporated formulas that permit evaluation of Jand CTOD for shallow cracks 

from experimentally measured quantities (i.e. load, crack mouth opening displacement (CMOD), 

and load line displacement (LLD». Results from two dimensional plane strain finite-element analy

ses are used to develop] and CTODestimation strategies appropriate for application to both shallow 

and deep crack SE(B) specimens. Crack depth to specimen width (a/U') ratios between 0.05 and 0.70 

are modelled using Ramberg-Osgood strain hardening exponents (n) between 4 and 50. The estima

tion formulas divide] and CTOD into small scale yielding (SSY) and large scale yielding (LSY) com

ponents. For each case, the SSY component is determined by the linear elastic stress intensity factor, 

Kj. The formulas differ in evaluation of the LSY component. The techniques considered include: esti

mating] or CTOD from plastic work based on load line displacement (Apll LLD)' from plastic work 

based on crack mouth opening displacement (ApI I CMOD), and from the plastic component of crack 

mouth opening displacement (CMODpl)' ApI I cMoDprovides the most accurate] estimation possible. 

The finite-element results for all conditions investigated fall within 9% of the following formula: 

](2(1 - v2
) 1JJ-C • h _ a (a)2 

] = E + Bb Apll CMOD' were nJ-C - 3.785 -3.101 W +2.018 ~v 

The insensitivity of 11 J _ C to strain hardening permitsl estimation for any material with equal accuracy. 

Further, estimatinglfrom CMOD rather than LLD eliminates the need to measure LLD, thus simpli

fying the test procedure. Alternate, work based estimates for] and CTOD have equivalent accuracy to 

this formula; however the 1J coefficients in these equations depend on the strain hardening coefficient. 

CTOD estimates based on scalar proportionality of CTODL\y and CMODpl are highly inaccurate, es

pecially for materials with considerable strain hardening, where errors up to 38% occur. 
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1" I 

Standardized procedures for fracture toughness testing require both sufficient specimen thickness to 

insure predolninantly plane strain conditions at the crack tip and a crack depth of at least half the spec

imen width [1-3]. Within certain limits on load level and crack growth, these restrictions insure the 

existence of very severe conditions for fracture as described by the lIutchinson Rice Rosengren 

(HRR) crack-tip fields [4,5]. These conditions make the applied driving force needed to initiate frac

ture in a laboratory specimen lower than the value needed to initiate fracture in comn10n civil and 

marine structures where such severe geometric conditions are not present. As a consequence, struc

tures often carry greater loads without failure than predicted froin fracture toughness values mea

sured using standardized procedures. 

Both SUITlpter [6] and Kirk and Dodds [7] achieved good agreement between the initiation frac

ture toughness of single edge notched bend, SE(B), specimens and structures containing part

through semi -elliptical surface cracks by matching thickness and crack depth between specimen and 

structure. These results demonstrate that toughness values determined fronl shallow cracked SE(B) 

specimens are appropriate for assessing the fracture integrity of structures. However, testing stan

dards have not yet incorporated formulas permitting evaluation of J and CTOD for shallow cracks 

from experimental measurements (i.e. load, crack mouth opening displacement (CMOD), and load 

line displacement (LLD)). This investigation develops! and CTOD estimation procedures applicable 

for both shallow and deep crack fracture toughness testing for materials with a wide range of strain 

hardening characteristics. 

2m 

Two dimensional, plane-strain finite-clement analyses of SE(B) specimens are performed for 

crack depths from 0.05 to 0.70 a/J¥with Ramberg -Osgood strain hardening coefficients (n) between 

4 and 50. Table 1 details the conditions considered. The analyses provide load, Cl\10D, and LLD re

cords to permit evaluation of coefficients relating J and CTOD to I1leasurable quantities. Thc range 

of parameters considered in these analyses allows evaluation of the dependence of these coefficients 

on a/~V and n. The estimation formulas divide J and C'TOD into smaii scale yidding (SSY) and large 

scale yielding (LSY) components. In each formula, the SSYeonlponent is defined by the linear elastic 

stress intensity factor, K/. The formulas differ only in the LSY component. Procedures to estimate the 

LSY component include: 

1. llsy from plastic work (area under the load vs. LLDpl curve, or A pI I LLD) 

2. CTODL\)i as a fraction of CMODpl using a rotation factor 

3. CTODL\)i from plastic work (area under the load vs. LLDp/ curve, or Apil LLD) 

4. J[sy and CTODLJy from plastic work (area under the load vs. CMODpl curvc, or 

Apil CAfOD) 

5. CTODrsy as a fraction of CMODpl without the notion of a rotation factor 

1 



Existing standards employ the first two techniques [1-3]; the remainder are new proposals. 

