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1 Introduction

In the analysis of events from hadron colliders it is common to use jets to organize the

final states of hard interactions, making it natural to ask how the QCD confinement of

hadrons is realized in this context. The picture that arises from QCD factorization is that

we have the hard scattering, whose calculation is given in terms of partonic degrees of

freedom, initiating the jet. At the short-distance scale of the hard-scattering, we have a

quark or gluon of a much lower “off-shellness” exiting the hard interaction in a more or
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less definite direction. The subsequent branching does not change this direction much,

but does gives rise to a host of additional partons loosely grouped into a jet. These are

the perturbative remains of the slightly off-shell parton. Lastly, these additional partons

undergo a “hadronization” process at length scales of 1/ΛQCD, confining themselves into

the observed hadrons. Ultimately, to understand the dynamics of confinement within

jets, we would like to have a means of comparing the partonically generated momentum

distribution inside the jet to the observed hadronic momentum distribution. In addition

to momentum, one would also like to understand how quantum numbers, like spin, flavor,

or charge, are transported from the hard scattering into the hadronic final state.

The fragmentation function di→h(zh, µ) describes the distribution of the longitudinal-

momentum fraction zh of hadrons of a species h = π+, π−, . . . produced by a parton

i = g, u, ū, d, . . . [1–3]. This allows one to express their production cross section as (see

e.g. ref. [4])

dσh
dzh

=
∑
i

∫
dz

z
σ̂i(z,Q, µ) di→h

(
zh
z
, µ

)[
1 +O

(
ΛQCD

Q

)]
, (1.1)

where Q is the scale of the hard scattering. A crucial feature of fragmentation is that it is

universal, i.e. insensitive to the underlying hard scattering or the soft background radiation.

In field-theoretic terms this means that the same QCD matrix element for di→h captures the

fragmentation dynamics, and can be factorized from the hard scattering. Thus fragmenta-

tion measurements at hadron-hadron, hadron-electron, and electron-positron colliders can

all be compared. However, when combining hadron analysis with modern jet algorithms

one begins to worry that the definition of the jet itself could potentially spoil this universal-

ity, since any given jet definition will have more or less sensitivity to the underlying event

or hard scattering process. As we will see in this paper this can take a rather subtle form.

Fragmentation of hadrons inside jets has also been studied extensively, but without

accounting for the transverse momentum dependence of the hadrons. When the jet is

sufficiently narrow, its dynamics can be factorized from the hard scattering process. For

fragmentation in exclusive processes (i.e. with a specific number of jets) this was studied

using event shapes (hemisphere jets) in refs. [5–10] and with a jet algorithm in refs. [11–

14]. Inclusive jet production with a jet algorithm was investigated in refs. [15–18]. The

applications that were considered range from comparisons to LHC measurements of charged

hadron spectra [12] to unravelling quarkonium production channels [13]. Multi-hadron

fragmentation in jets has also been considered [19–22], to e.g. describe jet charge [19].

The observables that we want to construct here are transverse momentum distribu-

tions (TMDs). In general, one would like to know the full three-dimensional distribution

of momenta inside the jet, not merely the energy fraction. However, one must be careful,

since asking questions about the other components of the hadron’s momentum can easily

expose one to sensitivity to associated soft processes. While studying these soft processes is

an interesting and worthwhile endeavor in and of itself, it can severely complicate any po-

tential claim to universality of these distributions. In the standard terminology the TMDs

measure the correlation of transverse momentum of two partons in processes like Drell-

Yan, semi-inclusive deep-inelastic scattering (SIDIS), or the production of two hadrons
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Figure 1. The standard jet axis is sensitive to soft radiation (orange) through recoil effects, whereas

a recoil-free axis follows the direction of collinear radiation (blue).

in e+e− collisions. In this work we consider instead the measurement of the transverse

momentum of a hadron with respect to a jet axis. In the standard TMD correlations one

cannot avoid the appearance of rapidity divergences and the consequent regularization and

renormalization [23–28], which signals a sensitivity to soft physics.

Here we show that one can define a transverse momentum observable which is insen-

sitive to such problems, by a judicious choice of jet axis. The final TMDs will necessarily

be different from the standard ones and thus we coin the name jet TMDs (JTMDs) for

this class of observables. The key insight is to adopt an axis definition that is recoil-

insensitive [29–31]. Put loosely, if one uses an axis whose direction is conserved under

splittings (e.g. the total momentum of the jet or the thrust axis), this introduces a soft-

sensitivity in the axis definition, since a soft emission can displace a collinear one, see

figure 1. Alternatively, one can adopt an axis that itself recoils coherently with the soft

radiation, and thus follows the direction of the collinear radiation.

In describing the transverse momentum of a hadron in a jet, there are a number of

choices:

• Exclusive production with a jet algorithm with a recoil-sensitive axis: the factor-

ization theorem has a simple multiplicative structure (see e.g. ref. [32]) but the soft

radiation suffers from non-global logarithms (NGLs) [33], which arise because of the

very different restrictions on the radiation inside an outside the jet.

• Exclusive production with a global event shape: NGLs are absent for an observable

like N -jettiness [34], but potential exchanges between the initial states can spoil the

factorization for hadronic collisions [35–40].

• Inclusive production with a jet algorithm and a recoil-sensitive axis: this was recently

studied in ref. [41]. The TMD fragmentation function involves rapidity divergences.

One can define a factor consisting of (collinear-)soft modes which cancels these rapid-

ity divergences. However, this (collinear-)soft radiation will displace the jet axis and

contaminate the transverse momentum distribution, again introducing a sensitivity

to NGLs.1

1From the direct two-loop calculations for related jet shapes in the soft approximation [42], one sees that

NGLs are present for all jet radii. Unlike in ref. [42], the out-of-jet radiation is not restricted here, making

it effectively equal to the partonic center-of-mass energy.
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• Inclusive production with a jet algorithm and a recoil-free axis: the observable is

purely collinear, making it universal and free of NGLs. This is the case we focus on.

We now briefly outline our framework: for definiteness we focus on hadronic collisions

with energetic jets that are not particularly close to each other or the beam axis (i.e. central

jets). Our approach is easily extendable using e.g. refs. [43–45]. Consider the measurement

of the longitudinal momentum fraction zh and transverse momentum zhk (with respect to

the jet axis) of an energetic hadron h inside a jet.2 To leading approximation, the soft

radiation outside the jet cannot affect the production of a hadron inside a jet. However,

as illustrated in figure 1, the measurement of the transverse momentum of a hadron with

respect to the standard jet axis is sensitive to the soft radiation inside the jet. This is not

the case when using a recoil-insensitive axis, which is determined by the configuration of

the energetic (collinear) radiation. Under the assumption that the jet radius R � 1 (the

case R ∼ 1 will also be discussed), collinear factorization leads to

dσh
dpT dη d2k dzh

=
∑
i

∫
dx

x
σ̂i

(
pT
x
, η, µ

)
Gi→h(x, pTR,k, zh, µ)

[
1 +O(R2)

]
. (1.2)

The partonic cross section σ̂ encodes the hard scattering producing the parton i with

transverse momentum pT /x and rapidity η, with respect to the beam axis. The fragmenting

jet function G describes the fraction x of the parton energy that goes into the jet, as well as

the fragmentation of the hadron inside the jet with momentum fraction zh and transverse

momentum zhk. The function G obeys a collinear renormalization group equation. A

further factorization of this cross section can be achieved when pTR � |k| and/or |k| �
ΛQCD, which is discussed in detail in section 3. In particular, for pTR � |k| we can

separate the effect of the jet boundary B from the fragmentation, leading to a new JTMD

fragmentation function Dk→h,

Gi→h(x, pTR,k, zh, µ) =
∑
k

∫
dy

y
Bik(x, pTR, y, µ)Dk→h

(
k,
zh
y
, µ

)[
1 +O

(
k2

p2
TR

2

)]
.

