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Abstract Let Zy, Z1, ..., Z, be a sequence of Markov dependent trials with state
space Q@ = {Fy, ..., Fy, S1,..., Sy}, where we regard Fy, ..., F) as failures and
St, ..., Sy, as successes. In this paper, we study the joint distribution of the numbers
of S;-runs of lengths k;; i = 1,2,...,v,j =1,2,...,r;) based on four different
enumeration schemes. We present formulae for the evaluation of the probability
generating functions and the higher order moments of this distribution. In addi-
tion, when the underlying sequence is i.i.d. trials, the conditional distribution of
the same run statistics, given the numbers of success and failure is investigated.
We give further insights into the multivariate run-related problems arising from a
sequence of the multistate trials. Besides, our results have potential applications to
problems of various research areas and will come to prominence in the future.
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1 Introduction

The concept of runs has been used effectively in a wide range of areas such as
reliability theory, start-up demonstration tests and statistical quality control (see
Inoue, 2004; Chao et al., 1995; Balakrishnan et al. 1997; Shmueli and Cohen,
2000 and references therein). In a sequence of binary trials (success or failure),
the distribution theory of success runs has been developed by many authors under
various enumeration schemes. There are different ways of counting the number of
success runs of length k in the literature (see Fu and Koutras, 1994; Balakrishnan
and Koutras, 2002). It depends on the practical problem which way of counting
should be adopted. The four best-known types of the ways of counting the number
of success runs of length k are as follows:

(1) Type I enumeration scheme: the way of counting the number of non-overlap-
ping and recurrent success runs of length &, in the sense of Feller’s (1968)
counting,

(i1) Type II enumeration scheme: the way of counting the number of success runs
of length at least k, in the sense of Goldstein’s (1990) counting (see Gibbons
1971),

(iii) Type III enumeration scheme: the way of counting the number of overlapping
success runs of length k, in the sense of Ling’s (1988) counting,

(iv) Type IV enumeration scheme: the way of counting the number of success
runs of size exactly k, in the sense of Mood’s (1940) counting.

It is natural to consider multivariate versions of run-related distribution. Let

Zo, 21, ..., Z, be a time homogeneous Markov chain defined on the state space
Q={F,...,F,S1,..., S}, whereweregard Fy, ..., F asfailuresand S, . . .,
Sy assuccesses. Fork; = (kj1, ki2, ..., ki) ande; = (i1, ..., 0,)i = 1,2, ...,
v, let N(n, k;; ;) be the r;-dimensional random variables (N (n, k;1; 1), ..., N

(n, kiy;; @ir;)), where N (n, k;j; a;;) represents the number of S;-runs of length k;;
G=12,...,v,j =12,...,r)in Zy, Z1, ..., Z, by engaging Type o;; (=
I, II, ITI, IV) enumeration scheme. In the present paper we develop formulae for
the derivation of the probability generating function (p.g.f.) and the higher or-
der moments of N(n,k;a) = (N(n,ky;a1),...,N(n, k,; o)), where « =
(ay,00,...,0p)and k = (k1, ko, ..., k).

We provide the perspectives on the multivariate run-related problems arising
from the multistate trials. It will be of great value to consider the multivariate run-
related distribution, since this distribution treated here is important not only for
their theoretical interest but also for their applications to various areas.

In the case of binary trials, the distribution theory of runs has been developed
very actively (see Aki and Hirano, 1988; Koutras and Alexandrou 1995; Antzou-
lakos and Chadjiconstantinidis, 2001; Godbole et al., 1997; Han and Aki, 1998).
On the other hand, in the case of multistate trials, although the multivariate ver-
sions of run-related distributions are closely related to many important applications
(see Balakrishnan and Koutras, 2002) and there is need to study such multivari-
ate distributions, the development of the relevant distribution theory is very slow
and insufficient. Shaughnessy (1981) and Bradley (1968) also stated this point
(see Fu, 1996). In fact, many exact multivariate run-related distributions remain
unknown. Moreover, the higher order moments of these distributions have never
been examined. Therefore, it has become evident that a systematic study of multi-
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variate distributions is required in order to tackle multivariate run-related problems.
This is the main motivation for establishing formulae for the evaluation of the p.g.f.
and the higher order moments of the multivariate run-related distribution.

