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ABSTRACT

❈♦♠♣❧❡① ❡✈❡♥t ♣r♦❝❡ss✐♥❣ ✭❈❊P✮ ✐s ❛ ♣r♦♠✐♥❡♥t t❡❝❤♥♦❧♦❣②
✉s❡❞ ✐♥ ♠❛♥② ♠♦❞❡r♥ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ♠♦♥✐t♦r✐♥❣ ❛♥❞ tr❛❝❦✲
✐♥❣ ❡✈❡♥ts ♦❢ ✐♥t❡r❡st ✐♥ ♠❛ss✐✈❡ ❞❛t❛ str❡❛♠s✳ ❈❊P ❡♥❣✐♥❡s
✐♥s♣❡❝t r❡❛❧✲t✐♠❡ ✐♥❢♦r♠❛t✐♦♥ ✢♦✇s ❛♥❞ ❛tt❡♠♣t t♦ ❞❡t❡❝t
❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♦❝❝✉rr❡♥❝❡s ♠❛t❝❤✐♥❣ ♣r❡❞❡✜♥❡❞ ♣❛tt❡r♥s✳
❚❤✐s ✐s ❞♦♥❡ ❜② ❝♦♠❜✐♥✐♥❣ ❜❛s✐❝ ❞❛t❛ ✐t❡♠s✱ ❛❧s♦ ❝❛❧❧❡❞
✏♣r✐♠✐t✐✈❡ ❡✈❡♥ts✑✱ ❛❝❝♦r❞✐♥❣ t♦ ❛ ♣❛tt❡r♥ ❞❡t❡❝t✐♦♥ ♣❧❛♥✱
✐♥ ❛ ♠❛♥♥❡r s✐♠✐❧❛r t♦ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ♠✉❧t✐✲❥♦✐♥ q✉❡r✐❡s
✐♥ tr❛❞✐t✐♦♥❛❧ ❞❛t❛ ♠❛♥❛❣❡♠❡♥t s②st❡♠s✳ ❉❡s♣✐t❡ t❤✐s s✐♠✲
✐❧❛r✐t②✱ ❧✐tt❧❡ ✇♦r❦ ❤❛s ❜❡❡♥ ❞♦♥❡ ♦♥ ✉t✐❧✐③✐♥❣ ❡①✐st✐♥❣ ❥♦✐♥
♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s t♦ ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❈❊P✲
❜❛s❡❞ s②st❡♠s✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ✜rst t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡①♣❡r✐✲

♠❡♥t❛❧ st✉❞② ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ r❡s❡❛r❝❤
❛r❡❛s✳ ❲❡ ❢♦r♠❛❧❧② ♣r♦✈❡ t❤❛t t❤❡ ❈❊P P❧❛♥ ●❡♥❡r❛t✐♦♥
♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❏♦✐♥ ◗✉❡r② P❧❛♥ ●❡♥❡r❛t✐♦♥
♣r♦❜❧❡♠ ❢♦r ❛ r❡str✐❝t❡❞ ❝❧❛ss ♦❢ ♣❛tt❡r♥s ❛♥❞ ❝❛♥ ❜❡ r❡❞✉❝❡❞
t♦ ✐t ❢♦r ❛ ❝♦♥s✐❞❡r❛❜❧② ✇✐❞❡r r❛♥❣❡ ♦❢ ❝❧❛ss❡s✳ ❚❤✐s r❡s✉❧t
✐♠♣❧✐❡s t❤❡ ◆P✲❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ❈❊P P❧❛♥ ●❡♥❡r❛t✐♦♥
♣r♦❜❧❡♠✳ ❲❡ ❢✉rt❤❡r s❤♦✇ ❤♦✇ ❥♦✐♥ q✉❡r② ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤✲
♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ❧❛st ❞❡❝❛❞❡s ❝❛♥ ❜❡ ❛❞❛♣t❡❞ ❛♥❞
✉t✐❧✐③❡❞ t♦ ♣r♦✈✐❞❡ ♣r❛❝t✐❝❛❧❧② ❡✣❝✐❡♥t s♦❧✉t✐♦♥s ❢♦r ❝♦♠♣❧❡①
❡✈❡♥t ❞❡t❡❝t✐♦♥✳ ❖✉r ❡①♣❡r✐♠❡♥ts ❞❡♠♦♥str❛t❡ t❤❡ s✉♣❡r✐✲
♦r✐t② ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s ♦✈❡r ❡①✐st✐♥❣ str❛t❡❣✐❡s ❢♦r ❈❊P
♦♣t✐♠✐③❛t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤r♦✉❣❤♣✉t✱ ❧❛t❡♥❝②✱ ❛♥❞ ♠❡♠♦r②
❝♦♥s✉♠♣t✐♦♥✳

P❱▲❉❇ ❘❡❢❡r❡♥❝❡ ❋♦r♠❛t✿

■❧②❛ ❑♦❧❝❤✐♥s❦② ❛♥❞ ❆ss❛❢ ❙❝❤✉st❡r✳ ❏♦✐♥ ◗✉❡r② ❖♣t✐♠✐③❛t✐♦♥
❚❡❝❤♥✐q✉❡s ❢♦r ❈♦♠♣❧❡① ❊✈❡♥t Pr♦❝❡ss✐♥❣ ❆♣♣❧✐❝❛t✐♦♥s✳ P❱▲❉❇✱
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Categories and Subject Descriptors
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General Terms

❆❧❣♦r✐t❤♠s✱ ❉❡s✐❣♥✱ P❡r❢♦r♠❛♥❝❡
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1. INTRODUCTION
❈♦♠♣❧❡① ❡✈❡♥t ♣r♦❝❡ss✐♥❣ ❤❛s ❜❡❝♦♠❡ ✐♥❝r❡❛s✐♥❣❧② ✐♠✲

♣♦rt❛♥t ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❛r❜✐tr❛r✐❧② ❝♦♠♣❧❡① ♣❛t✲
t❡r♥s ♠✉st ❜❡ ❡✣❝✐❡♥t❧② ❞❡t❡❝t❡❞ ♦✈❡r ❤✐❣❤✲s♣❡❡❞ str❡❛♠s
♦❢ ❡✈❡♥ts✳ ❖♥❧✐♥❡ ✜♥❛♥❝❡✱ s❡❝✉r✐t② ♠♦♥✐t♦r✐♥❣✱ ❛♥❞ ❢r❛✉❞
❞❡t❡❝t✐♦♥ ❛r❡ ❛♠♦♥❣ t❤❡ ♠❛♥② ❡①❛♠♣❧❡s✳ P❛tt❡r♥ ❞❡t❡❝t✐♦♥
❣❡♥❡r❛❧❧② ❝♦♥s✐sts ♦❢ ❝♦❧❧❡❝t✐♥❣ ♣r✐♠✐t✐✈❡ ❡✈❡♥ts ❛♥❞ ❝♦♠❜✐♥✲
✐♥❣ t❤❡♠ ✐♥t♦ ♣♦t❡♥t✐❛❧ ✭♣❛rt✐❛❧✮ ♠❛t❝❤❡s ✉s✐♥❣ s♦♠❡ t②♣❡
♦❢ ❞❡t❡❝t✐♦♥ ♠♦❞❡❧✳ ❆s ♠♦r❡ ❡✈❡♥ts ❛r❡ ❛❞❞❡❞ t♦ ❛ ♣❛rt✐❛❧
♠❛t❝❤✱ ❛ ❢✉❧❧ ♣❛tt❡r♥ ♠❛t❝❤ ✐s ❡✈❡♥t✉❛❧❧② ❢♦r♠❡❞ ❛♥❞ r❡✲
♣♦rt❡❞✳ P♦♣✉❧❛r ❈❊P ♠❡❝❤❛♥✐s♠s ✐♥❝❧✉❞❡ ♥♦♥❞❡t❡r♠✐♥✐st✐❝
✜♥✐t❡ ❛✉t♦♠❛t❛ ✭◆❋❆s✮ ❬✺✱ ✶✽✱ ✺✶❪✱ ✜♥✐t❡ st❛t❡ ♠❛❝❤✐♥❡s ❬✻✱
✹✺❪✱ tr❡❡s ❬✸✻❪✱ ❛♥❞ ❡✈❡♥t ♣r♦❝❡ss✐♥❣ ♥❡t✇♦r❦s ❬✷✶✱ ✹✷❪✳
❆ ❈❊P ❡♥❣✐♥❡ ❝r❡❛t❡s ❛♥ ✐♥t❡r♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❡❛❝❤

♣❛tt❡r♥ P t♦ ❜❡ ♠♦♥✐t♦r❡❞✳ ❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥
❛ ♠♦❞❡❧ ✉s❡❞ ❢♦r ❞❡t❡❝t✐♦♥ ✭❡✳❣✳✱ ❛♥ ❛✉t♦♠❛t♦♥ ♦r ❛ tr❡❡✮
❛♥❞ r❡✢❡❝ts t❤❡ str✉❝t✉r❡ ♦❢ P ✳ ■♥ s♦♠❡ s②st❡♠s ❬✺✱ ✺✶❪✱ t❤❡
tr❛♥s❧❛t✐♦♥ ❢r♦♠ ❛ ♣❛tt❡r♥ s♣❡❝✐✜❝❛t✐♦♥ t♦ ❛ ❝♦rr❡s♣♦♥❞✐♥❣
r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ♠❛♣♣✐♥❣✳ ❖t❤❡r ❢r❛♠❡✇♦r❦s
❬✻✱ ✸✵✱ ✸✻✱ ✹✷✱ ✹✺❪ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❝♦st✲❜❛s❡❞ ❡✈❛❧✉✲
❛t✐♦♥ ♣❧❛♥✱ ✇❤❡r❡ ♠✉❧t✐♣❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ P ❛r❡ ♣♦ss✐❜❧❡✱
❛♥❞ ♦♥❡ ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✉s❡r✬s ♣r❡❢❡r❡♥❝❡ ♦r s♦♠❡
♣r❡❞❡✜♥❡❞ ❝♦st ♠❡tr✐❝✳
❲❡ ✇✐❧❧ ✐❧❧✉str❛t❡ t❤❡ ❛❜♦✈❡ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳

❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ r❡❝❡✐✈✐♥❣ ♣❡r✐♦❞✐❝❛❧ r❡❛❞✐♥❣s ❢r♦♠ ❢♦✉r
tr❛✣❝ ❝❛♠❡r❛s ❆✱ ❇✱ ❈ ❛♥❞ ❉✳ ❲❡ ❛r❡ r❡q✉✐r❡❞ t♦ r❡❝♦❣♥✐③❡
❛ s❡q✉❡♥❝❡ ♦❢ ❛♣♣❡❛r❛♥❝❡s ♦❢ ❛ ♣❛rt✐❝✉❧❛r ✈❡❤✐❝❧❡ ♦♥ ❛❧❧ ❢♦✉r
❝❛♠❡r❛s ✐♥ ♦r❞❡r ♦❢ t❤❡✐r ♣♦s✐t✐♦♥ ♦♥ ❛ r♦❛❞✱ ❡✳❣✳✱ A → B →
C → D✳ ❆ss✉♠❡ ❛❧s♦ t❤❛t✱ ❞✉❡ t♦ ❛ ♠❛❧❢✉♥❝t✐♦♥ ✐♥ ❝❛♠❡r❛
❉✱ ✐t ♦♥❧② tr❛♥s♠✐ts ♦♥❡ ❢r❛♠❡ ❢♦r ❡❛❝❤ ✶✵ ❢r❛♠❡s s❡♥t ❜②
t❤❡ ♦t❤❡r ❝❛♠❡r❛s✳
❋✐❣✉r❡ ✶✭❛✮ ❞✐s♣❧❛②s ❛ ♥♦♥❞❡t❡r♠✐♥✐st✐❝ ✜♥✐t❡ ❛✉t♦♠❛t♦♥

✭◆❋❆✮ ❢♦r ❞❡t❡❝t✐♥❣ t❤✐s ♣❛tt❡r♥✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✺✶❪✳ ❆
st❛t❡ ✐s ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ♣r❡✜① ♦❢ ❛ ✈❛❧✐❞ ♠❛t❝❤✳ ❉✉r✐♥❣
❡✈❛❧✉❛t✐♦♥✱ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝❛♠❡r❛ r❡❛❞✐♥❣s ♠❛t❝❤✐♥❣ ❡❛❝❤
♣r❡✜① ✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ✉♥✐q✉❡ ✐♥st❛♥❝❡ ♦❢ t❤❡ ◆❋❆
✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡✳ ❚r❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ st❛t❡s ❛r❡
tr✐❣❣❡r❡❞ ♥♦♥❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❜② t❤❡ ❛rr✐✈❛❧ ♦❢ ❛♥ ❡✈❡♥t s❛t✲
✐s❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ❜② t❤❡ ♣❛tt❡r♥✳ ❆ ♥❡✇ ◆❋❆
✐♥st❛♥❝❡ ✐s ❝r❡❛t❡❞ ✉♣♦♥ ❡❛❝❤ tr❛♥s✐t✐♦♥✳
❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❛❜♦✈❡ ❛✉t♦♠❛t♦♥ ✐s ✉♥✐q✉❡❧② ❞✐❝t❛t❡❞

❜② t❤❡ ♦r❞❡r ♦❢ ❡✈❡♥ts ✐♥ t❤❡ ❣✐✈❡♥ s❡q✉❡♥❝❡✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦
t❤❡ ❧♦✇ tr❛♥s♠✐ss✐♦♥ r❛t❡ ♦❢ ❉✱ ✐t ✇♦✉❧❞ ❜❡ ❜❡♥❡✜❝✐❛❧ t♦ ✇❛✐t
❢♦r ✐ts s✐❣♥❛❧ ❜❡❢♦r❡ ❡①❛♠✐♥✐♥❣ t❤❡ ❧♦❝❛❧ ❤✐st♦r② ❢♦r ♣r❡✈✐♦✉s
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✭❛✮

✭❜✮

✭❝✮

❋✐❣✉r❡ ✶✿ ❊✈❛❧✉❛t✐♦♥ str✉❝t✉r❡s ❢♦r ❛ ❈❊P ♣❛tt❡r♥
❙❊◗✭❆✱❇✱❈✱❉✮✿ ✭❛✮ ◆❋❆ ✇✐t❤ ♥♦ r❡♦r❞❡r✐♥❣❀ ✭❜✮ ◆❋❆ ✇✐t❤
r❡♦r❞❡r✐♥❣❀ ✭❝✮ ❡✈❛❧✉❛t✐♦♥ tr❡❡✳

r❡❛❞✐♥❣s ♦❢ ❆✱ ❇ ❛♥❞ ❈ t❤❛t ♠❛t❝❤ t❤❡ ❝♦♥str❛✐♥ts✳ ❚❤✐s
✇❛②✱ ❢❡✇❡r ♣r❡✜①❡s ✇♦✉❧❞ ❜❡ ❝r❡❛t❡❞✳ ❋✐❣✉r❡ ✶✭❜✮ ❞❡♠♦♥✲
str❛t❡s ❛♥ ♦✉t✲♦❢✲♦r❞❡r ◆❋❆ ❢♦r t❤❡ r❡✇r✐tt❡♥ ♣❛tt❡r♥ ✭❞❡✲
✜♥❡❞ ❛s ✏▲❛③② ◆❋❆✑ ✐♥ ❬✸✵❪✮✳ ■t st❛rts ❜② ♠♦♥✐t♦r✐♥❣ t❤❡
r❛r❡st ❡✈❡♥t t②♣❡ ❉ ❛♥❞ st♦r✐♥❣ t❤❡ ♦t❤❡r ❡✈❡♥ts ✐♥ t❤❡ ❞❡❞✲
✐❝❛t❡❞ ❜✉✛❡r✳ ❆s ❛ r❡❛❞✐♥❣ ❢r♦♠ ❝❛♠❡r❛ ❉ ❛rr✐✈❡s✱ t❤❡ ❜✉✛❡r
✐s ✐♥s♣❡❝t❡❞ ❢♦r ❡✈❡♥ts ❢r♦♠ ❆✱ ❇ ❛♥❞ ❈ ♣r❡❝❡❞✐♥❣ t❤❡ ♦♥❡
r❡❝❡✐✈❡❞ ❢r♦♠ ❉ ❛♥❞ ❧♦❝❛t❡❞ ✐♥ t❤❡ s❛♠❡ t✐♠❡ ✇✐♥❞♦✇✳ ❚❤✐s
♣❧❛♥ ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ♦♥❡ ✐♠♣❧✐❝✐t❧② ✉s❡❞ ❜② t❤❡
✜rst ◆❋❆ ✐♥ t❡r♠s ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s ❝r❡❛t❡❞
❞✉r✐♥❣ ❡✈❛❧✉❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✉♥❧❡ss ♠♦r❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡
❡✈❡♥ts ❛r❡ ❞❡✜♥❡❞✱ ✐t ✐s t❤❡ ❜❡st ♦✉t ♦❢ ❛❧❧ (4!) ♣♦ss✐❜❧❡ ♣❧❛♥s✱
t❤❛t ✐s✱ ♠✉t✉❛❧ ♦r❞❡rs ♦❢ ❆✱ ❇✱ ❈ ❛♥❞ ❉✳
◆♦t ❛❧❧ ❈❊P ♠❡❝❤❛♥✐s♠s r❡♣r❡s❡♥t ❛ ♣❧❛♥ ❛s ❛♥ ❡✈❛❧✉❛✲

t✐♦♥ ♦r❞❡r✳ ❋✐❣✉r❡ ✶✭❝✮ ❞❡♣✐❝ts ❛ tr❡❡✲❜❛s❡❞ ❡✈❛❧✉❛t✐♦♥ ♠❡❝❤✲
❛♥✐s♠ ❬✸✻❪ ❢♦r ❞❡t❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ♣❛tt❡r♥✳ ❊✈❡♥ts ❛r❡ ❛❝✲
❝❡♣t❡❞ ❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡ ❛♥❞ ♣❛ss❡❞ t♦✲
✇❛r❞s t❤❡ r♦♦t ✇❤❡r❡ ❢✉❧❧ ♠❛t❝❤❡s ❛r❡ r❡♣♦rt❡❞✳ ❚❤✐s ♠♦❞❡❧
r❡q✉✐r❡s ❛♥ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ t♦ ❜❡ s✉♣♣❧✐❡❞✱ ❜❡❝❛✉s❡✱ ❢♦r ❛

♣❛tt❡r♥ ♦❢ s✐③❡ n✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛st n! · Cn−1 = (2n−2)!
(n−1)!

♣♦s✲

s✐❜❧❡ tr❡❡s ✭✇❤❡r❡ Cn ✐s t❤❡ nth ❈❛t❛❧❛♥ ♥✉♠❜❡r✮ ❬✸✼❪✳
■♥ ♠❛♥② s❝❡♥❛r✐♦s✱ ✇❡ ✇✐❧❧ ♣r❡❢❡r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♠❡❝❤✲

❛♥✐s♠s s✉♣♣♦rt✐♥❣ ❝♦st✲❜❛s❡❞ ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ ♦✈❡r t❤♦s❡
♠❡❝❤❛♥✐s♠s ❛❧❧♦✇✐♥❣ ❢♦r ♦♥❧② ♦♥❡ s✉❝❤ ♣❧❛♥ t♦ ❜❡ ❞❡✜♥❡❞✳
❚❤✐s ✇❛②✱ ✇❡ ❝❛♥ ❞r❛st✐❝❛❧❧② ❜♦♦st s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ s✉❜✲
❥❡❝t t♦ s❡❧❡❝t❡❞ ♠❡tr✐❝s ❜② ♣✐❝❦✐♥❣ ♠♦r❡ ❡✣❝✐❡♥t ♣❧❛♥s✳ ❍♦✇✲
❡✈❡r✱ ❛s t❤❡ s♣❛❝❡ ♦❢ ♣♦t❡♥t✐❛❧ ♣❧❛♥s ✐s ❛t ❧❡❛st ❡①♣♦♥❡♥t✐❛❧
✐♥ ♣❛tt❡r♥ s✐③❡✱ ✜♥❞✐♥❣ ❛♥ ♦♣t✐♠❛❧ ♣❧❛♥ ✐s ♥♦t ❛ tr✐✈✐❛❧ t❛s❦✳
◆✉♠❡r♦✉s ❛✉t❤♦rs ❤❛✈❡ ✐❞❡♥t✐✜❡❞ ❛♥❞ t❛r❣❡t❡❞ t❤✐s ✐s✲

s✉❡✳ ❙♦♠❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ s♦❧✉t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ r❡✇r✐t✐♥❣
t❤❡ ♦r✐❣✐♥❛❧ ♣❛tt❡r♥ ❛❝❝♦r❞✐♥❣ t♦ ❛ s❡t ♦❢ ♣r❡❞❡✜♥❡❞ r✉❧❡s
t♦ ♠❛①✐♠✐③❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ✐ts ❞❡t❡❝t✐♦♥ ❬✹✷✱ ✹✺❪✳ ❖t❤❡r
❛♣♣r♦❛❝❤❡s ❞✐s❝✉ss ✈❛r✐♦✉s str❛t❡❣✐❡s ❛♥❞ ❛❧❣♦r✐t❤♠s ❢♦r ❣❡♥✲
❡r❛t✐♥❣ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡
❢♦r ❛ ❣✐✈❡♥ ♣❛tt❡r♥ ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ❝♦st ❢✉♥❝t✐♦♥ ❬✻✱ ✸✵✱
✸✻❪✳ ❲❤✐❧❡ t❤❡ ❛❜♦✈❡ ❛♣♣r♦❛❝❤❡s ❞❡♠♦♥str❛t❡ ♣r♦♠✐s✐♥❣
r❡s✉❧ts✱ t❤✐s r❡s❡❛r❝❤ ✜❡❧❞ r❡♠❛✐♥s ❧❛r❣❡❧② ✉♥❡①♣❧♦r❡❞✱ ❛♥❞
t❤❡ s♣❛❝❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ✐s st✐❧❧ ❢❛r
❢r♦♠ ❜❡✐♥❣ ❡①❤❛✉st❡❞✳

❚❤❡ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❝❧♦s❡❧② r❡s❡♠❜❧❡s t❤❡ ♣r♦❜✲
❧❡♠ ♦❢ ❡st✐♠❛t✐♥❣ ❡①❡❝✉t✐♦♥ ♣❧❛♥s ❢♦r ❧❛r❣❡ ❥♦✐♥ q✉❡r✐❡s✳ ❆s
♦♣♣♦s❡❞ t♦ ❈❊P ♣❧❛♥ ❣❡♥❡r❛t✐♦♥✱ t❤✐s ✐s ❛ ✇❡❧❧✲❦♥♦✇♥✱ ❡st❛❜✲
❧✐s❤❡❞✱ ❛♥❞ ❡①t❡♥s✐✈❡❧② t❛r❣❡t❡❞ r❡s❡❛r❝❤ t♦♣✐❝✳ ❆ ♣❧❡t❤♦r❛ ♦❢
♠❡t❤♦❞s ❛♥❞ ❛♣♣r♦❛❝❤❡s ♣r♦❞✉❝✐♥❣ ❝❧♦s❡✲t♦✲♦♣t✐♠❛❧ r❡s✉❧ts
✇❡r❡ ♣✉❜❧✐s❤❡❞ ❞✉r✐♥❣ t❤❡ ❧❛st ❢❡✇ ❞❡❝❛❞❡s✳ ❚❤❡s❡ ♠❡t❤♦❞s
r❛♥❣❡ ❢r♦♠ s✐♠♣❧❡ ❣r❡❡❞② ❤❡✉r✐st✐❝s✱ t♦ ❡①❤❛✉st✐✈❡ ❞②♥❛♠✐❝
♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s✱ t♦ r❛♥❞♦♠✐③❡❞ ❛♥❞ ❣❡♥❡t✐❝ ❛❧❣♦✲
r✐t❤♠s ❬✸✷✱ ✸✸✱ ✸✽✱ ✹✻✱ ✹✼✱ ✹✽❪✳
❇♦t❤ ♣r♦❜❧❡♠s ❧♦♦❦ ❢♦r ❛ ✇❛② t♦ ❡✣❝✐❡♥t❧② ❝♦♠❜✐♥❡ ♠✉❧✲

t✐♣❧❡ ❞❛t❛ ✐t❡♠s s✉❝❤ t❤❛t s♦♠❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s ♠✐♥✐♠✐③❡❞✳
❆❧s♦✱ ❜♦t❤ ♣r♦❞✉❝❡ s♦❧✉t✐♦♥s ♣♦ss❡ss✐♥❣ s✐♠✐❧❛r str✉❝t✉r❡s✳
■❢ ✇❡ r❡❡①❛♠✐♥❡ ❋✐❣✉r❡ ✶✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥s
❢♦r ◆❋❆s ✭✶✭❜✮✮ ❛♥❞ tr❡❡s ✭✶✭❝✮✮ ❝❧♦s❡❧② r❡s❡♠❜❧❡ ❧❡❢t✲❞❡❡♣
tr❡❡ ♣❧❛♥s ❛♥❞ ❜✉s❤② tr❡❡ ♣❧❛♥s ❬✷✻❪ r❡s♣❡❝t✐✈❡❧②✳ ❆♥ ✐♥✲
t❡r❡st✐♥❣ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ❥♦✐♥✲r❡❧❛t❡❞ t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡
✉s❡❞ t♦ ❝r❡❛t❡ ❜❡tt❡r ❈❊P ♣❧❛♥s ✉s✐♥❣ ❛ ♣r♦♣❡r r❡❞✉❝t✐♦♥✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛tt❡♠♣t t♦ ❝❧♦s❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ t✇♦

❛r❡❛s ♦❢ r❡s❡❛r❝❤✳ ❲❡ st✉❞② t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❈❊P
P❧❛♥ ●❡♥❡r❛t✐♦♥ ✭❈P●✮ ❛♥❞ ❏♦✐♥ ◗✉❡r② P❧❛♥ ●❡♥❡r❛t✐♦♥
✭❏◗P●✮ ♣r♦❜❧❡♠s ❛♥❞ s❤♦✇ t❤❛t ❛♥② ✐♥st❛♥❝❡ ♦❢ ❈P● ❝❛♥
❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛♥ ✐♥st❛♥❝❡ ♦❢ ❏◗P●✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛♥②
❡①✐st✐♥❣ ♠❡t❤♦❞ ❢♦r ❏◗P● ❝❛♥ ❜❡ ♠❛❞❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ❈P●✳
❖✉r ❝♦♥tr✐❜✉t✐♦♥s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿
❼ ❲❡ ❢♦r♠❛❧❧② ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❏◗P● ❛♥❞ ❈P●