Table 1: SE(B) specimens modelled. 

Ramberg-Osgood Strain 

Hardening Coefficient (n) 

alW 4 5 10 50 

0.05 1/ V V V 

0.15 1/ V V V 

0.25 V V V 

0.50 V V V V 

0.70 V 1/ V V 

3D J 

3. 1 Current Standards 

Existing test standards for J and CTOD [1-3] employ the following estimation formulas: 

1(2(1 - v 2) 17 pl 

J = E + BbAp11 LLD 

where 

K linear clastic stress intensity factor 

v Poisson's ratio 

17 pi plastic eta factor 

B specimen thickness 

b remaining ligament, W - a 

A pI I LLD area under the load vs. LLDpl curve 

m constraint factor 

oflow flow stress, average of yield and ultimate1 

'pi plastic rotation factor 

CMOD
pl 

plastic component of CMOD 

(3.1.1) 

(3.1.2) 

Values of 17 pi' m, and 'pi are well established for perfectly plastic materials based on closed form 

tions. For deeply cracked specimens (alW > 0.5), current test standards use 1] pi = 2, rn = and 

'pl' =0.44 Sumpter [8J and Wu., et a1. [9] have proposed the following relations to account for crack 

depth less than 0.5 ajW: 

2 3 

17pl = 0.32+ 12~-49.5(~) +99.8(~) for a/W <0.282 (3. 

17pl = 2.0 for a/W ~ 0.282 

1. ASTM E1290 and DS 5762 both use yielJ stress in the CTOD estimation equation. In this investigation, flow stress is 

used instead. 

2 



2 

rpl = 0.5 + 0.42~ - 4(~) for a/W < 0.172 (3.1.4) 

Ypl = 0.463 - O.04fP for a/W ;::: 0.172 

Sumpter derived the rJ pi equation from limit analyses of the SE(B), while Wu, Cotterell, and Mai used 

a slip line field analysis to determine the variation of rpl with a/W. Material strain hardening alters the 

deformation characteristics of the specimen, thereby altering rJpl' nz, and rpl' Existing procedures ne

glect any influence of strain hardening. 

3.2 New Proposals 

The estimation formulas presented in Section 3.1 have received the greatest attention as the coeffi

cients relating J and CTOD to experimental measurements are amenable to closed forn1 solution, at 

least in the non - hardening limit. For hardening materials, closed form solution is not possible, there

fore either experimental techniques [10] or finite-element analyses [11] are used to provide data 

from which rJpl' m, and rpl are calculated. Quantities other than CMODpi and Aptl LLD measured dur

ing a test can also be related to J or CTOD, if the proper proportionality coefficient is known. The 

following are some alternatives: 

1. Estimate CTODLsy from plastic work (A pi I LLD): 

](2(1 - v2) rJC-L 
CTOD = fi + Bb ApllLLD 

maflo aflow 
(3.2.1) 

This formula is analogous to eqn. 3.1.1 for J testing 

2. Use plastic work defined by the area under the load vs. eM 0 Dpl curve (A pi I CMOD) to 

estimate either JLry or CTODLry= 

](2(1 - v 2)rJJ-C 
J = E + Bb Apt I CMOD (3.2.2) 

1(2(1 - v2
) 1Jc--c 

CTOD = fi + Bb ApllcMOD 
maflo aflow 

(3.2.3) 

This technique eliminates the need for LLD measurement, which simplifies J testing. 

3. Express CTODLry as a fraction of CMODpl: 

](2(1 - v 2) 
r''T''nn - ...L .1>1 rj\1 §nD 
v .! \.J JJ - il - 1 flo...... Vi,--, pi 

mafloW'-' 
(3.2.4) 

Eqn. 3.2.4 and 3.1.2 are functionally the same, thus 17() and 'pi are related: 

rp1b 

rJo = , b + a pi 
(3.2.5) 

So rem [11] found 'pi to be extremely sensitive to the CTOD-CMOD relationship for 
shallow cracks. This estimation procedure was proposed to circumvent this sensitivity. 