In Sect. 2, when the underlying sequence is a sequence of Markov dependent
multistate trials, we discuss the joint distribution of N (n, k; a)=(N (n, k1; t1), .. .,
N(n, k,; a,)). We present recursive schemes for the evaluation of the p.g.f. and the
mixed (B4, ..., B,)-th moment about zero of N (n, k; &), where 8, = (Bi1, ...,
Bir;),i = 1,2, ..., v.The expression for the double generating function of N (n, k;
a) is given. Sect. 3 studies the joint distribution of N (n, k; &) in the special case
of i.i.d. trials. In Sect. 4, we investigate the conditional distribution of N (n, k; o),
given the numbers of success and failure in the i.i.d. trials. Finally, in Sect. 5,
several interesting practical applications are discussed.

2 Markov dependent trials

Let Zo, Zy, ..., Z, be a time homogeneous Markov chain defined on the state
space 2 = {Fy,..., F), S1,...,S,}. Assume that

Pow; = P(Zi = wjlZ;—1=w)) fort>1, wj,wj€Q, i,j=12,...,0+v
and
Mo = P(Zo=w;) forw,eQ,i=1,2,...,1+v.

Foro;; =LILILIV,i=1,2,...,v,j=1,2,...,r;, we define

2 I
@i =1,
kij Y

;i) = 1 (v = kij) o =11,
max {0, v — (kj; — D} o =111,
I(v=kij) a;j =1V,

where

1, u is true,
Iu) = [0, otherwise.

2.1 The probability generating functions

Let P(N(n,k;a) = x) and P(N(n,k; ) = x|Zy = w;) be the probability
function of N(n, k; ) = (N(n, ky; 1), ..., N(n, ky; a,)) and the conditional
probability function of N (n, k; &) given Zg = w; (w; € Q,i =1,2,..., A+ v),
where x = (X11, ..., X1rs -, Xils ooy Xipgs oo o> X1, - .., Xy, ). Then, the p.g.f.
of N(n, k; a) and the conditional p.g.f. of N(n, k; &) given Zg = w; (w; € R,
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i=1,2,..., A4 v)will be denoted by ¢, (¢; &) and ¢(w’) (¢; o), respectively, that
is,
dut; ) =E [ K0 Nokie)] S Pk =7

(6 ) = E [ K0 N ("’k”;“”)IZo = o]

= > P(N(n. ki) = x|Zo = o)t} - 1)),

X
wheret = (t1, t2, ..., t,). ti = (ti1, ti2, . . t,rl)andtN(" heisei) l]}’("’k"“a"')
N(n,kir, ;ctir, ) .
t v i=1,2,...,v

ir ’

Theorem 2.1 The p.g.f. ¢, (¢t; o) and the conditional p.g.f.’s ¢,(,Fi) (t;),i =1,2,
¢(S’)(t; a), i =1,2,...,v, satisfy the following recursive relation:

A %
Put; @) = D 7, o (@) + D 7, 0 (8 @), n = 0, )
m=1 m=1
Pt o) = ZpF by Sy (8 ) + Z P, Oy (), )
m=1

n>1,1i _1,2,...,k,

¢y =1, i=12,...1, @
A n—1 |
. +1;0; Fn)
‘pr(lSl)(t; o) = Z Z p.lS)”iSi PSiFy tty’(v : ¢( 1 (& o)
m=1 v=0
Jrl al Sm
+ 2 Zps,s, pss, 1T @) e
m=1,2,...,
m#i
B
N ®

(D _ e , Mwein)

where ir
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Proof 1t is easy to check Egs. (3) and (5). The proofs of (1) and (2) are easily
completed by observing that

E [t{V(n,kl;ul) o t{\’(n,ku;av)]

Ay
— Z P(Z() — wm) E I:t{V(n,kﬁal) . .tll)V(n,k\ﬁav) | Zo = a)m:l ,
m=1

E I:t{V(n,kl;al) ] ..t{)\’(n,kv;au) | Zo = Fi]