❢♦r ❛ ❧❛r❣❡ s✉❜s❡t ♦❢ ❈❊P ♣❛tt❡r♥s✱ t❤❡ ❝♦♥❥✉♥❝t✐✈❡ ♣❛t✲
t❡r♥s✳ ❚❤❡ ♣r♦♦❢ ❛❞❞r❡ss❡s t❤❡ t✇♦ ♠❛❥♦r ❝❧❛ss❡s ♦❢ ❡✈❛❧✉✲
❛t✐♦♥ ♣❧❛♥s✱ t❤❡ ♦r❞❡r✲❜❛s❡❞ ♣❧❛♥s ❛♥❞ t❤❡ tr❡❡✲❜❛s❡❞ ♣❧❛♥s
✭❙❡❝t✐♦♥ ✸✮✳
❼ ❲❡ ❡①t❡♥❞ t❤❡ ❛❜♦✈❡ r❡s✉❧t ❜② s❤♦✇✐♥❣ ❤♦✇ ♦t❤❡r ♣❛t✲

t❡r♥ t②♣❡s ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ t♦ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥s✱ t❤✉s
♣r♦✈✐♥❣ t❤❛t ❛♥② ✐♥st❛♥❝❡ ♦❢ ❈P● ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛♥
✐♥st❛♥❝❡ ♦❢ ❏◗P● ✭❙❡❝t✐♦♥ ✹✮✳
❼ ❚❤❡ ❞❡♣❧♦②♠❡♥t ♦❢ ❛ ❏◗P● ♠❡t❤♦❞ t♦ ❈P● ✐s ♥♦t tr✐✈✲

✐❛❧✱ ❛s ♠✉❧t✐♣❧❡ ❈❊P✲s♣❡❝✐✜❝ ✐ss✉❡s ♥❡❡❞ t♦ ❜❡ ❛❞❞r❡ss❡❞✱
s✉❝❤ ❛s ❞❡t❡❝t✐♦♥ ❧❛t❡♥❝② ❝♦♥str❛✐♥ts✱ ❡✈❡♥t ❝♦♥s✉♠♣t✐♦♥
♣♦❧✐❝✐❡s✱ ❛♥❞ ❛❞❛♣t✐✈✐t② ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❲❡ ♣r❡s❡♥t ❛♥❞ ❞✐s✲
❝✉ss t❤❡ st❡♣s ❡ss❡♥t✐❛❧ ❢♦r s✉❝❝❡ss❢✉❧ ❛❞❛♣t❛t✐♦♥ ♦❢ ❏◗P●
t❡❝❤♥✐q✉❡s t♦ t❤❡ ❈❊P ❞♦♠❛✐♥ ✭❙❡❝t✐♦♥ ✺✮✳
❼ ❲❡ ✈❛❧✐❞❛t❡ ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ✐♥ ❛♥ ❡①t❡♥s✐✈❡ ❡①✲

♣❡r✐♠❡♥t❛❧ st✉❞②✳ ❙❡✈❡r❛❧ ✇❡❧❧✲❦♥♦✇♥ ❏◗P● ♠❡t❤♦❞s✱ s✉❝❤
❛s ■t❡r❛t✐✈❡ ■♠♣r♦✈❡♠❡♥t ❬✹✽❪ ❛♥❞ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣
❬✹✻❪✱ ✇❡r❡ ❛♣♣❧✐❡❞ ♦♥ ❛ r❡❛❧✲✇♦r❧❞ ❡✈❡♥t ❞❛t❛s❡t ❛♥❞ ❝♦♠✲
♣❛r❡❞ t♦ t❤❡ ❡①✐st✐♥❣ st❛t❡✲♦❢✲t❤❡✲❛rt ❈P● ♠❡❝❤❛♥✐s♠s✳ ❚❤❡
r❡s✉❧ts ❞❡♠♦♥str❛t❡ t❤❡ s✉♣❡r✐♦r✐t② ♦❢ t❤❡ ❛❞❛♣t❡❞ ❏◗P●
t❡❝❤♥✐q✉❡s ✭❙❡❝t✐♦♥ ✻✮✳

2. BACKGROUND AND TERMINOLOGY
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ t❤r♦✉❣❤✲

♦✉t t❤✐s ♣❛♣❡r✱ ♣r♦✈✐❞❡ t❤❡ ♥❡❝❡ss❛r② ❜❛❝❦❣r♦✉♥❞ ♦♥ ❝♦♠✲
♣❧❡① ❡✈❡♥t ♣r♦❝❡ss✐♥❣ ❛♥❞ ❞❡s❝r✐❜❡ t❤❡ t✇♦ ♣r♦❜❧❡♠s ✇❤♦s❡
r❡❧❛t✐♦♥s❤✐♣ ✇✐❧❧ ❜❡ ❝❧♦s❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✳

2.1 CEP Patterns
❚❤❡ ♣❛tt❡r♥s r❡❝♦❣♥✐③❡❞ ❜② ❈❊P s②st❡♠s ❛r❡ ♥♦r♠❛❧❧②

❢♦r♠❡❞ ✉s✐♥❣ ❞❡❝❧❛r❛t✐✈❡ s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡s ❬✶✹✱ ✶✽✱ ✺✶❪✳
❆ ♣❛tt❡r♥ ✐s ❞❡✜♥❡❞ ❜② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣r✐♠✐t✐✈❡ ❡✈❡♥ts✱
♦♣❡r❛t♦rs✱ ❛ s❡t ♦❢ ♣r❡❞✐❝❛t❡s t♦ ❜❡ s❛t✐s✜❡❞ ❜② t❤❡ ♣❛rt✐❝✐✲
♣❛t✐♥❣ ❡✈❡♥ts✱ ❛♥❞ ❛ t✐♠❡ ✇✐♥❞♦✇✳ ❊❛❝❤ ❡✈❡♥t ✐s r❡♣r❡s❡♥t❡❞
❜② ❛ t②♣❡ ❛♥❞ ❛ s❡t ♦❢ ❛ttr✐❜✉t❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♦❝❝✉rr❡♥❝❡
t✐♠❡st❛♠♣✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ♣r✐♠✐t✐✈❡ ❡✈❡♥t ❤❛s ❛ ✇❡❧❧✲
❞❡✜♥❡❞ t②♣❡✱ ✐✳❡✳✱ t❤❡ ❡✈❡♥t ❡✐t❤❡r ❝♦♥t❛✐♥s t❤❡ t②♣❡ ❛s ❛♥
❛ttr✐❜✉t❡ ♦r ✐t ❝❛♥ ❜❡ ❡❛s✐❧② ✐♥❢❡rr❡❞ ❢r♦♠ ♦t❤❡r ❛ttr✐❜✉t❡s
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✉s✐♥❣ ♥❡❣❧✐❣✐❜❧❡ s②st❡♠ r❡s♦✉r❝❡s✳ ❚❤❡ ♦♣❡r❛t♦rs ❞❡s❝r✐❜❡
t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❡✈❡♥ts ❝♦♠♣r✐s✐♥❣ ❛ ♣❛tt❡r♥
♠❛t❝❤✳ ❚❤❡ ♣r❡❞✐❝❛t❡s✱ ✉s✉❛❧❧② ♦r❣❛♥✐③❡❞ ✐♥ ❛ ❇♦♦❧❡❛♥ ❢♦r✲
♠✉❧❛✱ s♣❡❝✐❢② t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❛ttr✐❜✉t❡ ✈❛❧✉❡s ♦❢ t❤❡
❡✈❡♥ts✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛tt❡r♥ s♣❡❝✲
✐✜❝❛t✐♦♥ s②♥t❛①✱ t❛❦❡♥ ❢r♦♠ ❙❆❙❊ ❬✺✶❪✿

P❆❚❚❊❘◆ op (T1 e1, T2 e2, · · · , Tn en)
❲❍❊❘❊ (c1,1 ∧ c1,2 ∧ · · · ∧ cn,n−1 ∧ cn,n)
❲■❚❍■◆ ❲✳

❍❡r❡✱ t❤❡ P❆❚❚❊❘◆ ❝❧❛✉s❡ s♣❡❝✐✜❡s t❤❡ ❡✈❡♥ts e1, · · · , en
✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❞❡t❡❝t ❛♥❞ t❤❡ ♦♣❡r❛t♦r op t♦ ❝♦♠❜✐♥❡ t❤❡♠
✭s❡❡ ❜❡❧♦✇✮✳ ❚❤❡ ❲❍❊❘❊ ❝❧❛✉s❡ ❞❡✜♥❡s ❛ ❇♦♦❧❡❛♥ ❈◆❋
❢♦r♠✉❧❛ ♦❢ ✐♥t❡r✲❡✈❡♥t ❝♦♥str❛✐♥ts✱ ✇❤❡r❡ ci,j ; 1 ≤ i, j ≤ n
st❛♥❞s ❢♦r t❤❡ ♠✉t✉❛❧ ❝♦♥❞✐t✐♦♥ ❜❡t✇❡❡♥ ❛ttr✐❜✉t❡s ♦❢ ei ❛♥❞
ej ✳ ci,i ❞❡❝❧❛r❡s ✜❧t❡r ❝♦♥❞✐t✐♦♥s ♦♥ ei✳ ❆♥② ♦❢ ci,j ❝❛♥ ❜❡
❡♠♣t②✳ ❋♦r t❤❡ r❡st ♦❢ ♦✉r ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ❝♦♥❞✐✲
t✐♦♥s ❜❡t✇❡❡♥ ❡✈❡♥ts ❛r❡ ❛t ♠♦st ♣❛✐r✇✐s❡✳ ❚❤✐s ❛ss✉♠♣t✐♦♥
✐s ❢♦r ♣r❡s❡♥t❛t✐♦♥❛❧ ♣✉r♣♦s❡s ♦♥❧②✱ ❛s ♦✉r r❡s✉❧ts ❝❛♥ ❜❡ ❡❛s✲
✐❧② ❣❡♥❡r❛❧✐③❡❞ t♦ ❛r❜✐tr❛r② ♣r❡❞✐❝❛t❡s✳ ❚❤❡ ❲■❚❍■◆ ❝❧❛✉s❡
s❡ts t❤❡ t✐♠❡ ✇✐♥❞♦✇ W ✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛①✐♠❛❧ ❛❧❧♦✇❡❞ ❞✐❢✲
❢❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✐♠❡st❛♠♣s ♦❢ ❛♥② ♣❛✐r ♦❢ ❡✈❡♥ts ✐♥ ❛
♠❛t❝❤✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞

♦♣❡r❛t♦rs✱ ♥❛♠❡❧② ❆◆❉✱ ❙❊◗✱ ❛♥❞ ❖❘✳ ❚❤❡ ❆◆❉ ♦♣❡r❛t♦r
r❡q✉✐r❡s t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛❧❧ ❡✈❡♥ts s♣❡❝✐✜❡❞ ✐♥ t❤❡ ♣❛tt❡r♥
✇✐t❤✐♥ t❤❡ t✐♠❡ ✇✐♥❞♦✇✳ ❚❤❡ ❙❊◗ ♦♣❡r❛t♦r ❡①t❡♥❞s t❤✐s
❞❡✜♥✐t✐♦♥ ❜② ❛❧s♦ ❡①♣❡❝t✐♥❣ t❤❡ ❡✈❡♥ts t♦ ❛♣♣❡❛r ✐♥ ❛ ♣r❡❞❡✲
✜♥❡❞ t❡♠♣♦r❛❧ ♦r❞❡r✳ ❚❤❡ ❖❘ ♦♣❡r❛t♦r ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❛♣♣❡❛r❛♥❝❡ ♦❢ ❛♥② ❡✈❡♥t ♦✉t ♦❢ t❤♦s❡ s♣❡❝✐✜❡❞✳
❚✇♦ ❛❞❞✐t✐♦♥❛❧ ♦♣❡r❛t♦rs ♦❢ ♣❛rt✐❝✉❧❛r ✐♠♣♦rt❛♥❝❡ ❛r❡ t❤❡

♥❡❣❛t✐♦♥ ♦♣❡r❛t♦r ✭◆❖❚✮ ❛♥❞ t❤❡ ❑❧❡❡♥❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r
✭❑▲✮✳ ❚❤❡② ❝❛♥ ♦♥❧② ❜❡ ❛♣♣❧✐❡❞ ♦♥ ❛ s✐♥❣❧❡ ❡✈❡♥t ❛♥❞ ❛r❡
✉s❡❞ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ♦t❤❡r ♦♣❡r❛t♦rs✳ NOT (ei) r❡✲
q✉✐r❡s t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ ❡✈❡♥t ei ❢r♦♠ t❤❡ str❡❛♠ ✭♦r ❢r♦♠
❛ s♣❡❝✐✜❝ ♣♦s✐t✐♦♥ ✐♥ t❤❡ ♣❛tt❡r♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❙❊◗ ♦♣✲
❡r❛t♦r✮✱ ✇❤❡r❡❛s KL (ei) ❛❝❝❡♣ts ♦♥❡ ♦r ♠♦r❡ ✐♥st❛♥❝❡s ♦❢
ei✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ ◆❖❚ ❛♥❞
❑▲ ❛s ✉♥❛r② ♦♣❡r❛t♦rs✱ ✇❤✐❧❡ ❆◆❉✱ ❙❊◗ ❛♥❞ ❖❘ ✇✐❧❧ ❜❡
❝❛❧❧❡❞ ♥✲❛r② ♦♣❡r❛t♦rs✳
❚❤❡ P❆❚❚❊❘◆ ❝❧❛✉s❡ ♠❛② ✐♥❝❧✉❞❡ ❛♥ ✉♥❧✐♠✐t❡❞ ♥✉♠❜❡r

♦❢ ♥✲❛r② ❛♥❞ ✉♥❛r② ♦♣❡r❛t♦rs✳ ❲❡ ✇✐❧❧ r❡❢❡r t♦ ♣❛tt❡r♥s ❝♦♥✲
t❛✐♥✐♥❣ ❛ s✐♥❣❧❡ ♥✲❛r② ♦♣❡r❛t♦r✱ ❛♥❞ ❛t ♠♦st ❛ s✐♥❣❧❡ ✉♥❛r②
♦♣❡r❛t♦r ♣❡r ♣r✐♠✐t✐✈❡ ❡✈❡♥t✱ ❛s s✐♠♣❧❡ ♣❛tt❡r♥s✳ ❖♥ t❤❡
❝♦♥tr❛r②✱ ♥❡st❡❞ ♣❛tt❡r♥s ❛r❡ ❛❧❧♦✇❡❞ t♦ ❝♦♥t❛✐♥ ♠✉❧t✐♣❧❡ ♥✲
❛r② ♦♣❡r❛t♦rs ✭❡✳❣✳✱ ❛ ❞✐s❥✉♥❝t✐♦♥ ♦❢ ❝♦♥❥✉♥❝t✐♦♥s ❛♥❞✴♦r s❡✲
q✉❡♥❝❡s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ ♥❡st❡❞ ♣❛tt❡r♥✮✳ ◆❡st❡❞ ♣❛t✲
t❡r♥s ♣r❡s❡♥t ❛♥ ❛❞❞✐t✐♦♥❛❧ ❧❡✈❡❧ ♦❢ ❝♦♠♣❧❡①✐t② ❛♥❞ r❡q✉✐r❡
❛❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ✭❡✳❣✳✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✸✹❪✮✳
❲❡ ✇✐❧❧ ❢✉rt❤❡r ❞✐✈✐❞❡ s✐♠♣❧❡ ♣❛tt❡r♥s ✐♥t♦ s✉❜❝❧❛ss❡s✳ ❆

s✐♠♣❧❡ ♣❛tt❡r♥ ✇❤♦s❡ ♥✲❛r② ♦♣❡r❛t♦r ✐s ❛♥ ❆◆❉ ♦♣❡r❛t♦r
✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s ❛ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥✳ ❙✐♠✐❧❛r❧②✱ s❡q✉❡♥❝❡
♣❛tt❡r♥ ❛♥❞ ❞✐s❥✉♥❝t✐✈❡ ♣❛tt❡r♥ ✇✐❧❧ st❛♥❞ ❢♦r ♣❛tt❡r♥s ✇✐t❤
❙❊◗ ❛♥❞ ❖❘ ♦♣❡r❛t♦rs✱ r❡s♣❡❝t✐✈❡❧②✳ ❆ s✐♠♣❧❡ ♣❛tt❡r♥ ❝♦♥✲
t❛✐♥✐♥❣ ♥♦ ✉♥❛r② ♦♣❡r❛t♦rs ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ ♣✉r❡ ♣❛tt❡r♥✳
❚❤❡ ✏❢♦✉r ❝❛♠❡r❛s ♣❛tt❡r♥✑ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✶ ✐❧❧✉s✲

tr❛t❡s t❤❡ ❛❜♦✈❡✳ ❚❤✐s ✐s ❛ ♣✉r❡ s❡q✉❡♥❝❡ ♣❛tt❡r♥✱ ✇r✐tt❡♥
✐♥ ❙❆❙❊ ❛s ❢♦❧❧♦✇s✿

P❆❚❚❊❘◆ ❙❊◗✭❆ ❛✱❇ ❜✱❈ ❝✱❉ ❞✮
❲❍❊❘❊✭❛✳✈❡❤✐❝❧❡■❉❂❜✳✈❡❤✐❝❧❡■❉❂

❂❝✳✈❡❤✐❝❧❡■❉❂❞✳✈❡❤✐❝❧❡■❉✮
❲■❚❍■◆ ❲✳

2.2 Order-based Evaluation Mechanisms
❖r❞❡r✲❜❛s❡❞ ❡✈❛❧✉❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t

r♦❧❡ ✐♥ ❈❊P ❡♥❣✐♥❡s ❜❛s❡❞ ♦♥ st❛t❡ ♠❛❝❤✐♥❡s✳ ❖♥❡ ♦❢ t❤❡
♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ♠♦❞❡❧s ❢♦❧❧♦✇✐♥❣ t❤✐s ♣r✐♥❝✐♣❧❡ ✐s t❤❡
◆❋❆ ✭♥♦♥❞❡t❡r♠✐♥✐st✐❝ ✜♥✐t❡ ❛✉t♦♠❛t♦♥✮ ❬✺✱ ✶✽✱ ✺✶❪✳ ❆♥
◆❋❆ ❝♦♥s✐sts ♦❢ ❛ s❡t ♦❢ st❛t❡s ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ tr❛♥s✐t✐♦♥s
❜❡t✇❡❡♥ t❤❡♠✳ ❊❛❝❤ st❛t❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣r❡✜① ♦❢ ❛ ❢✉❧❧
♣❛tt❡r♥ ♠❛t❝❤✳ ❚r❛♥s✐t✐♦♥s ❛r❡ tr✐❣❣❡r❡❞ ❜② t❤❡ ❛rr✐✈❛❧ ♦❢ t❤❡
♣r✐♠✐t✐✈❡ ❡✈❡♥ts✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ❛❞❞❡❞ t♦ ♣❛rt✐❛❧ ♠❛t❝❤❡s✳
❈♦♥❞✐t✐♦♥s ❜❡t✇❡❡♥ ❡✈❡♥ts ❛r❡ ✈❡r✐✜❡❞ ❞✉r✐♥❣ t❤❡ tr❛♥s✐✲
t✐♦♥s✳ ❋✐❣✉r❡ ✶✭❛✮ ❞❡♣✐❝ts ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ◆❋❆ ❝♦♥str✉❝t❡❞
❢♦r t❤❡ ✏❢♦✉r ❝❛♠❡r❛s✑ s❡q✉❡♥❝❡ ♣❛tt❡r♥✳ ❲❤✐❧❡ ✐♥ t❤❡♦r②
◆❋❆s ♠❛② ♣♦ss❡ss ❛♥ ❛r❜✐tr❛r② t♦♣♦❧♦❣②✱ ♥♦♥✲♥❡st❡❞ ♣❛t✲
t❡r♥s ❛r❡ ♥♦r♠❛❧❧② ❞❡t❡❝t❡❞ ❜② ❛ ❝❤❛✐♥✲❧✐❦❡ str✉❝t✉r❡✳
❚❤❡ ❜❛s✐❝ ◆❋❆ ♠♦❞❡❧ ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ❛♥② ♥♦t✐♦♥ ♦❢ ❛❧t❡r✲

✐♥❣ t❤❡ ✏♥❛t✉r❛❧✑ ❡✈❛❧✉❛t✐♦♥ ♦r❞❡r ♦r ❛♥② ♦t❤❡r ♦♣t✐♠✐③❛t✐♦♥
❜❛s❡❞ ♦♥ ♣❛tt❡r♥ r❡✇r✐t✐♥❣✳ ▼✉❧t✐♣❧❡ ✇♦r❦s ❤❛✈❡ ♣r❡s❡♥t❡❞
♠❡t❤♦❞s ❢♦r ❝♦♥str✉❝t✐♥❣ ◆❋❆s ✇✐t❤ ♦✉t✲♦❢✲♦r❞❡r ♣r♦❝❡ss✐♥❣
s✉♣♣♦rt✳ ❲✳❧✳♦✳❣✳✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ▲❛③② ◆❋❆ ♠❡❝❤❛♥✐s♠✱ ❛
❝❤❛✐♥✲str✉❝t✉r❡❞ ◆❋❆ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✾✱ ✸✵❪✳
●✐✈❡♥ ❛ ♣❛tt❡r♥ ♦❢ n ❡✈❡♥ts ❛♥❞ ❛ ✉s❡r✲s♣❡❝✐✜❡❞ ♦r❞❡r

O ♦♥ t❤❡ ❡✈❡♥t t②♣❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♣❛tt❡r♥✱ ❛ ❝❤❛✐♥ ♦❢
n+1 st❛t❡s ✐s ❝♦♥str✉❝t❡❞✱ ✇✐t❤ ❡❛❝❤ st❛t❡ k ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❛ ♠❛t❝❤ ♣r❡✜① ♦❢ s✐③❡ k − 1✳ ❚❤❡ ♦r❞❡r ♦❢ t❤❡ st❛t❡s
♠❛t❝❤❡s O✳ ■❢ ❛ t②♣❡ ❛♣♣❡❛rs ♠♦r❡ t❤❛♥ ♦♥❝❡ ✐♥ ❛ ♣❛tt❡r♥✱
✐t ✇✐❧❧ ❛❧s♦ ❛♣♣❡❛r ♠✉❧t✐♣❧❡ t✐♠❡s ✐♥ O✳ ❚❤❡ (n+ 1)th st❛t❡
✐♥ t❤❡ ❝❤❛✐♥ ✐s t❤❡ ❛❝❝❡♣t✐♥❣ st❛t❡✳ ❚♦ ❛❝❤✐❡✈❡ ♦✉t✲♦❢✲♦r❞❡r
❡✈❛❧✉❛t✐♦♥✱ ✐♥❝♦♠✐♥❣ ❡✈❡♥ts ❛r❡ st♦r❡❞ ❧♦❝❛❧❧②✳ ❆ ❜✉✛❡r❡❞
❡✈❡♥t ✐s r❡tr✐❡✈❡❞ ❛♥❞ ♣r♦❝❡ss❡❞ ✇❤❡♥ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡
✐♥ t❤❡ ❝❤❛✐♥ ✐s r❡❛❝❤❡❞✳ ❋✐❣✉r❡ ✶✭❜✮ ♣r❡s❡♥ts ❛♥ ❡①❛♠♣❧❡ ♦❢
t❤✐s ❝♦♥str✉❝t✐♦♥ ❢♦r O = (D,A,B,C)✳
❚❤✐s ❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② ❛❧❧ ♣♦ss✐❜❧❡

(n!) ♦r❞❡rs ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❞❡t❡❝t✐♦♥ ❝♦rr❡❝t♥❡ss✳

2.3 Tree-based Evaluation Mechanisms
❆♥ ❛❧t❡r♥❛t✐✈❡ t♦ ◆❋❆✱ t❤❡ tr❡❡✲❜❛s❡❞ ❡✈❛❧✉❛t✐♦♥ ♠❡❝❤✲

❛♥✐s♠ ❬✸✻❪ s♣❡❝✐✜❡s ✇❤✐❝❤ s✉❜s❡ts ♦❢ ❢✉❧❧ ♣❛tt❡r♥ ♠❛t❝❤❡s
❛r❡ t♦ ❜❡ tr❛❝❦❡❞ ❜② ❞❡✜♥✐♥❣ tr❡❡✲❧✐❦❡ str✉❝t✉r❡s✳ ❋♦r ❡❛❝❤
❡✈❡♥t ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ ❛ ♣❛tt❡r♥✱ ❛ ❞❡s✐❣♥❛t❡❞ ❧❡❛❢ ✐s ❝r❡❛t❡❞✳
❉✉r✐♥❣ ❡✈❛❧✉❛t✐♦♥✱ ❡✈❡♥ts ❛r❡ r♦✉t❡❞ t♦ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣
❧❡❛✈❡s ❛♥❞ ❛r❡ ❜✉✛❡r❡❞ t❤❡r❡✳ ❚❤❡ ♥♦♥✲❧❡❛❢ ♥♦❞❡s ❛❝❝✉♠✉✲
❧❛t❡ t❤❡ ♣❛rt✐❛❧ ♠❛t❝❤❡s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ❛t ❡❛❝❤ ♥♦♥✲❧❡❛❢
♥♦❞❡ ♣r♦❝❡❡❞s ♦♥❧② ✇❤❡♥ ❛❧❧ ♦❢ ✐ts ❝❤✐❧❞r❡♥ ❛r❡ ❛✈❛✐❧❛❜❧❡ ✭✐✳❡✳✱
❛❧❧ ❡✈❡♥ts ❤❛✈❡ ❛rr✐✈❡❞ ♦r ♣❛rt✐❛❧ ♠❛t❝❤❡s ❤❛✈❡ ❜❡❡♥ ❝❛❧❝✉✲
❧❛t❡❞✮✳ ▼❛t❝❤❡s ❢♦r♠❡❞ ❛t t❤❡ tr❡❡ r♦♦t ❛r❡ r❡♣♦rt❡❞ t♦ t❤❡
❡♥❞ ✉s❡rs✳ ❆♥ ❡①❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✭❝✮✳
❩❙tr❡❛♠ ❛ss✉♠❡s ❛ ❜❛t❝❤✲✐t❡r❛t♦r s❡tt✐♥❣ ❬✸✻❪✳ ❚♦ ♣❡r❢♦r♠

