
 

 

Delft University of Technology

Joint optimisation of regular and demand-responsive transit services

Zhao, Jing; Sun, Sicheng; Cats, Oded

DOI
10.1080/23249935.2021.1987580
Publication date
2021
Document Version
Final published version
Published in
Transportmetrica A: Transport Science

Citation (APA)
Zhao, J., Sun, S., & Cats, O. (2021). Joint optimisation of regular and demand-responsive transit services.
Transportmetrica A: Transport Science. https://doi.org/10.1080/23249935.2021.1987580

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.
Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1080/23249935.2021.1987580
https://doi.org/10.1080/23249935.2021.1987580


Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=ttra21

Transportmetrica A: Transport Science

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/ttra21

Joint optimisation of regular and demand-
responsive transit services

Jing Zhao, Sicheng Sun & Oded Cats

To cite this article: Jing Zhao, Sicheng Sun & Oded Cats (2021): Joint optimisation of
regular and demand-responsive transit services, Transportmetrica A: Transport Science, DOI:
10.1080/23249935.2021.1987580

To link to this article:  https://doi.org/10.1080/23249935.2021.1987580

© 2021 Hong Kong Society for
Transportation Studies Limited

Published online: 15 Oct 2021.

Submit your article to this journal 

Article views: 237

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=ttra21
https://www.tandfonline.com/loi/ttra21
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/23249935.2021.1987580
https://doi.org/10.1080/23249935.2021.1987580
https://www.tandfonline.com/action/authorSubmission?journalCode=ttra21&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=ttra21&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/23249935.2021.1987580
https://www.tandfonline.com/doi/mlt/10.1080/23249935.2021.1987580
http://crossmark.crossref.org/dialog/?doi=10.1080/23249935.2021.1987580&domain=pdf&date_stamp=2021-10-15
http://crossmark.crossref.org/dialog/?doi=10.1080/23249935.2021.1987580&domain=pdf&date_stamp=2021-10-15


TRANSPORTMETRICA A: TRANSPORT SCIENCE

https://doi.org/10.1080/23249935.2021.1987580

Joint optimisation of regular and demand-responsive transit
services

Jing Zhao a, Sicheng Suna and Oded Cats b

aDepartment of Traffic Engineering, University of Shanghai for Science and Technology, Shanghai, People’s

Republic of China; bDepartment of Transport & Planning, Delft University of Technology, Delft, Netherlands

ABSTRACT

This study aims to jointly optimise regular and demand responsive
transit (DRT) services, which can offer opportunities for leveraging on
their respective advantages. An optimisation model with the objec-
tive of minimising the total travel time of passengers and the total
fleet size is proposed. The terminal bus stops of regular bus lines, the
service area of the DRT, and the fleet size of both regular and DRT
are optimised simultaneously. A rule-basedoptimisationpreparation
step is added to the proposed model to obtain a reasonable design
scheme and to reduce the computational load. The model is solved
using a tailored boundary-start-based two-step heuristic algorithm.
The performance of the mixed network is affected by the preference
of the decision maker and the operation mode adopted for the DRT
service. A reduction in the operational level of the DRT results in a
considerable increase in the travel time of DRT passengers.
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1. Introduction

Transit is regarded as one of the backbones of sustainable urban development (SuM4All
2017). Giving priority to the development of transit is a strategic choice to alleviate traffic
congestion, transformurban traffic developmentmode, and contribute to an environment-
friendly society. The concept of Mobility-as-a-Service (MaaS) has emerged in the field of
transportation with the booming development of the sharing economy in recent years.
Moreover, DemandResponsive Transit (DRT) – delivered in various forms ranging from flex-
ible feeder services to ride-hailing – increasingly offers a personalised travel service and
can dynamically match supply and demand (Calderón and Miller 2020; Alonso-González
et al. 2020).

The different transit service modes have distinctive characteristics. Regular line-based
transit has a large carrying capacity, while theDRTwith flexible operation schedulingmight
be more suitable in the case of low demand density. Therefore, how to integrate various
services while leveraging on their respective advantages becomes a crucial challenge in
improving the level-of-service offered by joint transit services. This study aims to jointly
optimise the regular line-based and schedule-based service with DRT services, including
determining lines, stops, and fleet sizes, on the basis of the existing transit network.