(1.3)

Since Dk→h is a purely collinear object, it is automatically universal, i.e. insensitive to the

type of process or number of jets. It also does not involve rapidity divergences, unlike the

classical TMD fragmentation functions.

The paper is organized as follows: we start by outlining the differences between the

classical TMDs and the JTMDs that are considered in this work in section 2. We also

define all ingredients that enter in our fractorization theorems and discuss their renormal-

ization. A discussion of recoil-free jet definitions in the context of a simple example in

given in appendix A, including a one-loop calculation. The winner-take-all recombination

scheme [29, 31] that we use to obtain a recoil-free jet axis is summarized in appendix B. In

section 3, we show how eq. (1.2) can be further factorized, depending on the hierarchy be-

tween pTR, |k| and ΛQCD. We also treat the case when R is not small. We have calculated

the one-loop matching coefficients and present these in section 4. In section 5 some first

2This definition of k ensures that it is a partonic observable and thus perturbatively calculable.

– 4 –



J
H
E
P
0
4
(
2
0
1
7
)
0
2
0

numerical results based on a moment analysis are presented. We conclude in section 6,

discussing the wide range of potential applications of our framework.

2 Framework

We use light-like vectors n and n̄ with n · n̄ = 2 to introduce the light-cone coordinates

used here

vµ = v−
nµ

2
+ v+ n̄µ

2
+ vµ⊥ , v− = n̄·v , v+ = n·v . (2.1)

The time-like and space-like component of a vector are indicated by (v0, ~v), so that

v2 = v2
0 − ~v 2 = v+v− + v2

⊥ = v+v− − v2 . (2.2)

In the language of soft-collinear effective theory (SCET) [46–49], if we assign a power

counting for the collinear momenta as

pn = (n̄ · pn, n · pn,pn) ∼ Q(1, λ2, λ), , (2.3)

where the power counting parameter λ � 1 is set by the specific measurement, then we

can define a power counting for the soft radiation as

ps ∼ Q(λβ , λβ , λβ) . (2.4)

For β = 1 this is referred to as soft radiation, and for β = 2 it is called ultra-soft.

2.1 Standard transverse momentum dependent fragmentation functions

Before arriving at the formulation of the JTMDs, it is instructive to recall some properties

of the classical unpolarized TMD fragmentation functions [26, 50],

∆q→h(zh, bT ) =
1

4zhNc

∑
X

∫
dξ+

4π
e−ip

−
h ξ

+/(2zh) (2.5)

×〈0|T
[
W̃ †Tnqj

]
a

(
ξ

2

)
|X,h〉γ−ij 〈X,h|T̄

[
q̄i W̃Tn

]
a

(
− ξ

2

)
|0〉,

∆g→h(zh, bT ) =
−1

2(1− ε)p−h (N2
c − 1)

∑
X

∫
dξ+

4π
e−ip

−
h ξ

+/(2zh) (2.6)

×〈0|T
[
W̃ †TnF

−µ
]
a

(
ξ

2

)
|X,h〉gµν〈X,h|T̄

[
F−ν W̃Tn

]
a

(
− ξ

2

)
|0〉,

where ξ = (ξ+, 0−, bT ). The variable conjugate to the impact parameter bT is k, which is

the transverse momentum of the hadron divided by its momentum fraction. The sum runs

over all intermediate states X, and X does not include the hadron h. The Wilson lines

W̃Tn(x) depend on the coordinate x and continue to the light-cone infinity along the vector

n, where it is connected by a transverse link to the transverse infinity (as indicated by the

subscript T ) [51, 52]. The representations of the SU(3) generators inside the Wilson lines

correspond to that of the parton (fundamental for quark, adjoint for gluon), and repeated

color indices are summed over.
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It is important to emphasize that implicit in these definitions of the TMDFFs a specific

axis choice has been made, namely that the n direction is along the hadron h. By perform-

ing a change of coordinates (or reparametrization [53]), it follows that this corresponds to

measuring the transverse momentum of the hadron with respect to the axis lying along the

total momentum of all particles in the intermediate state. For fragmentation in e+e− →
hadrons, this axis is equivalent to the thrust axis.

These TMDs appear in processes like SIDIS or e+e− → hadrons and involve both

ultraviolet (UV) and rapidity divergences that require renormalization through a soft fac-

tor. Consequently the renormalization group equations obeyed by these TMDs involve a

resummation of both the UV and rapidity factorization scales. The factorization of these

processes is often described in impact parameter space and the hadrons in the final state

must in principle be detected on the whole phase space. In the limit of large transverse

momentum k, or equivalently bT → 0, the TMDFFs can be matched onto the standard

(integrated) fragmentation functions. These are defined as [3]

dq→h(zh) =
1

4zhNc

∑
X

∫
dξ+

4π
e−ip

−
h ξ

+/(2zh)

× 〈0|T
[
W̃ †Tnqj

]
a

(
ξ+

2

)
|X,h〉γ−ij 〈X,h|T̄

[
q̄i W̃Tn

]
a

(
− ξ+

2

)
|0〉, (2.7)

dg→h(zh) =
−1

2(1− ε)p−h (N2
c − 1)

∑
X

∫
dξ+

4π
e−ip

−
h ξ

+/(2zh)

× 〈0|T
[
W̃ †TnF

−µ
]
a

(
ξ+

2

)∑
X

|X,h〉gµν〈X,h|T̄
[
F−ν W̃Tn

]
a

(
− ξ+

2

)
|0〉. (2.8)

2.2 Definitions for TMD fragmentation inside a jet

We now turn to the operator definitions of the JTMDFFs. The key observation for defining

a recoil-free observable, which mitigates its soft sensitivity, is that the recoil of soft radi-

ation translates the whole of the collinear sector coherently in the transverse momentum

plane. Therefore, if we define a jet axis that also recoils coherently with the soft radiation,

any collinear measurement relative to that axis will be insensitive to these recoil effects.

The simplest definition of a recoil-free axis is given via recombination jet algorithms, as

summarized in appendix B. The basic logic is that given a list of particles, we have a mea-

sure to decide what members of the list should be grouped together as if they came from a

single hard progenitor. At each stage of the recombination two particles are merged, and

we must decide what the direction is of the “particle” formed by the merged particles. In

the winner-take-all (WTA) scheme, this is chosen to be the direction of the more energetic

of the two daughters [29, 31]. This scheme is inherently recoil free, since the winners of the

axis direction are always the most energetic clusters of particles in the jet.

Having a recoil-free axis in a recombination algorithm is then simply a matter of the

merger step. Thus any specific recombination algorithm can be made recoil free, and

satisfies eq. (1.2). However, whether one can further factorize collinear splittings landing

near the boundary of the jet and those deep inside, depends on the specific measure used to

decide which particles will be merged. We will argue in section 3 that this is the case for the

– 6 –
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Cambridge/Aachen [54–56] and anti-kT measures [57], provided the transverse momentum

is sufficiently small such that the hadron is not at the edge of the jet.

