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ABSTRACT. We extend the notion of John’s ellipsoid to the setting of integrable
log-concave functions. This will allow us to define the integral ratio of a
log-concave function, which will extend the notion of volume ratio, and we
will find the log-concave function maximizing the integral ratio. A reverse
functional affine isoperimetric inequality will be given, written in terms of this
integral ratio. This can be viewed as a stability version of the functional affine
isoperimetric inequality.

1. INTRODUCTION AND NOTATION

Asymptotic geometric analysis is a rather new branch in mathematics, which
comes from the interaction of convex geometry and local theory of Banach spaces.
From its beginning, the research interests in this area have been focused in un-
derstanding the geometric properties of the unit balls of high-dimensional Banach
spaces and their behavior as the dimension grows to infinity. The unit ball of a finite
dimensional Banach space is a centrally symmetric convex body and some of these
geometric properties include the study of sections and projections of convex bodies,
which are also convex bodies. However, when the distribution of mass in a convex
body is studied, a convex body K is regarded as a probability space with the uni-
form probability on K and then the projections of the measure on linear subspaces
are not the uniform probability on a convex body anymore and the class of convex
bodies is left. Nevertheless, as a consequence of Brunn-Minkowski’s inequality, we
remain in the class of log-concave probabilities, which are the probability measures
with a log-concave density with respect to the Lebesgue measure. It is natural
then, to work in the more general setting of log-concave functions rather than in
the setting of convex bodies and a big part of the research in the area has gone
in the direction of extending results from convex bodies to log-concave functions
(see, for instance, [AKM], [FM], [AKSW], [KM], [C], [CF]), while many of the open
problems in the field are nowadays stated in terms of log-concave functions rather
than in terms of convex bodies.
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In [J] John proved that, among all the ellipsoids contained in a convex body
K, there exists a unique ellipsoid £(K) with maximum volume. This ellipsoid is
called the John’s ellipsoid of K. Furthermore, he characterized the cases in which
the John’s ellipsoid of K is the Euclidean ball Bf. This characterization, together
with Brascamp-Lieb inequality [BL], led to many important results in the theory of
convex bodies, showing that, among centrally symmetric convex bodies, the cube
is an extremal convex body for many geometric parameters like the Banach-Mazur
distance to the Euclidean ball, the volume ratio, the mean width, or the mean
width of the polar body, see [B], [SS], [Ba]. The non-symmetric version of these
problems has also been studied, see for instance [S], [Le], [Pa], [JN], [Sch1].

A function f : R™ — R is said to be log-concave if it is of the form f(z) = e~¥(®),
with v : R" — (—00,400] a convex function. Note that log-concave functions are
continuous on their support and, since convex functions are differentiable almost
everywhere, then so are log-concave functions. In this paper we will extend John’s
theorem to the context of log-concave functions. We will consider ellipsoidal func-
tions (we will sometimes simply call them ellipsoids), which will be functions of the
form

E% z) = axe(x),
with a a positive constant and xg the characteristic function of an ellipsoid &, i.e.,
an affine image of the Euclidean ball (€ = ¢+ TBY with ¢ € R™ and T € GL(n),
the set of linear matrices with non-zero determinant). The determinant of a matrix
T will be denoted by |T'|. The volume of a convex body K will also be denoted by
|K|.

Given a log-concave function f : R" — R, we will say that an ellipsoid £¢ is
contained in f if for every z € R", £%(x) < f(x). Notice that if £* < f, then
necessarily 0 < a < ||f|lc and that for any ¢ € (0,1]

Etlflle < £
if and only if the ellipsoid £ is contained in the convex body

Ki(f) ={z e R" : f(z) 2 t]fllo}-

If f = xk(x) is the characteristic function of a convex body K, then an ellipsoid &
is contained in K if and only if £ < f for any ¢t € (0, 1]. In Section 2 we will show
the following:

Theorem 1.1. Let f : R™ — R be an integrable log-concave function. There exists
a unique ellipsoid E(f) = Ellfll for some to € [e™™,1], such that
e &(f)=f

. 5(f)(:v)dx:max{ E4x)dx : E° <f},
R™ R™
We will call this ellipsoid the John’s ellipsoid of f.