CONTACT Jing Zhao jing_zhao_traffic@163.com

© 2021 Hong Kong Society for Transportation Studies Limited
This is an Open Access article distributed under the terms of the Creative Commons Attribution-NonCommercial-NoDerivatives License
(http://creativecommons.org/licenses/by-nc-nd/4.0/), which permits non-commercial re-use, distribution, and reproduction in any medium,
provided the original work is properly cited, and is not altered, transformed, or built upon in any way.

http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/23249935.2021.1987580&domain=pdf&date_stamp=2021-10-14
http://orcid.org/0000-0003-0741-4911
http://orcid.org/0000-0002-4506-0459
mailto:jing_zhao_traffic@163.com
http://creativecommons.org/licenses/by-nc-nd/4.0/


2 J. ZHAO ET AL.

The transit network design (TND) problem has been addressed by researchers in the last
decades (Lampkin and Saalmans 1967; Holroyd 1967; Byrne andVuchic 1972; Kepaptsoglou
and Karlaftis 2009). A significant volume of works has been conducted. The following para-
graphs offer a brief review of the research developments on the transit network design in
three regards: the regular transit service, the DRT service, and the joint planning.

For the regular transit service, the transit network planning problem is typically divided
into strategic, tactical, and operational levels (Desaulniers and Hickman 2007; Ceder 2007;
Ibarra-Rojas et al. 2015; Zhao et al. 2019; Gkiotsalitis 2021). At the strategic level, the
bus lines and stops are designed according to the topology conditions and the origin-
destination (OD) demands. Themodellingmethods of the TNDproblemcanbedivided into
two categories: the discrete optimisation approach and the continuous approximations
approach (Guihaire and Hao 2008; Ibarra-Rojas et al. 2015). At the tactical level, the service
frequency, fleet size, and departure and arrival times of buses are determined according
to the transit routes network and OD demand patterns. The rule-based approaches were
used in early works based on the fixed demand-line assignment assumption. Then, the bi-
level approaches were proposed to optimise the frequency and demand for bus lines with
the consideration of the transit assignment (Desaulniers and Hickman 2007; Guihaire and
Hao 2008; Ibarra-Rojas et al. 2015). To better cater for passenger demand, several works
have jointly addressed the abovementioned strategic and tactical problems for the regu-
lar transit service, implying that the route design and the frequency setting are optimised
in a unified framework. The bus route network and schedules were first jointly designed
(Yan and Chen 2002; Zhao and Zeng 2008; Szeto and Wu 2011; Arbex and da Cunha 2015).
Some other studies further integrated the consideration of the transit operational mode,
such as short-turning and interlining lines, into the transit network design and frequency
setting problem (Gkiotsalitis, Wu, and Cats 2019; Oliker and Bekhor 2020). With the increase
of the complexity of the integratedmodel, the rule-based schememethodswere proposed
in these two studies to obtain a realistic design.

For the DRT, the planning and design at the strategic and tactical levels have attracted
extensive attention in recent years. The pricing strategy, service area, fleet size, departure
frequency, dispatching strategy, and service routes of the DRT service have been investi-
gated. To be attractive to customers, the service area and the forward progression velocity
(velocity along the direction) were first considered (Quadrifoglio, Hall, and Dessouky 2006).
Diana, Quadrifoglio, and Pronello (2007) discussed the least polluting transit system based
on the emission model, in which the travelled distance between a traditional fixed-route
and a demand responsive transit service were compared. Daganzo andOuyang (2019) pre-
sented a general analytic framework to model the door-to-door transit service, including
non-shared taxi, dial-a-ride, and ridesharing. The dispatching strategy and fleet size were
discussed. Kim, Levy, and Schonfeld (2019) optimised the headway and service zone size of
the flexible-route bus systemwith the objective ofminimising the average cost per passen-
ger trip. Huang et al. (2020) optimised the route of DRT with the objective of maximising
the benefits of the system while considering the preferred time windows of passengers.
Wang et al. (2020) proposed a two-step coordinated optimisation model, in which the
vehicle running route and schedule and the response to the passenger’s real-time appli-
cation were optimised, respectively. Franco, Johnston, and McCormick (2020) developed
an agent-based model to predict the performance of a DRT service using an activity-based
approach. Mehran, Yang, and Mishra (2020) proposed a semi-flexible transit service that



TRANSPORTMETRICA A: TRANSPORT SCIENCE 3

runs along a fixed route, a limited number of fixed stops, and a flexible schedule. Zhang
et al. (2021) optimised the routing problem of the suburban DRT service, in which the num-
ber of rental vehicles and routing were decided simultaneously. Li et al. (2021) proposed
a demand-responsive connector bus operational network with the consideration of pas-
sengers’ predefined service time windows. Wang et al. (2021) established an optimisation
of running route and scheduling for responsive feeder transit under mixed demand of the
time-dependent road network. The travel time variability is considered in these models.
However, these studies optimised the DRT service without the consideration of the regular
transit.