In what follows, we call the light-cone directions n, n̄ introduced in eq. (2.1) the fiducial

light-cone directions. These are not dynamical, and are simply necessary to define the

collinear sector and its gauge-invariant operators. The price paid for a recoil-free axis is that

the axis is sensitive to the precise final state configuration of the collinear emissions relative

to each other. This is not the case for a thrust axis, which is essentially a conserved quantity

under the collinear splittings, and thus independent of the dynamics.3 We can demand that

the jet has zero transverse momentum with respect to the fiducial light-cone directions, and

if we gave it a non-zero transverse momentum with respect to these directions, we would

find that it could be translated away in the course of the calculation. A one-loop example of

this phenomena is given in appendix A. This captures the notion that the definition of the

collinear sector is arbitrary up to translations satisfying a particular power counting, known

in the effective theory literature as reparametrization invariance [53, 58]. Ultimately, it is

the measurements imposed on the collinear sector that determine the power counting of

the allowed reparametrization: for recoil-sensitive measurements, the reparametrizations

are restricted to those satisfying an ultra-soft power counting [59]. However, for recoil-

insensitive measurements, reparametrizations with a soft scaling (see eq. (2.4)) are allowed.

We now present the QCD matrix elements for our fragmenting jet functions and JTMD

fragmentation functions. The momentum fraction is defined as

zh =
p−h
p−J
, (2.9)

where p−h and p−J are the large momentum component of the hadron and jet, respectively.

Then we write:

Gq→h(x, pTR,k, zh) =
1

4xNc

∑
X

∑
J/h

∫
dξ+

4π
e−ip

−
J ξ

+/(2x)δ

(
zh −

p−h
p−J

)

×
∫

dkA δ
(3)

(
~k − ~ph

zh

)
(2.10)

× 〈0|T
[
W̃ †Tnqj

]
a

(
ξ+

2

)
|X,h ∈ J〉 γ−ij 〈X,h ∈ J |T̄

[
q̄i W̃Tn

]
a

(
− ξ+

2

)
|0〉,

Gg→h(x, pTR,k, zh) =
−1

2(1− ε)p−J (N2
c − 1)

∑
X

∑
J/h

∫
dξ+

4π
e−ip

−
J ξ

+/(2x)δ

(
zh −

p−h
p−J

)

×
∫

dkA δ
(3)

(
~k − ~ph

zh

)
× 〈0|T

[
W̃ †TnF

−µ
]
a

(
ξ+

2

)
|X,h ∈ J〉gµν〈X,h ∈ J |T̄

[
F−ν W̃Tn

]
a

(
− ξ+

2

)
|0〉,

3Indeed, from a factorization point of view, this is what makes the thrust axis natural. The light-cone

directions used to define the collinear sector should not depend on the specific configuration of collinear

particles, since the factorization itself is unphysical (e.g. it depends on a specific renormalization point).

However, the only physical jet axis that is independent of the collinear final state is the direction of total

momentum flow, since it is conserved.

– 7 –
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Here, the sum runs over the jets J in the final state, with momentum pJ . The hadron h is

part of J , but its phase-space integral is not included in the sum on J , as indicated by J/h.

The unit vector ~AJ along the jet axis is obtained in the WTA scheme, as discussed above

and in appendix B. In eq. (2.10) the integration over kA = AJ · ph, the component of the

momentum ~k along the axis ~AJ , ensures that k picks up the components transverse to this

axis. These fragmenting jet functions are a more differential version of the (semi-inclusive)

fragmenting jet function [5, 11, 17, 18], see also section 2.4.

When pTR � |k| we can perturbatively match the functions Gi→h(x, pTR,k, zh) onto

the JTMDFFs Dj→h(k, zh), which are defined as

Dq→h(k, zh) =
1

4zhNc

∑
X

∫
dξ+

4π
e−ip

−
h ξ

+/(2zh)

∫
dkA δ

(3)

(
~k − ~ph

zh

)
(2.11)

× 〈0|T
[
W̃ †Tnqj

]
a

(
ξ+

2

)
|X,h〉γ−ij 〈X,h|T̄

[
q̄i W̃Tn

]
a

(
− ξ+

2

)
|0〉,

Dg→h(k, zh) =
−1

2(1− ε)p−h (N2
c − 1)

∑
X

∫
dξ+

4π
e−ip

−
h ξ/(2zh)

∫
dkA δ

(3)

(
~k − ~ph

zh

)
× 〈0|T

[
W̃ †TnF

−µ
]
a

(
ξ+

2

)
|X,h〉gµν〈X,h|T̄

[
F−ν W̃Tn

]
a

(
− ξ+

2

)
|0〉,

In this expression the boundary of the jet has been expanded to infinity, so X runs over

an unrestricted set of states that is independent of the jet definition, and h is not part

of X. The only dependence on the jet algorithm is through the definition of the jet axis.

Note that the only difference with eq. (2.5) is the axis with respect to which the transverse

momentum is measured.

2.3 Renormalization

The renormalized fragmentation functions are defined through [3]

dbare
i→h(zh) =

∑
j

∫
dz

z
Zij

(
zh
z
, µ

)
dj→h(z, µ) , (2.12)

leading to the following renormalization group equation (RGE)

µ
d

dµ
di→h(zh, µ) =

∑
j

∫
dz

z
γij

(
zh
z
, µ

)
dj→h(z, µ) ,

γij(zh, µ) = −
∫

dz

z
Z−1
ik

(
zh
z
, µ

)
µ

d

dµ
Zkj(z, µ) . (2.13)

The fragmenting jet function G has the same renormalization and thus RGE as the

fragmentation function, but in the x variable [17, 18, 60]

Gbare
i→h(x, pTR,k, zh, µ) =

∑
j

∫
dx′

x′
Zij

(
x

x′
, µ

)
Gj→h(x′, pTR,k, zh, µ) . (2.14)

The RGE of the matching coefficients J in eq. (3.2) follows from inserting eqs. (2.13)

and (2.14) in eq. (3.2), and thus involves a DGLAP evolution in both x and z.

– 8 –
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The renormalization of the JTMD fragmentation function has the same structure as

that of the standard fragmentation function,

Dbare
i→h(k, z) =

∑
j

∫
dz′

z′
Z ′ij

(
z

z′
, µ

)
Dj→h(k, z′, µ) , (2.15)

however it involves a different renormalization factor, Z ′ 6= Z. The RGE thus has the same

structure as eq. (2.13) but the anomalous dimension is modified to γ′.

The all-orders anomalous dimensions are given by

γij(z, µ) = Pji(z, µ) ,

γ′ij(z, µ) = θ

(
z ≥ 1

2

)
Pji(z, µ) , (2.16)

where P denote the DGLAP splitting functions [61–63]. At one-loop order this follows

directly from our calculation. In appendix C, we argue this relationship is true to all

orders, and the corresponding expressions in moment space are given to one loop.

2.4 Sum rule

The jet definition restricts the maximum transverse momentum |k| of the hadron. The

transverse momentum k may therefore safely be integrated over∫
d2k Gi→h(x, pTR,k, zh, µ) = Gi→h(x, pTR, zh, µ) , (2.17)

to yield the (semi-inclusive) fragmenting jet function [17, 18]. The same is not true for the

TMD fragmentation function, which has a different renormalization than the fragmentation

function.