♦✉r st✉❞② ✉♥❞❡r ❛ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦✱ ✇❡ ♠♦❞✐❢② t❤✐s ❜❡❤❛✈✲
✐♦r t♦ s✉♣♣♦rt ❛r❜✐tr❛r② t✐♠❡ ✇✐♥❞♦✇s✳ ❆s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡
✇✐t❤ r❡❣❛r❞ t♦ ◆❋❆s✱ ❛ s❡♣❛r❛t❡ tr❡❡ ✐♥st❛♥❝❡ ✇✐❧❧ ❜❡ ❝r❡✲
❛t❡❞ ❢♦r ❡❛❝❤ ❝✉rr❡♥t❧② ❢♦✉♥❞ ♣❛rt✐❛❧ ♠❛t❝❤✳ ❆s ❛ ♥❡✇ ❡✈❡♥t
❛rr✐✈❡s✱ ❛♥ ✐♥st❛♥❝❡ ✇✐❧❧ ❜❡ ❝r❡❛t❡❞ ❝♦♥t❛✐♥✐♥❣ t❤✐s ❡✈❡♥t✳
❊✈❡r② ✐♥st❛♥❝❡ I ❝♦rr❡s♣♦♥❞s t♦ s♦♠❡ s✉❜tr❡❡ s ♦❢ t❤❡ tr❡❡
♣❧❛♥✱ ✇✐t❤ t❤❡ ❧❡❛✈❡s ♦❢ s ❤♦❧❞✐♥❣ t❤❡ ♣r✐♠✐t✐✈❡ ❡✈❡♥ts ✐♥ I✳
❲❤❡♥❡✈❡r ❛ ♥❡✇ ✐♥st❛♥❝❡ I ′ ✐s ❝r❡❛t❡❞✱ t❤❡ s②st❡♠ ✇✐❧❧ ❛t✲
t❡♠♣t t♦ ❝♦♠❜✐♥❡ ✐t ✇✐t❤ ♣r❡✈✐♦✉s❧② ❝r❡❛t❡❞ ✏s✐❜❧✐♥❣s✑✱ t❤❛t
✐s✱ ✐♥st❛♥❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✉❜tr❡❡ s❤❛r✐♥❣ t❤❡ ♣❛r❡♥t
♥♦❞❡ ✇✐t❤ s′✳ ❆s ❛ r❡s✉❧t✱ ❛♥♦t❤❡r ♥❡✇ ✐♥st❛♥❝❡ ❝♦♥t❛✐♥✐♥❣
t❤❡ ✉♥✐✜❡❞ s✉❜tr❡❡ ✇✐❧❧ ❜❡ ❣❡♥❡r❛t❡❞✳ ❚❤✐s ✐♥ t✉r♥ ✇✐❧❧ tr✐❣✲
❣❡r t❤❡ s❛♠❡ ♣r♦❝❡ss ❛❣❛✐♥✱ ❛♥❞ ✐t ✇✐❧❧ ♣r♦❝❡❡❞ r❡❝✉rs✐✈❡❧②
✉♥t✐❧ t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡ ✐s r❡❛❝❤❡❞ ♦r ♥♦ s✐❜❧✐♥❣s ❛r❡ ❢♦✉♥❞✳
❩❙tr❡❛♠ ✐♥❝❧✉❞❡s ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♦♣t✐✲

♠❛❧ tr❡❡ str✉❝t✉r❡ ❢♦r ❛ ❣✐✈❡♥ ♣❛tt❡r♥✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s
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❋✐❣✉r❡ ✷✿ ❊✈❛❧✉❛t✐♦♥ tr❡❡s ❢♦r ❛ ♣❛tt❡r♥ ❙❊◗✭❆✱❇✱❈✮✿ ✭❛✮
❛ ❧❡❢t✲❞❡❡♣ tr❡❡ ♣r♦❞✉❝❡❞ ❜② ❩❙tr❡❛♠❀ ✭❜✮ ❛ r✐❣❤t✲❞❡❡♣ tr❡❡
♣r♦❞✉❝❡❞ ❜② ❩❙tr❡❛♠❀ ✭❝✮ ❛♥ ♦♣t✐♠❛❧ ❡✈❛❧✉❛t✐♦♥ tr❡❡✱ ✇❤✐❝❤
❝❛♥♥♦t ❜❡ ♣r♦❞✉❝❡❞ ❜② ❩❙tr❡❛♠✳

❜❛s❡❞ ♦♥ ❛ ❝♦st ♠♦❞❡❧ t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛rr✐✈❛❧
r❛t❡s ♦❢ t❤❡ ♣r✐♠✐t✐✈❡ ❡✈❡♥ts ❛♥❞ t❤❡ s❡❧❡❝t✐✈✐t✐❡s ♦❢ t❤❡✐r
♣r❡❞✐❝❛t❡s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ❧❡❛❢ r❡♦r❞❡r✐♥❣ ✐s ♥♦t s✉♣♣♦rt❡❞✱
❛ s✉❜s❡t ♦❢ ♣♦t❡♥t✐❛❧ ♣❧❛♥s ✐s ♠✐ss❡❞✳ ❲❡ ✇✐❧❧ ✐❧❧✉str❛t❡ t❤✐s
❞r❛✇❜❛❝❦ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿

P❆❚❚❊❘◆ ❙❊◗✭❆ ❛✱❇ ❜✱❈ ❝✮
❲❍❊❘❊✭❛✳①❂❝✳①✮ ❲■❚❍■◆ ❲✳

❲❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ❡✈❡♥ts ❛rr✐✈❡ ❛t ✐❞❡♥t✐❝❛❧ r❛t❡s✱ ❛♥❞
t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ❜❡t✇❡❡♥ ❆ ❛♥❞ ❈ ✐s ✈❡r② r❡str✐❝t✐✈❡✳ ❋✐❣✲
✉r❡s ✷✭❛✮ ❛♥❞ ✷✭❜✮ ♣r❡s❡♥t t❤❡ ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ ♣❧❛♥s ❛❝✲
❝♦r❞✐♥❣ t♦ t❤❡ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ ❬✸✻❪✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦
t❤❡ ❝♦♥❞✐t✐♦♥ ❜❡t✇❡❡♥ ❆ ❛♥❞ ❈✱ t❤❡ ♠♦st ❡✣❝✐❡♥t ❡✈❛❧✉❛t✐♦♥
♣❧❛♥ ✐s t❤❡ ♦♥❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✷✭❝✮✳

2.4 CEP Plan Generation
❲❡ ✇✐❧❧ st❛rt ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❈❊P ❡✈❛❧✉❛t✐♦♥

♣❧❛♥✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ ♣r♦✈✐❞❡s ❛ s❝❤❡♠❡ ❢♦r t❤❡ ❡✈❛❧✉❛✲
t✐♦♥ ♠❡❝❤❛♥✐s♠✱ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ ✐ts ✐♥t❡r♥❛❧ ♣❛tt❡r♥ r❡♣✲
r❡s❡♥t❛t✐♦♥ ✐s ❝r❡❛t❡❞✳ ❚❤❡r❡❢♦r❡✱ ❞✐✛❡r❡♥t ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥s
❛r❡ r❡q✉✐r❡❞ ❢♦r ❞✐✛❡r❡♥t ❈❊P ❢r❛♠❡✇♦r❦s✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡
❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t✇♦ ♠❛✐♥ t②♣❡s ♦❢ ♣❧❛♥s✱ t❤❡ ♦r❞❡r✲❜❛s❡❞
♣❧❛♥ ❛♥❞ t❤❡ tr❡❡✲❜❛s❡❞ ♣❧❛♥✳
❆♥ ♦r❞❡r✲❜❛s❡❞ ♣❧❛♥ ❝♦♥s✐sts ♦❢ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ ♣r✐♠✲

✐t✐✈❡ ❡✈❡♥t t②♣❡s ❞❡❝❧❛r❡❞ ❜② t❤❡ ♣❛tt❡r♥✳ ❆ ❈❊P ❡♥❣✐♥❡
✉s❡s t❤✐s ♣❧❛♥ t♦ s❡t t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ ❡✈❡♥ts ❛r❡ ♣r♦❝❡ss❡❞✳
❖r❞❡r✲❜❛s❡❞ ♣❧❛♥s ❛r❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ♠❡❝❤❛♥✐s♠s ❡✈❛❧✉❛t✐♥❣
❛ ♣❛tt❡r♥ ❡✈❡♥t✲❜②✲❡✈❡♥t✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳
❆ tr❡❡✲❜❛s❡❞ ♣❧❛♥ ❡①t❡♥❞s t❤❡ ❛❜♦✈❡ ❜② ♣r♦✈✐❞✐♥❣ ❛ tr❡❡✲

❧✐❦❡ s❝❤❡♠❡ ❢♦r ♣❛tt❡r♥ ❡✈❛❧✉❛t✐♦♥✳ ■t s♣❡❝✐✜❡s ✇❤✐❝❤ s✉❜s❡ts
♦❢ ✈❛❧✐❞ ♠❛t❝❤❡s ❛r❡ t♦ ❜❡ ❧♦❝❛❧❧② ❜✉✛❡r❡❞ ❛♥❞ ❤♦✇ t♦ ❝♦♠✲
❜✐♥❡ t❤❡♠ ✐♥t♦ ❧❛r❣❡r ♣❛rt✐❛❧ ♠❛t❝❤❡s✳ P❧❛♥s ♦❢ t❤✐s t②♣❡ ❛r❡
✉s❡❞ ❜② t❤❡ ❡✈❛❧✉❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳
❲❡ ❝❛♥ t❤✉s ❞❡✜♥❡ t✇♦ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❈❊P P❧❛♥ ●❡♥✲

❡r❛t✐♦♥ ♣r♦❜❧❡♠✱ ♦r❞❡r✲❜❛s❡❞ ❈P● ❛♥❞ tr❡❡✲❜❛s❡❞ ❈P●✳ ■♥
❡❛❝❤ ✈❛r✐❛t✐♦♥✱ t❤❡ ❣♦❛❧ ✐s t♦ ❞❡t❡r♠✐♥❡ ❛♥ ♦♣t✐♠❛❧ ❡✈❛❧✉❛✲
t✐♦♥ ♣❧❛♥ P s✉❜❥❡❝t t♦ s♦♠❡ ❝♦st ❢✉♥❝t✐♦♥ Cost (P )✳ ❉✐✛❡r✲
❡♥t ❈❊P s②st❡♠s ❞❡✜♥❡ ❞✐✛❡r❡♥t ♠❡tr✐❝s t♦ ♠❡❛s✉r❡ t❤❡✐r
❡✣❝✐❡♥❝②✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ❤✐❣❤❧② r❡❧❡✈❛♥t
♣❡r❢♦r♠❛♥❝❡ ♦♣t✐♠✐③❛t✐♦♥ ❣♦❛❧✿ r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝✲
t✐✈❡ ♣❛rt✐❛❧ ♠❛t❝❤❡s ✇✐t❤✐♥ t❤❡ t✐♠❡ ✇✐♥❞♦✇ ✭❞❡♥♦t❡❞ ❜❡❧♦✇
s✐♠♣❧② ❛s ♥✉♠❜❡r ♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s✮✳
❘❡❣❛r❞❧❡ss ♦❢ t❤❡ s②st❡♠✲s♣❡❝✐✜❝ ♣❡r❢♦r♠❛♥❝❡ ♦❜❥❡❝t✐✈❡s✱

t❤❡ ✐♠♣❧✐❝✐t r❡q✉✐r❡♠❡♥t t♦ ♠♦♥✐t♦r ❛❧❧ ✈❛❧✐❞ s✉❜s❡ts ♦❢ ♣r✐♠✲
✐t✐✈❡ ❡✈❡♥ts ❝❛♥ ❜❡❝♦♠❡ ❛ ♠❛❥♦r ❜♦tt❧❡♥❡❝❦✳ ❇❡❝❛✉s❡ ❛♥②
♣❛rt✐❛❧ ♠❛t❝❤ ♠✐❣❤t ❢♦r♠ ❛ ❢✉❧❧ ♣❛tt❡r♥ ♠❛t❝❤✱ t❤❡✐r ♥✉♠❜❡r
✐s ✇♦rst✲❝❛s❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ♣❛rt✐❝✐♣❛t✲
✐♥❣ ✐♥ ❛ ♣❛tt❡r♥✳ ❋✉rt❤❡r✱ ❛s ❛ ♥❡✇❧② ❛rr✐✈❡❞ ❡✈❡♥t ♥❡❡❞s t♦
❜❡ ❝❤❡❝❦❡❞ ❛❣❛✐♥st ❛❧❧ ✭♦r ♠♦st ♦❢✮ t❤❡ ❝✉rr❡♥t❧② st♦r❡❞ ♣❛r✲
t✐❛❧ ♠❛t❝❤❡s✱ t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ❛♥❞ r❡s♦✉r❝❡ ❝♦♥s✉♠♣t✐♦♥

♣❡r ❡✈❡♥t ❝❛♥ ❜❡❝♦♠❡ ✐♠♣r❛❝t✐❝❛❧ ❢♦r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳
❖t❤❡r ♠❡tr✐❝s✱ s✉❝❤ ❛s ❞❡t❡❝t✐♦♥ ❧❛t❡♥❝② ♦r ♥❡t✇♦r❦ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ❝♦st✱ ♠❛② ❛❧s♦ ❜❡ ♥❡❣❛t✐✈❡❧② ❛✛❡❝t❡❞✳ ❚❤✉s✱ ❣✐✈❡♥
t❤❡ ❝r✉❝✐❛❧ r♦❧❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s ✐♥ ❛❧❧ ❛s✲
♣❡❝ts ♦❢ ❈❊P✱ ✐t ✇❛s ❝❤♦s❡♥ ❛s ♦✉r ♣r✐♠❛r② ❝♦st ❢✉♥❝t✐♦♥✳

2.5 Join Query Plan Generation
❏♦✐♥ ◗✉❡r② P❧❛♥ ●❡♥❡r❛t✐♦♥ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ♣r♦❜❧❡♠ ✐♥

q✉❡r② ♦♣t✐♠✐③❛t✐♦♥ ❬✸✷✱ ✹✻✱ ✹✽❪✳ ❲❡ ❛r❡ ❣✐✈❡♥ r❡❧❛t✐♦♥s
R1, · · · , Rn ❛♥❞ ❛ q✉❡r② ❣r❛♣❤ ❞❡s❝r✐❜✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s t♦
❜❡ s❛t✐s✜❡❞ ❜② t❤❡ t✉♣❧❡s ✐♥ ♦r❞❡r t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ r❡✲
s✉❧t✳ ❆ ❝♦♥❞✐t✐♦♥ ❜❡t✇❡❡♥ ❛ ♣❛✐r ♦❢ r❡❧❛t✐♦♥s Ri, Rj ❤❛s ❛
❦♥♦✇♥ s❡❧❡❝t✐✈✐t② fi,j ∈ [0, 1]✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ♣r♦❞✉❝❡ ❛ ❥♦✐♥
q✉❡r② ♣❧❛♥ ♠✐♥✐♠✐③✐♥❣ ❛ ♣r❡❞❡✜♥❡❞ ❝♦st ❢✉♥❝t✐♦♥✳
❖♥❡ ♣♦♣✉❧❛r ❝❤♦✐❝❡ ❢♦r t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s t❤❡ ♥✉♠❜❡r

♦❢ ✐♥t❡r♠❡❞✐❛t❡ t✉♣❧❡s ♣r♦❞✉❝❡❞ ❞✉r✐♥❣ ♣❧❛♥ ❡①❡❝✉t✐♦♥✳ ❋♦r
t❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ ✐t ❛s t❤❡ ✐♥t❡r♠❡❞✐❛t❡
r❡s✉❧ts s✐③❡✳ ■♥ ❬✶✸❪✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ✐s ❣✐✈❡♥ t♦
❝❛❧❝✉❧❛t❡ t❤✐s ❢✉♥❝t✐♦♥ ❢♦r ❡❛❝❤ t✇♦✲✇❛② ❥♦✐♥ ♦❢ t✇♦ ✐♥♣✉t
r❡❧❛t✐♦♥s✿

C (Ri, Rj) = |Ri| · |Rj | · fi,j ,

✇❤❡r❡ |Ri| , |Rj | ❛r❡ t❤❡ ❝❛r❞✐♥❛❧✐t✐❡s ♦❢ t❤❡ ❥♦✐♥❡❞ r❡❧❛t✐♦♥s✳
❚❤✐s ❢♦r♠✉❧❛ ✐s ♥❛t✉r❛❧❧② ❡①t❡♥❞❡❞ t♦ r❡❧❛t✐♦♥s ♣r♦❞✉❝❡❞
❞✉r✐♥❣ ❥♦✐♥ ❝❛❧❝✉❧❛t✐♦♥✿

C (S, T ) = |S| · |T | · fS,T .

❍❡r❡✱ S = Ri1 ⊲⊳ · · · ⊲⊳ Ris ;T = Rj1 ⊲⊳ · · · ⊲⊳ Rjt ❛r❡
t❤❡ ♣❛rt✐❛❧ ❥♦✐♥ r❡s✉❧ts ♦❢ s♦♠❡ s✉❜s❡ts ♦❢ R1, · · · , Rn ❛♥❞
fS,T = (|S ⊲⊳ T | / |S × T |) ✐s t❤❡ ♣r♦❞✉❝t ♦❢ s❡❧❡❝t✐✈✐t✐❡s ♦❢
❛❧❧ ♣r❡❞✐❝❛t❡s ❞❡✜♥❡❞ ❜❡t✇❡❡♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❡❧❛t✐♦♥s ❝♦♠✲
♣r✐s✐♥❣ S ❛♥❞ T ✳
❚❤❡ t✇♦ ♠♦st ♣♦♣✉❧❛r ❝❧❛ss❡s ♦❢ ❥♦✐♥ q✉❡r② ♣❧❛♥s ❛r❡ t❤❡

❧❡❢t✲❞❡❡♣ tr❡❡s ❛♥❞ t❤❡ ❜✉s❤② tr❡❡s ❬✷✻❪✳ ❆ ❥♦✐♥ tr❡❡ ♦❢ t❤❡
❢♦r♠❡r t②♣❡ ♣r♦❝❡ss❡s t❤❡ ✐♥♣✉t r❡❧❛t✐♦♥s ♦♥❡✲❜②✲♦♥❡✱ ❛❞❞✐♥❣
❛ ♥❡✇ r❡❧❛t✐♦♥ t♦ t❤❡ ❝✉rr❡♥t ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧t ❞✉r✐♥❣ ❡❛❝❤
st❡♣✳ ❍❡♥❝❡✱ ❢♦r t❤✐s ❝❧❛ss ♦❢ t❡❝❤♥✐q✉❡s✱ ❛ ✈❛❧✐❞ s♦❧✉t✐♦♥
✐s ❛ ❥♦✐♥ ♦r❞❡r r❛t❤❡r t❤❛♥ ❛ ❥♦✐♥ ♣❧❛♥✳ ❆♣♣r♦❛❝❤❡s ❜❛s❡❞
♦♥ ❜✉s❤② tr❡❡s ♣♦s❡ ♥♦ ❧✐♠✐t❛t✐♦♥s ♦♥ t❤❡ ♣❧❛♥ t♦♣♦❧♦❣②✱
❛❧❧♦✇✐♥❣ ✐t t♦ ❝♦♥t❛✐♥ ❛r❜✐tr❛r② ❜r❛♥❝❤❡s✳
❏◗P● ✇❛s s❤♦✇♥ ❜② ♠✉❧t✐♣❧❡ ❛✉t❤♦rs t♦ ❜❡ ◆P✲❝♦♠♣❧❡t❡

❬✶✸✱ ✷✹❪✱ ❡✈❡♥ ✇❤❡♥ ♦♥❧② ❧❡❢t✲❞❡❡♣ tr❡❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳

3. THE EQUIVALENCE OF CPG AND JQPG

FOR PURE CONJUNCTIVE PATTERNS
❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❜❡✲

t✇❡❡♥ ❈P● ❛♥❞ ❏◗P● ❢♦r ♣✉r❡ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥s✳ ❲❡
s❤♦✇ t❤❛t✱ ✇❤❡♥ t❤❡ ♣❛tt❡r♥ t♦ ❜❡ ♠♦♥✐t♦r❡❞ ✐s ❛ ♣✉r❡ ❝♦♥✲
❥✉♥❝t✐✈❡ ♣❛tt❡r♥ ❛♥❞ t❤❡ ❈P● ❝♦st ❢✉♥❝t✐♦♥ r❡♣r❡s❡♥ts t❤❡
♥✉♠❜❡r ♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s✱ t❤❡ t✇♦ ♣r♦❜❧❡♠s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

3.1 Order-Based Evaluation
❲❡ ✇✐❧❧ ✜rst ❢♦❝✉s ♦♥ ❛ ❈P● ✈❛r✐❛t✐♦♥ ❢♦r ♦r❞❡r✲❜❛s❡❞

❡✈❛❧✉❛t✐♦♥ ♣❧❛♥s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s ♣r♦❜✲
❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❏◗P● r❡str✐❝t❡❞ t♦ ❧❡❢t✲❞❡❡♣ tr❡❡s✳ ❚♦
t❤❛t ❡♥❞✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ t❤❡ ❝♦st ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❢♦r ❜♦t❤
♣r♦❜❧❡♠s ❛♥❞ t❤❡♥ ♣r❡s❡♥t t❤❡ ❡q✉✐✈❛❧❡♥❝❡ t❤❡♦r❡♠✳
❖✉r ❝♦st ❢✉♥❝t✐♦♥ Costord ✇✐❧❧ r❡✢❡❝t t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r✲

t✐❛❧ ♠❛t❝❤❡s ❝♦❡①✐st✐♥❣ ✐♥ ♠❡♠♦r② ✇✐t❤✐♥ t❤❡ t✐♠❡ ✇✐♥❞♦✇✳
❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✇✐❧❧ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ ❛rr✐✈❛❧ r❛t❡s ♦❢ t❤❡
❡✈❡♥ts ❛♥❞ t❤❡ s❡❧❡❝t✐✈✐t✐❡s ♦❢ t❤❡ ♣r❡❞✐❝❛t❡s✳
▲❡t seli,j ❞❡♥♦t❡ t❤❡ s❡❧❡❝t✐✈✐t② ♦❢ ci,j ✱ ✐✳❡✳✱ t❤❡ ♣r♦❜✲

❛❜✐❧✐t② ♦❢ ❛ ♣❛rt✐❛❧ ♠❛t❝❤ ❝♦♥t❛✐♥✐♥❣ ✐♥st❛♥❝❡s ♦❢ ❡✈❡♥ts
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♦❢ t②♣❡s Ti ❛♥❞ Tj t♦ ♣❛ss t❤❡ ❝♦♥❞✐t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱
❧❡t r1, · · · rn ❞❡♥♦t❡ t❤❡ ❛rr✐✈❛❧ r❛t❡s ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✈❡♥t
t②♣❡s T1, · · ·Tn✳ ❚❤❡♥✱ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ♣r✐♠✐t✐✈❡
❡✈❡♥ts ♦❢ t②♣❡ Ti ❛rr✐✈✐♥❣ ✇✐t❤✐♥ t❤❡ t✐♠❡ ✇✐♥❞♦✇W ✐sW ·ri✳
▲❡t O = (Tp1 , Tp2 , · · ·Tpn) ; pi ∈ [1, n] ❞❡♥♦t❡ ❛♥ ❡①❡❝✉t✐♦♥
♦r❞❡r✳ ❚❤❡♥✱ ❞✉r✐♥❣ ♣❛tt❡r♥ ❡✈❛❧✉❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ O✱ t❤❡
❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s ♦❢ ❧❡♥❣t❤ k, 1 ≤ k ≤ n
✐s ❣✐✈❡♥ ❜②✿

PM (k) = W k ·

k
∏

i=1

rpi ·
∏

i,j≤k;i≤j

selpi,pj .

❚❤❡ ♦✈❡r❛❧❧ ❝♦st ❢✉♥❝t✐♦♥ ✇❡ ✇✐❧❧ ❛tt❡♠♣t t♦ ♠✐♥✐♠✐③❡ ✐s
t❤✉s t❤❡ s✉♠ ♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s ♦❢ ❛❧❧ s✐③❡s✱ ❛s ❢♦❧❧♦✇s✿

Costord (O) =
n
∑

k=1



W k ·
k
∏

i=1

rpi ·
∏

i,j≤k;i≤j

selpi,pj



 .

❋♦r t❤❡ ❏◗P● ♣r♦❜❧❡♠ r❡str✐❝t❡❞ t♦ ♦✉t♣✉t ❧❡❢t✲❞❡❡♣ tr❡❡s
♦♥❧②✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ t✇♦✲✇❛② ❥♦✐♥ ❝♦st ❢✉♥❝t✐♦♥ C (S, T )
❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✳ ▲❡t L ❜❡ ❛ ❧❡❢t✲❞❡❡♣ tr❡❡ ❛♥❞ ❧❡t
{i1, i2, · · · , in} ❜❡ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ ✐♥♣✉t r❡❧❛t✐♦♥s ❛r❡ t♦
❜❡ ❥♦✐♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ L✳ ▲❡t Pk, 1 ≤ k < n ❞❡♥♦t❡ t❤❡
r❡s✉❧t ♦❢ ❥♦✐♥✐♥❣ t❤❡ ✜rst k t❛❜❧❡s ❜② L ✭t❤❛t ✐s✱ P1 = Ri1 ✱
P2 = Ri1 ⊲⊳ Ri2 ✱ ❡t❝✳✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ❧❡t C1 = |Ri1 | · fi1,i1
❜❡ t❤❡ ❝♦st ♦❢ t❤❡ ✐♥✐t✐❛❧ s❡❧❡❝t✐♦♥ ❢r♦♠ Ri1 ✳ ❚❤❡♥✱ t❤❡ ❝♦st
♦❢ L ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❧❡❢t✲❞❡❡♣ ❥♦✐♥ ✭▲❉❏✮ ❝♦st
❢✉♥❝t✐♦♥✿

CostLDJ (L) = C1 +
n
∑

k=2

C (Pk−1, Rik ) .

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❢♦r♠❛❧❧② ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ❢♦r♠✉✲
❧❛t❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✶✳ ●✐✈❡♥ ❛ ♣✉r❡ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥ P ✱ t❤❡
♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛♥ ♦r❞❡r✲❜❛s❡❞ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ ❢♦r P ♠✐♥✲
✐♠✐③✐♥❣ Costord ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❏♦✐♥ ◗✉❡r② P❧❛♥ ●❡♥✲
❡r❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❧❡❢t✲❞❡❡♣ tr❡❡s s✉❜❥❡❝t t♦ CostLDJ ✳

❲❡ ✇✐❧❧ ♦♥❧② s❤♦✇ ❤❡r❡ t❤❡ r❡❞✉❝t✐♦♥ ❢r♦♠ ❈P● t♦ ❏◗P●✱
✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❧❛t❡r s❡❝t✐♦♥s t♦ ❛♣♣❧② ❥♦✐♥ ♣❧❛♥
❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s ♦♥ ❈❊P ♣❛tt❡r♥s✳ ❚❤❡ ♦♣♣♦s✐t❡ ❞✐✲
r❡❝t✐♦♥ ✐s s②♠♠❡tr✐❝ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✼❪✳
●✐✈❡♥ ❛ ♣✉r❡ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥ P ❞❡✜♥❡❞ ♦✈❡r ❡✈❡♥t

t②♣❡s T1, · · · , Tn ✇✐t❤ ♣r❡❞✐❝❛t❡s ci,j : 1 ≤ i, j ≤ n✱ ❧❡t
R1, · · · , Rn ❜❡ ❛ s❡t ♦❢ r❡❧❛t✐♦♥s s✉❝❤ t❤❛t ❡❛❝❤ Ri ❝♦rr❡✲
s♣♦♥❞s t♦ ❛♥ ❡✈❡♥t t②♣❡ Ti✳ ❋♦r ❡❛❝❤ ❛ttr✐❜✉t❡ ♦❢ Ti✱ ✐♥✲
❝❧✉❞✐♥❣ t❤❡ t✐♠❡st❛♠♣✱ ❛ ♠❛t❝❤✐♥❣ ❝♦❧✉♠♥ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞
✐♥ Ri✳ ❚❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ Ri ✇✐❧❧ ❜❡ s❡t t♦ W · ri✱ ❛♥❞✱ ❢♦r
❡❛❝❤ ♣r❡❞✐❝❛t❡ ci,j ✇✐t❤ s❡❧❡❝t✐✈✐t② seli,j ✱ ❛♥ ✐❞❡♥t✐❝❛❧ ♣r❡❞✲
✐❝❛t❡ ✇✐❧❧ ❜❡ ❢♦r♠❡❞ ❜❡t✇❡❡♥ t❤❡ r❡❧❛t✐♦♥s Ri ❛♥❞ Rj ✳ ❲❡
✇✐❧❧ ❞❡✜♥❡ t❤❡ q✉❡r② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ P ❛s ❢♦❧❧♦✇s✿

❙❊▲❊❈❚ ✯ ❋❘❖▼ R1, · · ·Rn

❲❍❊❘❊ (c1,1 ❆◆❉ · · · ❆◆❉ cn,n) .

❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ❛ s♦❧✉t✐♦♥ t♦ t❤✐s ✐♥st❛♥❝❡ ♦❢ t❤❡ ❏◗P●
♣r♦❜❧❡♠ ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ✐♥✐t✐❛❧ ❈P● ♣r♦❜❧❡♠✳ ❘❡❝❛❧❧
t❤❛t ❛ ❧❡❢t✲❞❡❡♣ ❏◗P● s♦❧✉t✐♦♥ L ♠✐♥✐♠✐③❡s t❤❡ ❢✉♥❝t✐♦♥
CostLDJ ✳ ❇② ♦♣❡♥✐♥❣ t❤❡ r❡❝✉rs✐♦♥ ❛♥❞ s✉❜st✐t✉t✐♥❣ t❤❡
♣❛r❛♠❡t❡rs ✇✐t❤ t❤♦s❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✱ ✇❡ ❣❡t✿

CostLDJ (L) = C1 +
n
∑

k=2

C (Pk−1, Rik ) =

= |Ri1 | · fi1,i1 +
n
∑

k=2





k
∏

j=1

∣

∣Rij

∣

∣ ·
∏

j.l≤k;j≤l

fij ,il



 =

=

n
∑

k=1





k
∏

j=1

(

W · rij
)

·
∏

j.l≤k−1;j≤l

selij ,il



 = Costord (O) .

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ s♦❧✉t✐♦♥ t❤❛t ♠✐♥✐♠✐③❡s CostLDJ ❛❧s♦
♠✐♥✐♠✐③❡s Costord✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳�
■♥ ❬✶✸❪ t❤❡ ❛✉t❤♦rs s❤♦✇❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❏♦✐♥ ◗✉❡r②

P❧❛♥ ●❡♥❡r❛t✐♦♥ ❢♦r ❧❡❢t✲❞❡❡♣ tr❡❡s t♦ ❜❡ ◆P✲❝♦♠♣❧❡t❡ ❢♦r
t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛r❜✐tr❛r② q✉❡r② ❣r❛♣❤s✳ ❋r♦♠ t❤✐s r❡s✉❧t
❛♥❞ ❢r♦♠ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ st❛t❡❞ ❜② ❚❤❡♦r❡♠ ✶ ✭♣r♦✈❡♥ ✐♥
❢✉❧❧ ✐♥ ❬✷✼❪✮ ✇❡ ✇✐❧❧ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✶✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛♥ ♦r❞❡r✲❜❛s❡❞ ❡✈❛❧✲
✉❛t✐♦♥ ♣❧❛♥ ❢♦r ❛ ❣❡♥❡r❛❧ ♣✉r❡ ❝♦♥❥✉♥❝t✐✈❡ ❝♦♠♣❧❡① ❡✈❡♥t
♣❛tt❡r♥ t❤❛t ♠✐♥✐♠✐③❡s Costord ✐s ◆P✲❝♦♠♣❧❡t❡✳

3.2 Tree-Based Evaluation
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❡①t❡♥❞ ❚❤❡♦r❡♠ ✶ t♦ tr❡❡✲❜❛s❡❞

❡✈❛❧✉❛t✐♦♥ ♣❧❛♥s✳ ❚❤✐s t✐♠❡ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ✉♥r❡str✐❝t❡❞
❏◗P● ♣r♦❜❧❡♠✱ ❛❧❧♦✇❡❞ t♦ r❡t✉r♥ ❜✉s❤② tr❡❡s✳ ❙✐♠✐❧❛r❧② t♦
❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ✇✐❧❧ st❛rt ❜② ❞❡✜♥✐♥❣ t❤❡ ❝♦st ❢✉♥❝t✐♦♥s ❛♥❞
t❤❡♥ ♣r♦❝❡❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①t❡♥❞❡❞ t❤❡♦r❡♠✳
❲❡ ✇✐❧❧ ❞❡✜♥❡ t❤❡ ❝♦st ♠♦❞❡❧ ❢♦r ❡✈❛❧✉❛t✐♦♥ tr❡❡s ✐♥ ❛

♠❛♥♥❡r s✐♠✐❧❛r t♦ ❙❡❝t✐♦♥ ✸✳✶✳ ❲❡ ✇✐❧❧ ❡st✐♠❛t❡ t❤❡ ♥✉♠❜❡r
♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s ❛❝❝✉♠✉❧❛t❡❞ ✐♥ ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ❡✈❛❧✉❛✲
t✐♦♥ tr❡❡ ❛♥❞ s✉♠ t❤❡♠ ✉♣ t♦ ♣r♦❞✉❝❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✳
❋♦r ❛ ❧❡❛❢ ♥♦❞❡ l ❝♦❧❧❡❝t✐♥❣ ❡✈❡♥ts ♦❢ t②♣❡ Ti✱ t❤❡ ❡①♣❡❝t❡❞

♥✉♠❜❡r ♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts
♦❢ t②♣❡ Ti ❛rr✐✈✐♥❣ ✐♥s✐❞❡ ❛ t✐♠❡ ✇✐♥❞♦✇✿

PM(l) = W · ri.

❚♦ ♦❜t❛✐♥ ❛♥ ❡st✐♠❛t❡ ❢♦r ❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡ in✱ ✇❡ ♠✉❧t✐♣❧②
t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✈❛❧✉❡s ♦❢ ✐ts ❝❤✐❧❞r❡♥ ❜② t❤❡ t♦t❛❧ s❡❧❡❝t✐✈✐t②
♦❢ t❤❡ ♣r❡❞✐❝❛t❡s ✈❡r✐✜❡❞ ❜② t❤✐s ♥♦❞❡✿

PM(in) = PM (in.left) · PM (in.right) · SELLR (in) ,

✇❤❡r❡ SELLR ✐s t❤❡ s❡❧❡❝t✐✈✐t② ♦❢ t❤❡ ♣r❡❞✐❝❛t❡s ❞❡✜♥❡❞
❜❡t✇❡❡♥ ❡✈❡♥t t②♣❡s ❛❝❝❡♣t❡❞ ❛t t❤❡ ❧❡❢t ❛♥❞ t❤❡ r✐❣❤t s✉❜✲
tr❡❡s ♦❢ ♥♦❞❡ in✱ ♦r✱ ♠♦r❡ ❢♦r♠❛❧❧②✿

SELLR (in) =
∏

ei ∈ in.ltree; ej ∈ in.rtree

seli,j .

❚❤❡ t♦t❛❧ ❝♦st ❢✉♥❝t✐♦♥ ♦♥ ❛ tr❡❡ T ✐s t❤✉s ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇s✿

Costtree (T ) =
∑

N∈nodes(T )

PM (N) .

❋♦r ❜✉s❤② tr❡❡s✱ ✇❡ ✇✐❧❧ ❡①t❡♥❞ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞
✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ❚❤❡ ❝♦st ♦❢ ❛ tr❡❡ ♥♦❞❡ N ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇s✿

C (N) =











|Ri| N is a leaf representing Ri

|L| · |R| · fL,R N is an internal node representing

a sub− join L ⊲⊳ R,

✇✐t❤ t❤❡ ❜✉s❤② ❥♦✐♥ ✭❇❏✮ ❝♦st ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

CostBJ (T ) =
∑

N∈nodes(T )

C (N) .

❲❡ ✇✐❧❧ ♥♦✇ ❡①t❡♥❞ ❚❤❡♦r❡♠ ✶ t♦ tr❡❡✲❜❛s❡❞ ♣❧❛♥s✳
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❚❤❡♦r❡♠ ✷✳ ●✐✈❡♥ ❛ ♣✉r❡ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥ P ✱ t❤❡
♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛ tr❡❡✲❜❛s❡❞ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ ❢♦r P ♠✐♥✐✲
♠✐③✐♥❣ Costtree ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❏♦✐♥ ◗✉❡r② P❧❛♥ ●❡♥✲
❡r❛t✐♦♥ ♣r♦❜❧❡♠ s✉❜❥❡❝t t♦ CostBJ ✳

❚♦ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠✱ ✇❡ ❞❡❝♦♠♣♦s❡ ❡❛❝❤ ♦❢ t❤❡ tr❡❡ ❝♦st
❢✉♥❝t✐♦♥s Costtree, CostBJ ✐♥t♦ t✇♦ ❝♦♠♣♦♥❡♥ts✱ s❡♣❛r❛t❡❧②
❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❝♦st ♦❢ t❤❡ ❧❡❛✈❡s ❛♥❞ t❤❡ ✐♥t❡r♥❛❧ ♥♦❞❡s✿

Costltree (T ) =
∑

N∈leaves(T ) PM (N)

Costintree (T ) =
∑

N∈in❴nodes(T ) PM (N)

CostlBJ (T ) =
∑

N∈leaves(T ) C (N)

CostinBJ (T ) =
∑

N∈in❴nodes(T ) C (N) .

❖❜✈✐♦✉s❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s ❤♦❧❞✿

Costtree (T ) = Costltree (T ) + Costintree (T )

CostBJ (T ) = CostlBJ (T ) + CostinBJ (T ) .

❚❤✉s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ Costltree (T ) = CostlBJ (T )
❛♥❞ Costltree (T ) = CostinBJ (T ) ❢♦r ❡✈❡r② T ✳ ❋r♦♠ ❤❡r❡ ✐t
✇✐❧❧ ❢♦❧❧♦✇ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♠✐♥✐♠✐③✐♥❣ Costtree ✇✐❧❧ ❛❧s♦
♠✐♥✐♠✐③❡ CostBJ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳
❆♣♣❧②✐♥❣ ❡✐t❤❡r ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❢r♦♠ ❚❤❡♦r❡♠

✶✱ ✇❡ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r t❤❡ ✜rst ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s✿

Costltree (T ) =
∑

N∈leaves(T )

PM (N) =

n
∑

i=1

W · ri =

=
n
∑

i=1

|Ri| =
∑

N∈leaves(T )

C (N) = CostlBJ (T ) .

❋♦r t❤❡ s❡❝♦♥❞ ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ✜rst ❡①♣❛♥❞ t❤❡
r❡❝✉rs✐♦♥ ♦❢ Costintree✿

Costintree (T ) =
∑

N∈in❴nodes(T )

PM (N) =

=
∑

N∈in❴nodes(T )

PM (N.left)·PM (N.right)·SELLR (N) =

=
∑

N∈in❴nodes(T )





∏

m∈leaves(N)

W · rm ·
∏

i,j∈leaves(N)

seli,j



 ,

✇❤❡r❡ leaves (N) ❞❡♥♦t❡s t❤❡ ❧❡❛✈❡s ♦❢ ❛ tr❡❡ r♦♦t❡❞ ❛t N ✳
❇② s✐♠✐❧❛r❧② ♦♣❡♥✐♥❣ t❤❡ r❡❝✉rs✐♦♥ ♦❢ CostinJB ✇❡ ♦❜t❛✐♥✿

CostinBJ (T ) =

∑

N∈in❴nodes(T )





∏

m∈leaves(N)

|Rm| ·
∏

i,j∈leaves(N)

fi,j



 .

❆❢t❡r s✉❜st✐t✉t✐♥❣ rm = |Rm|
W

❛♥❞ selpi,pj = fpi,pj ✱ t❤❡
t✇♦ ❡①♣r❡ss✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳�
❚❤❡ ❈P●✲❏◗P● r❡❞✉❝t✐♦♥ t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ❢♦r tr❡❡✲❜❛s❡❞

❡✈❛❧✉❛t✐♦♥ ✐s t❤❡ ♦♥❡ ❞❡♠♦♥str❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✶ ❢♦r ♦r❞❡r✲
❜❛s❡❞ ❡✈❛❧✉❛t✐♦♥✳
❇② ❚❤❡♦r❡♠ ✷ ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t ✐♥ ❬✶✸❪✱

✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✷✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛ tr❡❡✲❜❛s❡❞ ❡✈❛❧✲
✉❛t✐♦♥ ♣❧❛♥ ❢♦r ❛ ❣❡♥❡r❛❧ ♣✉r❡ ❝♦♥❥✉♥❝t✐✈❡ ❝♦♠♣❧❡① ❡✈❡♥t
♣❛tt❡r♥ t❤❛t ♠✐♥✐♠✐③❡s Costtree ✐s ◆P✲❝♦♠♣❧❡t❡✳

3.3 Join Query Types
❆s ❈♦r♦❧❧❛r✐❡s ✶ ❛♥❞ ✷ ✐♠♣❧②✱ ♥♦ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❝❛♥

❜❡ ❞❡✈✐s❡❞ t♦ ♦♣t✐♠❛❧❧② s♦❧✈❡ ❈P● ❢♦r ❛ ❣❡♥❡r❛❧ ❝♦♥❥✉♥❝t✐✈❡
♣❛tt❡r♥ ✉♥❧❡ss P = NP ✳ ❍♦✇❡✈❡r✱ ❜❡tt❡r ❝♦♠♣❧❡①✐t② r❡s✉❧ts
♠❛② ❜❡ ❛✈❛✐❧❛❜❧❡ ✉♥❞❡r ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡
♣❛tt❡r♥ str✉❝t✉r❡✳ ◆✉♠❡r♦✉s ✇♦r❦s ❝♦♥s✐❞❡r❡❞ t❤❡ ❏◗P●
♣r♦❜❧❡♠ ❢♦r r❡str✐❝t❡❞ q✉❡r② t②♣❡s✱ t❤❛t ✐s✱ s♣❡❝✐✜❝ t♦♣♦❧♦✲
❣✐❡s ♦❢ t❤❡ q✉❡r② ❣r❛♣❤ ❞❡✜♥✐♥❣ t❤❡ ✐♥t❡r✲r❡❧❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳
❊①❛♠♣❧❡s ♦❢ s✉❝❤ t♦♣♦❧♦❣✐❡s ✐♥❝❧✉❞❡ ❝❧✐q✉❡✱ tr❡❡✱ ❛♥❞ st❛r✳
■t ✇❛s s❤♦✇♥ ✐♥ ❬✷✹✱ ✸✷❪ t❤❛t ❛♥ ♦♣t✐♠❛❧ ♣❧❛♥ ❝❛♥ ❜❡

❝♦♠♣✉t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❢♦r ❧❡❢t✲❞❡❡♣ tr❡❡s ❛♥❞ q✉❡r✐❡s
❢♦r♠✐♥❣ ❛♥ ❛❝②❝❧✐❝ ❣r❛♣❤ ✭✐✳❡✳✱ tr❡❡ q✉❡r✐❡s✮✱ ♣r♦✈✐❞❡❞ t❤❛t
t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❆❙■ ✭❛❞❥❛❝❡♥t s❡q✉❡♥❝❡ ✐♥t❡r❝❤❛♥❣❡✮
♣r♦♣❡rt② ❬✸✾❪✳ ❚❤❡ ❧❡❢t✲❞❡❡♣ tr❡❡ ❝♦st ❢✉♥❝t✐♦♥ CostLDJ ❤❛s
t❤✐s ♣r♦♣❡rt② ❬✶✸❪✱ ♠❛❦✐♥❣ t❤❡ r❡s✉❧t ❛♣♣❧✐❝❛❜❧❡ ❢♦r ♦✉r s❝❡✲
♥❛r✐♦✳ ❆ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ ✇✐t❤♦✉t t❤❡ ❆❙■ r❡q✉✐r❡♠❡♥t
✇❛s ♣r♦♣♦s❡❞ ❢♦r ❜✉s❤② tr❡❡ ♣❧❛♥s ❢♦r ❝❤❛✐♥ q✉❡r✐❡s ❬✹✵❪✳
❋r♦♠ ❚❤❡♦r❡♠s ✶ ❛♥❞ ✷ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✱ ❢♦r ❝♦♥❥✉♥❝✲
t✐✈❡ ♣❛tt❡r♥s ♦♥❧②✱ ❈P●∈P ✉♥❞❡r t❤❡ ❛❜♦✈❡ ❝♦♥str❛✐♥ts✳
❍♦✇❡✈❡r✱ t❤❡s❡ r❡s✉❧ts ♦♥❧② ❤♦❧❞ ✇❤❡♥ t❤❡ ♣❧❛♥s ♣r♦❞✉❝❡❞

❜② ❛ q✉❡r② ♦♣t✐♠✐③❡r ❛r❡ ♥♦t ❛❧❧♦✇❡❞ t♦ ❝♦♥t❛✐♥ ❝r♦ss ♣r♦❞✲
✉❝ts ❬✶✸✱ ✹✵❪✳ ❲❤✐❧❡ t❤✐s ❧✐♠✐t❛t✐♦♥ ✐s ✇❡❧❧✲❦♥♦✇♥ ✐♥ r❡❧❛✲
t✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❬✺✵❪✱ ✐t ✐s ♥♦t ❡♠♣❧♦②❡❞ ❜② t❤❡ ❡①✐st✐♥❣
❈P● ♠❡t❤♦❞s ❬✻✱ ✸✵✱ ✸✻✱ ✹✺❪✳ ❚❤✉s✱ ❡✈❡♥ ✇❤❡♥ ❛♥ ❡①❛❝t
♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ❈P●✱ ✐t ✐s ✐♥❢❡r✐♦r t♦
♥❛t✐✈❡ ❛❧❣♦r✐t❤♠s ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ s❡❛r❝❤ s♣❛❝❡
❛♥❞ ❝❛♥ ♦♥❧② ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❤❡✉r✐st✐❝✳ ■♥ t❤❛t s❡♥s❡✱ ✐t ✐s
s✐♠✐❧❛r t♦ t❤❡ ❣r❡❡❞② ❛♥❞ r❛♥❞♦♠✐③❡❞ ❛♣♣r♦❛❝❤❡s ❬✹✼✱ ✹✽❪✳
❖t❤❡r ♦♣t✐♠✐③❛t✐♦♥s ✉t✐❧✐③✐♥❣ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ q✉❡r②

t②♣❡ ✇❡r❡ ♣r♦♣♦s❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♦♣t✐♠❛❧ ❜✉s❤② ♣❧❛♥
✇❛s ❡♠♣✐r✐❝❛❧❧② s❤♦✇♥ t♦ ❜❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♣t✐♠❛❧ ❧❡❢t✲
❞❡❡♣ ♣❧❛♥ ❢♦r st❛r q✉❡r✐❡s ❛♥❞✱ ✐♥ ♠❛♥② ❝❛s❡s✱ ❢♦r ❣r✐❞ q✉❡r✐❡s
❬✹✼❪✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ✉t✐❧✐③❡ ❛ ❝❤❡❛♣❡r ❧❡❢t✲❞❡❡♣
❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❛❜♦✈❡ q✉❡r② t②♣❡s ✇✐t❤♦✉t ❝♦♠♣r♦♠✐s✐♥❣
t❤❡ q✉❛❧✐t② ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣❧❛♥✳
❲✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥❛❧ ♣❛tt❡r♥ t②♣❡s ✭❙❡❝t✐♦♥

✹✮ ❛♥❞ ❡✈❡♥t s❡❧❡❝t✐♦♥ str❛t❡❣✐❡s ✭❙❡❝t✐♦♥ ✺✳✷✮✱ ♥❡✇ q✉❡r②
❣r❛♣❤ t♦♣♦❧♦❣✐❡s ♠✐❣❤t ❜❡ ✐❞❡♥t✐✜❡❞ ❛♥❞ t②♣❡✲s♣❡❝✐✜❝ ❡✣✲
❝✐❡♥t ❛❧❣♦r✐t❤♠s ❞❡s✐❣♥❡❞✳ ❚❤✐s t♦♣✐❝ ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢
t❤✐s ♣❛♣❡r ❛♥❞ ✐s ❛ s✉❜❥❡❝t ❢♦r ❢✉t✉r❡ ✇♦r❦✳
❆❧t❤♦✉❣❤ ♥♦t ✉s❡❞ ❞✐r❡❝t❧② ❜② t❤❡ ❏◗P● ❛❧❣♦r✐t❤♠s✱ t❤❡

♦r❞❡r✲❜❛s❡❞ ❈P● ❝♦st ❢✉♥❝t✐♦♥s Costord ❛♥❞ Costlatord ✭t❤❛t
✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✮ ❛❧s♦ ❤❛✈❡ t❤❡ ❆❙■ ♣r♦♣❡rt②✳
❲❡ ❢♦r♠❛❧❧② ♣r♦✈❡ t❤✐s ✐♥ t❤❡ ❡①t❡♥❞❡❞ ♣❛♣❡r ❬✷✼❪✳

4. JQPG FOR GENERAL PATTERN TYPES
❚❤❡ ❈P●✲❏◗P● r❡❞✉❝t✐♦♥ ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ♦♥❧② ❛♣♣❧✐❡s

t♦ ♣✉r❡ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥s✳ ❍♦✇❡✈❡r✱ r❡❛❧✲✇♦r❧❞ ♣❛tt❡r♥s
❛r❡ ♠✉❝❤ ♠♦r❡ ❞✐✈❡rs❡✳ ❚♦ ❝♦♠♣❧❡t❡ t❤❡ s♦❧✉t✐♦♥✱ ✇❡ ❤❛✈❡
t♦ ❝♦♥s✐❞❡r s✐♠♣❧❡ ♣❛tt❡r♥s ❝♦♥t❛✐♥✐♥❣ ❙❊◗✱ ❖❘✱ ◆❖❚ ❛♥❞
❑▲ ♦♣❡r❛t♦rs✳ ❲❡ ❛❧s♦ ❤❛✈❡ t♦ ❛❞❞r❡ss ♥❡st❡❞ ♣❛tt❡r♥s✳
❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ❤♦✇ ❛ ♣❛tt❡r♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❛❢♦r❡✲

♠❡♥t✐♦♥❡❞ t②♣❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛♥❞ ❞❡t❡❝t❡❞ ❛s ❡✐t❤❡r
❛ ♣✉r❡ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥ ♦r t❤❡✐r ✉♥✐♦♥✳ ❚❤❡ tr❛♥s❢♦r♠❛✲
t✐♦♥s ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ❛r❡ ♦♥❧② ❛♣♣❧✐❡❞ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢
♣❧❛♥ ❣❡♥❡r❛t✐♦♥✱ t❤❛t ✐s✱ ♥♦ ❛❝t✉❛❧ ❝♦♥✈❡rs✐♦♥ t❛❦❡s ♣❧❛❝❡
❞✉r✐♥❣ ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ ❢♦r♠❛❧ ❝♦rr❡❝t♥❡ss ♣r♦♦❢s ❢♦r t❤❡
s❤♦✇♥ r❡❞✉❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❡①t❡♥❞❡❞ ♣❛♣❡r ❬✷✼❪✳
❙❡q✉❡♥❝❡ ♣❛tt❡r♥s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❛ s❡q✉❡♥❝❡ ♣❛tt❡r♥

✐s ♠❡r❡❧② ❛ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ t❡♠♣♦r❛❧
❝♦♥str❛✐♥ts✱ ✐✳❡✳✱ ♣r❡❞✐❝❛t❡s ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ t✐♠❡st❛♠♣
❛ttr✐❜✉t❡✳ ❚❤✉s✱ ❛ ❣❡♥❡r❛❧ ♣✉r❡ s❡q✉❡♥❝❡ ♣❛tt❡r♥ ♦❢ t❤❡ ❢♦r♠
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P❆❚❚❊❘◆ ❙❊◗ (T1 e1, T2 e2, · · · , Tn en)
❲❍❊❘❊ (c1,1 ∧ c1,2 ∧ · · · ∧ cn,n−1 ∧ cn,n)

❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s ✇✐t❤♦✉t ❛♥② s❡♠❛♥t✐❝ ❝❤❛♥❣❡✿

P❆❚❚❊❘◆ ❆◆❉ (T1 e1, T2 e2, · · · , Tn en)
❲❍❊❘❊ (c1,1 ∧ · · · ∧ cn,n∧

∧ (e1.ts < e2.ts) ∧ · · · ∧ (en−1.ts < en.ts)).