The co-existence of regular transit and DRT pushes researchers to revisit the design of
public transit systems and in particular examine efficient ways to combine the two types
of transit services. The simulation-basedmodel and empirical-basedmodel are twomainly
applied method. Mendes, Bennàssar, and Chow (2017) established an event-based simu-
lation model to compare the performance of the shared autonomous vehicle system with
the light rail system in New York City. Scheltes and de Almeida Correia (2017) proposed
an agent-based simulation model to analyse the performance of the automated last-mile
transport system. Winter et al. (2018) analysed the effects of demand levels, vehicle capac-
ity, vehicle dwell time, and the initial vehicle distribution on system performance. Basu
et al. (2018) proposed a multi-modal agent-based urban simulation platform to investi-
gate the effects of the automated mobility-on-demand service on urban transportation.
Shen, Zhang, and Zhao (2018) proposed an operational scenario for integrating shared
autonomous vehicles into the regular transit system to improve the first-mile service dur-
ing morning peak hours. Coutinho et al. (2020) conducted a before and after comparison
based on the empirical case in Amsterdam, the Netherlands. The regular bus service in
low-density areas was replaced by a DRT one, resulting in a better overall efficiency. These
studies either replace specific transit routes with DRT or add the DRT to the existing regular
transit network. Few studies have considered the real joint planning of regular transit and
DRT. Pinto et al. (2020) proposed a joint design method for the regular transit and shared-
use autonomous vehicles services (SAMS). The frequencies of the regular transit and the
fleet size of SAMS were optimised.

It can be thus concluded that althoughmuch is known about the design of regular tran-
sit and DRT, they are usually modelled as two separate systems, hence disregarding the
interactions between these two services. These designs have insofar predetermined that a
trip or a region is to be served by one type of service.

In this study, we formulate and solve the joint optimisation of regular transit and DRT
networks. In the optimisation, the passengers are allowed to use any one or combination
of the two transit services. For regular transit network, the terminal (start/end) bus stops and
the fleet size of each bus line are optimised. For DRT network, the service area and the fleet
size are optimised. Our model aims to reduce the total travel time for passengers as well
as the total fleet size for transit agencies. Therefore, a mutually beneficial transit planning
can be obtained. The contribution of this study lies in that the bus lines and fleet size of the
regular transit and DRT are simultaneously optimised in a unified framework allowing for
the consideration of trade-offs between the two services.

The remainder of the paper is organised as follows. Section 2 describes the joint optimi-
sation problem andmodel for regular and DRT networks. The tailored solution algorithm is
presented in Section 3. In Section 4 we analyse the performance of the model with a case
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study and sensitivity analysis. Conclusions and a discussion of future research directions are
given in Section 5.

2. Joint service design optimisationmodel

The joint optimisation problem andmodel for regular and DRT networks are established in
this section. The joint service representation and the framework of the optimisation model
are first introduced. Then the detailed description of each part of the model is presented.

2.1. Joint service representation

Before presenting the formulation, we first clarify the terms related to the adjustment of
the regular transit lines and the setting of the DRT line. The topological graph of the joint
service is illustrated in Figure 1. In the context of this work, the original regular transit line
can be shortened. The adjusted regular transit line serves all stops of a segment of the orig-
inal regular transit line in both directions. However, the regular transit line can neither be
extended nor a new line can be added. For the setting of the DRT line, all the neighbouring
demand areas in the DRT network are served with the DRT service. The DRT line should at
least consist of two neighbouring demand areas.

The core of the optimisation is a non-linear programming model (Section 2.4) to min-
imise the total travel time of passengers and the total fleet size. To obtain a reasonable
design scheme and to reduce the computational load, a preparation step (Section 2.3) is
added at the beginning of the optimisation process.

Figure 1. Topological graph of the joint service.
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2.2. Notations

To facilitate model presentation, notations used hereafter are summarised in Table 1. They
are divided into three categories: input variables, decision variables, and auxiliary variables.
The inputs of the optimisation model include the network topology, the initial fleet size
of regular bus lines, travel time, and passenger OD demand. The proposed model aims to
optimise the terminal (start/end) bus stops of regular bus lines (gs

l
and ge

l
), the service area

of the DRT (βi), and the fleet size of both regular and DRT (mB
l
and mR) are optimised in a

unified framework.

2.3. Optimisation preparation

Based on the existing regular transit network, the model reallocates resources while con-
sidering the potential introduction of the DRT service. For the regular transit, bus lines can
be shortened and the fleet size can be reduced. For DRT, new DRT services can be intro-
duced. I, L and Jl represent the set of demand area, the set of regular bus lines, and the set
of bus stops of line l, respectively. The number of demand areas, regular bus lines and the
number of bus stops of line l is equal to |I|, |L| and |Jl|, respectively. Theoretically, the num-
ber of potential terminal bus stops for any bus line can be equal to the number of bus stops
along the line. Thenumber of potential demandareas servedby theDRT canbeequal to the
number of demand areas in the study area. Therefore, the number of integer decision vari-

ables is |I| + 3|L| + 1. The number of possible solutions equals to 2|I|N
∑

l∈L

(

nB
l
|Jl|!