The validity of this approach is based on the observed, nearly linear dependence of 

CTODLsy on CMODpl in finite-element solutions. 

In this investigation, finite-element analyses provide data from which 17 pi' m, 'pi' rJ C - L' rJJ - C, r; C - c, 

and rJ 0 are calculated. 

3 



4" 

Two-dimensional, plane strain finite-element analyses of SE(B) specimens are performed using 

conventional small strain theory. The analyses are conducted using the POLO - FINITE analysis soft

ware [12] on an engineering workstation. 

Uniaxial stress strain behavior is described using the Ramberg-Osgood model 

..£ = .Q.. + a(!L)n 
So ao ao (4.1) 

where ao is the reference stress (0.2% offset yield stress when a = 1), So = ao/E is the reference 

strain, a = 1, and n is the strain hardening coefficient. Strain hardening coefficients of 4, 5, 10, and 

50 model materials ranging from highly strain hardening to nearly elastic - perfectly plastic. Figure 

1 illustrates these stress - strain curves. 

J2 deformation plasticity theory (nonlinear elasticity) describes the multi-axial material nlodel. 

Total strains and stresses are related by 

[
1 + v 3aEo (ae)n-l] 1 - 2v 0 ~ 

Sij = ---p:- + 20
0 

ao sij + 3E au ij, ae = V 2·~'ilij (4.2) 

where sij is the stress deviator, ae is the Mises equivalent tensile stress, akk is the trace of the stress 

tensor, and 0ij is the Kronecker delta. 

Finite-element models are constructed for a/W ratios of 0.05, 0.15, 0.25, 0.50, and 0.70. The 

SE(B) specimens have standard proportions; the unsupported span is four times the specimen width. 

Symmetry of both geometry and loading permit use of a half-symmetric modeL Each model contains 

approximately 400 elements and 1300 nodes; the a/W = 0.25 model is shown in Figure 2. Eight-

2.0r---r---~--~--~--'---'----r---r---r~-' 

n=4 

1.5 

a 
a 1.0 

o n = 50 

0.5 

O.O~--~--k---~--~--~--~--~--~--~--~ 

o 2 4 6 B 10 

Figure 1: Ramberg-Osgood stress strain curves used in the finite-element analysis. 
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1,306 Nodes 

395 Elements 
Half symmetric model 

Figure 2: Finite-element model of the a/W=O.25 SE(B) specimen. 

noded, plane-strain isoparametric elements are used throughout. Reduced (2 x 2) Gaussian integra

tion is used to eliminate locking of the elements under incompressible plastic deformation. The same 

half-circular core of elements surrounds the crack tip in all models. This core consists of eight, equal~ 

ly sized wedges (22.5° each) of elements in the (] direction. Each wedge contains 30 quadrilateral ele

ments; the radial dimension decreases geometrically with decreasing element distance to the crack 

tip. The eight crack-tip elements are collapsed into wedges with the initially coincident nodes left 

unconstrained to permit development of crack-tip blunting deformations. The side nodes of these 

elen1ents are retained at the mid -point position. This lTIodelling produces a 11r strain singularity ap

propriate in the limit of perfect plasticity. Crack-tip element sizes range from 0.2% to 0.02% of the 

crack length depending on the alW modelled. 

Load is uniformly distributed over two 

small elements and applied at the center of the 

compression face of the specimen to eliminate 

the local singularity effects caused by a concen

trated nodal load. Load is increased in 30 to 50 

variably sized steps until the CTOD reaches 5% 

of the crack length. Strict convergence criteria at 

each step insure convergence of calculated 

stresses and strains to the third significant fig

ure. Two to three full Newton iterations at each 

load step are required to satisfy this criteria. As 

deformation plasticity is strain path indepen

dent, converged solutions are load step size in

variant. 

The J -integral is computed at each load 

step using a domain integral method [13,14]. J 

values calculated over domains adjacent to and 

5 

Table 2: Calculation of coefficients in J and 

CTOD estimation forn1ulas. 