A
= > P(Zi=FulZo=F)E [t{v("’k““l) oV oka 7, p, |
m=1

v
4 P(Zl =S, |ZO — F,)E I:tA]]V(n,kl;al) . _t‘])V(”l,k\Uau) | Z| = Sm] ,
m=1

i

=1,2,..., X\

Suppose thatwehave Zg = S; i = 1,2,...,v).Forv=1,2,...,n,let CviF’" be
the event that S; occurs at trials 0, 1, ..., v — 1 and the first Fj,, (m = 1,2, ..., 1)
occurs at the v-th trial, forv =1,2,...,n,let C viS’” be the event that S; occurs
at trials 0, 1,...,v — 1 and the first S, (m # i) occurs at the v-th trial, and
let ijrl be the event that S; occurs at trials O, 1, ..., n and neither the first F,,
(m=1,2,...,A)nor the first S,, (im # i) occurin Zy, Z», ..., Z,, that s,

Cyfm={20=21==2Zy.1=S8;. Zy = Fu},
v=1,...,n, i=1,2,...,v, m=1,2,..., A,
Cgism:{ZOZZIZ"':ZU—IZSi’ ZUZSm}9
v=1,...,n, i=1,2,...,v, m#i,

Si .
Cn+1={Z()=Zl=--~=Zn,1=Zn=Si}, i=1,2,...,v.

Then, we immediately obtain

E I:tfv(”ykllul) . tI{V("ykaau) | ZO — SI:I

A n
— Z Z P(CgiFm | Zo = S E [tfv(”’kl?al) .. .t‘{v(n,kv;au) | CfiFm]

m=1 v=1

n
Y Y pEizo=s) B[N Nokaow s
m=1,2,...,v v=I1

m#i

+P(C

S Zo=S) E [t{v("’k““l) o Nokse) C,ffﬂ] =1.2.... ..

which yields the Eq. (4) due to the homogeneity of Markov chain. The proof is
completed. O
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We will define the double generating functions ® (¢, z; ) and P i) (t,z;a) (w; €
Qi=12,...,A+v)as

Otz @) = D dult; )7,
n=0

[e¢)
Ot zia) = D Pt )"

n=0
Using Theorem 2.1, we can obtain the following theorem.
Theorem 2.2 The double generating functions ®(t, z; o) and @ Fi )(t, o), =

1,2,..., A, CD(S")(t, zyo), i = 1,2,...,v, satisfy the following system of equa-
tions:

A v
O, ;) = Z nFmQJ(Fm)(t, z;a) + z s, <I>(S"')(t, z;a), (6)
m=1 m=1
A v
Ot zia) =1+ prr,@ W za)+ > prs, 205 z ), (7)
m=1 m=1
i=1,2,...,A,

(ID(Si)(t, z;a) = P(t;, JZNNES o;)

A
< (14D psip, 2@, 2z )

m=1
vV
+> psnz® @ ) |, i=12, ®)
m£i
where
- 1
;0 .
P(ti,pSiSiZ;Oli)ZZ(pSiSiZ)vt!L(UJr ), i=1,2,...,v. 9)
v=0
The formula (6) yields
[V, ;)]
oD .t, ;o
O, 23 @) = (Thys o TRy T, TS,) ¢, 2 0) (10)

OBV, z; )

| (¢, ;) |
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Equations (7) and (8) can be expressed as

f (¢, 7 0) ] (o, )] 1 7
oFI (¢, z; ) O (2, z; o) 1
2 9 — A 9 9 s 11
PGV, z; ) ¢ OBV, z; ) + P(t1, ps;s,z; 1) an
| PS¢, 7 00) | | oS¢, ;) | LP@{, ps,s,z o)
where
_pFlFl  PRF\PF S PFRS, * PFISV_
PEF " PFEF, |PFS PFS, *°° PFRS,
A= PF,F, **° PF,F,|PF.S1 PF,.S, **° PF.S,
as,;r, --- asi;p| 0 bsisy, -+ bgys,
as,r, -+ as,F |bs,sy 0 --- bgys,
| as,r - as,F|bs,s, bsys, o+ 0]

and as; I<i<vl<j< )»),bs,-sj (1 <i,j <v) are given by

as;F; = PS,-FjP(tiy Ps; s 25 ai)v
b _ 07 l - j,
SiSi = | psis; P, ps,sizs @), i # .

From Eqgs. (10) and (11), we can proceed to derive a compact formula for the double
generating function ® (¢, z; ). The next theorem provides the details.