2!(|Jl| − 2)!

)

.

For the network used in the case study, the number of demand areas |I| is 36, the number
of regular bus lines |L| is 5, the number of bus stops on each line |Jl| is 5, the fleet size of
each bus line nB

l
is 5, the total fleet size limitsN is 50. Hence, the number of integer decision

variables is 52. The possible solution equals to 8.58993× 1014. This leads to a large solu-
tion space, whichmay cause a computationally complex task in the following optimisation
steps. Therefore, two rule-based processes are proposed to generate limited sets of ter-
minal bus stops and served demand areas for regular transit and DRT, respectively. Please
note that the preprocess step only provides a set of potential removed stops thereafter still
subject to consideration. Whether a bus stop will be removed is finally determined by the
optimisation model.

2.3.1. Generating set of potential terminal bus stops for regular transit

The regular transit often offers an efficient way to serve high demand areas. We consider
shortening a bus line when the ridership of the segments (dljj′ ) near the existing terminal
stops is low. As shown in Equations (1) and (2), if the ridership of the segment between two
sequential bus stops is lower than a threshold value δ for both directions, then the seg-
ment is considered to be removed and the bus stops can be set as potential terminal stops.
The generation process is shown in Figure 2. For realism, only bus stops that satisfy certain
physical conditions are considered. For example, since we cannot remove a segment in the
middle of the bus line, the process can be conducted from the existing terminal stops of
both directions, as shown in the shadowed area of Figure 2. Please note that the number of
potential terminal bus stops generated through this process is made flexible by changing
the threshold value δ, which reflects the preference of transit agencies. The higher the δ
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Table 1. Notation of key model parameters and variables.

Input variables

I Set of demand areas
i ∈ I Index of demand areas
J Set of regular bus stops
j ∈ J Index of regular bus stops
L Set of regular bus lines
l ∈ L Index of regular bus lines
B Superscript B indicates that the parameter is related with regular transit
R Superscript R indicates that the parameter is related with DRT
nB
l

Initial fleet size of regular bus line l, vehicles

N Fleet size limits, vehicles
pl Number of bus stops of bus line l
Jl Set denoting the bus stops of line l in a sequential order

tB
jj′

Travel time of regular transit from bus stop j to bus stop j′ , h

tCij Travel time between demand area i and bus stop j, h

tR
ii′

Travel time of DRT between demand areas i and i′ , h

tr Penalty time for the transferring, h

dii′ Passenger demand from demand area i to demand area i′ , person/h

KB ,KR Vehicle capacity for regular transit and DRT, person

α Weight factor that convert the fleet size into units of time

γt Penalty factor for the waiting time against the in-vehicle time

γw Waiting time coefficient of the DRT
γc Fleet size coefficient of DRT
δ Threshold value of ridership upon which a bus stop can be considered to be removed, person/h
τ Threshold value of travel time between demand area and bus stop upon which a demand area can be

considered to be served by the DRT, h
ε Threshold value of the stopping criteria in GA

Decision variables

gs
l
, ge

l
Adjusted start and end bus stops of regular bus line l

βi Binary variable for the demand area i served by the DRT, 1 – yes, 0 – no
mB
l

Adjusted fleet size of regular bus line l, vehicles

mR Fleet size of DRT, vehicles

Auxiliary variables

Z Set of DRT routes
z ∈ Z Index of possible DRT routes
T Total travel time of passengers, h
C Total fleet size of transit lines, vehicles
Ss
l
, Se

l
Set of potential adjusted start and end bus stops of bus line l

Sr Set of potential removed bus stops
Sd Set of potential demand areas served by the DRT
Tii′ Travel time of passengers from demand area i to demand area i′ , h
ejj′ Edge connecting bus stops

eij Edge connecting demand areas and regular bus stops

eii′ Edge connecting demand areas
wjj′ Weight of the edge connecting bus stops, h

wij Weight of the edge connecting demand areas and regular bus stops, h

wii′ Weight of the edge connecting demand areas, h

tB
l

Trip duration of regular bus line l, h

tR Trip duration of DRT line, h
tRz Trip duration of DRT route z, h

T Time period for average trip duration calculation, h
Pi(A(T) ≥ 1) Probability that the required traffic demand in demand area i is no less than 1 in a time

period T
dljj′ Ridership using regular bus line l from bus stop j to bus stop j′ , person/h

dzii′ Ridership using DRT z from zone i to zone i′ , person/h

uB
jj′

Waiting time of regular transit at the bus stop j for the trip from bus stop j to bus stop j′ , h

uRz Waiting time of DRT z, h

hB
l

Headway of regular transit line l, h

hR Headway of DRT line, h
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Figure 2. Process of generating set of potential terminal bus stops for regular transit.