❆♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♣❛tt❡r♥ ✐s t❤✉s r❡❞✉❝❡❞ ❢r♦♠
❈P● t♦ ❏◗P● s✐♠✐❧❛r❧② t♦ ❛ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥✱ ✇✐t❤ t❤❡
t✐♠❡st❛♠♣ ❝♦❧✉♠♥ ❛❞❞❡❞ t♦ ❡❛❝❤ r❡❧❛t✐♦♥ Ri r❡♣r❡s❡♥t✐♥❣ ❛♥
❡✈❡♥t t②♣❡ Ti✱ ❛♥❞ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤✐s ❝♦❧✉♠♥
✐♥tr♦❞✉❝❡❞ ✐♥t♦ t❤❡ q✉❡r② r❡♣r❡s❡♥t❛t✐♦♥✳
❑❧❡❡♥❡ ❝❧♦s✉r❡ ♣❛tt❡r♥s✳ ■♥ ❛ ♣❛tt❡r♥ ✇✐t❤ ❛♥ ❡✈❡♥t

t②♣❡ Ti ✉♥❞❡r ❛ ❑▲ ♦♣❡r❛t♦r✱ ❛♥② s✉❜s❡t ♦❢ ❡✈❡♥ts ♦❢ Ti

✇✐t❤✐♥ t❤❡ t✐♠❡ ✇✐♥❞♦✇ ❝❛♥ ♣❛rt✐❝✐♣❛t❡ ✐♥ ❛ ♠❛t❝❤✳ ❉✉r✐♥❣
♣❧❛♥ ❣❡♥❡r❛t✐♦♥✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♠♦❞❡❧✐♥❣ t❤✐s ❜❡❤❛✈✐♦r
✐♥ ❛ ✇❛② ❝♦♠♣r❡❤❡♥s✐❜❧❡ ❜② ❛ ❏◗P● ❛❧❣♦r✐t❤♠✱ t❤❛t ✐s✱ ✉s✐♥❣
❛♥ ❡q✉✐✈❛❧❡♥t ♣❛tt❡r♥ ✇✐t❤♦✉t ❑❧❡❡♥❡ ❝❧♦s✉r❡✳ ❚♦ t❤❛t ❡♥❞✱
✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ t②♣❡ T ′

i t♦ r❡♣r❡s❡♥t ❛❧❧ ❡✈❡♥t s✉❜s❡ts
❛❝❝❡♣t❡❞ ❜② KL (Ti)✱ t❤❛t ✐s✱ t❤❡ ♣♦✇❡r s❡t ♦❢ ❡✈❡♥ts ♦❢ Ti✳
❆ s❡t ♦❢ k ❡✈❡♥ts ♦❢ t②♣❡ Ti ✇✐❧❧ ❜❡ s❛✐❞ t♦ ❝♦♥t❛✐♥ 2k ✏❡✈❡♥ts✑
♦❢ t②♣❡ T ′

i ✱ ♦♥❡ ❢♦r ❡❛❝❤ s✉❜s❡t ♦❢ t❤❡ ♦r✐❣✐♥❛❧ k ❡✈❡♥ts✳ ❚❤❡
♥❡✇ ♣❛tt❡r♥ ✐s ❝♦♥str✉❝t❡❞ ❜② r❡♣❧❛❝✐♥❣ KL (Ti) ✇✐t❤ T ′

i ✳
❙✐♥❝❡ ❛ t✐♠❡ ✇✐♥❞♦✇ ♦❢ s✐③❡ W ❝♦♥t❛✐♥s 2ri·W s✉❜s❡ts ♦❢ Ti

✭✇❤❡r❡ ri ✐s t❤❡ ❛rr✐✈❛❧ r❛t❡ ♦❢ Ti✮✱ t❤❡ ❛rr✐✈❛❧ r❛t❡ r
′
i ♦❢ T

′
i ✐s

s❡t t♦ 2ri·W

W
✳ ❚❤❡ ♣r❡❞✐❝❛t❡ s❡❧❡❝t✐✈✐t✐❡s r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞✳

❋♦r ❡①❛♠♣❧❡✱ ❣✐✈❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛tt❡r♥ ✇✐t❤ t❤❡ ❛rr✐✈❛❧
r❛t❡ ♦❢ ✺ ❡✈❡♥ts ♣❡r s❡❝♦♥❞ ❢♦r ❡❛❝❤ ❡✈❡♥t t②♣❡✿

P❆❚❚❊❘◆ ❆◆❉✭❆ ❛✱❑▲✭❇ ❜✮✱❈ ❝✮
❲❍❊❘❊ ✭tr✉❡ ✮ ❲■❚❍■◆ ✶✵ s❡❝♦♥❞s✱

t❤❡ ♣❛tt❡r♥ t♦ ❜❡ ✉t✐❧✐③❡❞ ❢♦r ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ ✇✐❧❧ ❜❡✿

P❆❚❚❊❘◆ ❆◆❉✭❆ ❛✱❇✬ ❜✱❈ ❝✮
❲❍❊❘❊ ✭tr✉❡ ✮ ❲■❚❍■◆ ✶✵ s❡❝♦♥❞s✳

❚❤❡ ❛rr✐✈❛❧ r❛t❡ ♦❢ B′ ✇✐❧❧ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s r′B = 2rB ·W

W
=

1
10

· 250✳ ❆ ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇✐❧❧ t❤❡♥ ❜❡ ✐♥✈♦❦❡❞
♦♥ t❤❡ ♥❡✇ ♣❛tt❡r♥✳ ❉✉❡ t♦ ❛♥ ❡①tr❡♠❡❧② ❤✐❣❤ ❛rr✐✈❛❧ r❛t❡ ♦❢
B′✱ ✐ts ♣r♦❝❡ss✐♥❣ ✇✐❧❧ ❧✐❦❡❧② ❜❡ ♣♦st♣♦♥❡❞ t♦ t❤❡ ❧❛t❡st st❡♣
✐♥ t❤❡ ♣❧❛♥✱ ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ❞❡s✐r❡❞ str❛t❡❣② ❢♦r t❤❡ ♦r✐❣✐♥❛❧
♣❛tt❡r♥ ✐♥ t❤✐s ❝❛s❡✳ B′ ✇✐❧❧ t❤❡♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ B ✐♥ t❤❡
r❡s✉❧t✐♥❣ ♣❧❛♥✱ ❛♥❞ t❤❡ ♠✐ss✐♥❣ ❑❧❡❡♥❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ✇✐❧❧
❜❡ ❛❞❞❡❞ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ st❛❣❡ ✭❜② ♠♦❞✐❢②✐♥❣ ❛♥ ❡❞❣❡ t②♣❡
❢♦r ❛ ◆❋❆ ❬✷✾❪ ♦r ❛ ♥♦❞❡ t②♣❡ ❢♦r ❛ tr❡❡ ❬✸✻❪✮✱ t❤✉s ♣r♦❞✉❝✐♥❣
❛ ✈❛❧✐❞ ♣❧❛♥ ❢♦r ❞❡t❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♣❛tt❡r♥✳
◆❡❣❛t✐♦♥ ♣❛tt❡r♥s✳ P❛tt❡r♥s ✇✐t❤ ❛ ♥❡❣❛t❡❞ ❡✈❡♥t ✇✐❧❧

♥♦t ❜❡ r❡✇r✐tt❡♥✳ ■♥st❡❛❞✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ❛ ♥❡❣❛t✐♦♥✲
❛✇❛r❡ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ ❝r❡❛t✐♦♥ str❛t❡❣②✳ ❋✐rst✱ ❛ ♣❧❛♥ ✇✐❧❧
❜❡ ❣❡♥❡r❛t❡❞ ❢♦r ❛ ♣♦s✐t✐✈❡ ♣❛rt ♦❢ ❛ ♣❛tt❡r♥ ❛s ❞❡s❝r✐❜❡❞
❛❜♦✈❡✳ ❚❤❡♥✱ ❛ ❝❤❡❝❦ ❢♦r t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❛ ♥❡❣❛t❡❞ ❡✈❡♥t
✇✐❧❧ ❜❡ ❛❞❞❡❞ ❛t t❤❡ ❡❛r❧✐❡st ♣♦✐♥t ♣♦ss✐❜❧❡✱ ✇❤❡♥ ❛❧❧ ♣♦s✐t✐✈❡
❡✈❡♥ts ✐t ❞❡♣❡♥❞s ♦♥ ❛r❡ ❛❧r❡❛❞② r❡❝❡✐✈❡❞✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥
♣r♦❝❡ss ✇✐❧❧ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ❛✉❣♠❡♥t✐♥❣ ❛ ♣❧❛♥ ✇✐t❤ ❛
tr❛♥s✐t✐♦♥ t♦ t❤❡ r❡❥❡❝t✐♥❣ st❛t❡ ❢♦r ❛ ◆❋❆ ❬✷✾❪ ♦r ✇✐t❤ ❛
◆❙❊◗ ♥♦❞❡ ❢♦r ❛ ❩❙tr❡❛♠ tr❡❡ ❬✸✻❪✳ ❋♦r ❡①❛♠♣❧❡✱ ❣✐✈❡♥
❛ ♣❛tt❡r♥ ❙❊◗✭❆✱◆❖❚✭❇✮✱❈✱❉✮✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❛t❝❤✐♥❣
B ✐♥ t❤❡ str❡❛♠ ✇✐❧❧ ❜❡ t❡st❡❞ ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r t❤❡ ❧❛t✲
❡st ♦❢ A ❛♥❞ C ❤❛✈❡ ❜❡❡♥ ❛❝❝❡♣t❡❞✳ ❙✐♥❝❡ ❜♦t❤ ▲❛③② ◆❋❆

❛♥❞ ❩❙tr❡❛♠ ✐♥❝♦r♣♦r❛t❡ ❡✈❡♥t ❜✉✛❡r✐♥❣✱ t❤✐s t❡❝❤♥✐q✉❡ ✐s
❢❡❛s✐❜❧❡ ❛♥❞ ❡❛s✐❧② ❛♣♣❧✐❝❛❜❧❡✳
◆❡st❡❞ ♣❛tt❡r♥s✳ P❛tt❡r♥s ♦❢ t❤✐s t②♣❡ ❝❛♥ ❝♦♥t❛✐♥ ❛♥

✉♥❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ♥✲❛r② ♦♣❡r❛t♦rs✳ ❆❢t❡r tr❛♥s❢♦r♠✐♥❣
❙❊◗ t♦ ❆◆❉ ❛s s❤♦✇♥ ❛❜♦✈❡✱ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ ♦♥❧② t✇♦
s✉❝❤ ♦♣❡r❛t♦r t②♣❡s✱ ❆◆❉ ❛♥❞ ❖❘✳ ●✐✈❡♥ ❛ ♥❡st❡❞ ♣❛t✲
t❡r♥✱ ✇❡ ❝♦♥✈❡rt t❤❡ ♣❛tt❡r♥ ❢♦r♠✉❧❛ t♦ ❉◆❋ ❢♦r♠✱ t❤❛t ✐s✱
❛♥ ❡q✉✐✈❛❧❡♥t ♥❡st❡❞ ❞✐s❥✉♥❝t✐✈❡ ♣❛tt❡r♥ ❝♦♥t❛✐♥✐♥❣ ❛ ❧✐st ♦❢
s✐♠♣❧❡ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥s ✐s ♣r♦❞✉❝❡❞✳ ❚❤❡♥✱ ❛ s❡♣❛r❛t❡
❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ ✐s ❝r❡❛t❡❞ ❢♦r ❡❛❝❤ ❝♦♥❥✉♥❝t✐✈❡ s✉❜♣❛tt❡r♥✱
❛♥❞ t❤❡✐r ❞❡t❡❝t✐♦♥ ♣r♦❝❡❡❞s ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❚❤❡ r❡t✉r♥❡❞
r❡s✉❧t ✐s t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ s✉❜♣❛tt❡r♥ ♠❛t❝❤❡s✳
◆♦t❡ t❤❛t ❛♣♣❧②✐♥❣ t❤❡ ❉◆❋ tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ❝❛✉s❡

s♦♠❡ ❡①♣r❡ss✐♦♥s t♦ ❛♣♣❡❛r ✐♥ ♠✉❧t✐♣❧❡ s✉❜♣❛tt❡r♥s✳ ❋♦r
❡①❛♠♣❧❡✱ ❛ ♥❡st❡❞ ♣❛tt❡r♥ ♦❢ t❤❡ ❢♦r♠ ❆◆❉✭❆✱❇✱❖❘✭❈✱❉✮✮
✇✐❧❧ ❜❡ ❝♦♥✈❡rt❡❞ t♦ ❛ ❞✐s❥✉♥❝t✐♦♥ ♦❢ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥s
❆◆❉✭❆✱❇✱❈✮✮ ❛♥❞ ❆◆❉✭❆✱❇✱❉✮✮✳ ❆s ❛ r❡s✉❧t✱ r❡❞✉♥❞❛♥t ❝♦♠✲
♣✉t❛t✐♦♥s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ❜② ❛✉t♦♠❛t❛ ♦r tr❡❡s ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ ❞✐✛❡r❡♥t s✉❜♣❛tt❡r♥s ✭❡✳❣✳✱ ❝♦♠♣❛r✐♥❣ A✬s t♦
B✬s✮✳ ❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❛♣♣❧②✐♥❣ ❦♥♦✇♥ ♠✉❧t✐✲
q✉❡r② t❡❝❤♥✐q✉❡s ❬✶✼✱ ✸✺✱ ✹✸✱ ✹✹✱ ✺✹❪✳

5. ADAPTING JQPG ALGORITHMS TO

COMPLEX EVENT PROCESSING
❚❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❢r♦♠ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✐♠♣❧② t❤❛t

❛♥② ❡①✐st✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r ❞❡t❡r♠✐♥✐♥❣ ❛ ❝❧♦s❡✲t♦✲♦♣t✐♠❛❧
❡①❡❝✉t✐♦♥ ♣❧❛♥ ❢♦r ❛ ❥♦✐♥ q✉❡r② ❝❛♥ ❜❡ ❛❞❛♣t❡❞ ❛♥❞ ✉s❡❞ ✐♥
❈❊P ❛♣♣❧✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ♠❛♥② ❝❤❛❧❧❡♥❣❡s ❛r✐s❡ ✇❤❡♥ ❛t✲
t❡♠♣t✐♥❣ t♦ ♣❡r❢♦r♠ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ ♣r❛❝✲
t✐❝❡✳ ❋✐rst✱ ❞❡s♣✐t❡ t❤❡ ❜❡♥❡✜ts ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐♥tr♦✲
❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✱ s✐♠♣❧② ❝♦✉♥t✐♥❣ t❤❡ ♣❛rt✐❛❧ ♠❛t❝❤❡s
✐s ♥♦t ❛❧✇❛②s s✉✣❝✐❡♥t✳ ❆❞❞✐t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✱
s✉❝❤ ❛s t❤❡ ❧❛t❡♥❝②✱ ❛r❡ ♦❢t❡♥ ❡ss❡♥t✐❛❧✳ ❙❡❝♦♥❞✱ ❝♦♠♣❧❡①
❡✈❡♥t s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡s ❝♦♥t❛✐♥ ✈❛r✐♦✉s ❝♦♥str✉❝ts ♥♦t
♣r❡s❡♥t ✐♥ tr❛❞✐t✐♦♥❛❧ ❞❛t❛❜❛s❡s✱ s✉❝❤ ❛s ❡✈❡♥t s❡❧❡❝t✐♦♥ str❛t❡✲
❣✐❡s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ ❤♦✇ t❤❡s❡ ❡①t❡♥s✐♦♥s ❝❛♥
❜❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ ❡①✐st✐♥❣ ❏◗P● ❛❧❣♦r✐t❤♠s✳
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❛rr✐✈❛❧ r❛t❡s ♦❢ ❡✈❡♥t t②♣❡s ❛♥❞ t❤❡ ♣r❡❞✲

✐❝❛t❡ s❡❧❡❝t✐✈✐t✐❡s ❛r❡ r❛r❡❧② ♦❜t❛✐♥❡❞ ✐♥ ❛❞✈❛♥❝❡ ❛♥❞ ❝❛♥
❝❤❛♥❣❡ r❛♣✐❞❧② ♦✈❡r t✐♠❡✳ ❆♥ ❛❞❛♣t✐✈❡ s♦❧✉t✐♦♥ ♠✉st ❜❡ ❞❡✲
✈✐s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ❞❡s✐r❡❞ st❛t✐st✐❝s ♦♥✲t❤❡✲✢② ❛♥❞ ❛❞❛♣t
t❤❡ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ ❛❝❝♦r❞✐♥❣❧② ❬✾✱ ✶✾✱ ✸✵✱ ✸✻❪✳ ❉✉❡ t♦ t❤❡
❝♦♥s✐❞❡r❛❜❧❡ ✐♠♣♦rt❛♥❝❡ ❛♥❞ ❝♦♠♣❧❡①✐t② ♦❢ ❛❞❛♣t✐✈❡ ❈❊P✱
✇❡ ❞❡✈♦t❡ ❛ s❡♣❛r❛t❡ ♣❛♣❡r ❬✷✽❪ t♦ ❞✐s❝✉ss t❤✐s ♣r♦❜❧❡♠✳

5.1 Pattern Detection Latency
▲❛t❡♥❝② ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛rr✐✈❛❧

t✐♠❡ ♦❢ t❤❡ ❧❛st ❡✈❡♥t ❝♦♠♣r✐s✐♥❣ ❛ ❢✉❧❧ ♠❛t❝❤ ❛♥❞ t❤❡ t✐♠❡ ♦❢
r❡♣♦rt✐♥❣ t❤✐s ♠❛t❝❤✳ ❆s ♠❛♥② ❡①✐st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ✐♥✈♦❧✈❡
str♦♥❣ r❡❛❧✲t✐♠❡ r❡q✉✐r❡♠❡♥ts✱ ♣❛tt❡r♥ ❞❡t❡❝t✐♦♥ ❧❛t❡♥❝② ✐s
❛ ♣♦♣✉❧❛r ♦♣t✐♠✐③❛t✐♦♥ ❣♦❛❧✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐♥ ♠♦st ❝❛s❡s ✐t
✐s ✐♠♣♦ss✐❜❧❡ t♦ s✐♠✉❧t❛♥❡♦✉s❧② ❛❝❤✐❡✈❡ ♠❛①✐♠❛❧ t❤r♦✉❣❤♣✉t
❛♥❞ ♠✐♥✐♠❛❧ ❧❛t❡♥❝②✳ ❚r❛❞❡✲♦✛s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛r❡ ✇✐❞❡❧②
st✉❞✐❡❞ ✐♥ t❤❡ ❈❊P ❝♦♥t❡①t ❬✻✱ ✺✷❪✳
❉❡t❡❝t✐♦♥ s❝❤❡♠❡s ✉t✐❧✐③✐♥❣ ♦✉t✲♦❢✲♦r❞❡r ❡✈❛❧✉❛t✐♦♥✱ ❧✐❦❡

t❤♦s❡ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ♦❢t❡♥ s✉✛❡r ❢r♦♠ ✐♥❝r❡❛s❡❞ ❧❛✲
t❡♥❝② ❛s ❝♦♠♣❛r❡❞ t♦ s✐♠♣❧❡r ❛♣♣r♦❛❝❤❡s✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥
✐s t❤❛t✱ ✇❤❡♥ ❛♥ ❡①❡❝✉t✐♦♥ ♣❧❛♥ ✐s ♦♣t✐♠✐③❡❞ ❢♦r ♠❛①✐♠❛❧
t❤r♦✉❣❤♣✉t✱ t❤❡ ❧❛st ❡✈❡♥t ✐♥ t❤❡ ♣❛tt❡r♥ ♠❛② ♥♦t ❜❡ t❤❡
❧❛st ❡✈❡♥t ✐♥ t❤❡ ♣❧❛♥✳ ❆❢t❡r t❤✐s ❡✈❡♥t ✐s ❛❝❝❡♣t❡❞✱ t❤❡ s②s✲
t❡♠ st✐❧❧ ♥❡❡❞s t♦ ♣r♦❝❡ss t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡ ♣❧❛♥✱
r❡s✉❧t✐♥❣ ✐♥ ❧❛t❡ ❞❡t❡❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ♠❛t❝❤✳
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❆❧❣♦r✐t❤♠s ❛❞♦♣t❡❞ ❢r♦♠ ❏◗P● ❞♦ ♥♦t ♥❛t✉r❛❧❧② s✉♣♣♦rt
❧❛t❡♥❝②✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡② ❛r❡ ❣❡♥❡r❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ ❝♦st ♠♦❞❡❧✱ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ♣r♦✈✐❞✐♥❣ ❛♥
❛♣♣r♦♣r✐❛t❡ ❝♦st ❢✉♥❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❢✉♥❝t✐♦♥s ♣r❡s❡♥t❡❞
✐♥ ❙❡❝t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ r❡❢❡r t♦ ❛s Costtrptord

❛♥❞ Costtrpttree✱ ❛ ♥❡✇ ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s✱ Costlatord ❛♥❞ Costlattree✱
✇✐❧❧ r❡✢❡❝t t❤❡ ❡①♣❡❝t❡❞ ❧❛t❡♥❝② ♦❢ ❛ ♣❧❛♥✳ ❚♦ ❝♦♠❜✐♥❡ t❤❡
❢✉♥❝t✐♦♥s✱ ♠❛♥② ❡①✐st✐♥❣ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ q✉❡r② ♦♣t✐♠✐③❛t✐♦♥
t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡ ✉s❡❞✱ ❡✳❣✳✱ ♣❛r❡t♦ ♦♣t✐♠❛❧ ♣❧❛♥ ❝❛❧❝✉❧❛✲
t✐♦♥ ❬✻❪ ♦r ♣❛r❛♠❡tr✐❝ ♠❡t❤♦❞s ❬✹✾❪✳ ❙②st❡♠s ✇✐t❤ ❧✐♠✐t❡❞
❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s ♠❛② ✉t✐❧✐③❡ s✐♠♣❧❡r ❛♥❞ ❧❡ss ❡①♣❡♥✲
s✐✈❡ s♦❧✉t✐♦♥s✱ s✉❝❤ ❛s ❞❡✜♥✐♥❣ t❤❡ t♦t❛❧ ❝♦st ❢✉♥❝t✐♦♥ ❛s ❛
✇❡✐❣❤t❡❞ s✉♠ ♦❢ ✐ts t✇♦ ❝♦♠♣♦♥❡♥ts✿

Cost (Plan) = Costtrpt (Plan) + α · Costlat (Plan) ,

✇❤❡r❡ α ✐s ❛ ✉s❡r✲❞❡✜♥❡❞ ♣❛r❛♠❡t❡r ❛❞❥✉st❡❞ t♦ ✜t t❤❡ r❡✲
q✉✐r❡❞ t❤r♦✉❣❤♣✉t✲❧❛t❡♥❝② tr❛❞❡✲♦✛✳ ❚❤✐s ❧❛tt❡r ♠♦❞❡❧ ✇❛s
✉s❡❞ ❞✉r✐♥❣ ♦✉r ❡①♣❡r✐♠❡♥ts ✭❙❡❝t✐♦♥ ✻✮✳
❲❡ ✇✐❧❧ ♥♦✇ ❢♦r♠❛❧❧② ❞❡✜♥❡ t❤❡ ❧❛t❡♥❝② ❝♦st ❢✉♥❝t✐♦♥s✳

❋♦r ❛ s❡q✉❡♥❝❡ ♣❛tt❡r♥✱ ❧❡t Tn ❞❡♥♦t❡ t❤❡ ❧❛st ❡✈❡♥t t②♣❡ ✐♥
t❤❡ ♦r❞❡r ✐♥❞✉❝❡❞ ❜② t❤❡ ♣❛tt❡r♥✳ ❚❤❡♥✱ ❢♦r ❛♥ ♦r❞❡r✲❜❛s❡❞
♣❧❛♥ O✱ ❧❡t SuccO (Tn) ❞❡♥♦t❡ t❤❡ ❡✈❡♥t t②♣❡s s✉❝❝❡❡❞✐♥❣
Tn ✐♥ O✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❛rr✐✈❛❧ ♦❢ ❛♥ ❡✈❡♥t ♦❢ t②♣❡ Tn✱ ✐♥ t❤❡
✇♦rst ❝❛s❡ ✇❡ ♥❡❡❞ t♦ ❡①❛♠✐♥❡ ❛❧❧ ❧♦❝❛❧❧② ❜✉✛❡r❡❞ ❡✈❡♥ts ♦❢
t②♣❡s ✐♥ SuccO (Tn)✳ ❚❤❡r❡ ❛r❡ W · ri s✉❝❤ ❡✈❡♥ts ♦❢ t②♣❡
Ti✱ ❤❡♥❝❡ Costlatord (O) =

∑

Ti∈SuccO(Tn) W · ri.

❙✐♠✐❧❛r❧②✱ ❢♦r ❛ tr❡❡✲❜❛s❡❞ ♣❧❛♥ T ✱ ❧❡t AncT (Tn) ❞❡♥♦t❡
❛❧❧ ❛♥❝❡st♦r ♥♦❞❡s ♦❢ t❤❡ ❧❡❛❢ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ Tn ✐♥ T ✱ ✐✳❡✳✱
♥♦❞❡s ❧♦❝❛t❡❞ ♦♥ ❛ ♣❛t❤ ❢r♦♠ Tn t♦ t❤❡ r♦♦t ✭❡①❝❧✉❞✐♥❣ t❤❡
r♦♦t✮✳ ▲❡t ✉s ❡①❛♠✐♥❡ t❤❡ tr❛✈❡rs❛❧ ❛❧♦♥❣ t❤✐s ♣❛t❤✳ ❲❤❡♥
❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡ N ✇✐t❤ t✇♦ ❝❤✐❧❞r❡♥ L ❛♥❞ R r❡❝❡✐✈❡s ❛
♣❛rt✐❛❧ ♠❛t❝❤ ❢r♦♠✱ s❛②✱ t❤❡ ❝❤✐❧❞ L✱ ✐t ❝♦♠♣❛r❡s t❤✐s ♠❛t❝❤
t♦ ❛❧❧ ♣❛rt✐❛❧ ♠❛t❝❤❡s ❝✉rr❡♥t❧② ❜✉✛❡r❡❞ ♦♥ R✳ ❚❤✉s✱ t❤❡
✇♦rst✲❝❛s❡ ❞❡t❡❝t✐♦♥ ❧❛t❡♥❝② ♦❢ ❛ s❡q✉❡♥❝❡ ♣❛tt❡r♥ ❡♥❞✐♥❣
✇✐t❤ Tn ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s
❜✉✛❡r❡❞ ♦♥ t❤❡ s✐❜❧✐♥❣s ♦❢ t❤❡ ♥♦❞❡s ✐♥ AncT (Tn)✳ ▼♦r❡
❢♦r♠❛❧❧②✱ ❧❡t sibling (N) ❞❡♥♦t❡ t❤❡ ♦t❤❡r ❝❤✐❧❞ ♦❢ t❤❡ ♣❛r❡♥t
♦❢ N ✭❢♦r t❤❡ r♦♦t t❤✐s ❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡ ✉♥❞❡✜♥❡❞✮✳ ❚❤❡♥✱
Costlattree (T ) =

∑

N∈AncT (Tn) PM (sibling (N)) .
❋♦r ❛ ❝♦♥❥✉♥❝t✐✈❡ ♣❛tt❡r♥✱ ❡st✐♠❛t✐♥❣ t❤❡ ❞❡t❡❝t✐♦♥ ❧❛✲

t❡♥❝② ✐s ❛ ♠♦r❡ ❞✐✣❝✉❧t ♣r♦❜❧❡♠✱ ❛s t❤❡ ❧❛st ❛rr✐✈✐♥❣ ❡✈❡♥t
✐s ♥♦t ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡✳ ❖♥❡ ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤ ✐s t♦ ✐♥tr♦✲
❞✉❝❡ ❛ ♥❡✇ s②st❡♠ ❝♦♠♣♦♥❡♥t✱ ❝❛❧❧❡❞ t❤❡ ♦✉t♣✉t ♣r♦✜❧❡r✳
❚❤❡ ♦✉t♣✉t ♣r♦✜❧❡r ❡①❛♠✐♥❡s t❤❡ ❢✉❧❧ ♠❛t❝❤❡s r❡♣♦rt❡❞ ❛s
♦✉t♣✉t ❛♥❞ r❡❝♦r❞s t❤❡ ♠♦st ❢r❡q✉❡♥t t❡♠♣♦r❛❧ ♦r❞❡rs ✐♥
✇❤✐❝❤ ♣r✐♠✐t✐✈❡ ❡✈❡♥ts ❛♣♣❡❛r✳ ❚❤❡♥✱ ❛s ❡♥♦✉❣❤ ✐♥❢♦r♠❛✲
t✐♦♥ ✐s ❝♦❧❧❡❝t❡❞✱ t❤❡ ❧❛t❡♥❝② ❢✉♥❝t✐♦♥ ♠❛② ❜❡ ❞❡✜♥❡❞ ❛s ✐♥
t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ s✉❜❥❡❝t t♦ t❤❡ ❡✈❡♥t ❛rr✐✈❛❧ ♦r❞❡r ✇✐t❤ t❤❡
❤✐❣❤❡st ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♣♣❡❛r❛♥❝❡✳
❋✐♥❛❧❧②✱ ❢♦r ❛ ❞✐s❥✉♥❝t✐✈❡ ♣❛tt❡r♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧❛t❡♥❝②

❝♦st ❢✉♥❝t✐♦♥ ❛s t❤❡ ♠❛①✐♠✉♠ ♦✈❡r t❤❡ ❞✐s❥✉♥❝t✐♦♥ ♦♣❡r❛♥❞s✳
❚❤✐s ❞❡✜♥✐t✐♦♥ ❛♣♣❧✐❡s ❛❧s♦ ❢♦r ❛r❜✐tr❛r② ♥❡st❡❞ ♣❛tt❡r♥s✳