3 Jet factorization and TMD fragmentation

Our starting point is the cross section for producing a jet with transverse momentum pT and

rapidity η, containing a hadron with momentum fraction zh and transverse momentum zhk,

dσh
dpT dη d2k dzh

=
∑
i

∫
dx

x
σ̂i

(
pT
x
, η, µ

)
Gi→h(x, pTR,k, zh)

[
1 +O(R2)

]
. (3.1)

This observable is insensitive to soft radiation, since the transverse momentum k is mea-

sured relative to a recoil-insensitive axis. The above equation thus follows from collinear

factorization for R � 1. The partonic cross section σ̂ encodes the hard scattering that

produces the parton i with transverse momentum pT /x and rapidity η, with respect to

the beam axis. The fragmenting jet function G was defined in eq. (2.10) and describes

the longitudinal momentum fraction x of the parton that goes into the jet, as well as the

fragmentation of the hadron inside the jet. Depending on the relative hierarchy between

pTR, |k| and ΛQCD, eq. (3.1) admits a further factorization.
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Figure 2. Factorization of the axis finding between the angular scale r = |k|/pT and R, with

r � R.

3.1 Factorization of fragmentation from perturbative radiation

If pTR ∼ |k| � ΛQCD, the perturbative dynamics that resolves the jet boundary and gen-

erates the transverse momentum factorizes from the nonperturbative fragmentation [5, 7],

Gi→h(x, pTR,k, zh, µ) =
∑
j

∫
dz

z
Jij
(
x, pTR,k,

zh
z
, µ

)
dj→h(z, µ)

[
1 +O

(
Λ2

QCD

k2

)]
.

(3.2)

The matching coefficient Jij describes the formation of a jet with momentum fraction x

of the initial parton i, containing a parton j with momentum fraction zh/z and transverse

momentum k. The (standard) fragmentation function dj→h describes how this parton j

produces a hadron moving in the same direction with a momentum fraction zh/z× z = zh,

see eq. (2.8).

3.2 Factorization of TMD fragmentation from jet definition

For pTR � |k| � ΛQCD, a judicious choice of jet axis enables one to separate the effect

of the jet boundary and the generation of the perturbative transverse momentum of the

hadron,

Jij(x, pTR,k, z, µ) =
∑
k

∫
dy

y
Bik(x, pTR, y, µ)Ckj

(
k,
z

y
, µ

)[
1 +O

(
k2

p2
TR

2

)]
, (3.3)

due to a second collinear factorization at angular scales r = |k|/pT � R. This requires the

factorization of the amplitude and the measurement, which we discuss in turn.

For the amplitude to factorize, there must be an energetic parton within an angular

distance r of the axis. This is ensured for the winner-take-all axis, which by construction

is always along the direction of such a parton. The hadron will fragment from this parton

in order to be enhanced in the small |k| limit. Of course there can be additional partons in

the vicinity of the axis. If they are produced as splittings from an initial parton, their effect

is captured by C in eq. (3.3). The case where independent emissions at angular scales R

randomly happen to be within a distance r is power suppressed by r/R.

For the measurement to factorize as in eq. (3.3), the axis finding must be “recursively

local”. What we mean is that the jet axis can be determined within a angular distance of
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Figure 3. The standard recombination scheme allows particles outside a pixel to be clustered into

a pixel (blue), without being clustered with the pixel. This is not the case for the winner-take-all

scheme (red).

r � R by only considering collinear emissions at angular scales of order R, whereas a more

precise determination of the axis position only requires knowledge of radiation within an

angular distance r. A more concrete way of thinking about this is illustrated in figure 2:

we “pixelate” the measurement into regions of angular size r, and the total energy of each

pixel is sufficient to determine the pixel containing the axis. The position of the axis

within the pixel only relies on the energy distribution within an angular size r. Collinear

splittings inside the pixel only shift the axis an amount of order r and are thus power

suppressed by order r/R for radiation at the jet boundary. This guarantees the simple

convolution structure in eq. (3.3), where the collinear radiation at angular scales R and r

only communicate through a single variable: the energy fraction of the “pixel” containing

the winner-take-all axis.

When we argue for this recursively local picture of the axis determination, we must

establish two properties: radiation within the pixel that eventually contains the jet axis

will be preferentially clustered together first and the configuration of the radiation outside

of this pixel does not interfere with the constituents of the pixel, except perhaps at the

boundary. The Cambridge/Aachen clustering algorithm [54, 55] with the winner-take-all

recombination scheme naturally has these properties, since it is solely based on angular

distances. By definition, most of the radiation within the pixel is at a closer angular

distance to each other than to radiation outside the pixel, and this will be recombined

first, except for possible splittings at the boundary. Radiation far from the pixel, e.g. at

the jet boundary, will not be clustered in too early. Radiation outside the pixel that is

clustered together will not interfere with the clustering history inside, since the winner-

take-all axis always lies on a particle at each step in the recombination. Specifically, two

particles outside of a pixel can never be recombined to give a “shadow” particle within the

pixel, as illustrated in figure 3, regardless of the ordering in which particles get recombined.

The key difference between anti-kT and Cambridge/Aachen is the order in which radi-

ation is clustered. As is well established, anti-kT clusters the most energetic radiation first.

By definition, the pixel which will contain the winner-take-all axis in anti-kT will be clus-

tered preferentially, since this is the most energetic region and is where the algorithm will

start to cluster. However, radiation around this pixel may not first be clustered with each

other but could directly be clustered with that pixel. Nevertheless, the collinear splittings
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inside the pixel containing the winner-take-all axis still factorize from the splittings at the

jet boundary, i.e. changes in the angle of the jet axis due to collinear splittings inside the

pixel will be of order r, and the effect at the jet boundary is thus power suppressed by r/R.

Thus we have shown that with the winner-take-all axis, the Cambridge/Aachen and the

anti-kT algorithms satisfy the factorization in eq. (3.3). Note the importance of establishing

these all-orders properties, since the one-loop calculation of the matching coefficients in this

paper only involve final states with at most two partons, in which case the winner-take-all

axis is simply along the most energetic parton.

For pTR � |k| ∼ ΛQCD, we can separate the effect of the jet boundary from the

fragmentation, but cannot calculate the nonperturbative transverse momentum,

Gi→h(x, pTR,k, zh, µ) =
∑
k

∫
dy

y
Bik(x, pTR, y, µ)Dk→h

(
k,
zh
y
, µ

)[
1 +O

(
k2

p2
TR

2

)]
.

(3.4)

The JTMD fragmentation function D that arises here is the universal object anticipated

before, and is defined through eq. (2.11). As we may also obtain eq. (3.3) by a further

factorization of eq. (3.4) for |k| � ΛQCD, consistency implies that the same boundary

function B enters in these equations and

Dk→h(k, zh, µ) =
∑
j

∫
dz

z
Ckj

(
k,
zh
z
, µ

)
dj→h(z, µ)

[
1 +O

(
Λ2

QCD

k2

)]
. (3.5)

3.3 Factorization for large radius jets

So far we have always assumed that the jet radius R is small, allowing for the factorization

in eq. (3.1). However, when R is large the jet at scale pTR cannot be factorized from the

hard scattering at scale pT . In this case we can still factorize the JTMD fragmentation

functions when k2 � p2
T ,

dσh
dpT dη d2k dzh

=
∑
k

∫
dy

y
σ̄k(pT , η, R, y, µ)Dk→h

(
k,
zh
y
, µ

)[
1 +O

(
k2

p2
T

)]
. (3.6)

The partonic cross section σ̄ now describes the hard scattering σ̂i and the jet boundary

effects B. Indeed, in the limit R� 1,

σ̄k(pT , η, R, y, µ) =
∑
i

∫
dx

x
σ̂i

(
pT
x
, η, µ

)
Bik(x, pTR, y, µ)

[
1 +O(R2)

]
. (3.7)

4 NLO maching coefficients

In this section we summarize the one-loop matching coefficients that appear in section 3.