Theorem 2.3 The double generating function ® (¢, z; o) is given by

Lox1
1 P(t1, ps;s,2; a1)
cD(th;“):(jTF|9-'-77TFA97TS17""T[SV) [I_ZA] .

P(ty, ps,s,z; &)

where I is the (A + v) x (A + V) identity matrix and P(t;, ps;s;z; ;),
i=1,2,...,v,is given by in (9).

Example 2.1 Joint distribution of (N (n, ki1; o11), ..., N(n, ky1; opq)). We treat
the special case where r| = - - - = r, = 1. The double generating function is given
by

1)»><1
| P, psysizsann)
O, z;0) = (R, ..., TR, TS, ..., 7s,) [I —zA] .

9

P(ty1, ps,s,2; A1)
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where
[ 1 _ kivg., _ kit—1¢1 _ +.
1 = (ps;5;2)"'ti1 = (ps;5;2)7' (1 = ti1) @y =1
(1 - pSiSiZ) (r— (pSiSiZ)k”til) ’ l ’
1 — (ps;s; 20 =1(A — 131)
; a;p =11,
1-— PSS 2
P(ti1, ps;s;2; 1) =
1= (ps,;s, 205710 = t;1) — ps,s,2tin
o;p = 111,
(I = ps;s;2)(1 — ps;s;ztit)
1= (ps;s; 2051711 = 1:1)(1 — ps,s5,2)
, aj1 =1V,
1- Ps; S <

for i=1,2,...,v.

Inthe case of A = 1, v = 2, ri = rp = 1, Balakrishnan and Koutras (2002)
called the three distributions of the bivariate random variables (N (n, k11; 1), N(n,
kor; 1), (N(n, ky1; 1), N(n, ko1; 1)) and (N (n, ky1; 1), N (n, koy; D)) Type 1, 11
and Il Markov-trinomial distributions of order (k11, k21), respectively. The results
presented in this section are generalization of Markov-trinomial distributions.

2.2 Two enumeration schemes

(1)The number of runs of type S;

We denote R,ES") by the number of runs of type S; (i = 1,2, ..., v). For exam-
ple, the following sequence of length 23:

S1 828 818181 Fi 528285 S181 $288:8 81818181 F1 $2 S1

contains 5 runs of type Sy, 4 runs of type S» (Rgl) = 5and Rg” = 4). By setting
ro=---=r,=1and u(v;a;1) = I(v > 1) fori = 1,2,...,v in Theorems
2.1-2.3, we can easily deal with this case.
(ii)€-Overlapping enumeration scheme (£ > 0)

Recently, Aki and Hirano (2000) introduced a generalized enumeration scheme
which is called £-overlapping counting (see Inoue and Aki, 2003 ; Antzoulakos,
2003). In Theorems 2.1-2.3, by setting

n(v; o) = max , | ————— ,
! kij — Lij

the results presented in Theorems 2.1-2.3 can be extended to cover this case easily.

2.3 Evaluation of moments

We denote by

v v oor

mBis ... Bia)=E [H (N(n, ki; a»)l’r} =E | [TT] (V. ki i)

i=1 i=1j=1
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the mixed (B, ..., B,)-th moment about zero, where 8; = (Bi1, ..., Bir;), I =
1,2,...,v. Replacing #;; by e (i =1,2,...,v,j =1,2,...,r;)in ¢, (t; ),

,EF")(t; o) and ¢,(,S’ )(t; a), the moment generating functions of N(n, k; ) =

(N(n,ky;a1),...,N(n, kU, a),)) are obtained. Here, we write the moment gen-
erating functlons as ¢ (e o), ¢(F’) (et; o) and ¢,(,S" ) (et; a), respectively. We can
get the mixed (B4, ..., B,)-th moments about zero as

gB1t+-+Pury

nn(ﬂlv ""ﬂu;a) =

(e’ @)

B
oty - Oty =0,
gP1++Pory
B B =~ @) P=1.2,00
31‘” . 8l‘wu =0,
aﬁll"l‘""’l‘ﬂvrv )
0 (Brs o Byie) = ﬂ—ﬂfﬁﬁs’)(et;a) i=12...v
Aty Aty (0.

We have the next theorem from Theorem 2.1 directly.