5.2 Event Selection Strategies
■♥ ❛❞❞✐t✐♦♥ t♦ ❡✈❡♥t t②♣❡s✱ ♦♣❡r❛t♦rs ❛♥❞ ♣r❡❞✐❝❛t❡s✱ ❈❊P

♣❛tt❡r♥s ❛r❡ ❢✉rt❤❡r ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ ❡✈❡♥t s❡❧❡❝t✐♦♥ str❛t❡✲
❣✐❡s ❬✺✱ ✶✻✱ ✷✶❪✳ ❆♥ ❡✈❡♥t s❡❧❡❝t✐♦♥ str❛t❡❣② s♣❡❝✐✜❡s ❤♦✇
❡✈❡♥ts ❛r❡ s❡❧❡❝t❡❞ ❢r♦♠ ❛♥ ✐♥♣✉t str❡❛♠ ❢♦r ♣❛rt✐❛❧ ♠❛t❝❤❡s✳
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss ❢♦✉r ❡①✐st✐♥❣ str❛t❡❣✐❡s ❛♥❞ s❤♦✇
❤♦✇ ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ ❏◗P● t♦ ❈P● ❝❛♥ s✉♣♣♦rt t❤❡♠✳
❯♥t✐❧ ♥♦✇✱ ✇❡ ❤❛✈❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡❞ t❤❡ s❦✐♣✲t✐❧❧✲❛♥②✲

♠❛t❝❤ s❡❧❡❝t✐♦♥ str❛t❡❣② ❬✺❪✱ ✇❤✐❝❤ ♣❡r♠✐ts ❛ ♣r✐♠✐t✐✈❡ ❡✈❡♥t
t♦ ♣❛rt✐❝✐♣❛t❡ ✐♥ ❛♥ ✉♥❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ♠❛t❝❤❡s✳ ❚❤✐s

str❛t❡❣② ✐s t❤❡ ♠♦st ✢❡①✐❜❧❡✱ ❛s ✐t ❛❧❧♦✇s ❛❧❧ ♣♦ss✐❜❧❡ ❝♦♠❜✐✲
♥❛t✐♦♥s ♦❢ ❡✈❡♥ts ❝♦♠♣r✐s✐♥❣ ❛ ♠❛t❝❤ t♦ ❜❡ ❞❡t❡❝t❡❞✳ ❍♦✇✲
❡✈❡r✱ s♦♠❡ str❡❛♠✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ❞♦ ♥♦t r❡q✉✐r❡ s✉❝❤ ❢✉♥❝✲
t✐♦♥❛❧✐t②✳ ❚❤✉s✱ ❛❞❞✐t✐♦♥❛❧ str❛t❡❣✐❡s ✇❡r❡ ❞❡✜♥❡❞✳
❚❤❡ s❦✐♣✲t✐❧❧✲♥❡①t✲♠❛t❝❤ s❡❧❡❝t✐♦♥ str❛t❡❣② ❬✺❪ ❧✐♠✐ts ❛♥

❡✈❡♥t t♦ ❛♣♣❡❛r ✐♥ ❛t ♠♦st ❛ s✐♥❣❧❡ ❢✉❧❧ ♠❛t❝❤✳ ❚❤✐s ✐s ❡♥✲
❢♦r❝❡❞ ❜② ✏❝♦♥s✉♠✐♥❣✑ ❡✈❡♥ts ❛❧r❡❛❞② ❛ss✐❣♥❡❞ t♦ ❛ ♠❛t❝❤✳
❲❤✐❧❡ t❤✐s str❛t❡❣② ♣r❡✈❡♥ts s♦♠❡ ♠❛t❝❤❡s ❢r♦♠ ❜❡✐♥❣ ❞✐s✲
❝♦✈❡r❡❞✱ ✐t ❝♦♥s✐❞❡r❛❜❧② s✐♠♣❧✐✜❡s t❤❡ ❞❡t❡❝t✐♦♥ ♣r♦❝❡ss✳ ■♥ ❛
s②st❡♠ ♦♣❡r❛t✐♥❣ ✉♥❞❡r s❦✐♣✲t✐❧❧✲♥❡①t✲♠❛t❝❤✱ ♦✉r ❝♦st ♠♦❞❡❧
✇✐❧❧ ♥♦ ❧♦♥❣❡r ♣r♦✈✐❞❡ ❛ ❝♦rr❡❝t ❡st✐♠❛t❡ ❢♦r ❛ ♥✉♠❜❡r ♦❢ ♣❛r✲
t✐❛❧ ♠❛t❝❤❡s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ♠♦st ❏◗P● ❛❧❣♦r✐t❤♠s ❞♦ ♥♦t
❞❡♣❡♥❞ ♦♥ ❛ s♣❡❝✐✜❝ ❝♦st ❢✉♥❝t✐♦♥✱ ✇❡ ❝❛♥ s♦❧✈❡ t❤✐s ✐ss✉❡ ❜②
r❡♣❧❛❝✐♥❣ Costord ❛♥❞ Costtree ✇✐t❤ ♥❡✇❧② ❞❡✈✐s❡❞ ♠♦❞❡❧s✳
▲❡t ✉s ❡①❛♠✐♥❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❛❧ ♠❛t❝❤❡s ✐♥ ❛♥ ♦r❞❡r✲

❜❛s❡❞ s❡tt✐♥❣ ✉♥❞❡r t❤❡ s❦✐♣✲t✐❧❧✲♥❡①t✲♠❛t❝❤ str❛t❡❣②✳ ❲❡
✇✐❧❧ ❞❡♥♦t❡ ❜② m [k] t❤❡ ♥✉♠❜❡r ♦❢ ♠❛t❝❤❡s ♦❢ s✐③❡ k ❡①✲
♣❡❝t❡❞ t♦ ❡①✐st s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ ❛ t✐♠❡ ✇✐♥❞♦✇✳ ❖❜✈✐♦✉s❧②✱
m [1] = W · rp1 ✱ ✇❤❡r❡ Tp1 ✐s t❤❡ ✜rst ❡✈❡♥t t②♣❡ ✐♥ t❤❡ s❡✲
❧❡❝t❡❞ ❡✈❛❧✉❛t✐♦♥ ♦r❞❡r✳ ❋♦r t❤❡ ❡st✐♠❛t❡ ♦❢ m [2]✱ t❤❡r❡ ❛r❡
t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✳ ■❢ rp1 > rp2 ✱ t❤❡r❡ ✇✐❧❧ ♥♦t ❜❡ ❡♥♦✉❣❤
✐♥st❛♥❝❡s ♦❢ Tp2 t♦ ♠❛t❝❤ ❛❧❧ ❡①✐st✐♥❣ ✐♥st❛♥❝❡s ♦❢ Tp1 ✱ ❛♥❞
s♦♠❡ ♦❢ t❤❡ ❡①✐st✐♥❣ ♠❛t❝❤❡s ♦❢ s✐③❡ ✶ ✇✐❧❧ ♥❡✈❡r ❜❡ ❡①t❡♥❞❡❞✳
❍❡♥❝❡✱ m [2] = W · rp2 ✐♥ t❤✐s ❝❛s❡✳ ❖t❤❡r✇✐s❡✱ ❛s ❛♥ ❡①✐st✲
✐♥❣ ♣❛rt✐❛❧ ♠❛t❝❤ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ ❜② ♠♦r❡ t❤❛♥ ❛ s✐♥❣❧❡
❡✈❡♥t ♦❢ t②♣❡ Tp2 ✱ m [1] ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ m [2]✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢
❛ ♠✉t✉❛❧ ❝♦♥❞✐t✐♦♥ ❡①✐sts ❜❡t✇❡❡♥ Tp1❛♥❞ Tp2 ✱ t❤❡ r❡s✉❧t✐♥❣
❡①♣r❡ss✐♦♥ ❤❛s t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞ ❜② selp1,p2 ✳
❇② ❡①t❡♥❞✐♥❣ t❤✐s r❡❛s♦♥✐♥❣ t♦ ❛♥ ❛r❜✐tr❛r② ♣❛rt✐❛❧ ♠❛t❝❤✱

✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

m [k] = W ·min (rp1 , rp2 , · · · , rpk )·
∏

i,j≤k;i≤j

selpi,pj ; 1 ≤ k ≤ n.

❆♥❞ t❤❡ ♥❡✇ ❝♦st ❢✉♥❝t✐♦♥ ❢♦r ♦r❞❡r✲❜❛s❡❞ ❈P● ✐s

Costnext
ord (O) =

n
∑

k=1

(W ·m [k]) .

❯s✐♥❣ s✐♠✐❧❛r ♦❜s❡r✈❛t✐♦♥s✱ t❤❡ ❛❜♦✈❡ r❡s✉❧t ❝❛♥ ❜❡ tr✐✈✲
✐❛❧❧② ❡①t❡♥❞❡❞ ❢♦r t❤❡ tr❡❡✲❜❛s❡❞ ♠♦❞❡❧✳
❚❤❡ t✇♦ r❡♠❛✐♥✐♥❣ s❡❧❡❝t✐♦♥ str❛t❡❣✐❡s✱ str✐❝t ❝♦♥t✐❣✉✐t②

❛♥❞ ♣❛rt✐t✐♦♥ ❝♦♥t✐❣✉✐t② ❬✺❪✱ ❢✉rt❤❡r r❡str✐❝t t❤❡ ❛♣♣❡❛r❛♥❝❡
♦❢ ❡✈❡♥ts ✐♥ ❛ ♠❛t❝❤✳ ❚❤❡ str✐❝t ❝♦♥t✐❣✉✐t② r❡q✉✐r❡♠❡♥t
❢♦r❝❡s t❤❡ s❡❧❡❝t❡❞ ❡✈❡♥ts t♦ ❜❡ ❝♦♥t✐❣✉♦✉s ✐♥ t❤❡ ✐♥♣✉t
str❡❛♠✱ ✐✳❡✳✱ ✐t ❛❧❧♦✇s ♥♦ ♦t❤❡r ❡✈❡♥ts t♦ ❛♣♣❡❛r ✐♥ ❜❡t✇❡❡♥✳
❚❤❡ ♣❛rt✐t✐♦♥ ❝♦♥t✐❣✉✐t② str❛t❡❣② ✐s ❛ s❧✐❣❤t r❡❧❛①❛t✐♦♥ ♦❢
t❤❡ ❛❜♦✈❡✳ ■t ♣❛rt✐t✐♦♥s t❤❡ ✐♥♣✉t str❡❛♠ ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡
❝♦♥❞✐t✐♦♥ ❛♥❞ ♦♥❧② r❡q✉✐r❡s t❤❡ ❡✈❡♥ts ❧♦❝❛t❡❞ ✐♥ t❤❡ s❛♠❡
♣❛rt✐t✐♦♥ t♦ ❜❡ ❝♦♥t✐❣✉♦✉s✳
❲❡ ✇✐❧❧ ❜❛s❡ t❤❡ ❝♦st ♠♦❞❡❧s ♦❢ t❤❡s❡ str❛t❡❣✐❡s ♦♥ t❤❡ ♦♥❡

♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❢♦r s❦✐♣✲t✐❧❧✲♥❡①t✲♠❛t❝❤✳ ❚♦ ❡①♣r❡ss str✐❝t
❝♦♥t✐❣✉✐t②✱ ✇❡ ✇✐❧❧ ❛✉❣♠❡♥t ❡❛❝❤ ❡✈❡♥t ✇✐t❤ ❛♥ ❛ttr✐❜✉t❡
r❡✢❡❝t✐♥❣ ✐ts ♣♦s✐t✐♦♥ ✐♥ t❤❡ str❡❛♠✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ ❛❞❞ ❛
❝♦♥❞✐t✐♦♥ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ♣♦t❡♥t✐❛❧❧② ♥❡✐❣❤❜♦r✐♥❣ ❡✈❡♥ts✱ r❡✲
q✉✐r✐♥❣ t❤❡ ♥✉♠❜❡rs t♦ ❜❡ ❛❞❥❛❝❡♥t✳ ❋♦r ♣❛rt✐t✐♦♥ ❝♦♥t✐❣✉✐t②✱
t❤❡ ♥❡✇ ❛ttr✐❜✉t❡ ✇✐❧❧ r❡♣r❡s❡♥t ❛♥ ✐♥♥❡r✱ ♣❡r✲♣❛rt✐t✐♦♥ ♦r✲
❞❡r r❛t❤❡r t❤❛♥ ❛ ❣❧♦❜❛❧ ♦♥❡✳ ❚❤❡ ♥❡✇ ❝♦♥t✐❣✉✐t② ❝♦♥❞✐t✐♦♥
✇✐❧❧ ✜rst ❝♦♠♣❛r❡ t❤❡ ♣❛rt✐t✐♦♥ ■❉s ♦❢ t❤❡ t✇♦ ❡✈❡♥ts✱ ❛♥❞
♦♥❧② ✈❡r✐❢② t❤❡✐r ♣♦s✐t✐♦♥❛❧ ❝♦✉♥t❡rs ✐❢ t❤❡ ■❉s ♠❛t❝❤✳ ❲❡
❛ss✉♠❡ t❤❛t t❤❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥ ❛❝r♦ss t❤❡ ♣❛rt✐t✐♦♥s r❡✲
♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ ✐s t♦ ❜❡
❣❡♥❡r❛t❡❞ ♦♥ ❛ ♣❡r✲♣❛rt✐t✐♦♥ ❜❛s✐s✳ ❚❡❝❤♥✐q✉❡s ✐♥❝♦r♣♦r❛t✲
✐♥❣ ♣❡r✲♣❛rt✐t✐♦♥ ♣❧❛♥s ❛r❡ ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r
❛♥❞ ❛r❡ ❛ s✉❜❥❡❝t ❢♦r ♦✉r ❢✉t✉r❡ r❡s❡❛r❝❤✳
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6. EXPERIMENTAL EVALUATION
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♦✉r ❡①♣❡r✐♠❡♥t❛❧ st✉❞② ♦♥ r❡❛❧✲

✇♦r❧❞ ❞❛t❛✳ ❖✉r ♠❛✐♥ ❣♦❛❧ ✇❛s t♦ ❝♦♠♣❛r❡ s♦♠❡ ♦❢ t❤❡ ✇❡❧❧✲
❦♥♦✇♥ ❏◗P● ❛❧❣♦r✐t❤♠s✱ ❛❞❛♣t❡❞ ❢♦r ❈P● ❛s ❞❡s❝r✐❜❡❞
❛❜♦✈❡✱ t♦ t❤❡ ❝✉rr❡♥t❧② ✉s❡❞ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❞✐r❡❝t❧② ❢♦r
❈P●✳ ❚❤❡ r❡s✉❧ts ❞❡♠♦♥str❛t❡ t❤❡ s✉♣❡r✐♦r✐t② ♦❢ t❤❡ ❢♦r♠❡r
✐♥ t❡r♠s ♦❢ q✉❛❧✐t② ❛♥❞ s❝❛❧❛❜✐❧✐t② ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ♣❧❛♥s✳

6.1 CPG and JQPG Algorithms
❲❡ ✐♠♣❧❡♠❡♥t❡❞ ✺ ♦r❞❡r✲❜❛s❡❞ ❛♥❞ ✸ tr❡❡✲❜❛s❡❞ ❈P● ❛❧✲

❣♦r✐t❤♠s✳ ❖✉t ♦❢ t❤♦s❡✱ ✸ ♦r❞❡r✲❜❛s❡❞ ❛♥❞ ✷ tr❡❡✲❜❛s❡❞ ❛❧✲
❣♦r✐t❤♠s ❛r❡ ❏◗P● ♠❡t❤♦❞s ❛❞❛♣t❡❞ t♦ t❤❡ ❈❊P ❞♦♠❛✐♥✳
❚❤❡ r❡st ❛r❡ ♥❛t✐✈❡ ❈P● t❡❝❤♥✐q✉❡s✳ ❚❤❡ ♦r❞❡r✲❜❛s❡❞ ♣❧❛♥
❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✐♥❝❧✉❞❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿
❼ ❚r✐✈✐❛❧ ♦r❞❡r ✭❚❘■❱■❆▲✮ ✲ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ ✐s s❡t t♦

t❤❡ ✐♥✐t✐❛❧ ♦r❞❡r ♦❢ t❤❡ s❡q✉❡♥❝❡ ♣❛tt❡r♥✳ ❚❤✐s str❛t❡❣② ✐s
✉s❡❞ ✐♥ ✈❛r✐♦✉s ❈❊P ❡♥❣✐♥❡s ❜❛s❡❞ ♦♥ ◆❋❆s✱ s✉❝❤ ❛s ❙❆❙❊
❬✺✶❪ ❛♥❞ ❈❛②✉❣❛ ❬✶✽❪✳
❼ ❊✈❡♥t ❢r❡q✉❡♥❝② ♦r❞❡r ✭❊❋❘❊◗✮ ✲ t❤❡ ❡✈❡♥ts ❛r❡ ♣r♦✲

❝❡ss❡❞ ❜② t❤❡ ❛s❝❡♥❞✐♥❣ ♦r❞❡r ♦❢ t❤❡✐r ❛rr✐✈❛❧ ❢r❡q✉❡♥❝✐❡s✳
❚❤✐s ✐s t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❝❤♦✐❝❡ ❢♦r ❢r❛♠❡✇♦r❦s s✉❝❤ ❛s P❇✲
❈❊❉ ❬✻❪ ❛♥❞ t❤❡ ▲❛③② ◆❋❆ ❬✸✵❪✳
❼●r❡❡❞② ❝♦st✲❜❛s❡❞ ❛❧❣♦r✐t❤♠ ✭●❘❊❊❉❨✮ ❬✹✽❪ ✲ t❤✐s ❣r❡❡❞②

❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠ ❢♦r ❏◗P● ♣r♦❝❡❡❞s ❜② s❡❧❡❝t✐♥❣ ❛t ❡❛❝❤
st❡♣ t❤❡ r❡❧❛t✐♦♥ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝✲
t✐♦♥✳ ❍❡r❡ ❛♥❞ ❜❡❧♦✇✱ ✉♥❧❡ss ♦t❤❡r✇✐s❡ st❛t❡❞✱ ✇❡ ✇✐❧❧ ✉s❡
❝♦st ❢✉♥❝t✐♦♥s ♠✐♥✐♠✐③✐♥❣ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts s✐③❡ ✭❙❡❝✲
t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷✮✳
❼ ■t❡r❛t✐✈❡ ✐♠♣r♦✈❡♠❡♥t ❛❧❣♦r✐t❤♠ ✭■■✲❘❆◆❉❖▼ ✴ ■■✲

●❘❊❊❉❨✮ ❬✹✽❪ ✲ ❛ ❧♦❝❛❧ s❡❛r❝❤ ❏◗P● ❛❧❣♦r✐t❤♠✱ st❛rt✐♥❣
❢r♦♠ s♦♠❡ ✐♥✐t✐❛❧ ❡①❡❝✉t✐♦♥ ♣❧❛♥ ❛♥❞ ❛tt❡♠♣t✐♥❣ ❛ s❡t ♦❢
♠♦✈❡s t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✱ ✉♥t✐❧ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠
✐s r❡❛❝❤❡❞✳ ❲❡ ❡①♣❡r✐♠❡♥t❡❞ ✇✐t❤ t✇♦ ✈❛r✐❛t✐♦♥s ♦❢ t❤✐s ❛❧✲
❣♦r✐t❤♠✳ ❚❤❡ ✜rst✱ ❞❡♥♦t❡❞ ❛s ■■✲❘❆◆❉❖▼✱ st❛rts ❢r♦♠
❛ r❛♥❞♦♠ ♦r❞❡r✳ ❚❤❡ s❡❝♦♥❞✱ ❞❡♥♦t❡❞ ❛s ■■✲●❘❊❊❉❨✱ ✜rst
❛♣♣❧✐❡s ❛ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ t♦ ❝r❡❛t❡ ❛♥ ✐♥✐t✐❛❧ st❛t❡✳ ■♥ ❜♦t❤
❝❛s❡s✱ t❤❡ ❢✉♥❝t✐♦♥s ✉s❡❞ t♦ tr❛✈❡rs❡ ❜❡t✇❡❡♥ st❛t❡s ❛r❡ s✇❛♣
✭t❤❡ ♣♦s✐t✐♦♥s ♦❢ t✇♦ ❡✈❡♥t t②♣❡s ✐♥ ❛ ♣❧❛♥ ❛r❡ s✇❛♣♣❡❞✮ ❛♥❞
❝②❝❧❡ ✭t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤r❡❡ ❡✈❡♥t t②♣❡s ❛r❡ s❤✐❢t❡❞✮✳
❼❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❧❡❢t✲❞❡❡♣ tr❡❡s ✭❉P✲

▲❉✮ ❬✹✻❪ ✲ t❤✐s ❡①♣♦♥❡♥t✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ✉t✐❧✐③❡s ❞②♥❛♠✐❝
♣r♦❣r❛♠♠✐♥❣ t♦ ♣r♦❞✉❝❡ ❛ ♣r♦✈❛❜❧② ♦♣t✐♠❛❧ ❡①❡❝✉t✐♦♥ ♣❧❛♥✳
❚❤❡ r❡s✉❧t ✐s ❧✐♠✐t❡❞ t♦ ❛ ❧❡❢t✲❞❡❡♣ tr❡❡ t♦♣♦❧♦❣②✳
❋♦r t❤❡ tr❡❡✲❜❛s❡❞ ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱ t❤❡ ❢♦❧❧♦✇✲

✐♥❣ ✇❡r❡ ✉s❡❞✿
❼ ❩❙tr❡❛♠ ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✭❩❙❚❘❊❆▼✮ ❬✸✻❪ ✲

❝r❡❛t❡s ❛♥ ❡✈❛❧✉❛t✐♦♥ tr❡❡ ❜② ✐t❡r❛t✐♥❣ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ tr❡❡
t♦♣♦❧♦❣✐❡s ❢♦r ❛ ❣✐✈❡♥ s❡q✉❡♥❝❡ ♦❢ ❧❡❛✈❡s✳
❼ ❩❙tr❡❛♠ ✇✐t❤ ❣r❡❡❞② ❝♦st✲❜❛s❡❞ ♦r❞❡r✐♥❣ ✭❩❙❚❘❊❆▼✲

❖❘❉✮ ✲ ❛s ✇❛s ❞❡♠♦♥str❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✱ t❤❡ ❧✐♠✐t❛t✐♦♥
♦❢ t❤❡ ❩❙tr❡❛♠ ❛❧❣♦r✐t❤♠ ✐s ✐♥ ✐ts ✐♥❛❜✐❧✐t② t♦ ♠♦❞✐❢② t❤❡
♦r❞❡r ♦❢ tr❡❡ ❧❡❛✈❡s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❛tt❡♠♣ts t♦ ✉t✐❧✐③❡ ❛♥
♦r❞❡r✲❜❛s❡❞ ❏◗P● ♠❡t❤♦❞ t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞r❛✇❜❛❝❦✳ ■t
♦♣❡r❛t❡s ❜② ✜rst ❡①❡❝✉t✐♥❣ ●❘❊❊❉❨ ♦♥ t❤❡ ❧❡❛✈❡s ♦❢ t❤❡
tr❡❡ t♦ ♣r♦❞✉❝❡ ❛ ✬❣♦♦❞✬ ♦r❞❡r✐♥❣✱ t❤❡♥ ❛♣♣❧②✐♥❣ ❩❙❚❘❊❆▼
♦♥ t❤❡ r❡s✉❧t✐♥❣ ❧✐st✳
❼ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❜✉s❤② tr❡❡s ✭❉P✲

❇✮ ❬✹✻❪ ✲ s❛♠❡ ❛s ❉P✲▲❉✱ ❜✉t ✇✐t❤♦✉t t❤❡ t♦♣♦❧♦❣② r❡str✐❝✲
t✐♦♥✳

6.2 Experimental Setup
❚❤❡ ❞❛t❛ ✉s❡❞ ❞✉r✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts ✇❛s t❛❦❡♥ ❢r♦♠

t❤❡ ◆❆❙❉❆◗ st♦❝❦ ♠❛r❦❡t ❤✐st♦r✐❝❛❧ r❡❝♦r❞s ❬✶❪✳ ❊❛❝❤ ❞❛t❛

✭❛✮

✭❜✮

❋✐❣✉r❡ ✸✿ ❚❤r♦✉❣❤♣✉t ❢♦r ❞✐✛❡r❡♥t ♣❛tt❡r♥ t②♣❡s ✭❤✐❣❤❡r ✐s
❜❡tt❡r✮✿ ✭❛✮ ♦r❞❡r✲❜❛s❡❞ ♠❡t❤♦❞s❀ ✭❜✮ tr❡❡✲❜❛s❡❞ ♠❡t❤♦❞s✳

r❡❝♦r❞ r❡♣r❡s❡♥ts ❛ s✐♥❣❧❡ ✉♣❞❛t❡ t♦ t❤❡ ♣r✐❝❡ ♦❢ ❛ st♦❝❦✱
s♣❛♥♥✐♥❣ ❛ ✶✲②❡❛r ♣❡r✐♦❞ ❛♥❞ ❝♦✈❡r✐♥❣ ♦✈❡r ✷✶✵✵ st♦❝❦ ✐❞❡♥✲
t✐✜❡rs ✇✐t❤ ♣r✐❝❡s ♣❡r✐♦❞✐❝❛❧❧② ✉♣❞❛t❡❞✳ ❖✉r ✐♥♣✉t str❡❛♠
❝♦♥t❛✐♥❡❞ ✽✵✱✺✵✾✱✵✸✸ ♣r✐♠✐t✐✈❡ ❡✈❡♥ts✱ ❡❛❝❤ ❝♦♥s✐st✐♥❣ ♦❢ ❛
st♦❝❦ ✐❞❡♥t✐✜❡r✱ ❛ t✐♠❡st❛♠♣✱ ❛♥❞ ❛ ❝✉rr❡♥t ♣r✐❝❡✳ ❋♦r ❡❛❝❤
✐❞❡♥t✐✜❡r✱ ❛ s❡♣❛r❛t❡ ❡✈❡♥t t②♣❡ ✇❛s ❞❡✜♥❡❞✳ ❲❡ ❛❧s♦ ❛✉❣✲
♠❡♥t❡❞ t❤❡ ❡✈❡♥t ❢♦r♠❛t ✇✐t❤ t❤❡ ♣r❡❝❛❧❝✉❧❛t❡❞ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ t❤❡ ❝✉rr❡♥t ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ♣r✐❝❡ ♦❢ ❡❛❝❤ st♦❝❦✳
❚❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ s❡♣❛✲

r❛t❡❧② ♦♥ ✺ s❡ts ♦❢ ♣❛tt❡r♥s✿ ✭✶✮ ♣✉r❡ s❡q✉❡♥❝❡s❀ ✭✷✮ s❡✲
q✉❡♥❝❡s ✇✐t❤ ❛ ♥❡❣❛t❡❞ ❡✈❡♥t ✭♠❛r❦❡❞ ❛s ✬♥❡❣❛t✐♦♥✬ ♣❛t✲
t❡r♥s ✐♥ t❤❡ ❣r❛♣❤s ❜❡❧♦✇✮❀ ✭✸✮ ❝♦♥❥✉♥❝t✐♦♥s❀ ✭✹✮ s❡q✉❡♥❝❡s
❝♦♥t❛✐♥✐♥❣ ❛♥ ❡✈❡♥t ✉♥❞❡r ❑▲ ♦♣❡r❛t♦r ✭♠❛r❦❡❞ ❛s ✬❑❧❡❡♥❡
❝❧♦s✉r❡✬ ♣❛tt❡r♥s✮❀ ✭✺✮ ❝♦♠♣♦s✐t❡ ♣❛tt❡r♥s✱ ❝♦♥s✐st✐♥❣ ♦❢ ❛
❞✐s❥✉♥❝t✐♦♥ ♦❢ t❤r❡❡ s❡q✉❡♥❝❡s ✭♠❛r❦❡❞ ❛s ✬❞✐s❥✉♥❝t✐♦♥✬ ♣❛t✲
t❡r♥s✮✳ ❊❛❝❤ s❡t ❝♦♥t❛✐♥❡❞ ✺✵✵ ♣❛tt❡r♥s ✇✐t❤ t❤❡ s✐③❡s ✭♥✉♠✲
❜❡rs ♦❢ t❤❡ ♣❛rt✐❝✐♣❛t✐♥❣ ❡✈❡♥ts✮ r❛♥❣✐♥❣ ❢r♦♠ ✸ t♦ ✼✱ ✶✵✵
♣❛tt❡r♥s ❢♦r ❡❛❝❤ ✈❛❧✉❡✳ ❚❤❡ ♣❛tt❡r♥ t✐♠❡ ✇✐♥❞♦✇ ✇❛s s❡t
t♦ ✷✵ ♠✐♥✉t❡s✳
❚❤❡ ♣❛tt❡r♥ str✉❝t✉r❡ ✇❛s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♣r♦❜❧❡♠ ♦❢