The existence and uniqueness of the John’s ellipsoid of an integrable log-concave
function f will allow us to define the integral ratio of f:

Definition 1.1. Let f : R™ — R be an integrable log-concave function and E(f) its
John’s ellipsoid. We define the integral ratio of f:

Jron f(x)dz )

Lrat(f) = (fRn () ()
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Remark. This quantity is affine invariant, i.e., I.rat(f o T) = ILrat(f) for any
affine map T. When f = yg is the characteristic function of a convex body then
ILrat(f) = v.rat(K), the volume ratio of K (Recall that v.rat(K) = (%)R,
where £(K) is the John’s ellipsoid of K).

In Section 3 we will give an upper bound for the integral ratio of log-concave
functions, finding the functions that maximize it. Namely, denoting by A,, and BY,
the regular simplex centered at the origin and the unit cube in R", and by || - ||k
the gauge function associated to a convex body K containing the origin, which is
defined as

lz||x = inf{A >0 : z € AK},

we will prove the following

Theorem 1.2. Let f: R™ — R be an integrable log-concave function. Then,
Lrat(f) < IL.rat(ge),

where g.(x) = e lzllan—c for any ¢ € A™. Furthermore, there is equality if and only

if W = g.oT for some affine map T and some ¢ € A™. If we assume f to be

even, then
Lrat(f) < ILrat(g),

where g(x) = e Iellss with equality if and only if W = goT for some linear

map T € GL(n).

The value of the integral ratio of these functions will be computed and we obtain
the following

Corollary 1.3. Let f: R™ — R be an integrable log-concave function. Then,
Lrat(f) < (n!)%v.mt(A") ~ cy/n.

¢
n
If we assume f to be even, then
Irat(f) < E(n!)%v.rat(Bgo) ~ cy/n.
n

The isoperimetric inequality states that for any convex body K the quantity
0K |

is minimized when K is a Euclidean ball. This inequality cannot be reversed

n—1

‘K‘ n

in general. However, in [B], it was shown that for any symmetric convex body K,

there exists an affine image T'K such that the quotient % is bounded above
K| 7n

by the corresponding quantity for the cube BJ,. If we do not impose symmetry
then the regular simplex is the maximizer. This linear image is the one such that
TK is in John’s position, i.e., the maximum volume ellipsoid contained in K is the
Euclidean ball. The quantity studied in the isoperimetric inequality is not affine
invariant but in [P], a stronger affine version of the isoperimetric inequality was
established. Namely, it was shown that for any convex body K

nol ok 1 n * (N

|K| = I (K)|» < |By |+ |II"(By)

where IT*(K), which is called the polar projection body of K, is the unit ball of the
norm ||z{|r+(xy = |z[|Py+ K|, being P, K the projection of K onto the hyperplane

orthogonal to z. This inequality is known as Petty’s projection inequality and there
is equality in it if and only if K is an ellipsoid. Furthermore, following the idea in

n—1 1
n n
’
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the proof of the reverse isoperimetric inequality, a stability version of it was given
in [A], showing that for any convex body K

n—1 1 1 n—1 1

1 K| |[II"(K)|» > —————|BY| = |[II*(BY)|>.
1) K5 IO = s B 10 (33)

The isoperimetric inequality and Petty’s projection inequality have their func-

tional extensions. Namely, Sobolev’s inequality, which states that for any function

f in the Sobolev space

of
6xi

W R") = {f € L'(R") : € L*(R™) Vi}

we have

niL
VAl = nlBy = ([ £]] =

n—1’

and the affine Sobolev’s inequality, proved in [Z], which states that

H*(f)|% < 1Bzl

@ 11 < ST

n—1

where IT*(f) is the unit ball of the norm

win = [ VGl

We would like to recall here the fact that W11 (R™) is the closure of C}), the space of
C! functions with compact support, [M]. These inequalities are actually equivalent
to their geometric counterparts.

In Section 4 we will follow the same ideas to obtain functional versions of the
reverse isoperimetric inequality and a stability version of the affine Sobolev inequal-
ity. We will prove the following extension of (1), which is a reverse form of (2) in
the class of log-concave functions.