Theorem 2.4 The mixed (B4, ..., B,)-th moment about zero n,(By, ..., B,; &),

By B = 1,2, hand SV (By, ... Bi)i = 1,2, ..., vsat-
isfy the following recursive relation:

A
MnBr. ... Bia) = Zmn,f (B Byi)

+ anm S (B, ..., Byia), n=0,

A
nOBr. By =D prE (B By )
m=1
+ZPFS,,177( m)(ﬂ]7"'7ﬂv;a)a
nzl, =1,2,..., A,
NSOy, ..., By a)
A n—1 ﬂi
= ZZ PS. s, PSi Fu (v + 1; o)) Bibi
m:lv:Obl:()

F;H .
77,(1 U) ](ﬂla "'5ﬂi—17bia ﬂ1+13 "'aﬂuaa)7

n—1 ﬂi

+ Z Z Z p}S)';S,-pS,-Sm (m(v+1; (Xl'))ﬁi_bi
m#i v=0p;=0

X
N
)
v
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A
x( 1S (Bre e Bt bi Bisteee o),

b;
+ P, (Ot + 150 P 0 (Br - Biy, Bigts 0 B, 0),
n>1,i=1,2,...,v,

with the initial conditions

n(()Fi)(ﬁls o Byia)=8((By, -, B,),0), i=1,2,...,A,
n(()si)(ﬂl,...,ﬂv;oc) = (Il«(l;“i))ﬂia((ﬂlv~--’ﬂi—1vlgi+1’--~vﬂv)’0)a
i=1,2,...,v,

where Kronecker delta §(x,y) equals one if x=Yy and zero otherwise,
b = (bi1, ..., bip),

ri B, Bi1 Bir;
w(v; apBi-bi — HM(U;Oli.j)ﬁij_bij, Z = Z Z and
J=1 b;=0 bi=0 by, =0
B\ 1 (Pij
(bzt) =11 (bij)'

j=1

In the case of A = v = 1, r; = 1, Antzoulakos and Chadjiconstantinidis (2001)
established recursive formulae for the evaluation of E[(N(n, ki1;1))P1],
E[(N(n, ki1: 1)) and E[(N (n, ky1; D) )P1].

3 Li.d. trials
Assume that Q = {Fy, S1,..., S0},

Poiw; = P(Zi = wj|Zi1 = wi) = py; fort > 1, wj, wj € Q,
iLhj=12,...,v+1

and
g =1, mg =---=ms, =0.

Evidently, the underlying sequence reduces to the i.i.d. trials. In this case, the evalu-
ation of the p.g.f. can be easily performed through the recurrence relation presented
in Theorem 2.1. The double generating function ® (¢, z; ) can be expressed in a
more appealing form. More specifically, reduce the recurrences of Theorem 2.2
to the i.i.d. case (ps;s; = ps;» ps;p; —> Pr;) and replace all oF(t, 7 ),
i =1,2,..., A with (¢, z; ). Then multiply by —P(¢;, ps, z; ;) both side of
(7) and add by parts to (8) and solve the resulting equation w.r.t. ®S)(¢, z; o),
replace it to (7) and solve w.r.t. ®(¢, z; ). Finally we get the following result.
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Proposition 3.1 The double generating function ® (¢, z; o) is given by
1

1 _ pF|Z _ E v PSn< P(tmspSmZ;(x.m) ’
m=1 l+pSmZ P(tmspSmZ“xm)

D, ;) =

where P(t;, ps;z;e;), i = 1,2,...,v, is given by (9) with ps,s, replaced by
ps;(i=1,2,...,v).

Example 3.1 Joint distribution of (N (n, k11; o11), ..., N(n, ky1; oy1)). We treat
the special case where r; = - -- = r, = 1. The double generating function is given
by

1
Ot z; ) =

. (12

v psiz P(ti1, ps;2; «i1)
1 - pF[Z - Z'—
i=1'1 4+ ps;z P(t;1, ps;2; @i1)
where
[ Psiz— (P50 + (psi )1t = psd)
1— (ps,.Z)/‘“ B i1 =1
P52 — (ps;)M1 (1 — i) oy =11
_ ki _ 4. L=
psizP (i, ps;zicin) = (ps 2 =tin)
1 7P (¢ i) .
+ ps;zP(tit, ps;z: @in) psiz — (ps,2fi(1 — ti1) — (ps,2)*ti1 w1
1—psztin — (ps, )% (1 —11) ’ ’
psiz— (ps; )51 (1 —t;1)(1 — ps;2) i = IV
1— (1= t)(ps; )% (1 = ps;2) ’ ’

fori=1,2,...,v.

