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Joint Inversion of Geophysical Data
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Summary

By jointly inverting several different kinds of geophysical measurements
at a site we avoid some of the ambiguity inherent in the individual methods.
We show how this can be done for the combination of DC resistivity and
magnetotelluric measurements on a Jayered medium by considering a
simple 3-layer model. The combination resolves the resistivity of the
thin resistive second layer, even though neither of the two methods can do
so alone.

The method is then applied to field data from a shallow sedimentary
basin. A blind zone occurs beneath a thick near-surface conductive shale.
By a study of the eigenvalue structure of the model it can be seen that
resolution in this zone would be slightly enhanced by higher frequency
magnetotelluric data, but additional DC data at larger spacing would
yield no improvement.

Introduction

Inversion of geophysical data consists of operating directly on those data so as to
generate a view of the structure which causes them. It differs from the traditional
forward approach to geophysical interpretation in which a model is assumed, its
response is calculated and compared with the observations, and the model parameters
are then modified in a way which will hopefully improve the comparison. The virtues
of inversion, if it has any, are that it uses the data to the fullest while being more
economical of skilled interpreter time than is the forward approach. Consideration
of the interpretation problem also suggests that it will sometimes be more cost-
effective to acquire a limited number of measurements of several types than many
measurements of a single type, in development and exploration programs.

The recent geophysical literature includes many works on development and
application of inversion techniques. It is a topic of widespread active research.
Most applied papers have dealt with seismic properties of the Earth, although some
have treated electromagnetic properties (Parker 1970) and localized exploration-
scale problems (Inman, Ryu & Ward 1973).

We treat here the problem of joint inversion of two related kinds of data, DC
resistivity and Ultra Low Frequency electromagnetic (magnetotelliric) measurements
in horizontally-layered conditions. The approach is outlined and examples are
presented in which the combination yields more satisfactory results than either of the
two methods does alone.
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Fi1G. 1 The general horizontal layer model.

The two forward problems

Theory for both the DC resistivity (DC) and the Magnetotelluric (MT) methods
in layered media is well known (e.g. see Ward, 1967, pages 93, 117). That is, given a
model containing a number of layers, their thicknesses, and their electromagnetic
properties (Fig. 1), it is a nearly trivial exercise to calculate model responses to the
two methods. The analytic expressions for these responses are tabulated in Table 1.

Analysis of the two sets of equations illustrates the characteristics of each which
makes them complementary to some extent It is well known that the MT method
has poor sensitivity to resistive layers: a thin resistive layer is ignored whereas response
of a thick resistive layer depends only on its thickness and not on its resistivity. MT is
highly responsive to conductive Jayers even if they are very thin. DC on the other
hand is virtually unbiased in the responses (Fig. 2), but for thin layers these depend
only on the product of conductivity-thickness (conductive layers) or resistivity-
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F1G. 2 Responses of the DC resistivity and MT methods to the 3-tayer model shown.

thickness (resistive layers). DC has poor resolution in the case of models containing
layers of highly-contrasting properties.

The two methods are complementary in another sense. For practical reasons
it is easy and inexpensive to obtain DC data relating to shallow depths (less than a few
kilometres), but difficult to obtain deeper DC data. Just the reverse is true of MT.
Low frequency MT information which refers to depths beyond a few kilometres is
normally more easily obtained than it is at higher frequencies. Yet MT data are
better interpreted with a knowledge of shallow conditions. In the examples which
follow we demonstrate some advantages of a stereoscopic approach to interpretation.

Formulating and solving the joint problem

Our approach to inversion is set out in the accompanying paper ¢ Stable Iterative
Methods for the Inversion of Geophysical Data’ subsequently referenced as SIM
(Jupp & Vozoff, 1975).

For general joint inversion problems, the proper combination of the two data
sets, and weighting of the influence of the same earth model on the different responses,
is very important.
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For isotropic, horizontally layered earth models, the MT data and DC data
measure ‘earth’ response to two distinct inputs through quite distinct physical
processes, However, the output apparent resistivities have very similar features. For
example, at long (DC) spacings and long (MT) periods, both are asymptotic to
basement resistivity py. For short spacings and short periods, both are asymptotic
top,.

When the data are not from an (approximately) layered situation, of course, the
joint process cannot be expected to improve their interpretation. A more complex
model, together with joint inversion, is needed for this case. In SIM we describe how
an iterative method, based on the Gauss iterative method (Kowalik & Osborne 1968),
may be used to solve inverse problems, wherein data are fitted to a layered (or some
other more complex but nevertheless simplified) earth model. The approach is to
evaluate the forward problem to determine how well a current earth model fits the
data, and to evaluate the ° parameter influence’ (or Jacobian, or partials) matrix to
determine how the model should be altered to improve the fit.