value is, the more bus stops are set as potential bus terminals, which leads to a larger solu-
tion space. The optimality of the solution can be guaranteed while the computational load
is heavy. On the contrary, the lower the δ value is, the fewer bus stops are set as potential
bus terminals. The computational load is light but the optimality of the solutionmay not be
guaranteed. This can be done in principle separately for any analysis period (e.g. resulting
in keeping a fixed service during peak period but opting for a flexible service during other
periods).

|Jl|
∑

j′′=j+1

j
∑

j′=1

dlj′j′′ < δ (1)

j
∑

j′′=1

|Jl|
∑

j′=j+1

dlj′j′′ < δ (2)
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Figure 3. Process of generating set of potential serving areas for DRT.

2.3.2. Generating set of potential serving areas for DRT

The DRT is expected to be most effective in improving the quality of transit service in low-
density areas. Therefore, a demand area is considered to be served by the DRT when the
travel time between demand area and bus stop (tCij ) is larger than a threshold value (τ ),
as shown in Equation (3). Since some regular bus lines may be shortened, the potentially
removed bus stops (j ∈ Sr) should be excluded in this step. The flexibility of the formula
depends on the threshold value τ , which reflects the preference of transit agencies. The
generation process is shown in Figure 3. Please note that the direct neighbouring demand
area with at least one regular bus stop is also included in the potential serving areas set to
provide a good transfer condition between the DRT and the regular transit.

tCij > τ , i ∈ I; j ∈ J\Sr (3)

2.4. Optimisationmodel

The model is to optimise the setting of terminal bus stops for the regular transit, the serv-
ing demand areas for the DRT, and the allocation of the fleet size to both services. Since the
passenger assignment problem is reduced to a shortest path problem, it can be directly cal-
culated if the design scheme is givenwithout iteration. Consequently, the proposedmodel
can be considered as a single level model. The passenger flow assignment is regarded then
as one of the optimisation constraints.

2.4.1. Objective function

The optimisation program considers the total travel time of passengers (T) and the total
fleet size (represented by the number of vehicles, C) of transit lines, as shown in the first
and second terms in Equation (4), respectively. The total fleet size is converted into units of
time by introducing the weight factor α.

min
gs
l
,ge
l
,βi ,m

B
l
,mR

T + αC (4)
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2.4.2. Constraints

(1) Total passenger travel time (T)

The total travel time can be calculated by the sum product of passenger demand (dii′ ) and
the corresponding travel times (Tii′ ) for each passenger demand pair, as shown in Equation
(5). dii′ is an input parameter. Tii′ can be obtained from the passenger flow assignment.

T =
∑

(i,i′)

dii′Tii′ , ∀i, i′ ∈ I (5)

(2) Setting edges’ weights

The weight of the edge connecting bus stops that belong to the same regular bus line (wjj′ )
equals to the sumof the travel timeof regular transit betweenbus stops (tBjj′ ) and thewaiting

time for regular transit (uBjj′ ), as shown in Equation (6). tBjj′ is an input parameter. uBjj′ can be
calculated by Equation (10).

wjj′ = tBjj′ + uBjj′ , ∀j, j′ ∈ Jl (6)

Theweight of the edge connectingbus stops that belong to thedifferent regular bus line
(wjj′ ) represents the penalty time of the transferring (tr), which account for the discomfort
associatedwith transferring, as shown in Equation (7). Please note only these bus stops can
achieve transferring will be set.

wjj′ = tr , ∀j ∈ Jl ; j
′ ∈ Jl′ (7)

The weight of the edge connecting demand areas and regular bus stops (wij) equals to
the travel time between demand area and bus stop (tCij ), as shown in Equation (8).

wij = tCij , ∀i ∈ I; j ∈ J (8)

The weight of the edge connecting demand areas equals to the travel time of DRT
between demand areas (tRii′ ) and the waiting time for DRT (uRii′ ). t

R
ii′ can be determined by

solving the travelling salesman problem based on graph theory, which will be explained in
Equation (13). uRii′ can be calculated by Equation (11).

wii′ = tRii′ + uRii′ , ∀i, i′ ∈ I (9)