4.1 Fragmenting jet function

The matching coefficients that enter in eq. (3.2) are given by

J (0)
ij (x, pTR,k, z, µ) = δij δ

2(k)δ(1− x)δ(1− z) , (4.1)

– 12 –



J
H
E
P
0
4
(
2
0
1
7
)
0
2
0

J (1)
qq (x, pTR,k, z, µ)

=
αsCF

2π

(
1

π

1

µ2

1

(k2/µ2)+

δ(1− x) θ

(
1

2
≥ z
)
θ
(
pTR ≥ |k|

) 1 + z2

1− z

− δ2(k)δ(1− z)θ(1− x)

×
{

(1 + x2)

[(
1

1− x

)
+

ln

(
p2
TR

2x2

µ2

)
+ 2

(
ln(1− x)

1− x

)
+

]
+ 1− x

}
+ δ2(k)δ(1− x)

×
{
θ

(
1 ≥ z ≥ 1

2

)[
(1 + z2)

[(
1

1− z

)
+

ln

(
p2
TR

2z2

µ2

)
+ 2

(
ln(1− z)

1− z

)
+

]
+ 1− z

]
+ θ

(
1

2
≥ z
)[

2
1 + z2

1− z
ln
(
z(1− z)

)
+ (1− z)

]})
, (4.2)

J (1)
qg (x, pTR,k, z, µ)

=
αsCF

2π

(
1

π

1

µ2

1

(k2/µ2)+

δ(x− 1) θ

(
1

2
≥ z
)
θ
(
pTR ≥ |k|

) 1 + (1− z)2

z

− δ2(k)δ(1− z)θ(1− x)

{
1 + (1− x)2

x
ln

(
p2
TR

2x2(1− x)2

µ2

)
+ x

}
+ δ2(k)δ(1− x)

{
θ

(
1 ≥ z ≥ 1

2

)[
1 + (1− z)2

z
ln

(
p2
TR

2z2(1− z)2

µ2

)
+ z

]
+ θ

(
1

2
≥ z
)[

2
1 + (1− z)2

z
ln
(
z(1− z)

)
+ z

]})
, (4.3)

J (1)
gg (x, pTR,k, z, µ)

=
αsCA

2π

(
1

π

1

µ2

1

(k2/µ2)+

δ(x− 1) θ

(
1

2
≥ z
)
θ
(
pTR ≥ |k|

) 2(1− z + z2)2

z(1− z)

− δ2(k)δ(1− z)θ(1− x)
2(1− x+ x2)2

x

{(
1

1− x

)
+

ln
p2
TR

2x2

µ2
+ 2

(
ln(1− x)

1− x

)
+

}
+ δ2(k)δ(1− x)

×
{
θ

(
1 ≥ z ≥ 1

2

)
2(1− z + z2)2

z

[(
1

1− z

)
+

ln
p2
TR

2z2

µ2
+ 2

(
ln(1− z)

1− z

)
+

]
+ θ

(
1

2
≥ z
)

4(1− z + z2)2

z(1− z)
ln
(
z(1− z)

)})
, (4.4)

J (1)
gq (x, pTR,k, z, µ)

=
αsTF

2π

(
1

π

1

µ2

1

(k2/µ2)+

δ(1− x) θ

(
1

2
≥ z
)
θ
(
pTR ≥ |k|

) (
z2 + (1− z)2

)
− δ2(k)δ(1− z)θ(1− x)

{(
x2 + (1− x)2

)
ln
p2
TR

2x2(1− x)2

µ2
+ 2x(1− x)

}
+ δ2(k)δ(1− x)

{
θ

(
1 ≥ z ≥ 1

2

)[(
z2 + (1− z)2

)
ln
p2
TR

2z2(1− z)2

µ2
+ 2z(1− z)

]
+ θ

(
1

2
≥ z
)[

2
(
z2 + (1− z)2

)
ln
(
z(1− z)

)
+ 2z(1− z)

]})
. (4.5)
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The restriction |k| ≤ pTR encodes the interplay between the jet boundary and |k| mea-

surement at this order. This gets “expanded away” in eq. (3.3) when |k| � pTR.

4.2 TMD fragmentation function

The matching coefficients for the universal JTMD fragmentation function in eq. (3.5) are

Cij(k, z, µ) = δij δ
2(k) δ(1− z) , (4.6)

Cqq(k, z, µ) =
αsCF

2π
θ

(
1

2
≥ z
){

1

π

1

µ2

1

(k2/µ2)+

1 + z2

1− z

+ δ2(k)

[
2(1 + z2)

1− z
ln
(
z(1− z)

)
+ 1− z

]}
, (4.7)

Cqg(k, z, µ) =
αsCF

2π
θ

(
1

2
≥ z
){

1

π

1

µ2

1

(k2/µ2)+

1 + (1− z)2

z

+ δ2(k)

[
2(1 + (1− z)2)

z
ln
(
z(1− z)

)
+ z

]}
, (4.8)

Cgg(k, z, µ) =
αsCA

2π
θ

(
1

2
≥ z
){

1

π

1

µ2

1

(k2/µ2)+

2(1− z + z2)2

z(1− z)

+ δ2(k)
4(1− z + z2)2

z(1− z)
ln
(
z(1− z)

)}
, (4.9)

Cgq(k, z, µ) =
αsTF

2π
θ

(
1

2
≥ z
){

1

π

1

µ2

1

(k2/µ2)+

(
z2 + (1− z)2

)
+ δ2(k)

[
2
(
z2 + (1− z)2

)
ln
(
z(1− z)

)
+ 2z(1− z)

]}
. (4.10)

4.3 Boundary function

The matching coefficients in eqs. (3.3) and (3.4) describe the effect of the jet boundary.

They are not independent, as they can be determined from the matching coefficients Jij
and Cij by using eq. (3.3). At tree level

B
(0)
ij (x, pTR, y, µ) = δij δ(1− x) δ(1− y) , (4.11)

and at one-loop order,

J (1)
ij (x, pTR,k, z, µ) =

[
δ2(k)B

(1)
ij (x, pTR, z, µ) + δ(1− x)C

(1)
ij (k, z, µ)

][
1 +O

(
k2

p2
TR

2

)]
.

(4.12)

This leads for example to

B(1)
qq (x, pTR, y, µ) =

αsCF
2π

(
− δ(1−y)θ(1−x)

{
(1+x2)

[(
1

1−x

)
+

ln

(
p2
TR

2x2

µ2

)
(4.13)

+ 2

(
ln(1− x)

1− x

)
+

]
+ 1− x

}
+ δ(1− x)θ

(
1 ≥ y ≥ 1

2

)
×
{

(1+y2)

[(
1

1−y

)
+

ln

(
p2
TR

2y2

µ2

)
+2

(
ln(1−y)

1−y

)
+

]
+(1−y)

})
.
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The jet axis is along the most energetic of the two partons at this order. This is reflected

in the expressions for the boundary functions, since they vanish for y < 1/2. We have also

verified that the k-dependence cancels between Jij and Cij , since these boundary functions

are independent of k.