The ¢ parameter influence ’ matrix

J= [Jij]i,=1,M
j=1,N

has components

og; .. . .
Jij= w,-ﬁ (where w, indicates relative importance of observation i)
X,

i

which is the variation of the i'th data value, with respect to changes in the j'th para-
meter (layer resistivity, or thickness). That is, it measures the influence of changes in
parameters on the (model predicted) data.

To properly combine the separate DC and MT problems in an inversion method,
the separate influence matrices need to be balanced. In our problems, since the layer
resistivities and thicknesses have implicit constraints

pi=0  i=1N+I

h,>0 l=l,N

we may force the constraints by letting

x; =logp;forj=1,N+1

x-+N+1 = log h] fOI‘j = l,N.

J

If, moreover, we use relative errors, the elements of the influence matrix take the form

og: 1 _0gi  p; Og;

J"=Wi_="_ = —
0x; g Ologp, g 0p;

ij

or 1 ogs  h Og
g Ologh, g oh;’
In this way, the Jacobian is made scale free, and since the relative errors will be
commensurate, the two kinds of data will equally influence the correction that improves
the current model.
We also show in SIM how the eigenstructure (or singular values) of J may be
used to classify the parameters as Irrelevant, Unimportant and Important.
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(i) Irrelevant parameters have no influence on the model data. They correspond
to layers which are out of range of the measurements, or as in the case of thin resistive
layers, to parameter combinations that cannot be resolved from the data.

(ii) Unimportant parameters have only small influence on model data. Inversely,
large changes in these parameters can occur for only marginal improvement in fit
to the actual data. For this reason they must be either neglected, or altered only
marginally during the inversion process.

(iii) Important parameters correspond to the well resolved, and often gross features
that are well represented in the data.

Many inverse problems in geophysics are ill-posed. That is, small changes in the
data can lead to large changes in the model. The ill-posed nature and consequent
numerical instability of the inverse problem is largely contained in its Unimportant
and Irrelevant parameters. In SIM we describe an inversion method that filters out
the unstabilizing effect on the joint, or separate, inverse problems.

Joint inversion can increase the numbers of Important parameters of a model to
include some which the methods cannot resolve separately. It is essential to note that
this effect cannot be achieved merely by increasing the number or accuracy of data
values of a single method. Rather, joint inversion is a means of eliminating some
defects inherent in the individual methods.

To analyse the stability of the result, we have used the Damped Error Bounds
described in SIM. These measure the expected variation in the well resolved
(Important) parameters, in response to small variations in the data. The bounds
ascribed to the Unimportant parameters are damped, and only measure variation
due to their correlation with the well resolved parameters. We need to distinguish
these narrow limits from the sharp detail of the Important parameters. The greatest
‘expected variation’ occurs for parameters which are near the *threshold’, or
dividing line between the Important, and Unimportant parameters. Usually, these
are the most interesting parameters, and the ones most strengthened by combining
the two problems.

Example using model data

To see whether joint inversion treats thin layers as anticipated we first studied a
three-layer model. The model chosen (Fig. 3) has a thin resistive second layer which
is extremely difficult for either method to resolve by itself. The apparent resistivity
curves are shown on an expanded linear vertical scale in Fig. 4.

Table 2

Three-layer inversion of three-layer model responses

Inputs: (i) Three-layer model responses (Fig. 4) consisting of MT apparent resistivities at
16 frequencies and Schlumberger (DC) apparent resistivies at 10 electrode
spacings, truncated to three figures.

(i)
Models p1 P2 Ps hy hz RMS No. of signif.
error  singular values

Actual 1 10 1 100 10 — 5
Starting 1-0 1-0 1-0 50 100

Outputs: DC only 1-0 1-9 0-94 89 71 0:2% 4
MT only -0 1-1 1-0 68 82 0:3% 4
Couple 1-0 97 10 100 10 0-29% 5
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Table 3

Five-layer inversions of three-layer model responses

Inputs:
To 3 (a) Data as to Table 2
To 3 (b) Same data mixed with 3 per cent gaussian error
To 3 (c) Same data mixed with 6 per cent gaussian error.