(3) Passenger waiting time

The average waiting time for regular transit (uBjj′ ) is determined by the sum of the frequen-
cies of bus lines that serve the stop pairs. Thewaiting time for a bus line is on average equal
to half its frequency in cases of random arrivals (Osuna and Newell 1972) for which passen-
gers do not bother coordinating their arrival times with service arrival times. If more than
one bus line serves a stop pair, the passenger can take the bus of any bus line that arrives
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first. Therefore, the average waiting time for regular transit is equal to half of the sum of
the headways of bus lines that serve the stop pair (i.e. hence determined by the sum of the
frequencies), as shown in Equation (10). Please note the waiting time can be reduced if the
passengers have the information on bus arrivals, i.e. the schedule of the bus line. The head-
way hB

l
can be calculated by Equation (12). Since the cost of a unit of waiting time is higher

than that of the in-vehicle time and access time (Hossain, Hunt, andWirasinghe 2015; Nuz-
zolo and Comi 2016; Ansari Esfeh et al. 2020), the penalty factor γt reflects the equivalent
time of the waiting time against the in-vehicle time.

uBjj′ =
γt

2

[

∑

l

1

hB
l

]−1

, ∀j, j′ ∈ Jl (10)

The average waiting time for DRT (uRz ) is determined by the availability of DRT served in
the area, as shown in Equation (11). The headway hRz can be calculated by Equation (13).
Since the vehicle scheduling of the DRT is more flexible than the regular transit, we use
the coefficient γw to reflect the operation level of the DRT. If the operation of the DRT is
well managed, the waiting time for DRT should be low, which can be reflected by setting
a low value of γw . Otherwise, the value of γw should be high to reflect a poorly managed
DRT service. This allows reflecting the impact of service dynamics on itsmacroscopic service
performance level.

uRz =
γw

2
hRz , ∀z ∈ Z (11)

(4) Relationship among the headway, trip duration and fleet size

The fleet size required (mB
l
and mR) equals to the trip duration of the line divided by the

headway, as shown in Equations (12) and (13) for regular transit and DRT, respectively.

mB
l =

tB
l

hB
l

, ∀l ∈ L (12)

mR =
tR

hR
, ∀z ∈ Z (13)

For regular transit (see Equation (12)), the adjusted fleet size of a regular bus line (mB
l
) is

a decision variable. The trip duration of regular bus lines (tB
l
) can be calculated by the travel

time between the adjusted start and end bus stops, as shown in Equation (14).

tB
l

= tB
gs
l
ge
l
+ tB

ge
l
gs
l
, ∀l ∈ L; gs

l
∈ Jl ; g

e
l

∈ Jl (14)

The average headway can be estimated according to the average trip duration and the
fleet size, as shown in Equation (13). Since the DRT service is a flexible operationmode that
candynamicallymatch supply anddemand, aDRTbusmaynot need topass all the demand
areas served by DRT. Therefore, the trip duration is variable. The average trip duration is
estimated by the weighted trip durations of all possible routes, as shown in Equation (15).
The trip duration of a DRT route (tRz ) can be determined by the travelling salesman problem
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(TSP). The weight is set as the occurrence possibility of the route, which is related to the OD
demand, as shown inEquation (16). In Equation (16),Pi(A(T) ≥ 1) represents theprobability
that the required traffic demand is no less than 1 in a time period T . The time period T can
be determined by themaximum trip duration divided by the fleet size of the DRT, as shown
in Equation (17).

tR =
∑

z∈Z

PRz t
R
z (15)

PRz =
∏

i∈Z

Pi(A(T) ≥ 1)
∏

i∈Z̄

(1 − Pi(A(T) ≥ 1)) (16)

T =
max(tRz )

mR
, ∀z ∈ Z (17)

(5) Determination of total fleet size of transit lines (C)

The total fleet size is expressed as a function of the fleet size, as shown in Equation (18). The
fleet size coefficient of the DRT (γc) is applied to reflect the operation level of the DRT. If the
operation of the DRT is well managed, the fleet size coefficient is low. Otherwise, the fleet
size coefficient of the DRT (γc) is high.

C =
∑

l

mB
l + γcm

R (18)

(6) Overcrowding constraint

To ensure an acceptable quality of service, overcrowding is prohibited. The passenger
demand using each transit line should hence be nomore than the vehicle capacity (KB and
KR), as shown in Equations (19) and (20) for regular transit and DRT, respectively.

dljj′h
B
l ≤ KB, ∀l ∈ L; j, j′ ∈ J (19)

dzii′h
R
z ≤ KR, ∀z ∈ Z; i, i′ ∈ I (20)

(7) Fleet size constraint

The total fleet size to be assigned to the regular transit (mB
l
) and DRT (mR) is constrained by

an upper bound (N) set by the transit agency, e.g. the initial fleet size, as shown in Equation
(21).