Eqn. Coefficient X Y 

3.1.1 17 pi 
Aptl LLD 

Jpi 
Bb 

3.2.2 17J-c 
ApllcMOD 

Jpl 
Bb 

3.1.23.2.3 
OOflow 

t J 
3.2.13.2.4 

m 

3.2.1 17C-L 
Apll LLD 

Opl 
Bboflow 

3.2.3 17c-c 
Apil CMOD 

Opt 
Bboflow 

* 3.1.2 'pI CMODpl Opl 

3.2.4 17d CMODpl Opi 

* : j.l is the slope of this line, 
Ita 

'pi = b (1 - j.l) 

t:o= CTOD 



remote from the crack tip are within 0.003% of each other, as expected for deformation plasticity. 

CTOD is computed from the blunted shape of the crack flanks using the ± 45
0 

intercept procedure. 

LLD is taken as the relative displacement in the loading direction of a node on the symmetry plane 

located approximately OAb ahead of the crack tip and of a node located above the support. This proce

dure eliminates the effect of spuriously high displacements in the vicinity of both the load and support 

points. The 1/, m, and 'pi coefficients are determined from these results by calculating the slope of the 

quantities indicated in Table 2 at each load step. Slope calculation is initiated with data from the final 

three load steps. Data from earlier load steps are included in this calculation until the linear correla

tion coefficient (r) falls below 0.999. This procedure eliminates data from the first few load steps, 

which are predominantly elastic, and therefore not expected to provide reliable relationships between 

plastic quantities. 

5a RESULTS DISCUSSION 

The variation of the 1'/, m, and rp1coefficients with a/Wand n determined from the finite-element re

sults is summarized in Figures 3-4, and in the Appendix. Solutions for non - hardening materials, 

where available, are indicated on the figures. Each coefficient shows considerable variation with crack 

depth. The variation with material strain hardening is also a common feature of all coefficients except 

r} J _ c, which relates Jisy to A pi I CMOD' 1/ J _ C is essentially independent of n for a/W 2= 0.15. The re

mainder of this section examines the differences between perfectly plastic and finite-element solu

tions, and the errors associated with each estimation procedure. Finally, recommendations of J and 

CTOD estimation formulas for use in fracture testing of SE(B) specilnens are made. 

5. 1 Perfectly Plastic and Finite Element Proportionality Coefficients 

The variation of both rpl and 'YJ c5 with a/W for a low strain hardening material (Figure 3 e -t) agrees 

well with the slip line field solution of Wu, et al. [9] above a/W=0.15, However, at smaller ajTV the 

elastically dominated response, ignored in the slip line field solution, causes a deviation bctwcen the 

slip line field and finite-element 'pi and 17(; values. 

The variation of 1JpI with a/W determined by finite-element analysis has a different functional form 

than determined by Sumpter [8] using a limit load solution (Figure 3a). The limit load derivation em

ploys the following approximation for plastic work: 

U pL = PUM . LLDpL (5.1.1) 

where 

CB~V2aftow 
PUM = S 

234 

C = 1 - O.33~ - 6(~) + 15':(~1) - 19.~{tr) 

S = unsupported bend span 
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Figure 3: Variation of coettH.:ients in] and crOD estimation equations with alW and n. (a) eqn. 3.1.1, 

(b) eqn. 3.2.2, (c) eqn. 3.2.1, (d) eqn. 3.2.3, (e) eqn. 3.1.2, (f) eqn.3.2.4. 
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Thus, the accuracy of rJpl values determined by 

limit analysis depends on the equivalence of 

plastic work calculated by eqn. 5.1.1 and the ac

tual plastic work (area under a load vs. LLDpJ 

diagram) for a strain hardening material. This 

equivalence is not achieved even for the low 

strain hardening n =50 material, as illustrated in 

Figure 5. 

5w2 J and CTOD Estimation Errors 

m 
2.5 

2.0 

1.5 

1.0 

0.5 
0.0 0.2 0.4 

a/W 

x n = 4 

" n = 5 
o n = 10 
A n = 50 

0.6 0.8 Figure 6 illustrates the variation of] and crOD 

with LLD and CMOD for an aIW=0.15, n=5 

SE(B) determined by finite-element analysis. 