]

Theorem 1.4. Let f € WHYH(R™) be a log-concave function. Then

A1l e 1T () . 1

n—1

|By| ) T Jan (@) t0g( ) da L = .
(2\3;*% e mlrn F(@)de I £11& <W> TLrat(f)
Jan FT (z)dz

Remark. By (2) the left-hand side term is bounded above by 1. This lower bound

is affine invariant, and if f = yx is the characteristic function of a convex body,
then we recover inequality (1). Besides, since log L&) g a concave function, if f

[l £1oo
is centered we have by Jensen’s inequality that

T gn T (z)dx
Jeo S00s ()t (1 (FEE)Y (L0)
Jen f(@)da B [1f1lo [1flloo

and so

£l oy () - 1
1By ] = = '
(z\B;*H) F(0)% <”W> Lrat(f)

fJR" fﬁ (z)dz
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Remark. Let us note that if [;, f(x)dz = 1 the inequality in Theorem 1.4 turns
into

* 1
o @)og £(@) g < LTI (F)]™

| Bz | ’
2[By |

which along with the affine Sobolev inequality (2) provides us with a bound for the
power entropy of f of the following form

2
H(f) = 5 Jun F@ 02 1 (@)oo <I|~}'|‘|”(f)> .

For other recently studied connections between Information theory and convex
geometry we refer to [BM1], [BM2] and references therein.

Let us introduce some more notation:
For any function f : R®™ — R and any € > 0, we will denote f. the function given
by
x €
o) =1 (2) -
If f and g are two log-concave functions, then their Asplund product is the log-
concave function

frg(z) = max f(z)g(y) = max f(z = y)g(y)-

2. JOHN’S ELLIPSOID OF A LOG-CONCAVE FUNCTION

In this section we show the existence and uniqueness of the John’s ellipsoid of
an integrable log-concave function and show that the integral ratio of a function is
an affine invariant.

For any ellipsoid £%, its integral is a|€|. Since for any ¢ € (0, 1] the convex body
K,(f) has a unique maximum volume ellipsoid &(f) = £(K(f)), then

a . a < —
max{ RHE (z)dx : € _f} t@%ﬁ]djf(t)’

where

¢5(t) =t fllool ()]

Thus, in order to prove Theorem 1.1 we need to prove that the function ¢(t)
attains a unique maximum in the interval (0, 1] at some point ¢y > e~™. Then the
ellipsoid £(f) will be the function

E()(@) = toll fllsoxe,, (1) (@) = (&, ()11 (2),

where &, (f) is the John’s ellipsoid of the convex body Ky, (f). If f = xx with K
a convex body then the John’s ellipsoid of f will be the characteristic function of
the John’s ellipsoid of K £(K)! = Xe (k). We will prove that ¢ attains a unique
maximum in the interval (0, 1]. First we prove the following:

Lemma 2.1. Let Ly, Ly C R"™ be two convex bodies. Then, for any X € [0, 1]

€ (1= N)Ly +ALz) |7 > (1= N)|EL)|7 + NE(L2)| 7
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Proof. Let £(L;) = a;+T; BY with T; a symmetric positive definite matrix, i = 1, 2.
Then

(1=NLi+Ao D (1—NE(LL) + AE(L2)
— (1= Nai + Aag + (1 — \TyBY + AT, By
>

(1= Nar + Aaz + (1 = ATy + X\T2) By
Since by Minkowski’s determinant inequality, for any two symmetric positive defi-
nite matrices A, B we have that |A 4+ B|# > |A|x + |B|# with equality if and only
if B = sA for some s > 0, we obtain

€((1=NLi+AL) [F = |(1= Ny + ATo| 7| By |
(1= NIT[™ + AIT2[ )| B3|
(1

~ N[EEL)|™ + AE(L)|7

n

v v

Now, Theorem 1.1 will be a consequence of the following

Lemma 2.2, Let f: R™ — [0,+00) be an integrable log-concave function and let
¢5:(0,1] = R defined as before. Then ¢y is continuous in (0, 1),

lim t) =0,

Jim o (t)

and ¢5 attains its mazimum value at some to € (0,1]. Furthermore, such ty is
unique.