5 Results for moments

A full-fledged phenomenological analysis will be presented in a forthcoming publication.

Here we present some first results, focussing on the transverse momentum dependence

and taking moments of zh. To avoid complications from distributions we integrate over

the transverse momentum |k| ≤ kc. We will assume pT � kc � ΛQCD but not make

assumptions about the jet radius. Thus, starting from eqs. (3.5) and (3.6),∫
|k|<kc

dk
∑
h

∫
dzh z

N
h

dσh
dpT dη d2k dzh

(5.1)

=

∫
|k|<kc

dk
∑
h

∫
dzh z

N
h

∑
i,j

∫
dy

y
σ̄i(pT , η, R, y, µ)

∫
dz

z
Cij

(
k,
z

y
, µ

)
dhj

(
zh
z
, µ

)
=
∑
i

∫
dy yN σ̄i(pT , η, R, y, µ)

∑
j

∫
|k|<kc

dk

∫
dz zN Cij(k, z, µ)︸ ︷︷ ︸

C̄ij(kc,N,µ)

∑
h

∫
dzh z

N
h dj→h(zh, µ) .

This implies that the transverse momentum dependence is completely governed by the

matching coefficients C̄ij(kc, N, µ), which in fixed-order perturbation theory are constant

at leading order and give rise to a ln(kc/µ) at order αs, see eq. (4.6). Note that for N = 1

the expression in eq. (5.1) is purely perturbative, since the dependence on the fragmentation

functions drops out due to the momentum sum rule∑
h

∫
dzh zh dj→h(zh, µ) = 1 . (5.2)

The dependence on kc gets modified by the anomalous dimension of C̄, which follows

from eqs. (2.13) and (2.15) and is multiplicative in moment space

d

d lnµ
C̄ij(kc, N, µ) =

∑
k

[
γ̄′ik(N,µ)C̄kj(kc, N, µ)− C̄ik(kc, N, µ)γ̄kj(N,µ)

]
. (5.3)

The anomalous dimensions in moment space are given at one-loop order in appendix C.2.

For large values of N , the difference between the anomalous dimensions γ̄ and γ̄′ decreases

as 2−N and will cancel in eq. (5.3). Thus in that limit the transverse momentum dependence

is fully captured by the fixed-order result for C̄.

To diagonalize the anomalous dimension matrix in eq. (5.3) it is convenient to perform

the usual singlet/nonsinglet decomposition. Nonsinglet combinations such as Cqq − Cqq′
and Cqq − CqQ, where Q 6= q denotes a different quark flavor, do not mix. For such terms

the RGE for C̄ in eq. (5.3) has as solution

Uns(µ1, µ0) = exp

[ ∫ lnµ1

lnµ0

d lnµ
(
γ̄′qq(N,µ)− γ̄qq(N,µ)

)]
. (5.4)
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Due to the initial scale µ0 ∼ kc, which minimizes the logarithms of kc/µ in C̄, this leads

to a modification of the fixed-order kc dependence in eq. (5.1) by an additional factor

k−∆
c , ∆ = γ̄′qq − γ̄qq . (5.5)

At leading order C̄ is independent of kc, so differentiating with respect to kc to determine

the k dependence yields |k|−2−∆.

For the singlet contribution eq. (5.3) takes the following form

d

d lnµ
C̄(kc, N, µ) = γ̄′(N,µ)C̄(kc, N, µ)− C̄(kc, N, µ)γ̄(N,µ) , (5.6)

C̄ =

(
C̄qq + C̄qq̄ + (nf−1)C̄qQ + (nf−1)CqQ̄ C̄qg

2nf C̄gq C̄gg

)
,

γ̄′ =

(
γ̄′qq γ̄′qg

2nf γ̄
′
gq γ̄

′
gg

)
, γ̄ =

(
γ̄qq γ̄qg

2nf γ̄gq γ̄gg

)
.

The contributions Cqq̄, CqQ and CqQ̄ only enter at two-loop order, but are generated by

the RG evolution. There are now four different modifications ∆ of the exponent of kc, that

can arise in a linear combination ∑
i=1,...,4

wi k
−∆i
c . (5.7)

These ∆i are given by the differences of the eigenvalues of the anomalous dimension ma-

trices γ̄′ and γ̄ in eq. (5.6). The reason there are not two but four values is because their

eigenvectors are not aligned. Denoting the eigenvectors and eigenvalues of γ̄ by ~va and λa
and for γ̄′ by ~v

′
b and λ′b with a, b = 1, 2,

∆i = λ′b − λa , i = 2(a− 1) + b . (5.8)

At leading order C̄ is the identity matrix. Inserting this initial condition in the RGE

implies

wi ∝ ~v
′
b ·~va . (5.9)

For large moments N the eigenvectors start to align, suggesting that two of the four weights

would vanish in this limit. However, in the differential spectrum eq. (5.7) leads to∑
i=1,...,4

∆iwi |k|−2−∆i , (5.10)

and these terms have a significantly larger ∆i that compensates for their small wi. The

weights of course also depend on the hard scattering and fragmentation functions, and so

their expressions are merely indicative. The exponents ∆i are shown in figure 4 at one loop,

taking αs = 0.1. For the nonsinglet distributions this is probably too small to observe, but

the effect should be noticeable for the singlet distributions.
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Figure 4. The dependence of the cross section on the transverse momentum is given by |k|−2−∆

where ∆ is controlled by anomalous dimensions. The one-loop exponent ∆ is shown for nonsinglet

(left) and singlet (right) distributions, with αs = 0.1.

6 Conclusions

In this paper we introduced a new definition of TMD fragmentation in jets, where the

transverse momentum k is measured with respect to a jet axis that is insensitive to the

recoil of soft radiation. We derived factorization theorems for the regimes:

1� R & |k|/pT , 1� R� |k|/pT , 1 & R� |k|/pT , (6.1)

where pT is the jet transverse momentum and R is the jet radius parameter. Angular scales

that have a large hierarchy are described by different ingredients in the factorization theo-

rem. The factorization in the latter two cases relied on the winner-take-all recombination

scheme for Cambridge/Aachen or anti-kT , because having a recoil-free axis was insufficient.

We have calculated all the (process-independent) matching coefficients at one-loop order.

The latter two cases in eq. (6.1) involve a new jet TMD fragmentation function (in the

first case this cannot be separated from the jet boundary). This JTMDFF is independent

of the process or the number of jets and does not involve rapidity (light-cone) divergences,

because our axis choice guarantees that our observable is insensitive to soft radiation.

When the transverse momentum k is perturbative, the JTMD fragmentation function can

be matched onto the standard fragmentation functions.

One can also consider the fragmentation of subjets instead of hadrons. One particular

context where this could prove fruitful is in the area of jet substructure (see e.g. refs. [64–

66] for an overview of developments in this field). One of the key applications of jet

substructure is to identify hadronic decays of boosted heavy resonances. The boost causes

the decay products to be collimated, yielding a fat jet containing subjets. Understanding

the distribution of these subjets within the fat jet is critical to distinguish the desired signal

from the overwhelming background of normal QCD jets. Our approach would provide

analytical control over the transverse momenta (i.e. angles) of subjets. To extend our

formalism to subjets is trivial when the reclustering scale Rsub � |k|/pT , but requires

additional calculations for other hierarchies.