Models P1 P2 P3 Pa ps hy hs hs ha RMS No. of

error SSv

Actual 1 10 1 — — 100 10 0 —

Starting 1 1 1 1 1 20 50 50 50

Outputs

3(@)DC 1-0 099 1-8 1.6 094 23 60 57 50 0-2% 5
MT 1-0 0-97 12 1-0 1-0 20 49 51 50 039 5
Coupled 1-0 096 54 078 1-0 40 55 23 28 0:2% 6

3(b)DC 0-82 1-1 -9 1-9 073 15 86 60 56 1-5% 5
MT 1.6 0-66 2-5 075 1-0 19 41 61 47  2-39% 5
Coupled 0-96 0-99 6:0 0-87 1-0 19 70 16 26 2-59% 7

3()DC 1-0 0-97 28 2-7 047 31 80 60 60 4:39% 4
MT 2.1 0-51 4-3 048 0-99 21 33 96 40 47% 5
Coupled -0 0-89 2:7 057 1-0 34 53 83 60 5-0% 7

i = 0-01 (defined in SIM)

DC and MT forward models were calculated. These were variously truncated and
mixed with noise, and used as inputs for inversions. Table 2 lists results of the individual
inversions and of the coupled inversion, to a 3-layer model, of noise-free data truncated
to three figures. These are illustrated in Fig. 5. Five parameters (py, 02, P31, 21, #3)
are involved so there are five singular valves. Only the four largest are resolved in the
individual inversions, as indicated by normalized singular values + 0-01 and p,
remains unresolved. The solutions attained show this.

Joint inversion brings all five singular values into the significant range, resolving
both p, and #4,.

In reality, the number of layers present will seldom equal the number in the model
chosen for inversion. To study the consequences of an excess of layers in the starting
model, the same 3-layer data were inverted to a 5-layer model (9 singular values) with
results shown in Table 3(a) and Fig. 6. Here the joint model again did better than the
other two, but the resistivity-thickness product is in error by 24 per cent (within
the predicted Damped Error Bounds).

P =1Q-m h,=100m

P, =10Q-m =-h,=10m
P, =10-m

Fi1c. 3 The model used in the 3-layer inversion study.
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FI1G. 4 Input data (truncated) to the 3-layer inversion study.

As a further concession to reality, noise was added to the truncated data before
inversion. Gaussian-distributed random noise was added, at levels of 3 and 6 per cent,
with results given in Tables 3(b) and 3(c) and Fig. 7. Results deteriorate gradually,
but considering the nature of the model it seems remarkable that the results remain as
stable as they are.

Additional experiments with changing the lower threshold limit i (see SIM) made
no clear differences.

Field example

DC and MT measurements were made in conjunction with the BMR* at Pirlta,
Vic., approximately 50 km WSW of Mildura. The area is in the Murray Basin of New
South Wales, South Australia and Victoria. Sparse geophysical and well data
indicate that it is comprised of a thin cover of near-horizontal Permian and younger
sediments overlying older granites and folded metasediments. The cover may be no
more than 1-14 km thick. Gravity and magnetic coverage is not complete but indicates
some lateral contrasts at depths of 2-3 km with a generally north-easterly strike.

Refraction seismic measurements by the Bureau of Mineral Resources (Watson
1962) show a strong refractor at about 0-6 km depth in the Pirlta area. This may be a
conglomerate encountered in the only well in the area, AOG Wentworth No. 1,
60 km to the north-east. A later BMR reflection survey obtained coherent primary
reflections at nearly 15s from a 100 kg explosive charge (Branson, Moss & Taylor,

* Bureau of Mineral Resources, Geology and Geophysics, Canberra.
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THREE LAYER INVERSION OF THREE LAYER MODEL
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Fic. 5 Result of inverting 3-layer truncated data to a 3-layer model.

1972). Such a remarkable resvlt would seem to indicate minimal scattering and hence
simple structural conditions. This is in accordance with the Geomagnetic Depth
Sounding results of Lilley & Bennett (1973) which show negligible apparent lateral
variation of electrical conductivity at periods of from one minute to one day.

The resulting impression is that the Pirlta area is basically horizontally layered,
but with minor lateral variation in magnetic susceptibilities and densities in the
2-5 km depth range.

DC measurements were made along a pair of perpendicular lines crossing at their
centers. Schlumberger arrays were used with current electrode spacings from
20m to 6 km (NS) and 200 m to 6 km (EW). These data together with the inversion
results are shown in Fig. 8. A shallow, conductive (< 1Q—m) shale is widespread,
encountered in many water wells (Polak, private communication).

MT measurements were carried out at a site 5 km to the north-west using techniques
virtually identical to those described earlier (Vozoff, 1972). Resulting apparent
resistivities and principal axis directions are shown in Fig. 9. (For reasons not yet
ascertained, data at frequencies above 0-1 hz were unusable.) The major principal
axis direction agrees well with the strike direction of the gravity and magnetic data.