This dependence of fracture parameters on 

Figure 4: Variation of constraint factor (m) with 
a/Wandn. 

measurable quantities is contrasted with that predicted by the] and crOD estimation procedures us

ing rJ and m coefficients calculated from the finite -element results. Work-based J and CTOD esti-

mates (eqns. 3.1.1, 3.2.1, 3.2.2, and 3.2.3) tHatch the finite-element results much more closely than 

do formulas that calculate CTODL~y as a fraction of CMODpl (eqns. 3.1.2 and 3.2.4). Figure 7 shows 

] and GrOD estimation errors, more clearly illustrating the differences between the estimation proce

dures. To evaluate the effects of both alrV and n on estimation accuracy, the following error measure 

is defined: 

1""""""1 

U) 

0.. 
32 

'"0 
ctS 
0 

....J 

35 

30 

25 

20 

15 

10 

5 

o a 
o 

Limit Solution 
Ii--~---~-----------

a/W=0.15 
n=50 

O~--L-~--~--~--~--~~L-~--~--~ 

0.000 0.005 0.010 0.015 0.020 0.025 

Plastic Load Line Displacement [inches] 

Figure 5: Comparison of limit solution and finite-element results for a/W=0.15, n =50. 
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Figure 6: Variation of] and CTOD with LLD and CMOD for a/~V=O.15, n=5 SE(B). 

(5.2.1) 

where 

Fpest. - FPfe. 
E. = L '100, percent error at load step i 

1 FPfe . 
l 

N total number of load steps 

Fpest
i 

estimated Jar crOD at load step i 

FPfe
i 

J or CTOD at load step i from finite-clement analysis 

For an aIW=O.15 I n =5 SE(B), the ERR value for crOD estimation using 'pi' eqn. 3.1.2, is 21 %. Com

parison of this value with the data in Figure 7 demonstrates that ERR is a root mean square error mea

sure. 

The variation of ERR with alW and n for the six estimation procedures is shown in Figure 8. Er

rors associated with work-based J and crOD estimates (work calculated from CMOD) are below 

5% for all alWand n. Ifwork is instead calculated from LLD, J and crOD estimation errors are also 

generally below 5%, with the exception of shallow cracks in a very low strain hardening n1aterial (al 

W=O.05, n=50). However, equations that express CTODLsy as a fraction of CMODpl are inaccurate 

for all alW (ERR> 17%) in highly strain hardening materials (n ::;; 5). As the maximum estimation er

ror can exceed ERR by up to a factor of 2 (Figure 7), ERR values above 17% arc clearly excessive. 

Accuracy improves (ERR < 12%) for materials with less strain hardening (n ;::: 10). However, these 

estinlates have accuracy comparable to work-based CTOD estimates only for deep cracks in essen

tially non - hardening materials. Thus, the validity of assumptions made in deriving the various esti

mation procedures directly affects their accuracy. J and CTOD estimation from plastic work is 
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Figure 7: J and CTOD estimation errors for a/W·=0.15, n=5 SE(B). 

achieved by partitioning total work into SSYand LSY components. Additive separation is exact be

cause, for a linear elastic body, K2(1 - v)/ E is the elastic strain energy. Conversely, the linear relation 

bctween CTODL~ and CMODpl assumed in eqns. 3.1.2 and 3.2.4 cannot exist (exactly) for any body 

with an elastic component that varies with load (i.e. for any amount of strain hardening). Strain hard

ening strongly influences the linearity of the crODZsy - CMODpi relationship, as illustrated in Figure 

9. Thus, eqns. 3.1.2 and 3.2.4 work best for minimally strain hardening materials. 

5.3 Recommended J and CTOD Estimation Procedures 

5.3. 1 Requirements for Accurate Estimation 

The formulas used to evaluate fracture parameters from experimental data should not introduce sub

stantial errors into the J and CTOD estimates. This need for accuracy favors estimating J!Jy and 

CTODby from plastic work. Even though estimation of the LSY component from plastic work requires 

numerical integration of experimental data, this seems warranted to reduce errors by up to five-fold 

(compare Figure 8d to Figure 8f). In addition to using inherently accurate formulas, selecting '7, rn, 

and rpl coefficicnts corresponding to a specific a/Wand nlaterial should not be a potential error source. 

In view of the ambiguity attendant to fitting experimental stress-strain data with a power law curve, 

insensitivity of f/, m, and rpl to material strain hardening would be extremely advantageous. 