The case studied in this work treated only unpolarized hadrons/partons. The angular

distribution of hadrons can certainly be affected by the measure of the spin and/or helicity
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of the produced final state. We postpone to a future work the study of the sensitivity of

the jet axis to the spin/helicity of final states and the relative measure of hadron spin-

dependent transverse momentum.

Another application of our framework is the study of medium effects in heavy-ion

collisions. Here the modification of the momentum fraction distribution of hadrons has

already been studied extensively, see e.g. refs. [67, 68]. Our approach would allow one

to study the modification of the (relative) transverse momentum of collinear hadrons.4

The insensitivity of our observable to the abundant background of soft radiation present

in heavy ion collisions is crucial to make this observable robust, and to be able to make

meaningful comparisons to proton-proton collisions.
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A Defining recoil-free jet functions

To make the paper as self-contained as possible, we will define the general criteria a jet

function must satisfy to be recoil free, and explicitly illustrate the insensitivity to soft recoil

in a one-loop example. Many different measurements can be made recoil free, and for an

extensive discussion in the context of jet shapes, see ref. [30]. We start with a typical jet

function, defined as

Jn(Q, q, τ) = N tr
〈
0
∣∣Φn(0)δ(Q− n̄ · P)δ

(2)
⊥
(
q − ~P⊥

)
δ(τ − Ô)Φn(0)

∣∣0〉 , (A.1)

where Φn is either a quark or gluon field operator, with appropriate Wilson lines in the

n̄ direction for gauge invariance. Ô is the observable imposed on the final state of the

jet function, and τ is its value. The trace is over the appropriate color and spin indicies

(including the leading-power Dirac structures in the case of a quark), and N normalizes the

function. We have included delta functions of the momentum operator P that constrain

the final state of the jet function to have a total large momentum component Q, and a

total transverse momentum q. The fiducial light-cone direction n need not be aligned with

the axis nτ used to define the measurement Ô. All we need is that the axis implicit in Ô

4A perhaps more robust observable is the fragmentation of subjets in the heavy ion context.
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is within a reparameterization transformation of n [53]. That is, if the collinear sector has

assigned power counting

pn ∼ Q(1, λ2, λ) , (A.2)

then

1− n̂ · n̂τ = O(λ2) . (A.3)

That is, the angle between n̂ and the measurement axis is of order λ.

Definition: the jet function Jn is recoil free, if the measurement of τ satisfies:

Jn(Q, q, τ) = Jn(Q,0, τ) +O
(
|q|
Q

)
, (A.4)

otherwise we call it recoil sensitive. As an example of a recoil sensitive jet function, take

the inclusive jet function found in jet mass or thrust calculations. Then Ô = n · P, where

n is aligned with the thrust axis of the event,

Jn(Q, q, τ) = Jn
(
Q,0, τ − q 2/Q

)
(A.5)

This structure appears at all orders, and we immediately see that it fails condition (A.4).

We can only expand out the injected transverse momentum if q2 � Qτ [59].

A.1 One-loop example

We will now show explicitly to one-loop order that if we disturb the fiducial light-cone

direction by an injection of soft recoil q, this has no effect on the measured transverse

momentum k. For an all-orders discussion, see ref. [30].

First we derive the form of the transverse momentum with respect to the recoil-free

axis in a jet with two particles. To see that the corrections really do scale as indicated

in eq. (A.4), we calculate the winner-take-all axis as a function of the two particle state

momenta exactly, then expand in the collinear power counting. Since k1, k2 are the only

two momenta in the jet, the winner-take-all axis b is determined by the particle with larger

energy:

if k0
1 > k0

2 : b(k1, k2) =
k1

k0
1

, b̄(k1, k2) = (n+ n̄)− k1

k0
1

,

if k0
2 > k0

1 : b(k1, k2) =
k2

k0
2

, b̄(k1, k2) = (n+ n̄)− k2

k0
2

. (A.6)

For the conjugate b̄ the sign of the spatial components is flipped, which is accomplished by

the above expressions since n+ n̄ = (2,~0). Then we have

if n̄ · k1 > n̄ · k2 : b(k1, k2) · k2 = 2
k1 · k2

n̄ · k1
, b̄(k1, k2) · k2 = n̄ · k2 ,

if n̄ · k2 > n̄ · k1 : b(k1, k2) · k1 = 2
k1 · k2

n̄ · k2
, b̄(k1, k2) · k1 = n̄ · k1 , (A.7)
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where expanding in the collinear power counting explicitly gives corrections that scale as the

small component of the momenta ki over the large momentum fraction (not the transverse

scale). The relative transverse momentum of k1 with respect to the winner-take-all axis is

if n̄ · k1 > n̄ · k2 : |k| = 0 ,

if n̄ · k2 > n̄ · k1 : |k| = 1

zh

√
b · k1b̄ · k1 =

1

zh

(
2
n̄ · k1

n̄ · k2
k1 · k2

)1/2

+ . . . (A.8)

We now carry out the calculation of the one-loop JTMDFF given in eq. (2.11), but

only to the point where we can see the independence of the recoil against the injected soft

momentum. Exploiting azimuthal symmetry, we may simply consider the measurement of

k2. To inject soft momentum, we write the matrix element in eq. (2.11) so that the position

of the field operators acquire a transverse displacement bT as in the standard TMDFF of

eq. (2.5). Then we take the Fourier transform at a momentum q with respect to bT , and

integrate over the fiducial transverse momentum of the hadron. Taking Q to be the large

momentum component, the one-loop JTMDFF has the form

D
(1)
i→h(k, zh; q) = g2

(
µ2eγE

4π

)ε ∫ ddk1

(2π)d−1
θ(n̄ · k1)δ(k2

1)

∫
ddk2

(2π)d−1
θ(n̄ · k2)δ(k2

2) (A.9)

× (2π)d−1δ(Q− n̄ · k1 − n̄ · k2)δ(d−2)(k1 + k2 − q)
4QCiPgi(zh)

(k1 + k2)2

× δ
(
zh −

n̄ · k1

Q

)
1

π

[
θ

(
zh −

1

2

)
δ(k2) + θ

(
1

2
− zh

)
δ

(
k2 −

(
2
n̄ · k1

z2
hn̄ · k2

)
k1 · k2

)]
Here we are integrating over the on-shell phase space of the two final-state partons, with

momenta k1 and k2. The phase space is simple to interpret: the large components of the

two particles sum to Q, while they have a non-trivial total transverse momentum q with

respect to the fiducial collinear direction n. The key point will be that the recoil-free axis

is only sensitive to the relative transverse momentum of the two particles. We assume that

k1 is the momentum of the observed fragmented particle, which for conciseness we take to

be a gluon with splitting function Pgi. The color factor Ci is CF for quarks and CA for

gluons. From the delta functions in eq. (A.9) we infer:

n̄ · k1 = Qzh , n̄ · k2 = Q(1− zh) ,

n · k1 =
k2

1

Qzh
, n · k2 =

k2
2

Q(1− zh)
,

k2 = q − k1 ,

(k1 + k2)2 =
1

zh(1− zh)

(
k2

1 − 2zhk1 · q + z2
hq

2
)
. (A.10)

Performing the integrations in eq. (A.9) yields

D
(1)
i→h(~k, zh; q) = g2

(
µ2eγE

4π

)ε
Ci

∫
d2−2εk1

(2π)3−2ε

Pgi(zh)

k2
1 − 2zhk1 · q + z2

hq
2

(A.11)

× 1

π

[
θ

(
zh −

1

2

)
δ
(
k2
)

+ θ

(
1

2
− zh

)
δ

(
k2 −

k2
1 − 2zhk1 · q + z2

hq
2

2z2
h(1− zh)2

)]
.
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We can immediately see that this function is recoil free, since the injected transverse

momenta q always appears in the same combination with k1. Thus we can just perform a

variable change and get rid of it,

k1 → k1 + zhq , (A.12)

making the jet function manifestly independent of q.