∑

l

mB
l + γcm

R ≤ N (21)

Moreover, the adjusted fleet size of each regular bus line (mB
l
) should not be larger than

its original fleet size (nB
l
), as shown in Equation (22).

mB
l

≤ nB
l
, ∀l ∈ L (22)
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Table 2. Parameters reflecting the difference between the two types of transit service.

Items Difference in travel time Related parameters

In-vehicle travel time It depends on the setting of bus lines and their travel time. tB
jj′
, tR
ii′

Walking time Regular transit passengers need to walk between the demand
areas and bus stops while DRT passengers have negligible
walking times.

tCij

Waiting time Regular transit has a longer waiting time at bus stops under the
same service frequency conditions.

γw

(8) Passenger flow assignment

The passenger flow assignment to obtain the passenger volume using each transit line.
Since the effect of the passenger volume on the travel time is not considered in this
transit network design problem, e.g. longer dwelling time at the bus stop, the passenger
assignment problem is reduced to a shortest path problem in the designed transit network.

The vertices (V) contain demand areas and regular bus stops: V = I ∪ J. The edges (E)
contain regular bus lines that connect bus stops (ejj′ ), edges connecting demand areas and
regular bus stops (eij), and demand-responsive service connecting demand areas (eii′ ). The
weights of the edges are the travel time, which are wjj′ , wij, and wii′ for the three types of
edges, respectively. They are calculated by Equations (6)–(9). The in-vehicle travel time, the
waiting time at the bus stops (including the transfer time), and the walking time between
demand areas and bus stops are taken into consideration. The parameters that reflect the
difference between the regular transit and DRT in travel time are shown in Table 2. The
problem is solved by the Dijkstra’s algorithm. It is a graph search algorithm that determines
the shortest path through a greedy search strategy. In addition, it guarantees the optimal
result for the shortest path from a specified vertex to every other vertex in the graph.

3. Solution approach

For the proposed optimisation framework, the solution space is narrowed to an acceptable
range through the optimisation preparation step. Here, a boundary-start-based two-step
heuristic algorithm is proposed tooptimise the combined regular andDRTnetwork. As illus-
trated in Figure 4, the main idea of the proposed heuristic is to start the search by defining
the two following boundaries: (1) the largest catchment area served by regular transit (ini-
tial regular transit network) and the smallest catchment area served by DRT; (2) the largest
catchment area served by DRT and the smallest catchment area served by regular transit
(eliminating all the potential removed bus stops). The flowchart for the solution proce-
dure is illustrated in Figure 5. The iterative optimisationprocedure comprises two searching
steps, as detailed below.

3.1. Searching step 1: boundary-start searching

In step 1, we approach the optimal result from two boundaries. The first boundary is the ini-
tial regular transit network. From this boundary, the terminal bus stop in the set of potential
removed stops with the lowest ridership will be removed. Correspondingly, the demand
area is served by the DRT if the travel time between the relevant demand area and bus stop
is larger than a certain threshold value τ . The fleet size of the regular transit is adjusted
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Figure 4. Main idea of the optimisation procedure.

with the principle of maintaining the original headway. Tomaintain the second item of the
objective function (total fleet size) unchanged, the reduced fleet size of the regular transit
is reassigned to the DRT. Therefore, the fleet size of the DRT equals (nB

l
− mB

l
)/γc. This pro-

cedure is repeated until the value of the objective function becomes larger than that of the
last iteration or all the potential removed stops have been removed.

The second boundary is set by the transit network that removes all the potential
removed stops in the optimisation preparation step. From this boundary, the bus stopwith
the largest ridership will be added. Correspondingly, the service areas of DRT and the fleet
sizes of the regular transit and DRT are also adjusted, adhering to the same principle of the
iteration from the first boundary. This procedure is repeated until the value of the objective
function becomes larger than that of the last iteration.

Consequently, we get two new boundaries with a limited number of potential terminal
bus stops and potential demand areas. The solution space can be narrowed.

3.2. Searching step 2: genetic algorithm

In step 2, we employ a Genetic Algorithm (GA) (Zhao, Liu, and Li 2016; Ren, Zhao, and Zhou
2021) to further optimise the line setting and fleet size allocation. Specifics on eachmodule
of the algorithm are illustrated as follows:
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Figure 5. Flowchart for the solution procedure.

(1) The layout variables. An integer code is applied in this study. The string, which repre-
sents a transit network design scheme, is structured as shown in Figure 6. The adjusted
start and end bus stops, the binary variables to determine the demand areas served
by the DRT, the adjusted fleet size of regular bus lines, and the fleet size of DRT are
generated.

(2) Fitness evaluation. The value of the objective function is regarded as the fitness score
of a chromosome.