Remark 3.1 Inoue and Aki (2004) have also given the formulae for the double
generating function with a different setup. In the case of v = 2, r| = rp = 1,
Balakrishnan and Koutras (2002) derived the double generating functions of the
joint distribution of (N (n, k11; ), N(n, k215 1)), (N (n, k11; II), N(n, k21; II)) and
(N(n, ky1; 1), N (n, ko1; II)). These joint distributions are called Type I, Type II
and Type III trinomial distribution of order (k11, k21).

4 Conditional distributions

In this section, we consider the case where A = 1. Let Z1, Z>, ..., Z, be a se-
quence of i.i.d. trials with failure Fi, successes S, ..., S, and the probabilities
P(Z; = F1) = pr, P(Z; =8;)) =ps, forl <t <n,i =1,2,...,v. We are
going to investigate the conditional distribution of the run statistics N (n, k; o) =
(N(n,ki;01),...,N(n, k,;a,)), given the numbers M, ; = s; (0 < s; < n)
of successes S; (i = 1,2,...,v) in the n i.i.d. trials. Since M, ; is a sufficient
statistic for ps, (i =1, 2, ..., v), the conditional distribution which we are search-
ing for does not depend on pg;, (i = 1,2,...,v). In this section, we will use the
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notation ®(¢, z, ps,, ..., ps,; @) and ¢, (¢, ps,, ..., ps,; &) instead of P (¢, z; &)
and ¢, (¢; o), respectively, that is,

Sut. psi.....psi@) =D PN ko) =06 -6, (13)
X

o
D, 2, Psi -0 DS, €)= D ult, psy, -, ps,; )" (14)
n=0

We denote the probability generating function of the conditional probability
function of N(n, k; &), given that M, ; = s; i = 1,2,...,v) by

Yalt,s;0) = D PN ks @) =x | My =s1,..., My, =5,)  (15)
X

X11 Xvry
Xtyp oo tory s

where s = (s1, ..., Sy).
In this subsection, an explicit formula for the double generating function of the
quantity

n!

Yn(t, s; o)

an(t,s; a) =
spleeesylm —sp — - —sy)!

is established. Each one of the two cases ((a) pr; # 0, (b) pr, = 0) is treated
separately.
(a) The case pr, #0

Theorem 4.1 The generating function of a,(t, s; o) takes on the form

00
Z Z an(t,S;OC)usl'l...uinn 6

n=0S1,....5p
=&, (1+ > _ui)z, HZ“;}ZI e HZ”:’I;ZI o).
Proof Replacing P(N(n, k; @) = x) in (13) by
P(N(n,k;a) =x)
= > PN kia)=x|Myi=s1,.... My, =5,)P

X(Mn,l =s17-~-»Mn,v =sy)

_ n! o (&)I(P_S)
sttt = s = =) ppy PF,

Sloeens

XP(N(n,k;a)leMn’l:Sl,...,Mn’VZSU)

and exploiting the expression (14), we have

n! s\
&L, psy, ..., s, @) = Pr (—)
" : zsvsl!-~~s,,!(n—s1 — o= s)! F PF

(pS“) le,,(t,s;oc)
PF




Joint distributions of numbers of runs 589

or equivalently

O, 2, sy Ps,i ) = Z Z an(t.s: a)(”sl) (p—s) (pr2)". (17)

PF

Setting ps,/pr, =u; (i =1,2,...,v)in (17), we get

CD(tz “ Uy 'oc)
”1+Z:’)1“57 BT
_Z Z a,(t,s; a)ul ...u (;)n,
1+21 1 Ui

which manifestly yields the desired result by replacing z by (1 + >7_, u;)z. O

From the representation of Theorem 4.1, the explicit formula for the generating
function of a, (¢, s; &) is derived.