Proof. Since f is log-concave, for any uy,us € [0,00) and any A € [0, 1],

{weR": f(@) 2 @V f L} D (1= N{a R : (@) 2 e ]}
+ Mz eR": f(z)> e || floo}

and then, by Lemma 2.1
‘gef((lfk)u1+%“2) (f)l

3=

€ (1= N E s (f) + AE oz () |7

(1= NIy (DIF + Mo ()]

(4) [Eeua (DT 1€ (NI

where the last inequality is the arithmetic-geometric mean inequality.
Consequently, the function g(u) := |E.—.(f)|# is concave on [0,00) and thus

continuous on (0, 00) and the function ¢(t) = t|| fllccg™ (—log(t)) is continuous on

0,1).

| L()et us now prove that lim; .o+ ¢5(t) = 0. Let ¢ > 0. Since f is integrable, we

can find R(g) big enough such that

/ flz)dr < =
Rn\R() B 2

we have that

AVARAVARLY]

Now, for any t < 72”f‘|00‘%(6)]35|

Ul KD = tlf ool Ke(F) O REVBE| + e (F)\R () B
< U] fllo| BB + / f(@)de
K:(f)\R(e)BY
e
< 3 +/]R"\R(E)Bg f(z)dx
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< fLE_
515 = €.
Then,
0 < lim | flloo]& ()] < lim #]| flloo K:(f)] =0
t—0+ t—0+

and so

li t)=0

Jim ¢ (t) =0,

or, equivalently,

lim e~ g(u) = 0.
U— 00

Besides, since g is concave there exists lim,_,o+ e = g(u) € R. Consequently,
e~ g(u) attains its maximum for some ug € [0,00) and so ¢ attains its maximum
for some tg = e "0 € (0,1].

Let us prove that such ug (and thus tg) is unique. Assume that there exist
two different u; < uy at which e~ % g(u) attains its maximum. Then, the function
h(u) = —* +log g(u), which is concave since g is concave, attains its maximum at
uy and ug. Thus, for every A € [0,1]

h((1 — Nug + Aug) = (1 — A)h(u1) + Mr(uz)
and so
g((1 = Nug + Aug) = g" ur)g* (uz).

Consequently, all the inequalities in (4) are equalities and, since there is equality
in the arithmetic-geometric mean inequality, g(u;) = g(uz). But then h(ui) >
h(ug), which contradicts the assumption of the maximum being attained at two
different points.

It is left to prove that tg > e~™. This will be done as an observation in the proof
of Lemma 3.1.

O

Now that we have established the existence and uniqueness of the John’s ellipsoid
of an integrable log-concave function f, we can define the integral ratio of f as

Joon f(@)d > _ ( Jon f(z)dz )i
Jon E(f)(@)dx maxye(0,1) ¢(t) )

The integral ratio of a function is an affine invariant, i.e., for any affine map T
we have that I.rat(foT) = I.rat(f). This is a consequence of the following lemma.

Lrat(f) = (

Lemma 2.3. Let f: R™ — R be an integrable log-concave function and let T be an
affine map. Then for any t € (0,1]

E(foT™) =TE(S).
AS a consequence
¢foT_1(t) = |T‘¢f(t)a

the mazimum of ¢or—1 and ¢y is attained for the same to, and

E(foT ™) =E(f)oT™".
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Proof. Notice that
Eo(foT™") ={z €eR" : f(T™'2) 2 t|floc} =T{z € R" : f(z) = tl|flloc} = TK:(f)-
Consequently
E(foT™h) = TE(S).
(I
A log-concave function will be said to be in John’s position if £(f) = (By)to /=

for some ty € (0,1]. As a consequence of the previous lemma, for any log-concave
integrable function there exists an affine map 7" such that foT is in John’s position.

3. MAXIMAL VALUE OF THE INTEGRAL RATIO OF LOG-CONCAVE FUNCTIONS

In this section we will obtain an estimate for the function ¢ () that will allow us
to give an upper bound for the integral ratio of any integrable log-concave function.
In order to do that we start proving the following

Lemma 3.1. Let f be an integrable log-concave function such that max,¢c (o 1) ¢7(t) =
df(to), i-e., its John’s ellipsoid is E(f) = &, (f)elfll. Then for every t € (0,1]

< (1- Liog (1)) e

Besides, if there is equality for every t € (0, 1], then for some ¢ € R™

E(F) = 0 + <1 - %log (;)) £ (f):

Proof. Notice that if ¢, attains its maximum at ty, then the function g(u) :=

e |Ee—u(f)|7, defined on [0, 00), attains its maximum at ug = — logte. Then, for
every u € [0,00),
1 1 _up—u
e (N7 < |Ee—wo (F)|7re™
Since the function h(u) = [E,—ue(f)|7e™ 7 is convex in R and the function

g(u) = |Ec—u(f)|7 is concave in [0,00), as we have seen in Lemma 2.2 the graph of
¢ is under the tangent at ug to the graph of h. Thus, for every u € [0, 00)

o) < glu) (142510

n

Observe that since ¢g(0) > 0, it must be ug < n and thus tyx > e™™. Setting
u = — logt we obtain that for every ¢ € (0, 1]