5.3.2 J Estimation 

The only procedure that meets both of the aforementioned requirements is J estimation from plastic 

work based on CMOD. By fitting the data in Figure 3b, the variation of rlJ-c with a/W is expressed 

as follows: 

2 

f/J-C = 3.785 -3.101~ +2.018(~) for all n, 0.05 :5 ~ :5 0.70 (5.3.2.1) 
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Figure 8: Variation of J and CTOD estimation errors with a/Wand n. Symbols represent the same con

ditions in each figure. (a) eqn. 3.1.1, (b) eqn. 3.2.2, (c) eqn. 3.2.1, (d) eqn. 3.2.3, (e) eqn. 3.1.2, 

(f) eqn. 3.2.4. 
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relation for a/W=0.50. 

Figure 10 shows this fit together with the tJJ-C data. The use of rJJ-C values from egn. 5.3.2.1 produces 

estimation errors of at most 9%, and generally much less, as illustrated in Figure 11. In situations 

where fracture toughness in terms of a critical] value is desired, estimation using egns. 3.2.2 and 

5,3.2.1 is clearly superior to estimating] from plastic work based on LLD, where tJ pI depends on mate

rial strain hardening coefficient. Further, estimating] from CMOD rather than LLD eliminates the 

need to measure LLD, which simplifies the test procedure. 
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Figure 10: Comparison of eqn. 5.3.2.1 to finite-element data. 

12 



ERR [%] Maximum Error [%] 
30 30 

J/sy from 
x n = 4 

J/sy from 
x n = 4 Plastic Work Plastic Work 

Based on CMOD v n = 5 Based on CMOD v n = 5 

20 o n = 10 20 0 n = 10 
fJ. n = 50 fJ. n = 50 

10 10 

oL-~~~~=6~~~~~ oL-~~~~~~=C~~ 

0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 

a/W a/W 
Figure 11: Error associated with using rJ J _ C values from eqn. 5.3.2.1. 

Despite the clear advantages of estimating J from plastic work based on CMOD, estin1ation 

based on LLD may be necessary for very shallow cracks due to experimental complexities associated 

with clip gage attachment [15]. If] estimation using LLD is unavoidable, 'Y/pl can be indexed less ambig~ 

uously to the ratio of the ultimate strength to the yield strength than to the strain hardening coefficient. 

The ultimate tensile strength for a Ramberg-Osgood material is obtained by solving for the tensile 

instability point, converting true stress to engineering stress, and taking the ratio of this value with 

0.2% offset yield stress. This calculation gives: 

(5.3.2.2) 

The variation of lin with R calculated from egn. 5.3.2.2 is shown in Figure 12. This figure, along with 

the information in Table AI, is used to determine the appropriate 'Y/ pi value for the experimental condi

tions of interest based on data from a simple tensile test. 

5.3.3 GrOD Estimation 

As noted previously, CTOD estimation from plastic work is considerably more accurate than crOD 

estimation directly from CMODpl. Use of eqn. 3.2.1 or 3.2.3 is therefore preferred to eqn. 3.1.2 or 

3.2.4. However, the rJ, m, and rpl coefficients in all of these equations depend strongly on n. The strain 

hardening coefficient is estimated from R as described in section 5.3.1. Appropriate m and 'Y/C-L or 

r; c - C val ues for the experimental conditions of interest are then determined from Tables A3, A4, and 

AS, respectively. 

Results from two-dimensional, plane strain finite-element analyses are used to develop J and 

CTOD estimation strategies appropriate for application in both shallow and deep crack SE(B) speci~ 
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Figure 12: Relationship between strain hardening coefficient (n) and ultimate to yield 

ratio (R) for a Ramberg-Osgood material. 

mens. Crack depth to specimen width (a/Ul) ratios between 0.05 and 0.70 are modelled using Ranl

berg-Osgood strain hardening exponents (n) between 4 and 50. The estimation formulas divide] and 

CTOD into small scale yielding (SSY) and large scale yielding (LSY) components. For each case, the 

SSY component is determined by the linear elastic stress intensity factor, l<J. The formulas differ in 

evaluation of the LSY component. The techniques considered include: estimating] or CTOD from 

plastic work based on load line displacement (A pi I LW), from plastic work based on crack mouth open

ing displacement (Apil CMOD)' and from the plastic component of crack mouth opening displacement 

(CMODpl)' Apll CMOD provides the most accurate] estimation possible. The finite-element results 

for all conditions investigated fall within 9% of the following formula: 

](2(1 - v2
) Y/]-C • h a (a )2 

] = E' + Bb Apll CMOD' were Y/J-C = 3.785 -3.101 W +2.018 W 

The insensitivity of Y/ J _ C to strain hardening permits] estimation for any material with equal accuracy. 