♠♦♥✐t♦r✐♥❣ t❤❡ r❡❧❛t✐✈❡ ❝❤❛♥❣❡s ✐♥ st♦❝❦ ♣r✐❝❡s✳ ❊❛❝❤ ♣❛t✲
t❡r♥ ✐♥❝❧✉❞❡❞ ❛ ♥✉♠❜❡r ♦❢ ♣r❡❞✐❝❛t❡s✱ r♦✉❣❤❧② ❡q✉❛❧ t♦ ❤❛❧❢
t❤❡ s✐③❡ ♦❢ ❛ ♣❛tt❡r♥✱ ❝♦♠♣❛r✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❛ttr✐❜✉t❡s ♦❢
t✇♦ ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ ❡✈❡♥t t②♣❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ♣❛tt❡r♥
♦❢ s✐③❡ ✸ ❢r♦♠ t❤❡ s❡t ♦❢ ❝♦♥❥✉♥❝t✐♦♥s ✇❛s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

P❆❚❚❊❘◆ ❆◆❉✭▼❙❋❚❙t♦❝❦ ♠✱ ●❖❖●❙t♦❝❦ ❣✱ ■◆❚❈❙t♦❝❦ ✐✮
❲❍❊❘❊ ✭♠✳❞✐❢❢❡r❡♥❝❡ ❁ ❣✳❞✐❢❢❡r❡♥❝❡✮
❲■❚❍■◆ ✷✵ ♠✐♥✉t❡s✳

❆❧❧ ❛rr✐✈❛❧ r❛t❡s ❛♥❞ ♣r❡❞✐❝❛t❡ s❡❧❡❝t✐✈✐t✐❡s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞
❞✉r✐♥❣ t❤❡ ♣r❡♣r♦❝❡ss✐♥❣ st❛❣❡✳ ❚❤❡ ♠❡❛s✉r❡❞ ❛rr✐✈❛❧ r❛t❡s
✈❛r✐❡❞ ❜❡t✇❡❡♥ ✶ ❛♥❞ ✹✺ ❡✈❡♥ts ♣❡r s❡❝♦♥❞✱ ❛♥❞ t❤❡ s❡❧❡❝t✐✈✲
✐t✐❡s r❛♥❣❡❞ ❢r♦♠ ✵✳✵✵✷ t♦ ✵✳✽✽✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✱ ✐♥
♠♦st r❡❛❧✲❧✐❢❡ s❝❡♥❛r✐♦s t❤❡s❡ st❛t✐st✐❝s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ✐♥
❛❞✈❛♥❝❡ ❛♥❞ ♠❛② ✢✉❝t✉❛t❡ ❢r❡q✉❡♥t❧② ❛♥❞ s✐❣♥✐✜❝❛♥t❧② ❞✉r✲
✐♥❣ r✉♥t✐♠❡✳ ❲❡ ❡①♣❡r✐♠❡♥t❛❧❧② st✉❞② t❤❡ ✐♠♣❛❝t ♦❢ t❤❡s❡
✐ss✉❡s ✐♥ ❛ s❡♣❛r❛t❡ ♣❛♣❡r ❬✷✽❪✳
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❋✐❣✉r❡ ✹✿ ▼❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ❢♦r ❞✐✛❡r❡♥t ♣❛tt❡r♥ t②♣❡s
✭❧♦✇❡r ✐s ❜❡tt❡r✮✿ ✭❛✮ ♦r❞❡r✲❜❛s❡❞ ♠❡t❤♦❞s❀ ✭❜✮ tr❡❡✲❜❛s❡❞
♠❡t❤♦❞s✳

❚♦ ❝♦♠♣❛r❡ ❛ s❡t ♦❢ ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱ ✇❡ ✐♠♣❧❡✲
♠❡♥t❡❞ t✇♦ ❡✈❛❧✉❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ♣❛♣❡r✱
t❤❡ ♦✉t✲♦❢✲♦r❞❡r ❧❛③② ◆❋❆ ❬✸✵❪ ❛♥❞ t❤❡ ✐♥st❛♥❝❡✲❜❛s❡❞ tr❡❡
♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❩❙tr❡❛♠ ❬✸✻❪ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳
❚❤❡ ❢♦r♠❡r ✇❛s t❤❡♥ ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ ♣❧❛♥s ❝r❡❛t❡❞ ❜② ❡❛❝❤
♦r❞❡r✲❜❛s❡❞ ❈P● ♦r ❏◗P● ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ♣❛tt❡r♥s ❣❡♥✲
❡r❛t❡❞ ❛s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳ ❚❤❡ ❧❛tt❡r ✇❛s s✐♠✐❧❛r❧② ✉s❡❞ ❢♦r
❝♦♠♣❛r✐♥❣ tr❡❡✲❜❛s❡❞ ♣❧❛♥s✳
❲❡ s❡❧❡❝t❡❞ t❤r♦✉❣❤♣✉t ❛♥❞ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ❛s ♦✉r

♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ❢♦r t❤✐s st✉❞②✳ ❚❤r♦✉❣❤♣✉t ✇❛s ❞❡✜♥❡❞
❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐♠✐t✐✈❡ ❡✈❡♥ts ♣r♦❝❡ss❡❞ ♣❡r s❡❝♦♥❞ ❞✉r✲
✐♥❣ ♣❛tt❡r♥ ❞❡t❡❝t✐♦♥ ✉s✐♥❣ t❤❡ s❡❧❡❝t❡❞ ♣❧❛♥✳ ❚♦ ❡st✐♠❛t❡
t❤❡ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥✱ ✇❡ ♠❡❛s✉r❡❞ t❤❡ ♣❡❛❦ ♠❡♠♦r②
r❡q✉✐r❡❞ ❜② t❤❡ s②st❡♠ ❞✉r✐♥❣ ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ ♠❡tr✐❝s ✇❡r❡
❛❝q✉✐r❡❞ s❡♣❛r❛t❡❧② ❢♦r ❡❛❝❤ ♣❛tt❡r♥✱ ❛♥❞ t❤❡ ♣r❡s❡♥t❡❞ r❡✲
s✉❧ts ✇❡r❡ t❤❡♥ ❝❛❧❝✉❧❛t❡❞ ❜② t❛❦✐♥❣ t❤❡ ❛✈❡r❛❣❡✳
❆❧❧ ♠♦❞❡❧s ❛♥❞ ❛❧❣♦r✐t❤♠s ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❏❛✈❛✳ ❚❤❡

❡①♣❡r✐♠❡♥ts ✇❡r❡ r✉♥ ♦♥ ❛ ♠❛❝❤✐♥❡ ✇✐t❤ ✷✳✷✵ ●❤③ ❈P❯ ❛♥❞
✶✻✳✵ ●❇ ❘❆▼ ❛♥❞ t♦♦❦ ❛❜♦✉t ✷✳✺ ♠♦♥t❤s t♦ ❝♦♠♣❧❡t❡✳

6.3 Experimental Results
❋✐❣✉r❡s ✸ ❛♥❞ ✹ ♣r❡s❡♥t t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♣❧❛♥ ❣❡♥❡r❛✲

t✐♦♥ ❛❧❣♦r✐t❤♠s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✶ ✐♥ t❡r♠s ♦❢ t❤r♦✉❣❤✲
♣✉t ❛♥❞ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❊❛❝❤ ❣r♦✉♣ r❡♣✲
r❡s❡♥ts t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ♦♥ ❛ ♣❛rt✐❝✉❧❛r s❡t ♦❢ ♣❛tt❡r♥s
❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ❛♥❞ ❡❛❝❤ ❜❛r ❞❡♣✐❝ts t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ ❛
♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❛❧❣♦r✐t❤♠✳ ❋♦r ❝❧❛r✐t②✱
♦r❞❡r✲❜❛s❡❞ ❛♥❞ tr❡❡✲❜❛s❡❞ ♠❡t❤♦❞s ❛r❡ s❤♦✇♥ s❡♣❛r❛t❡❧②✳
❖♥ ❛✈❡r❛❣❡✱ t❤❡ ♣❧❛♥s ❣❡♥❡r❛t❡❞ ✉s✐♥❣ ❏◗P● ❛❧❣♦r✐t❤♠s

❛❝❤✐❡✈❡ ❛ ❝♦♥s✐❞❡r❛❜❧② ❤✐❣❤❡r t❤r♦✉❣❤♣✉t t❤❛♥ t❤♦s❡ ❝r❡✲
❛t❡❞ ✉s✐♥❣ ♥❛t✐✈❡ ❈P● ♠❡t❤♦❞s✳ ❋♦r ♦r❞❡r✲❜❛s❡❞ ♣❧❛♥s✱ t❤❡
♣❡r❝❡✐✈❡❞ ❣❛✐♥ ♦❢ t❤❡ ❜❡st✲♣❡r❢♦r♠❡❞ ❉P✲▲❉ ♦✈❡r ❊❋❘❊◗
r❛♥❣❡❞ ❢r♦♠ ❛ ❢❛❝t♦r ♦❢ ✶✳✼ ❢♦r ✐t❡r❛t✐♦♥ ♣❛tt❡r♥s t♦ ✷✳✼ ❢♦r
❝♦♥❥✉♥❝t✐♦♥s✳ ❙✐♠✐❧❛r r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ❢♦r tr❡❡✲❜❛s❡❞
♣❧❛♥s ✭❩❙❚❘❊❆▼ ✈s✳ ❉P✲❇✮✳ ❏◗P● ♠❡t❤♦❞s ❛❧s♦ ❞✐s♣❧❛②
❜❡tt❡r ♦✈❡r❛❧❧ ♠❡♠♦r② ✉t✐❧✐③❛t✐♦♥✳ ❚❤❡ ♦r❞❡r✲❜❛s❡❞ ❏◗P●
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❋✐❣✉r❡ ✺✿ ❚❤r♦✉❣❤♣✉t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♣❛tt❡r♥
❧❡♥❣t❤ ✭❤✐❣❤❡r ✐s ❜❡tt❡r✮✿ ✭❛✮ ♦r❞❡r✲❜❛s❡❞ ♠❡t❤♦❞s❀ ✭❜✮ tr❡❡✲
❜❛s❡❞ ♠❡t❤♦❞s✳

♣❧❛♥s ❝♦♥s✉♠❡ ❛❜♦✉t ✻✺✲✽✺✪ ♦❢ t❤❡ ♠❡♠♦r② r❡q✉✐r❡❞ ❜②
t❤♦s❡ ♣r♦❞✉❝❡❞ ❜② ❊❋❘❊◗✳ ❆♥ ❡✈❡♥ ❣r❡❛t❡r ❞✐✛❡r❡♥❝❡ ✇❛s
♦❜s❡r✈❡❞ ❢♦r tr❡❡✲❜❛s❡❞ ♣❧❛♥s✱ ✇✐t❤ ❉P✲❇ ✉s✐♥❣ ✉♣ t♦ ❛❧♠♦st
✹ t✐♠❡s ❧❡ss ♠❡♠♦r② t❤❛♥ t❤❡ ❈❊P✲♥❛t✐✈❡ ❩❙❚❘❊❆▼✳
❯♥s✉r♣r✐s✐♥❣❧②✱ t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡ ✇❛s ♦❜s❡r✈❡❞ ❢♦r

♣❧❛♥s ❝r❡❛t❡❞ ✉s✐♥❣ t❤❡ ❡①❤❛✉st✐✈❡ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ❞②✲
♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✱ ♥❛♠❡❧② ❉P✲▲❉ ❛♥❞ ❉P✲❇✳ ❍♦✇❡✈❡r✱
❞✉❡ t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s✱ t❤❡✐r
✉s❡ ✐♥ ♣r❛❝t✐❝❡ ♠❛② ❜❡ ♣r♦❜❧❡♠❛t✐❝ ❢♦r ❧❛r❣❡ ♣❛tt❡r♥s✱ ❡s✲
♣❡❝✐❛❧❧② ✐♥ s②st❡♠s ✇❤❡r❡ ♥❡✇ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥s ❛r❡ t♦ ❜❡
❣❡♥❡r❛t❡❞ ✇✐t❤ ❤✐❣❤ ❢r❡q✉❡♥❝②✳ ❚❤✉s✱ ♦♥❡ ❣♦❛❧ ♦❢ t❤❡ ❡①✲
♣❡r✐♠❡♥t❛❧ st✉❞② ✇❛s t♦ t❡st t❤❡ ❡①❤❛✉st✐✈❡ ❏◗P● ♠❡t❤♦❞s
❛❣❛✐♥st t❤❡ ♥♦♥❡①❤❛✉st✐✈❡ ♦♥❡s ✭s✉❝❤ ❛s ●❘❊❊❉❨ ❛♥❞ ■■ ❛❧✲
❣♦r✐t❤♠s✮ t♦ s❡❡ ✇❤❡t❤❡r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❣❛✐♥ ♦❢ t❤❡ ❢♦r♠❡r
❝❛t❡❣♦r② ✐s ✇♦rt❤ t❤❡ ❤✐❣❤ ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ ❝♦st✳
❋♦r t❤❡ ♦r❞❡r✲❜❛s❡❞ ❝❛s❡✱ t❤❡ ❛♥s✇❡r ✐s ✐♥❞❡❡❞ ♥❡❣❛t✐✈❡✱

❛s t❤❡ r❡s✉❧ts ❢♦r ❉P✲▲❉ ❛♥❞ t❤❡ ❤❡✉r✐st✐❝ ❏◗P● ❛❧❣♦r✐t❤♠s
❛r❡ ❝♦♠♣❛r❛❜❧❡ ❛♥❞ ♥♦ s✐❣♥✐✜❝❛♥t ❛❞✈❛♥t❛❣❡ ✐s ❛❝❤✐❡✈❡❞ ❜②
t❤❡ ❢♦r♠❡r✳ ❉✉❡ t♦ t❤❡ r❡❧❛t✐✈❡❧② s♠❛❧❧ s✐③❡ ♦❢ t❤❡ ❧❡❢t✲❞❡❡♣
tr❡❡ s♣❛❝❡✱ t❤❡ ❤❡✉r✐st✐❝s ✉s✉❛❧❧② s✉❝❝❡❡❞ ✐♥ ❧♦❝❛t✐♥❣ t❤❡
❣❧♦❜❛❧❧② ♦♣t✐♠❛❧ ♣❧❛♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ■■✲●❘❊❊❉❨ ❛❧❣♦r✐t❤♠
❣❡♥❡r❛❧❧② ♣r♦❞✉❝❡s ♣❧❛♥s t❤❛t ❛r❡ s❧✐❣❤t❧② ♠♦r❡ ♠❡♠♦r②✲
❡✣❝✐❡♥t✳ ❚❤✐s ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ♦✉r ❝♦st ♠♦❞❡❧✱ ✇❤✐❝❤
♦♥❧② ❝♦✉♥ts t❤❡ ♣❛rt✐❛❧ ♠❛t❝❤❡s✱ ❜✉t ❞♦❡s ♥♦t ❝❛♣t✉r❡ t❤❡
♦t❤❡r ❢❛❝t♦rs s✉❝❤ ❛s t❤❡ s✐③❡ ♦❢ t❤❡ ❜✉✛❡r❡❞ ❡✈❡♥ts✳ ❚❤❡
♣✐❝t✉r❡ ❧♦♦❦s ❡♥t✐r❡❧② ❞✐✛❡r❡♥t ❢♦r t❤❡ tr❡❡✲❜❛s❡❞ ♠❡t❤♦❞s✱
✇❤❡r❡ ❉P✲❇ ❞✐s♣❧❛②s ❛ ❝♦♥✈✐♥❝✐♥❣ ❛❞✈❛♥t❛❣❡ ♦✈❡r ❜♦t❤ t❤❡
❜❛s✐❝ ❩❙tr❡❛♠ ❛❧❣♦r✐t❤♠ ❛♥❞ ✐ts ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ t❤❡ ❣r❡❡❞②
❤❡✉r✐st✐❝ ♠❡t❤♦❞✳
❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❝♦♥❝❧✉s✐♦♥ ❢r♦♠ ❋✐❣✉r❡s ✸ ❛♥❞ ✹ ✐s

t❤❛t ♠❡t❤♦❞s ❢♦❧❧♦✇✐♥❣ t❤❡ tr❡❡✲❜❛s❡❞ ♠♦❞❡❧ ❣r❡❛t❧② ♦✉t✲
♣❡r❢♦r♠ t❤❡ ♦r❞❡r✲❜❛s❡❞ ♦♥❡s✱ ❜♦t❤ ✐♥ t❤r♦✉❣❤♣✉t ❛♥❞ ♠❡♠✲
♦r② ❝♦♥s✉♠♣t✐♦♥✳ ❚❤✐s ✐s ♥♦t ❛ s✉r♣r✐s✐♥❣ ♦✉t❝♦♠❡✱ ❛s t❤❡
tr❡❡✲❜❛s❡❞ ❛❧❣♦r✐t❤♠s ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❝r❡❛t✐♥❣ ❛ s✐❣♥✐✜❝❛♥t❧②
❧❛r❣❡r s♣❛❝❡ ♦❢ ♣❧❛♥s✳ ❍♦✇❡✈❡r✱ t❤❡ ❜❡st ♦r❞❡r✲❜❛s❡❞ ❏◗P●
❛❧❣♦r✐t❤♠ ✭❉P✲▲❉✮ ✐s ❝♦♠♣❛r❛❜❧❡ ♦r ❡✈❡♥ s✉♣❡r✐♦r t♦ t❤❡
❈P●✲♥❛t✐✈❡ ❩❙tr❡❛♠ ✐♥ ♠♦st s❡tt✐♥❣s✳
❋✐❣✉r❡ ✺ ❞❡♣✐❝ts t❤❡ t❤r♦✉❣❤♣✉t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛t✲

t❡r♥ s✐③❡✳ ❋♦r ❧❛❝❦ ♦❢ s♣❛❝❡✱ ✇❡ ♦♥❧② ♣r❡s❡♥t ❤❡r❡ t❤❡ ❡✈❛❧✉✲
❛t✐♦♥ ♣❡r❢♦r♠❡❞ ♦♥ s❡q✉❡♥❝❡ ♣❛tt❡r♥s✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞
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✭❛✮

✭❜✮

❋✐❣✉r❡ ✻✿ P❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦st ❢♦r
♦r❞❡r✲❜❛s❡❞ ❛♥❞ tr❡❡✲❜❛s❡❞ ♣❛tt❡r♥s✿ ✭❛✮ t❤r♦✉❣❤♣✉t❀ ✭❜✮
♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥✳

❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣❛tt❡r♥ s❡ts✱ ❛s ✇❡❧❧ ❛s t❤❡ r❡s♣❡❝t✐✈❡
♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ♠❡❛s✉r❡♠❡♥ts✱ ❢♦❧❧♦✇ s✐♠✐❧❛r tr❡♥❞s
❛♥❞ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❡①t❡♥❞❡❞ ♣❛♣❡r ❬✷✼❪✳ ❆❧t❤♦✉❣❤
t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❧ ♠❡t❤♦❞s ❞❡❣r❛❞❡s ❞r❛st✐❝❛❧❧② ❛s t❤❡
♣❛tt❡r♥ s✐③❡ ❣r♦✇s✱ t❤❡ r❡❧❛t✐✈❡ t❤r♦✉❣❤♣✉t ❣❛✐♥ ❢♦r ❏◗P●
♠❡t❤♦❞s ♦✈❡r ♥❛t✐✈❡ ❈P● ♠❡t❤♦❞s ✐s ❝♦♥s✐st❡♥t❧② ❤✐❣❤❡r
❢♦r ❧♦♥❣❡r s❡q✉❡♥❝❡s✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② ❡✈✐❞❡♥t ❢♦r t❤❡ tr❡❡✲
❜❛s❡❞ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✺✭❜✮✮✱ ✇❤❡r❡ t❤❡ ♠♦st ❡❢✲
✜❝✐❡♥t ❏◗P● ❛❧❣♦r✐t❤♠ ✭❉P✲❇✮ ❛❝❤✐❡✈❡s ✼✳✻ t✐♠❡s ❤✐❣❤❡r
t❤r♦✉❣❤♣✉t t❤❛♥ t❤❡ ♥❛t✐✈❡ ❈P● ❢r❛♠❡✇♦r❦ ✭❩❙❚❘❊❆▼✮
❢♦r ♣❛tt❡r♥s ♦❢ ❧❡♥❣t❤ ✼✱ ❝♦♠♣❛r❡❞ t♦ ❛ s♣❡❡❞✉♣ ♦❢ ♦♥❧② ✶✳✷
t✐♠❡s ❢♦r ♣❛tt❡r♥s ♦❢ ✸ ❡✈❡♥ts✳ ❲❡ ❝❛♥ t❤✉s ❝♦♥❝❧✉❞❡ t❤❛t✱ ❛t
❧❡❛st ❢♦r t❤❡ ♣❛tt❡r♥ s✐③❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s st✉❞②✱ t❤❡ ❏◗P●
♠❡t❤♦❞s ♣r♦✈✐❞❡ ❛ ❝♦♥s✐❞❡r❛❜❧② ♠♦r❡ s❝❛❧❛❜❧❡ s♦❧✉t✐♦♥✳
■♥ ♦✉r ♥❡①t ❡①♣❡r✐♠❡♥t✱ ✇❡ ❡✈❛❧✉❛t❡❞ t❤❡ q✉❛❧✐t② ♦❢ t❤❡

❝♦st ❢✉♥❝t✐♦♥s ✉s❡❞ ❞✉r✐♥❣ ♣❧❛♥ ❣❡♥❡r❛t✐♦♥✳ ❚♦ t❤❛t ❡♥❞✱
✇❡ ❝r❡❛t❡❞ ✻✵ ♦r❞❡r✲❜❛s❡❞ ❛♥❞ ✻✵ tr❡❡✲❜❛s❡❞ ♣❧❛♥s ❢♦r ♣❛t✲
t❡r♥s ♦❢ ✈❛r✐♦✉s t②♣❡s ✉s✐♥❣ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s✳ ❚❤❡ ♣❧❛♥s
✇❡r❡ t❤❡♥ ❡①❡❝✉t❡❞ ♦♥ t❤❡ st♦❝❦ ❞❛t❛s❡t✳ ❚❤❡ t❤r♦✉❣❤♣✉t
❛♥❞ t❤❡ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ♠❡❛s✉r❡❞ ❞✉r✐♥❣ ❡❛❝❤ ❡①❡❝✉✲
t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻ ❛s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦st ❛s✲
s✐❣♥❡❞ t♦ ❡❛❝❤ ♣❧❛♥ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥ ✭Costord
♦r Costtree✮✳ ❚❤❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤♣✉t s❡❡♠s t♦ ❜❡ ✐♥✈❡rs❡❧②
♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝♦st✱ ❜❡❤❛✈✐♥❣ r♦✉❣❤❧② ❛s 1

xc ; c ≥ 1✳ ❋♦r
♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥✱ ❛♥ ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝②
❝❛♥ ❜❡ ♦❜s❡r✈❡❞✳ ❚❤❡s❡ r❡s✉❧ts ♠❛t❝❤ ♦✉r ❡①♣❡❝t❛t✐♦♥s✱ ❛s
❛ ❝❤❡❛♣❡r ♣❧❛♥ ✐s s✉♣♣♦s❡❞ t♦ ②✐❡❧❞ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ❛♥❞
r❡q✉✐r❡ ❧❡ss ♠❡♠♦r②✳ ❲❡ ♠❛② t❤✉s ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝♦sts
r❡t✉r♥❡❞ ❜② Costord ❛♥❞ Costtree ♣r♦✈✐❞❡ ❛ r❡❛s♦♥❛❜❧② ❛❝✲
❝✉r❛t❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ♣❧❛♥✳
❚❤❡ ❛❜♦✈❡ ❝♦♥❝❧✉s✐♦♥ ❛❧❧♦✇❡❞ ✉s t♦ r❡♣❡❛t t❤❡ ❡①♣❡r✐♠❡♥ts

s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡ ✺ ❢♦r ❧❛r❣❡r ♣❛tt❡r♥s✱ ✉s✐♥❣ t❤❡ ♣❧❛♥
❝♦st ❛s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❲❡ ❣❡♥❡r❛t❡❞ ✷✵✵ ♣❛tt❡r♥s
♦❢ s✐③❡s r❛♥❣✐♥❣ ❢r♦♠ ✸ t♦ ✷✷✳ ❲❡ t❤❡♥ ❝r❡❛t❡❞ ❛ s❡t ♦❢ ♣❧❛♥s
❢♦r ❡❛❝❤ ♣❛tt❡r♥ ✉s✐♥❣ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ❛♥❞ r❡❝♦r❞❡❞ t❤❡
r❡s✉❧t✐♥❣ ♣❧❛♥ ❝♦sts✳ ❉✉❡ t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ♦❢ t❤❡
❝♦st ✇✐t❤ t❤❡ ♣❛tt❡r♥ s✐③❡✱ ❞✐r❡❝t❧② ❝♦♠♣❛r✐♥❣ t❤❡ ❝♦sts ✇❛s
✐♠♣r❛❝t✐❝❛❧✳ ■♥st❡❛❞✱ t❤❡ ♥♦r♠❛❧✐③❡❞ ❝♦st ✇❛s ❝❛❧❝✉❧❛t❡❞ ❢♦r
❡✈❡r② ♣❧❛♥✳ ❚❤❡ ♥♦r♠❛❧✐③❡❞ ❝♦st ♦❢ ❛ ♣❧❛♥ Pl ❝r❡❛t❡❞ ❜②
❛♥ ❛❧❣♦r✐t❤♠ A ❢♦r ❛ ♣❛tt❡r♥ P ✇❛s ❞❡✜♥❡❞ ❛s t❤❡ ❝♦st ♦❢
❛ ♣❧❛♥ ❣❡♥❡r❛t❡❞ ❢♦r P ❜② t❤❡ ❡♠♣✐r✐❝❛❧❧② ✇♦rst ❛❧❣♦r✐t❤♠
✭t❤❡ ❈❊P✲♥❛t✐✈❡ ❊❋❘❊◗✮✱ ❞✐✈✐❞❡❞ ❜② t❤❡ ❝♦st ♦❢ Pl✳