< (1- 1o (£)) 16t

If there is equality for every ¢ € (0,1], then for every u € [0, 00)

o) = gtuo) (14 52

n

and the function g is an affine function. Thus, for every uj,us € [0,00) and any
A € [0,1] all the inequalities in (4) are equalities and, by the equality cases in
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Minkowski’s determinant inequality, £, (f) and &,-w, (f) are homothetic for every
ug,us € [0,00) and so, for every t € (0, 1]

=+ (1- 1og (1)) (0

for some ¢; € R™. O

The maximizers of the integral ratio will be log-concave functions like the ones
defined in the following lemma. Let us study some of their properties

Lemma 3.2. For any tyg > e~ " and convex body K C R™ with 0 € K, let
fK t (Z‘) — e max{||z|| k —(n+logtp),0} ]
Then
o Ki(fri) = (1 — Llog (i)) Ky (fxto)

Elfrca) = (1= %105 (1)) & (Ficeo)
® maXie(0,1] Pfr. () = Pfrc.s, (o)

_ vrat(K) ! 1 AN ’
Irat(fri,) = T </0 (1 n log <to>) dt)

o Lrat(fxu,) is decreasing in to in the interval [e™™, 1].

Proof. Notice that || fx i|lcc = 1. Then, by definition of K;(fx 1,)
Kilfxw) = {z€R" : max{|lz]x — (n+logto),0} < —logt}
4 1 4
= (n—log <)> K=n (1 — —log <)> K
to n to

Consequently, for any ¢ € (0,1]

Ki(frto) = (1 - %log (;)) Ko (fKto)-
5t(fK,to) = <1 - %log (;)) 5to(fKto)

1 n
(’bevto (t) = % <1 - Elog (;;)) ¢fK,t0 (tO)'

Since the function g(z) = z(1 — logz) attains its maximum at @ = 1, ¢y, (¢)
attains its maximum at t = ty. Consequently

1
t0|gt0(fK to)| Jr

Then

and

Irat(fr )" fK to()dz

—_— K dt
t0|5t0 fKto / K (Ficto)]

= 10 dt
t0|gto fK to | 8 to

- (1nlog(’;)>"dt-
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Changing variables t = tge™® we have
+o00 1 n
Lrat(fru,)" = v.rat(K)/ (1 + s> e~ %ds,
log to n
which is clearly decreasing in ¢y € [e™", 1]. O

Now, we have the following, which in particular, since I.rat(fpn +,) and I.rat(fan +,)
decrease in tg, implies Theorem 1.2.

Theorem 3.3. Let tg € (0,1] and let f : R™ — R be an integrable log-concave
such that maxe(o.1) d(t) = ¢ (to), i.e., its John’s ellipsoid is E(f) = E, (f)olFll=.
Then we have that

Lrat(f) < Lrat(far )

with equality if and only if W = fa,—ct, o1 for some affine map T and some
ce A", If f is even

Lrat(f) < Lrat(fpn i)
with equality if and only if ﬁ = fBn 1, 0T for some T € GL(n).
Proof. Let f:R™ — R be such that max,e(o,1) ¢y (t) = ¢ (to). Then
1

et = T ol Jan T

1
= to|6f<to>|/ol'Kt(f )t

1
= ———— | wvrat(K)"|E(¢)|dt
G, vratt e )

t(A™)"
< v.ra /|5f )|t
tolE¢(to)]

v.rat(A™) / <1—log(t>) it
to 0 n to

== I.Tat(fAn_’tO)n.