When the DC and MT data were jointly inverted the results of Fig. 10 were
obtained. Table 4 lists the normalized singular values and their eigenvectors for the
final models. These give the interesting result that there is a gap between the second
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FIVE LAYER INVERSION OF THREE LAYER MODEL
Truncated Data

10
g | TRUE
6 -
B ;"": JOINT
o i
= il
[ — ' :
€ : !
> 2 i E
= “"‘T~."‘]_DC
el HEE
= 0ol
© mr__L_ Ll
E I,O*——---—-—v_—___._______:_..‘:_:l‘J L:L-;—— —————————————
b ] 1
8 - .
6 1
4 T
10 100 1000
DEPTH (m)

F1G. 6 Result of inverting 3-layer truncated data to a S-layer model.

and fifth layers, beyond and reach of the DC data but too resistive and shallow for
access by most of the MT spectrum. In fact a study of the Jacobian shows that the
highest MT frequencies also respond to the shallow conductor but not to layers 3
and 4 beneath it.

That such a situation could arise beneath a thick conductive bed seems reasonable.
However, if that depth range happened to be of particular interest, what measurements
would help to define its conductivities? Would it help to take DC measurements at
larger spacings, or to acquire higher frequency MT data? One way to answer these
questions is to examine changes in the list of well-resolved parameters as higher
frequencies or larger resistivity electrode spacings are added to the list of measure-
ments. This was done with the major axis MT data set and the EW DC set.

The original data set included p, at 33 frequencies, from 2:45x1072 to
7-7x 1072 hz, and 12 sets of electrode spacings from 200 m to 6km. We found that
extending DC measurements to 26 km had no significant effect on the Damped
Error Multipliers. Extending the frequency range upward to 1-0hz reduced the
Damped Error Mutltipliers for ps, pa, 3, and A, but they remain Unimportant. The
conclusion is that, in this configuration of parameters, layers 3 and 4 represent a
zone of ‘ near-blindness ’ to this combination of measurements.

A number of interesting problems arise in attempting this application. Both DC
and MT measurements were made with wires in the N-S and E-W directions. In the
normal course of MT analysis it was found that the principal impedance axes at low
frequencies were approximately N45E and N45W. Apparent resistivities are computed
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FIVE LAYER INVERSION OF THREE LAYER MODEL 6% GAUSSIAN NOISE ADDED
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Fic. 7 Result of inverting 3-layer data with 6 per cent error to a S-layer model.

along principal axis directions. Which DC curves should each be coupled with for
joint inversion ?

In this particular instance an effort was made to observe possible non-isotropy
while making the DC measurements. Potentials were measured perpendicular to the
current line at several spacings, but no detectable field was measured in that direction.
1t was concluded that conditions were isotropic within the depth range of importance
to the DC work. There is very little difference between the two DC curves, so that
the conclusion could be accepted in this case. Generally it will be necessary to ascertain
strike direction, and to make DC measurements in those co-ordinates, if measurements
are to be coupled. This will have to be done cautiously, in view of the ¢ anisotropy
paradox ’ (Maillet 1947) applying to anisotropic media.

Discussion

The examples presented constitute only a preliminary test of the concept. In
the field example the data barely overlap in their coverage (because of equipment
malfunction), while there is nearly complete coverage by both in the three-layer
model studies: one would normally expect a situation somewhere between.
Nevertheless they do illustrate the potential of joint inversion to extract the utmost
from a method and to define its limits.
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F1G. 8 DC field results at Pirlta, Victoria and results of 6-layer inversion.

Other tests were run on the three layer model to determine the minimum amount
of data necessary for a second method to exert a significant effect on the result. It
was found that three or four point of DC data were sufficient provided they were
well distributed. Ten or twenty extra points had little further effect. This appears to
bear out one’s intuitive ideas that with noise-free data it is only necessary that the
response function be adequately sampled. Field data will always include noise, so
there is a good statistical reason to make more than a bare minimum of measurements.
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Joint inversion has some implications for the design of measurement programs.
The location of new measurements for greatest effectiveness depends on a very
non-linear way on the true conductivity distribution. If each measurement is expensive
then one would make a few, invert, and (from the result) find the best parameters
for the next set of measurements, etc. In geophysics it is often more expensive to
return to a site than to take extra measurements, so that an excess of measurements
is made to start. However there are clearly some situations when the reverse is true.

There exists an unavoidable influence of the starting model on the final model. It
appears to be less with the present strategy than with many earlier approaches, and
the Damped Error Bounds appear to accurately define the tolerance ranges for signifi-
cant parameters.

Extending joint inversion to include other kinds of electrical or electromagnetic
measurements can be done in the same way as we have done here. 1t would be equally
interesting to include indicators of other physical properties—seismic surface wave
characteristics for example—but their incorporation within a common framework
will require further study.
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