Further, estimating] from CMOD rather than LLD eliminates the need to measure LLD, thus simpli

fying the test procedure. Alternate, work based estimates for] and CTOD have equivalent accuracy 

to this formula; however the Y/ coefficients in these equations depend on the strain hardening coeffi

cient. CTOD estimates based on scalar proportionality of CTODlsy and CMODpl are highly inaccu

rate, especially for materials with considerable strain hardening, where errors up to 38% occur. 
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APPENDIX 

SUMMARY OF COEFFICIENTS FOR J AND CTOD ESTIMATION 

Table AI: Variation of 'YIpl with alW and n for J estimation by eqn. 3.1.1. 

Ramberg-Osgood Strain Hardening Coefficient (n) 

a/W 4 5 10 50 

0.05 0.670 0.746 0.901 1.192 

0.15 1.295 1.393 1.542 1.687 

0.25 1.639 1.686 1.763 1.753 

0.50 1.924 1.930 1.924 1.927 

0.70 2.109 2.130 2.086 2.052 

' .. t.. /T11' '" ... r ~. 
J.aUle fiL.: vanallon 01 ;iJ-C WILlI (if n' anu n .Lor J eSLimadon uy eqn . ..J.~.~. I 

Ramberg-Osgood Strain Hardening Coefficient (n) 

a/W 4 5 10 50 

0.05 3.848 3.793 3.482 3.420 

0.15 3.359 3.385 3.322 3.376 

0.25 3.152 3.138 3.130 3.137 

0.50 2.748 2.749 2.728 2.723 

0.70 2.613 2.641 2.595 2.562 

Table A3: Variation of m with alfV and n for crOD estimation by eqns. 3.1.2, 3.2.1, 3.2.3, 

and 3.2.4. 

Ramberg-Osgood Strain Hardening Coefficient (n) 

a/W 4 5 10 50 

0.05 1.908 1.786 1.496 1.291 

0.15 1.963 1.863 1.573 1.423 

0.25 2.036 1.938 1.648 1.501 

0.50 2.177 2.047 1.788 1.687 

0.70 2.200 2.093 1.932 1.810 
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TableA4: Variation of 1]C-L with a/W and n for CTOD estimation by eqn. 3.2.1. 

Ramberg-Osgood Strain Hardening Coefficient (n) 

a/W 4 5 10 50 

0.05 0.335 0.402 0.611 0.800 

0.15 0.640 0.743 0.982 1.245 

0.25 0.795 0.872 1.073 1.181 
·"·-r" 

0.50 I 0.885 0.944 1.076 1.135 
.- ....... __ .. - ~--."-, 

! 

0.70 0.959 1.018 1.078 1.131 

Table A5: Variation of 17c-c with a/Wand n for CTOD estimation by eqn. 3.2.3. 

Ranlbcrg--Osgood Strain Hardening Coefficient (n) 

a/Vv 4 5 10 50 
-

0.05 1.929 2.043 2.310 2.701 
-

0.15 1.659 1.806 2.115 2.493 

0.25 1.530 1.624 1.904 2.112 

0.50 1.263 1.344 I 1.525 1.605 

0.70 1.187 1.262 
t-· __ ·_--
I 1.341 1.412 

Table A6: Variation of 'pI with a/~V and n for CTOD cstInlation by eqn. 3.1.2. 

Ramberg-Osgood Strain Hardening Coefficient (n) 

a/W 4 5 10 50 

0.05 0.045 0.053 0.089 0.142 

0.15 0.132 0.171 0.261 0.404 

0.25 0.207 0.240 0.352 0.431 

0.50 0.292 0.343 0.380 0.426 

0.70 0.333 0.341 0.395 0.398 

Table A7: Variation of 1]0 with anV and n for crOD estimation by eqn. 3.2.4. 

Ramberg-Osgood Strain Hardening Coefficient (n) 

a/VV 4 5 10 50 

0.05 0.459 0.499 0.627 0.729 

0.15 0.427 0.492 0.595 0.695 
! 

0.25 0.382 0.418 0.512 0.563 

0.50 0.226 0.255 0.274 0.299 

0.70 0.125 0.127 0.145 0.146 
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