Besides, if there is equality, all the inequalities are equalities and so v.rat(K;) =
v.rat(A™), which implies that K, = T, A", for some affine map T; and |E;(t)] =

( — Llog (%)) |€¢(to)|, which by Corollary 3.1 implies that the John’s ellip-

IA

soid of every level set £f(t) = ¢ + (1 — Llog (%))Sf(to) and so Ty = ¢ +
(1 — Llog (%)) T for every t € (0,1]. Thus, we have that

1 t
Kt =ct + (1 - — IOg ()) TA™.
n t()

By Lemma 2.3 we can assume without loss of generality that K;, = nA". In
such case c;, = 0. Then, calling ¢t = e™® and ty = e~*® we have that

K.-s =co-s + <1+E— %0
n

7) K. .
n

By log-concavity, we have that for every s € [0, s¢]

K.« O 2K, .+ (1 - > K,
S0 S0
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- <1—s>c1+(1+—80)1<6_50
So n
and then c,-s = (1 - —) c1. If s > sy we have that

K, . 2 Yk .+ (1— 7) K
S
S0
= ;Ce s+(1_i)cl+Ke s0

and also in this case ¢,-s = (1 — i) c1. Thus, for any s > 0

K, . - (1_5) et (142 =) K,
So n n

Consequently, L = ¢ ?0) o T with T an affine map and

v(z) = inf{s:ze K.}
= inf{s:xe (1—>cl+( —l—S—SO)KeSO}
S0 n n
K, - 1
= inf{s:xenc1+(s+n—so)( £ 0—cl>}
So n S0
K—S ].
= inf{s:xncleJr(ernso)( £ Dcl)}
So n S0
= max x—ﬁcl (n—sp),0
S0 (%K(SO——q)

= max{ |z + — ¢ — (n+logtp),0
log to (%KtoJrﬁcl)
n
= max + c1 — (n+logtp),0
lOg tO (An-‘rloglfo c1

Notice that for v to be well defined necessarily ¢ = c1 € A™ and then there

exists ¢ € A™ such that

log to

f — e max{”.fncH(An,C)7(n+10gt0),0} oT
[1flloo
or, equivalently,
f — e max{H-H(An_C)—(n—i-logto),O} oT
[1f1lo0

The same proof works in the even case. In the even case we know that ¢; = 0
for any ¢ and then T} = ( -1 —log (i)) T. Thus, we can assume without loss of

generality that K;, = nBY and then it implies that ‘ = fBn 0T, (I

Finally, we will compute the integral ratio of this maximizing function in the
following lemma. We will do it for a whole class of functions that include the
maximizing one.
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Lemma 3.4. Let a > 1 and f(x) = e Ik, Then

r(1+2)7\"
M) vrat(K) ~vrat(K).
n

Lrat(f) = (

Proof. On one hand

a Feo e
/ e*”wHde — / / eftdtd;p :/ /1 eitdl’dt
" nJlallz o ik
+oo " n
|K|/ thetdt = |K|T (1+—).
0 «

On the other hand, for any ¢ € (0, 1]

K, = (—logt)iK
and then,
Ef) = (~log) “E(K),
where £(K) is the John ellipsoid of K. Thus,
¢5(t) = t(~logt)=[E(K)].

Let us find maxe(g,1) t(—log )« |E(K)| = maxse(o,400) € *sa |E(K)|. Taking deriva-

tives we obtain that this maximum is attained at s = g and so
n n\a _n

max t(—logt)=|E(K =<—) e «|E(K).

max H—log ) FIE(K) | = (2)" e ¥ e

Consequently

n

Lrat(f) = (MOJFZ)) v.rat(K).

4. REVERSE SOBOLEV-TYPE INEQUALITIES

In this section we will prove Theorem 1.4. First we will define the polar projection
body of a function

Proposition 4.1. Let f : R" — [0,+00) be a log-concave integrable function. If
the following quantity is finite for every x € R™ then it defines a norm

x
|z|l = 2|x|/ max f <y + s) dy.
oL SER |$|
Besides, if f € WHYH(R™) this norm equals

lell = | 19 s ).l

The unit ball of this norm is the polar projection body of f, which will be denoted
by 11" (f).
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Proof. Notice that

]

2|x|/ max f (y—l—sx) dy
2L SER ‘IE|

“+o0
= 2| yext : maxf y—l—si >toldt
0 sER ||

1
= 2l / P, K| dt
0

1
= 2 fll / ez iy

and it is clear that it is a norm.
If f € WHL(R?), for almost every ¢ the boundary of K; is {x € R" : f(x) =
t]| flloo} and we have

1
wy = 2l flle / Py K dt

0
1 £l oo
o[ <u<y>,
0 {f(z)=t}

where v(y) is the outer normal unit vector to {x € R™ : f(x

]

>‘ dH,_1(y)dt

i

>t} and dH,, 1 is the
Y) almost everywhere

Haussdorff measure on the boundary of it. Since v(y) =
the above expression is

/”floo /
0 {f(@)=t}

which, by the co-area formula, equals

[ 195w

< Viy)

Vi) $>‘ dHy—1(y)dt

We will use the following lemma to prove Theorem 1.4.