Theorem 4.2 The generating function of a,(t, s; &) is given by

ui u,
0] 1+ >u R To 18
( ( Z l) DY STTA DY ) 1o
1

1—Z—Zv u;z P(ti, u;z; o)
i=11 4+ u;z P(t;, uiz; ;)

where P(t;, u;z; o;) is given by (9) with pg;s; replaced by u; i =1,2,...,v).

In the case of v = 1, r; = 1, Koutras and Alexandrou (1997) investigated the
conditional distributions of run statistics N (n, k11; 1), N(n, k11; 1) and N(n, k;1;
IIT), given the number M, 1 = s of success S (see Balakrishnan and Koutras,
2002).

(b) The case pr, =0

Theorem 4.3 The generating function of a,(t, s; o) takes on the form

Z Z an(t, s; )uy' - uyz" (19)

%
=d(t,Dujz, = —, ..., =2 a).
l-gl Z, 1’41 ZL]W
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Proof Replacing P(N(n, k; @) = x) in (13) by

P(N(n,k; @) = x)
= Z P(N(n7k;a):x|Mn,l:sl’--an,v:Su)P

S1yeeesSy

Sp4Fsy=n

X(Muy,1 =S1,..., My, =5y)
= My PN k) =
= | 1 Ps, 0 Ps (N(n,k; o) = x |

sple-esy! v
S1senesd Sv
S1ttsp=n

X Mn,l :Slv"'le’l,l) =5y),

and exploiting the expression (14), we have

n!
Gult, psis - PsO) = D ST PSP Yt s
sl

or equivalently

..... K
s1F-tsy=n

oo
d>(t,z,ps.,---,psv;a)=z an(t,s;@)py ---pg . (20)
n=0 §

Setting ps, = u;/ > ;_yui (i =1,2,...,v)in (20), we get

® (t uj Uy )
7Z’ Vv 3 ey v ;Ol
Zi:] uj Zizl ui
0 n
. S1 Sy <
> an(t,s;@)uy - u, ST )

n=0  Slr--»8y i=1 Ui
Sp+-tsy=n
which manifestly yields the desired result by replacing z by >"_, u;z. O

From the representation of Theorem 4.3, the explicit formula for the generating
function of a, (¢, s; &) is derived.

Theorem 4.4 The generating function of a,(t, s; o) is given by

v
Dt Duiz, =—, ..., =2«
l-; T X ui izt ti

1
= > , 2n
| — u;z P(t;, u;z; ;)

I+ ujz P(t;, u;z; o)

i=1

where P(t;, u;z; ;) is given by (9) with pg;s; replaced by u; (i =1,2,...,v).
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5 Applications

In this section, we consider the special case where A = landr| = --- =r, = 1.Let
21,72, ..., Zy, be asequence of i.i.d. trials with failure Fi, successes Sy, ..., Sy
and the probabilities P(Z; = F1) = pr,, P(Z; = S;) = ps; for1 <t < n,
i =1,2,...,v. When no confusion is likely to arise, we will write simply &;, o;
and ¢; instead of k;1, oj and ;1,1 = 1,2, ..., v.

5.1 Multistate system

Itis worth mentioning that the probability P (N (n, k; ) = 0) fore; = L II, II,i =
1,2, ..., v,isequal to the reliability of a consecutive k1,kz, . . . , k,-out-of-n:MFM
system. According to Boutsikas and Koutras (2002), the consecutive k,k2, .. .,
ky-out-of-n:MFM system consists of n linearly arranged components and enter
failure mode s whenever at least k; consecutive components are failed in mode s
(s =1,2,...,v). Here, suppose we regard F; as a working state and S1, ..., S, as
failure modes. The exact reliability of the consecutive k1,k3, . . . , k,-out-of-n:MFM
system with Markov dependent components can be evaluated through Theorems
2.1-2.3.

We will study the reliability of the system with i.i.d. components. Let R(n, k) (=
P(N(n, k; a) = 0)) be the reliability of the system with i.i.d. components. Then
the generating function of R(n, k) is obtained by substituting ¢ = 0 in the formula
(12), that is,

> R 07" =00, z;0) = ! - (22)

v psz— (ps2)k

In the following proposition, we derive a recursive scheme for the evaluation of
R(n, k).