B Clustering algorithms

We give a brief review of jet recombination algorithms. A more extensive discussion can be

found in e.g. ref. [69]. We need a metric dα(pi, pj ;R) ≡ dαij(R) that measures the distance

between two particles with momenta pi, pj in momentum space, where R is the jet radius

parameter. In addition we need a single particle metric dαjet(pi) ≡ dαjet(i) that will decide

whether a particle can be considered a jet or not. The class of metrics of interest are:

e+e− collision pp collision

dαij(R) = min
(

(p0
i )

2α, (p0
j )

2α
)θij
R

dαij(R) = min
(
p2α
Ti , p

2α
Tj

)Rij
R

dαjet(i) = (p0
i )

2α dαjet(i) = p2α
Ti (B.1)

In the case of e+e− collisions, θij is the angle between the two particles’ 3-momenta, and

in the case of pp collisions,

Rij =
√

(ηi − ηj)2 + (φi − φj)2 (B.2)

is the euclidean distance between them in rapidity and azimuthal space. Note that the sub-

script T refers to the transverse momentum with respect to the beam axis. The commonly

used kT [70, 71], Cambridge/Aachen [54–56], and anti-kT [57] algorithms correspond to

α = 1, 0,−1.

Having discussed the metrics, we now describe the algorithm. Starting with a list

of particles P = {p1, . . . , pn} with momenta pi, and an empty list of jets J = {}, the

recombination algorithm proceeds as follows:

1. If P is empty, stop, output J . If P nonempty, continue.

2. Compute dαij(R) for all i, j ∈ P , and dαjet(i) for all i ∈ P .

3. Select the pair or the particle whose distance measure is smallest.

4. If the selection with smallest measure is a single particle, i, delete pi from the list P ,

move it to the list J .

5. If the selection with smallest measure is a pair of particles, i, j, delete both from P ,

merge(i,j) them into one particle pnew, and append P with pnew.

6. Go back to step 1.
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The particles inside a jet are simply all the particles that got clustered into the “particle”

that winds up in the list J . The merge(i,j) procedure is usually one of the following

procedures:

• E-scheme: pnew = pi + pj .

• Winner-take-all scheme [29, 31]: writing pi = (p0
i , ~pi), pj = (p0

j , ~pj), then

p0
new = p0

i + p0
j ,

p̂new =


~pi
|~pi| if p0

i > p0
j

~pj
|~pj | if p0

j > p0
i

pnew = p0
new(1, p̂new) (B.3)

The E-scheme results in a jet axis that aligns with the total jet momentum. Thus many

properties of the thrust axis commonly used in event shape descriptions of jets also hold true

for an E-scheme axis. The WTA-scheme generally has a jet axis displaced from the total

jet momenta. In the case of the JTMDFF, eq. (2.11), we apply the clustering algorithm

assuming the final states remain in the jet. That is, we wish to only find the axis, and

the jet algorithm is expanded in the limit that all particles are collinear enough, that they

would always cluster before being promoted to a jet. In that case, we do not apply the

single particle jet measure, and merely recombine pairwise all the particles until only one

particle remains in the list P . That remaining particle gives the jet axis.

C Results on anomalous dimensions

C.1 All-orders anomalous dimension of JTMDFF

The one-loop anomalous dimension of the JTMDFF D(k, zh, µ), defined in eq. (2.11), is

given by

γ
′(1)
ij (z, µ) = θ

(
z ≥ 1

2

)
P

(1)
ji (z) . (C.1)

We will now argue this relation holds to all orders in perturbation theory, that is

γ′ij(z, µ) = θ

(
z ≥ 1

2

) ∞∑
`=1

P
(`)
ji (z) , (C.2)

where P
(`)
ji is the DGLAP splitting kernel at order α`s. First we observe that if the parton

momentum fraction z > 1/2, the winner-take-all axis will be along its direction and k =

0. Thus the transverse momentum measurement does not impose a restriction on the

phase space and the calculation of the JTMDFF is identical to the standard fragmentation

function in this case. In particular, the IR and the UV divergences exactly match between

the fragmentation function and the JTMDFF.

For z < 1/2 the parton can have a nontrivial transverse momentum, since the axis does

not have to be aligned with it. To avoid complications from distributions, it is convenient
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to switch to the cumulative distribution in k2. The transverse momentum of the observed

parton now has an explicit upper bound due to the k measurement, since for large parton

transverse momenta the WTA axis will be along one of the other partons. This implies that

this parton’s momentum cannot scale into the UV with all the other momenta to produce a

UV divergence. The only UV divergences that can occur are subdivergences corresponding

to the strongly-ordered limit, which are renormalized by appropriate lower-order counter

terms.

Of course there can be new IR divergences introduced at each order, since the k

measurement does not prevent the transverse momenta of the partons from scaling into

the IR (in a non-strongly ordered limit). Indeed, the IR divergences must exactly match

those in the standard fragmentation function, including for z < 1/2, due to eq. (3.5). Note

that we do not need to be concerned that virtual corrections will convert a 1/εIR into a

1/εUV , since they are located at z = 1.

C.2 One-loop anomalous dimensions in moment space

The one-loop anomalous dimensions are in moment space given by

γ̄(1)
qq (N,µ) =

αs(µ)CF
π

[
− 2H(N)− 1

N + 1
− 1

N + 2
+

3

2

]
,

γ̄(1)
qg (N,µ) =

αs(µ)CF
π

[
2

N
− 2

N + 1
+

1

N + 2

]
,

γ̄(1)
gg (N,µ) =

αs(µ)CA
π

[
− 2H(N) +

2

N
− 4

N + 1
+

2

N + 2
− 2

N + 3

]
+
αs(µ)β0

2π
,

γ̄(1)
gq (N,µ) =

αs(µ)TF
π

[
1

N + 1
− 2

N + 2
+

2

N + 3

]
,

γ̄′(1)
qq (N,µ) = γ̄(1)

qq (N,µ)− αs(µ)CF
π

[
−H1/2(N)−H1/2(N + 2) + 2 ln 2

]
,

γ̄′(1)
qg (N,µ) = γ̄(1)

qg (N,µ)− αs(µ)CF
π

2−N−2 5N2 + 17N + 16

N(N + 1)(N + 2)
,

γ̄′(1)
gg (N,µ) = γ̄(1)

gg (N,µ)− αs(µ)CA
π

×
[
− 2H1/2(N) + 2 ln 2 + 2−N−2 5N3 + 33N2 + 68N + 48

N(N + 1)(N + 2)(N + 3)

]
,

γ̄′(1)
gq (N,µ) = γ̄(1)

gq (N,µ)− αs(µ)TF
π

2−N−2 N2 + 5N + 8

(N + 1)(N + 2)(N + 3)
, (C.3)

where

H(N) =

N∑
i=1

1

i
, H1/2(N) =

N∑
i=1

1

i 2i
= ln 2− 2−N−1Φ

(
1

2
, 1, N + 1

)
, (C.4)

and Φ is the Lerch transcendent function.
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