Lemma 4.2. Let f : R® — R be a log-concave function and g(x) = (BY)*(x).
Then

lm fxge(z) = f(2)

e—0t

and
i F9:(2) = ()
e—0t 9

= |Vf(z)|+ f(z)loga almost everywhere.
Proof. By definition of the Asplund product, since f is continuous,

lim fxg.(2)= lim su x)a® n(,): lim su z—ey)a® = f(2).
i frge(z) = lim sup flw)axey (2 HO+yEBpgf( y)a® = f(2)

Besides, if f is differentiable in z,
_ _ e _ € e _
e THECV IR (e et — (@) + S S)
e—=0t £ e—=0t yEBY 3

. f(z —ey)a® — f(z)a Lot -1
lim sup .
=0t ye By € e—0*+ €
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Since
lim sup f(Z — Ey) — f(Z) — |Vf(2)‘,
e—0+ yEBY 9
the previous limit equals |V f(z)| + f(z) log a. O

The following lemma was proved in [CF]. We reproduce it here for the sake of
completeness:

Lemma 4.3. Let f :R™ — R be an integmble log-concave function. Then

Jon I x fe(@)da — [y f( = n | fl@)de+ [ f(z)log f(z)da

E—}OJr 9 R™ Rn

Proof. First of all, notice that if f(x) = e~*(*) with u a convex function, then
f*fs(z) — e—(l—i—s)u(ﬁ)’

since, as u is convex, its epigraph epiwu is a convex set and then

inf w(z)+eu (g)

z=x+y

inf  wu(z)+eu(y)
z=x+€ey

= inf{p : (z,pu) € (1 +¢)epiu}

= (1+4¢e)u <1j_€)

Then,

Jun [ * fe(@)da = Jgu [ — 1((1+e)”/ e*“*f)“(f)da:—/ e”<f”>dx)
6 n n

<(1 +e)" — 1> / e~ (1+e)u(@) 1.
g n
+ / ) (e_w(x) - 1) dz.
n 3

Now, taking limit when € tends to 0 we obtain the result. The monotone conver-
gence theorem and possibly a translation of the function u allows us to interchange
limits. (]

Now we are able to prove Theorem 1.4:

Proof. Since all the quantities in the statement of the theorem are affine invariant,
i.e., they take the same value for f and for foT', we can assume that f is in John’s
position. That is, £(f) = (By)*lflle. On the one hand, by Jensen’s inequality

1

|H*(f)|% B |B§|% (/Snl (/n <Vf(z),9>|dz)_n d0(9)>n
B3+ /S / (Vf(2),0)|dzdo(0 ))1

2 |Bn 1| -1
[ IVf(z)IdZ>

On the other hand, let g(z) = E(f (). By Lemma 4.2, we have that

VG + ) logltolflle) = lim LXILD 2T

e—0t £

v

n
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P I RO 6

T e—0t 5
By Lemma 4.3, integrating in z € R™ we have that

)|d )dz1 oo )d )1
[ovsenes + [ sl sl <n [ e+ [ e e
Then

[ wrela<n [ @z [ gt
Rn Rr Rn tol| floo

o T (A7
Consequently, W is bounded below by

2|BY

n
n—1

n—1 -1

; ,L T e )l <L s
(tollflle) > Lrat(f) (fR> R (=) |
fR" n—1 dx an

, We can write tg = e~ %" for some s € [0, 1] and then

, ( oo S (@) )  Jen S0 (f7 )

Since tg > e~ "

t =
U\ Jan £ (2)da nlfll = £
= e |(1+50) <fRn> fR” 105((}(@:)@:
Jon £ nllfll o [1£117

Since the maximum of g(s) = e *[(1 4+ s)A+ B] with A >0, B<0 and s > 0 is

attained when s = *7}3 we have that "IB—,L‘ is bounded below by
2
<2|B§‘1|>
n—1 -1
Jan § @) tos (L )da |,
e nlan F@de ||f n —R“ Lrat(f)
f]R" n 1 de
O
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