Proposition 5.1 The reliability R(n, k) satisfies the following recursive relation:

[nl

v
R, k) = prR(n—1.k) + > Z P R( — vki — 1,k) (23)
i=1 v=0
, IR
> " PR —vki k) for n = min(ky. ... k).
i=1 v=I1
R(n,k) =1 for n <min(ky, ..., k). 24)

Proof From (22), we have

> R, k)" = (pm + Z Z (PS,Z — (ps5; )" ) (ps; )™ )Z R(n, k)z".
n=0

i=1 v=0

Equating the coefficients of z”* on the both sides of the above equation, we obtain
Eq. (24). It is easy to check Eq. (24). The proof is completed. O
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Fig. 1 The exact distribution of R1000,800,200 and normal distribution N (321, 102.18)

Of course, we can evaluate the exact reliability R(n, k) through the recurrence
relation presented in Theorem 2.1. However, the recurrence relation presented in
Proposition 5.1 is very simple and efficient.

5.2 Randomness tests

In this subsection, we consider the special case of pr, = 0. Let Rr(lfé?,,,,,s\, denote
the number of runs of type S;, given the numbers M, ; = s; (0 < 5; < n) of
successes S; (i = 1,2, ...,v)in the n i.i.d. trials. Then the total number of runs
Ry s,,....5, 18 defined by

_Z (S)
nSl, Sy n,si,.

i=1

Bysettingm =---=nrn =101 :tz:---:tvztand
! .
Pti,uiz;a;) = —, i=1,2,...,v,
1 - u;z
in the formula (22), we can obtain the double generating function (w.r.t. uy, ..., u,,

z)of n!/si!- - sy E[ tRrs15 ] as follows:

v
Dttt DU, =—, L, =) = 1 ,
(ﬁ/—’ izll ' Zi=l Ui ZI\-}=1 Ui ) 1 — E v upzt

i=1 1 —u;jz(1—1)
The exact distribution of R, s,.... s, 1S acquired by the expansion of the gener-

ating function in a multiple Taylor series of z, t and u; (i = 1,2, ..., v), which
nowadays can be easily achieved by computer algebra systems. Furthermore, by
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Fig. 2 The exact distribution of R1000,850,150 and normal distribution N (256, 64.83)
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Fig. 3 The exact distribution of R1000,900,100 and normal distribution N (181, 32.25)

making use of the derivatives of the above generating function up to the second
order with respect to ¢, the mean and variance of R, s, .. s, can be obtained. (The
details can be worked out easily and are thus omitted here.) More specifically, we
have the following result.

Proposition 5.2 The mean and variance of R, s, ... s, are given by

%
sim—s; +1)
ElRnsy. 0] =D —————

i=1
v

’SV] — Z sitn —s; + D)(s; — D(n —s;) + Z SiSj(Si _ 1)(Sj _ l)

n2(n —1) n?(n —1)

VIRps,,...

i=1

i#]
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Fig. 4 The exact distribution of R1000,950,50 and normal distribution N (96, 8.94)

The classical run tests was based on R, 5, ... s, (see Rubin et al., 1990; Agin and
Godbole, 1992; Shaughnessy, 1981). Schuster and Gu (1997) provide the recur-
sive scheme for the evaluation of Ry, 5, ... s, . In the case of v = 2, the randomness
of the sequence is tested statistically by many authors (see Wald and Wolfowitz
1940; Mood 1940; Koutras and Alexandrou, 1997; Lou, 1997). It is well known
that the distribution of R, g, s,, when the ratio of sy to s remains a positive con-
stant while both numerator and denominator approach infinity, is approximated
by the normal distribution with mean E[R,, s, 5,] = (25152 + n)/n and variance
VIR 51,501 = 25152(28152 — n)/[nz(n — 1)] (see Wald and Wolfowitz, 1940 Brad-
ley, 1968). In Figs. 1-4, however, there is significant differences between the exact
and the approximate probabilities. Therefore, we think that the results presented in
Figs. 1-4 highlight the importance of the exact distribution. As indicated by Brad-
ley (1968), it rapidly becomes difficult to obtain the exact distributions of runs in a
sequence of multistate trials, as the number rn of trials increases (see Shaughnessy,
1981). Our results presented in this paper are useful for the numerical and symbolic
calculations.
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