✭❛✮

✭❜✮

❋✐❣✉r❡ ✼✿ ●❡♥❡r❛t✐♦♥ ♦❢ ❧❛r❣❡ ♣❧❛♥s ✭s❡❧❡❝t❡❞ ❛❧❣♦r✐t❤♠s✮✿
✭❛✮ ❛✈❡r❛❣❡ ♥♦r♠❛❧✐③❡❞ ♣❧❛♥ ❝♦st ✭❤✐❣❤❡r ✐s ❜❡tt❡r✮❀ ✭❜✮ ❛✈❡r✲
❛❣❡ ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ t✐♠❡ ✭❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡✱ ❧♦✇❡r ✐s ❜❡tt❡r✮✳
❚❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣❛tt❡r♥ s✐③❡✳

❚❤❡ r❡s✉❧ts ❢♦r s❡❧❡❝t❡❞ ❛❧❣♦r✐t❤♠s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✲
✉r❡ ✼✭❛✮✳ ❊❛❝❤ ❞❛t❛ ♣♦✐♥t r❡♣r❡s❡♥ts ❛♥ ❛✈❡r❛❣❡ ♥♦r♠❛❧✐③❡❞
❝♦st ❢♦r ❛❧❧ ♣❧❛♥s ♦❢ t❤❡ s❛♠❡ s✐③❡ ❝r❡❛t❡❞ ❜② t❤❡ s❛♠❡ ❛❧❣♦✲
r✐t❤♠✳ ❆s ✇❡ ♦❜s❡r✈❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ ❉P✲❜❛s❡❞ ❥♦✐♥ ❛❧❣♦✲
r✐t❤♠s ❝♦♥s✐st❡♥t❧② ♣r♦❞✉❝❡❞ s✐❣♥✐✜❝❛♥t❧② ❝❤❡❛♣❡r ♣❧❛♥s ✭✉♣
t♦ ❛ ❢❛❝t♦r ♦❢ ✺✼✮ t❤❛♥ t❤❡ ❤❡✉r✐st✐❝ ❛❧t❡r♥❛t✐✈❡s✳ ❆❧s♦✱ t❤❡
✇♦rst ❏◗P● ♠❡t❤♦❞ ✭●❘❊❊❉❨✮ ❛♥❞ t❤❡ ❜❡st ❈P● ♠❡t❤♦❞
✭❩❙❚❘❊❆▼✮ ♣r♦❞✉❝❡❞ ♣❧❛♥s ♦❢ s✐♠✐❧❛r q✉❛❧✐t②✱ ✇✐t❤ t❤❡
❢♦r♠❡r s❧✐❣❤t❧② ♦✈❡r♣❡r❢♦r♠✐♥❣ t❤❡ ❧❛tt❡r ❢♦r ❧❛r❣❡r ♣❛tt❡r♥
s✐③❡s✳ ❚❤❡ ✇♦rst✲♣❡r❢♦r♠✐♥❣ ❊❋❘❊◗ ❛❧❣♦r✐t❤♠ ✇❛s ✉s❡❞ ❢♦r
♥♦r♠❛❧✐③❡❞ ❝♦st ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ✐s t❤✉s ♥♦t s❤♦✇♥✳
❋✐❣✉r❡ ✼✭❜✮ ♣r❡s❡♥ts t❤❡ ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ t✐♠❡s ♠❡❛s✉r❡❞

❞✉r✐♥❣ t❤❡ ❛❜♦✈❡ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥
❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡✳ ❲❤✐❧❡ ❛❧❧ ❛❧❣♦r✐t❤♠s ✐♥❝✉r ♦♥❧② ♥❡❣❧✐❣✐❜❧❡
♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r❤❡❛❞ ❢♦r s♠❛❧❧ ♣❛tt❡r♥s✱ ✐t ❣r♦✇s r❛♣✐❞❧②
❢♦r ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✭❢♦r ❛ ♣❛tt❡r♥
♦❢ ❧❡♥❣t❤ ✷✷✱ ✐t t♦♦❦ ♦✈❡r ✺✵ ❤♦✉rs t♦ ❝r❡❛t❡ ❛ ♣❧❛♥ ✉s✐♥❣ ❉P✲
❇✮✳ ❚❤✐s s❡✈❡r❡❧② ❧✐♠✐ts t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ❉P✲❜❛s❡❞ ❛♣✲
♣r♦❛❝❤❡s ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ✐♥ ❛ ♣❛tt❡r♥ ✐s ❤✐❣❤✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❧❧ ♥♦♥✲❉P ❛❧❣♦r✐t❤♠s ✇❡r❡ ❛❜❧❡ t♦ ❝♦♠♣❧❡t❡
✐♥ ✉♥❞❡r ❛ s❡❝♦♥❞ ❡✈❡♥ ❢♦r t❤❡ ❧❛r❣❡st t❡st❡❞ ♣❛tt❡r♥s✳ ❚❤❡
❥♦✐♥✲❜❛s❡❞ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ✭●❘❊❊❉❨✮ ❞❡♠♦♥str❛t❡❞ t❤❡
❜❡st ♦✈❡r❛❧❧ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ♦♣t✐♠✐③❛t✐♦♥ t✐♠❡ ❛♥❞ q✉❛❧✐t②✳
◆❡①t✱ ✇❡ st✉❞✐❡❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❤②❜r✐❞ t❤r♦✉❣❤♣✉t✲

❧❛t❡♥❝② ❝♦st ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳ ❊❛❝❤ ♦❢ t❤❡
✻ ❏◗P●✲❜❛s❡❞ ♠❡t❤♦❞s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✶ ✇❛s ❡✈❛❧✉✲
❛t❡❞ ✉s✐♥❣ t❤r❡❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s ❢♦r t❤❡ t❤r♦✉❣❤♣✉t✲❧❛t❡♥❝②
tr❛❞❡✲♦✛ ♣❛r❛♠❡t❡r α✿ ✵✱ ✵✳✺ ❛♥❞ ✶✳ ◆♦t❡ t❤❛t ❢♦r t❤❡ ✜rst
❝❛s❡ ✭α = 0✮ t❤❡ r❡s✉❧t✐♥❣ ❝♦st ♠♦❞❡❧ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡
❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ❛♥❞ ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❛❜♦✈❡✳ ❋♦r
❡❛❝❤ ❛❧❣♦r✐t❤♠ ❛♥❞ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ α✱ t❤❡ t❤r♦✉❣❤♣✉t ❛♥❞
t❤❡ ❛✈❡r❛❣❡ ❧❛t❡♥❝② ✭✐♥ ♠✐❧❧✐s❡❝♦♥❞s✮ ✇❡r❡ ♠❡❛s✉r❡❞✳
❋✐❣✉r❡ ✽ ❞❡♠♦♥str❛t❡s t❤❡ r❡s✉❧ts✱ ❛✈❡r❛❣❡❞ ♦✈❡r ✺✵✵ ♣❛t✲

t❡r♥s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s❡q✉❡♥❝❡ ♣❛tt❡r♥ s❡t✳ ▼❡❛s✉r❡♠❡♥ts
♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ❛❧❣♦r✐t❤♠ ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② str❛✐❣❤t
❧✐♥❡s✱ ❛♥❞ t❤❡ ❧❛❜❡❧s ♥❡❛r t❤❡ ❤✐❣❤❡st ♣♦✐♥ts ✭❞✐❛♠♦♥❞s✮ ✐♥❞✐✲
❝❛t❡ t❤❡ ❛❧❣♦r✐t❤♠s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡s❡ ♣♦✐♥ts✳ ■t ❝❛♥ ❜❡
s❡❡♥ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ α r❡s✉❧ts ✐♥ ❛ s✐❣♥✐✜❝❛♥t❧②
❧♦✇❡r ❧❛t❡♥❝②✳ ❍♦✇❡✈❡r✱ t❤✐s ❛❧s♦ r❡s✉❧ts ✐♥ ❛ ❝♦♥s✐❞❡r❛❜❧❡
❞r♦♣ ✐♥ t❤r♦✉❣❤♣✉t ❢♦r ♠♦st ❛❧❣♦r✐t❤♠s✳ ❇② ✜♥❡✲t✉♥✐♥❣ t❤✐s
♣❛r❛♠❡t❡r✱ t❤❡ ❞❡s✐r❡❞ ❧❛t❡♥❝② ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ ♠✐♥✲
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❋✐❣✉r❡ ✽✿ ❚❤r♦✉❣❤♣✉t ✈s✳ ❧❛t❡♥❝② ✉s✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s
❢♦r t❤❡ ❛❧♣❤❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❝♦st ♠♦❞❡❧✳

❋✐❣✉r❡ ✾✿ ❚❤r♦✉❣❤♣✉t ❢♦r ❞✐✛❡r❡♥t ❡✈❡♥t s❡❧❡❝t✐♦♥ str❛t❡✲
❣✐❡s ✭❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡✮✳

✐♠❛❧ ❧♦ss ✐♥ t❤r♦✉❣❤♣✉t✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡
tr❡❡✲❜❛s❡❞ ❛❧❣♦r✐t❤♠s ❉P✲❇ ❛♥❞ ❩❙❚❘❊❆▼✲❖❘❉ ❛❝❤✐❡✈❡
❛ s✉❜st❛♥t✐❛❧❧② ❜❡tt❡r t❤r♦✉❣❤♣✉t✲❧❛t❡♥❝② tr❛❞❡✲♦✛ ❛s ❝♦♠✲
♣❛r❡❞ t♦ ♦t❤❡r ♠❡t❤♦❞s✳
❋✐♥❛❧❧②✱ ✇❡ ♣❡r❢♦r♠❡❞ ❛ ❝♦♠♣❛r❛t✐✈❡ t❤r♦✉❣❤♣✉t ❡✈❛❧✉❛✲

t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♣❛tt❡r♥ s❡t ✉♥❞❡r t❤r❡❡ ❞✐✛❡r❡♥t ❡✈❡♥t
s❡❧❡❝t✐♦♥ str❛t❡❣✐❡s✿ s❦✐♣✲t✐❧❧✲❛♥②✲♠❛t❝❤✱ s❦✐♣✲t✐❧❧✲♥❡①t✲♠❛t❝❤
❛♥❞ ❝♦♥t✐❣✉✐t② ✭❙❡❝t✐♦♥ ✺✳✷✮✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✲
✉r❡ ✾ ❢♦r s❡❧❡❝t❡❞ ❛❧❣♦r✐t❤♠s✳ ❉✉❡ t♦ ❧❛r❣❡ ♣❡r❢♦r♠❛♥❝❡ ❣❛♣s
❜❡t✇❡❡♥ t❤❡ ❡①❛♠✐♥❡❞ ♠❡t❤♦❞s✱ t❤❡ r❡s✉❧ts ❛r❡ ❞✐s♣❧❛②❡❞
✐♥ ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡✳ ❋♦r s❦✐♣✲t✐❧❧✲♥❡①t✲♠❛t❝❤✱ ❏◗P● ♠❡t❤✲
♦❞s ❤♦❧❞ ❛ ❝❧❡❛r ❛❞✈❛♥t❛❣❡✱ ❛❧❜❡✐t ❧❡ss s✐❣♥✐✜❝❛♥t t❤❛♥ t❤❡
♦♥❡ ❞❡♠♦♥str❛t❡❞ ❛❜♦✈❡ ❢♦r s❦✐♣✲t✐❧❧✲❛♥②✲♠❛t❝❤✳ ❚❤❡ ♦♣♣♦✲
s✐t❡ ♦❜s❡r✈❛t✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ ❛❜♦✉t t❤❡ ❝♦♥t✐❣✉✐t② str❛t❡❣②✱
✇❤❡r❡ t❤❡ tr✐✈✐❛❧ ❛❧❣♦r✐t❤♠ ❢♦❧❧♦✇✐♥❣ ❛ st❛t✐❝ ♣❧❛♥ ♦✉t♣❡r✲
❢♦r♠s ♦t❤❡r✱ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♠❡t❤♦❞s✳ ❉✉❡ t♦ t❤❡ s✐♠✲
♣❧✐❝✐t② ♦❢ t❤❡ ❡✈❡♥t ❞❡t❡❝t✐♦♥ ♣r♦❝❡ss ❛♥❞ t❤❡ ❧❛❝❦ ♦❢ ♥♦♥❞❡✲
t❡r♠✐♥✐s♠ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ♣❧❛♥ s❡t ❜② ❛♥ ✐♥♣✉t s♣❡❝✐✜❝❛✲
t✐♦♥ ❛❧✇❛②s ♣❡r❢♦r♠s ❜❡st✱ ✇❤✐❧❡ t❤❡ ❛❧t❡r♥❛t✐✈❡s ✐♥tr♦❞✉❝❡ ❛
s❧✐❣❤t ❛❞❞✐t✐♦♥❛❧ ♦✈❡r❤❡❛❞ ♦❢ r❡♦r❞❡r✐♥❣ ❛♥❞ ❡✈❡♥t ❜✉✛❡r✐♥❣✳

7. RELATED WORK
❙②st❡♠s ❢♦r s❝❛❧❛❜❧❡ ❞❡t❡❝t✐♦♥ ♦❢ ❝♦♠♣❧❡① ❡✈❡♥ts ❤❛✈❡ ❜❡✲

❝♦♠❡ ❛♥ ✐♥❝r❡❛s✐♥❣❧② ✐♠♣♦rt❛♥t r❡s❡❛r❝❤ ✜❡❧❞ ❞✉r✐♥❣ ❧❛st
❞❡❝❛❞❡s ❬✶✻✱ ✷✶❪✳ ❚❤❡✐r ✐♥❝❡♣t✐♦♥ ❝❛♥ ❜❡ tr❛❝❡❞ t♦ ❡❛r❧✐❡r
s②st❡♠s ❢♦r ♠❛ss✐✈❡ ❞❛t❛ str❡❛♠ ♣r♦❝❡ss✐♥❣ ❬✸✱ ✽✱ ✶✶✱ ✶✷❪✳
▲❛t❡r✱ ❛ ❜r♦❛❞ ✈❛r✐❡t② ♦❢ ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❝♦♠♣❧❡① ❡✈❡♥t ♣r♦✲
❝❡ss✐♥❣ s♦❧✉t✐♦♥s ❡♠❡r❣❡❞ ❬✹✱ ✻✱ ✶✵✱ ✶✺✱ ✶✽✱ ✸✵✱ ✸✹✱ ✸✻✱ ✹✷✱ ✹✺✱
✺✶❪✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✇✐❞❡❧② ✉s❡❞ ❝♦♠♠❡r❝✐❛❧ ❈❊P ♣r♦✈✐❞❡rs✱
s✉❝❤ ❛s ❊s♣❡r ❬✷❪ ❛♥❞ ■❇▼ ❙②st❡♠ ❙ ❬✼❪✳
❱❛r✐♦✉s ♣❡r❢♦r♠❛♥❝❡ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ ✐♠♣❧❡✲

♠❡♥t❡❞ ✐♥ ❈❊P s②st❡♠s ❬✷✸❪✳ ■♥ ❬✹✷❪✱ ❛ r❡✇r✐t✐♥❣ ❢r❛♠❡✲
✇♦r❦ ✐s ❞❡s❝r✐❜❡❞✱ ❜❛s❡❞ ♦♥ ✉♥✐❢②✐♥❣ ❛♥❞ s♣❧✐tt✐♥❣ ♣❛tt❡r♥s✳
❆ ♠❡t❤♦❞ ❢♦r ❡✣❝✐❡♥t ❑❧❡❡♥❡ ❝❧♦s✉r❡ ❡✈❛❧✉❛t✐♦♥ ❜❛s❡❞ ♦♥
s❤❛r✐♥❣ ✇✐t❤ ♣♦st♣♦♥❡❞ ♦♣❡r❛t♦rs ✐s ❞✐s❝✉ss❡❞ ✐♥ ❬✺✸❪✱ ✇❤✐❧❡

✐♥ ❬✹✶❪ t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② ♠❛✐♥t❛✐♥✐♥❣ ❛ ❝♦♠✲
♣❛❝t ❣r❛♣❤ ❡♥❝♦❞✐♥❣ ♦❢ ❡✈❡♥t s❡q✉❡♥❝❡s ❛♥❞ ✉t✐❧✐③✐♥❣ ✐t ❢♦r
❡✛❡❝t✐✈❡ r❡✉s❡✳ ❘✉♥❙❆❚ ❬✷✵❪ ✉t✐❧✐③❡s ❛♥♦t❤❡r ❛♣♣r♦❛❝❤✱ ♣r❡✲
♣r♦❝❡ss✐♥❣ ❛ ♣❛tt❡r♥ ❛♥❞ s❡tt✐♥❣ ♦♣t✐♠❛❧ ♣♦✐♥ts ❢♦r t❡r♠✐✲
♥❛t✐♦♥ ♦❢ t❤❡ ❞❡t❡❝t✐♦♥ ♣r♦❝❡ss✳ ❩❙tr❡❛♠ ❬✸✻❪ ♣r❡s❡♥ts ❛♥
♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❢♦r ♦♣t✐♠❛❧ tr❡❡ ❣❡♥❡r❛t✐♦♥✱ ❜❛s❡❞
♦♥ ❛ ❝♦♠♣❧❡① ❝♦st ♠♦❞❡❧✳ ❆❞✈❛♥❝❡❞ ♠❡t❤♦❞s ✇❡r❡ ❛❧s♦ ♣r♦✲
♣♦s❡❞ ❢♦r ♠✉❧t✐✲q✉❡r② ❈❊P ♦♣t✐♠✐③❛t✐♦♥ ❬✶✼✱ ✸✺✱ ✹✸✱ ✹✹✱ ✺✹❪✳
❈❊P ❡♥❣✐♥❡s ✉t✐❧✐③✐♥❣ t❤❡ ♦r❞❡r✲❜❛s❡❞ ❡✈❛❧✉❛t✐♦♥ ❛♣♣r♦❛❝❤

❤❛✈❡ ❛❧s♦ ❛❞♦♣t❡❞ ❞✐✛❡r❡♥t ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣✐❡s✳ ❙❆❙❊
❬✺✶❪✱ ❈❛②✉❣❛ ❬✶✽❪ ❛♥❞ ❚✲❘❡① ❬✶✺❪ ❞❡s✐❣♥ ❡✣❝✐❡♥t ❞❛t❛ str✉❝✲
t✉r❡s t♦ ❡♥❛❜❧❡ s♠❛rt r✉♥t✐♠❡ ♠❡♠♦r② ♠❛♥❛❣❡♠❡♥t✳ ❚❤❡s❡
◆❋❆✲❜❛s❡❞ ♠❡❝❤❛♥✐s♠s ❞♦ ♥♦t s✉♣♣♦rt ♦✉t✲♦❢✲♦r❞❡r ♣r♦❝❡ss✲
✐♥❣✱ ❛♥❞ ❤❡♥❝❡ ❛r❡ st✐❧❧ ✈✉❧♥❡r❛❜❧❡ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❧❛r❣❡ ✐♥✲
t❡r♠❡❞✐❛t❡ r❡s✉❧ts✳ ■♥ ❬✻✱ ✸✵✱ ✹✺❪✱ ✈❛r✐♦✉s ♣❛tt❡r♥ r❡♦r❞❡r✐♥❣
♠❡t❤♦❞s ❢♦r ❡✣❝✐❡♥t ♦r❞❡r✲❜❛s❡❞ ❝♦♠♣❧❡① ❡✈❡♥t ❞❡t❡❝t✐♦♥
❛r❡ ❞❡s❝r✐❜❡❞✳ ◆♦♥❡ ♦❢ t❤❡s❡ ✇♦r❦s t❛❦❡s t❤❡ s❡❧❡❝t✐✈✐t✐❡s ♦❢
t❤❡ ❡✈❡♥t ❝♦♥str❛✐♥ts ✐♥t♦ ❛❝❝♦✉♥t✳
❈❛❧❝✉❧❛t✐♥❣ ❛♥ ♦♣t✐♠❛❧ ❡✈❛❧✉❛t✐♦♥ ♣❧❛♥ ❢♦r ❛ ❥♦✐♥ q✉❡r②

❤❛s ❧♦♥❣ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣r♦❜✲
❧❡♠s ✐♥ t❤❡ ❛r❡❛ ♦❢ q✉❡r② ♦♣t✐♠✐③❛t✐♦♥ ❬✹✼❪✳ ▼✉❧t✐♣❧❡ ❛✉t❤♦rs
❤❛✈❡ s❤♦✇♥ t❤❡ ◆P✲❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤✐s ♣r♦❜❧❡♠ ❢♦r ❛r❜✐✲
tr❛r② q✉❡r② ❣r❛♣❤s ❬✶✸✱ ✷✹❪✱ ❛♥❞ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♠❡t❤♦❞s
✇❡r❡ ♣r♦♣♦s❡❞ t♦ ♣r♦✈✐❞❡ ❡✐t❤❡r ❡①❛❝t ♦r ❛♣♣r♦①✐♠❛t❡ ❝❧♦s❡✲
t♦✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❬✸✶✱ ✸✷✱ ✸✸✱ ✸✽✱ ✹✻✱ ✹✼✱ ✹✽❪✳
▼❡t❤♦❞s ❢♦r ❥♦✐♥ q✉❡r② ♣❧❛♥ ❣❡♥❡r❛t✐♦♥ ❝❛♥ ❜❡ r♦✉❣❤❧②

❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♠❛✐♥ ❝❛t❡❣♦r✐❡s✳ ❚❤❡ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠s
♣r♦❞✉❝❡ ❢❛st s♦❧✉t✐♦♥s✱ ❜✉t t❤❡ r❡s✉❧t✐♥❣ ❡①❡❝✉t✐♦♥ ♣❧❛♥s ❛r❡
♦❢t❡♥ ❢❛r ❢r♦♠ t❤❡ ♦♣t✐♠✉♠✳ ❚❤❡② ❛r❡ ♦❢t❡♥ ❜❛s❡❞ ♦♥ ❝♦♠✲
❜✐♥❛t♦r✐❛❧ ❬✷✺✱ ✹✼✱ ✹✽❪ ♦r ❣r❛♣❤✲❜❛s❡❞ ❬✸✷✱ ✸✸❪ t❡❝❤♥✐q✉❡s✳
❚❤❡ s❡❝♦♥❞ ❝❛t❡❣♦r②✱ t❤❡ ❡①❤❛✉st✐✈❡ ❛❧❣♦r✐t❤♠s✱ ♣r♦✈✐❞❡

♣r♦✈❛❜❧❡ ❣✉❛r❛♥t❡❡s ♦♥ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ r❡t✉r♥❡❞ s♦❧✉✲
t✐♦♥s✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡ ♦❢t❡♥ ❜❛s❡❞ ♦♥ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲
♠✐♥❣ ❬✸✽✱ ✹✻❪ ❛♥❞ t❤✉s s✉✛❡r ❢r♦♠ ✇♦rst✲❝❛s❡ ❡①♣♦♥❡♥t✐❛❧
❝♦♠♣❧❡①✐t②✳ ❍②❜r✐❞ t❡❝❤♥✐q✉❡s ♣r❡s❡♥t✐♥❣ ❛ tr❛❞❡✲♦✛ ❜❡✲
t✇❡❡♥ t❤❡ s♣❡❡❞ ♦❢ ❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤❡s ❛♥❞ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢
❉P✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ✇❡r❡ ❛❧s♦ ♣r♦♣♦s❡❞ ❬✸✶❪✳
■♥❝♦r♣♦r❛t✐♥❣ ❥♦✐♥ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢r♦♠ tr❛❞✐t✐♦♥❛❧

❉❇▼❙s ✇❛s ❛❧r❡❛❞② ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ✜❡❧❞s r❡❧❛t❡❞ t♦ ❈❊P✱
s✉❝❤ ❛s ❳P❛t❤ ❬✷✷❪ ❛♥❞ ❞❛t❛ str❡❛♠ ♣r♦❝❡ss✐♥❣ ❬✶✷✱ ✷✸❪✳ ❚♦
t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦♥❡ ♦❢ t❤❡ ❛❜♦✈❡ ✇♦r❦s ♣r♦✈✐❞❡s
❛ ❢♦r♠❛❧ r❡❞✉❝t✐♦♥ t♦ ❏◗P●✳

8. CONCLUSIONS AND FUTURE WORK
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞✐❡❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❈❊P

P❧❛♥ ●❡♥❡r❛t✐♦♥ ❛♥❞ ❏♦✐♥ ◗✉❡r② P❧❛♥ ●❡♥❡r❛t✐♦♥✳ ■t ✇❛s
s❤♦✇♥ t❤❛t t❤❡ ❈P● ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❏◗P● ❢♦r ❛
s✉❜s❡t ♦❢ ♣❛tt❡r♥ t②♣❡s✱ ❛♥❞ r❡❞✉❝✐❜❧❡ t♦ ✐t ❢♦r ♦t❤❡r t②♣❡s✳
❲❡ ❞✐s❝✉ss❡❞ ❤♦✇ ❝❧♦s❡✲t♦✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥s t♦ ❈P● ❝❛♥ ❜❡
❡✣❝✐❡♥t❧② ♦❜t❛✐♥❡❞ ✐♥ ♣r❛❝t✐❝❡ ❜② ❛♣♣❧②✐♥❣ ❡①✐st✐♥❣ ❏◗P●
♠❡t❤♦❞s✳ ❚❤❡ ♣r❡s❡♥t❡❞ ❡①♣❡r✐♠❡♥t❛❧ ❡✈❛❧✉❛t✐♦♥ r❡s✉❧ts
s✉♣♣♦rt❡❞ ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s✳ ❖✉r ❢✉t✉r❡ ✇♦r❦ ✇✐❧❧ t❛r✲
❣❡t ❛❞✈❛♥❝❡❞ ❝❤❛❧❧❡♥❣❡s ♦❢ ❛♣♣❧②✐♥❣ ❥♦✐♥✲r❡❧❛t❡❞ t❡❝❤♥✐q✉❡s
✐♥ t❤❡ ✜❡❧❞ ♦❢ ❈❊P✱ s✉❝❤ ❛s ❤❛♥❞❧✐♥❣ ♣r❡❞✐❝❛t❡ ❞❡♣❡♥❞❡♥❝✐❡s
❛♥❞ ❞❛t❛ ✉♥❝❡rt❛✐♥t②✳

9. ACKNOWLEDGMENTS
❚❤❡ r❡s❡❛r❝❤ ❧❡❛❞✐♥❣ t♦ t❤❡s❡ r❡s✉❧ts ❤❛s r❡❝❡✐✈❡❞ ❢✉♥❞✐♥❣
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