(3) Selection. A new population is bred by using a binary tournament selection method
(Cheng1999) according to the fitness of each chromosome. Tournament selection runs
a ‘tournament’ among a few individuals chosen at random from the population and
selects the one with the best fitness.

(4) Crossover. A uniform crossover operator is used. The genes of two paired individuals
are exchangedwith the same crossover probability, thus forming two new individuals.
The crossover probability is set to 0.25.

(5) Mutation. A uniformmutation is used. UniformMutation uses random numbers within
a certain range to replace the original gene valuewith a small probability. Themutation
probability is set to 0.01.
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Figure 6. String of the solution.

(6) Stopping criteria. In each iteration, the crossover and mutation operations are per-
formed on the chromosomes to generate new solution populations. This procedure
is repeated until the difference between the best fitness of two adjacent iterations is
less than a pre-defined threshold ε, which is set to 0.001. Moreover, the stability of GA
somehow relies on the convergence criteria. The stricter the convergence criteria, the
more stable the result will be. In the case study, we find that the optimal solution can
usually be obtained after around 100 iterations. To avoid the local optimisation caused
by the randomness of genetic algorithm, the least number of iterations is set to be 300.

4. Case study

An area with 36 passenger demand zones, 5 regular bus lines, and 25 regular bus stops is
used as an example to test the plausibility of the proposedmodel, as shown in Figure 7. The
input data are shown in Table 3.

4.1. Optimisation process and results

The original service network design and passenger flow distribution for regular bus lines
are shown in Figure 8. The value of the objective function is 4557 passenger-hours. We

Figure 7. Passenger demand zones and original transit network of the case study.
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Table 3. Input data of the case study.

Input parameters Values

Set of demand areas I = {0, 1, . . . , 35}
Set of regular bus stops J = {36, 37, . . . , 60}
Set of regular bus lines L = {1, 2, 3, 4, 5}
Initial fleet size of regular bus line l, vehicles nB

l
= {5, 5, 5, 5, 5},∀l ∈ L

Fleet size limits, vehicles N = 50
Set of bus stops of line l in a sequential order J1 = {36, . . . , 40}, J2 = {41, . . . 45}, J3 = {46, . . . , 50},

J4 = {51, . . . , 55}, J5 = {56, . . . , 60}
Travel time of regular transit from bus stop j to bus

stop j′ , h
tB
jj′

= 1/12 for the neighbouring bus stops

Travel time between demand area i and bus stop j, h tCij = 1/10 for the bus stop j besides the demand area i,

otherwise, 1/4 h are added for crossing one passenger
demand zone

Travel time of DRT between demand areas i and i′ , h tR
ii′

= 1/15 for crossing one demand zone

Penalty time for the transferring tr = 1/120
Passenger demand from demand area i to demand area i′ ,
person/h

dii′ = 10,∀i, i′ ∈ I\{5, 11, 17, 23, 29, 35}; i �= i′dii′ = 1∀i ∈
{5, 11, 17, 23, 29, 35}, i′ ∈ I; i �= i′dii′ = 0,∀ii′ ∈ I; i = i′

Vehicle capacity for regular transit and DRT, person/veh KB = 60, KR = 30
Weight factor that convert the fleet size into units of time α = 20
Penalty factor for the waiting time γt = 1.1
Equivalent factor that convert the fleet size of DRT into that
of the regular transit

γc = 0.5

Threshold upon which a bus stop can be considered to be
removed, person/h

δ = 60

Threshold upon which a demand area can be considered
to be served by the DRT, h

τ = 1/4

Threshold value of the stopping criteria in GA ε = 0.001

generate potential terminal bus stops for regular transit and the potential service zones
for DRT based on the ridership of the bus lines in the optimisation preparation step. The
regular bus linemay be shortenedwhen the ridership of the segments near the existing ter-
minal stops are low, while the demand areamay be served by the DRTwhen the travel time
between demand area and bus stop is larger. The results of the optimisation preparation
are shown in Table 4.

Next, we carry out the optimisation. The design schemes (the layout of the transit net-
work and the fleet size) at each optimisation step are shown in Figure 9. The convergence
and computational time are shown in Figure 10. The total travel time of passengers and
the total fleet size of transit lines are 3806 h and 20.5 vehicles (16 regular buses and 9 DRT
buses), respectively. The objective value of the optimal scheme is 4216 h.

In the first searching step, the feasible region is reduced from the two boundaries, while
the optimal result is obtained in the subsequent searching step with the consideration of
various combinations. One can find that a sub-optimal solution (objective value = 4302,
74.78% of the optimal scheme) can be quickly (46 s, 2.76% of the total optimisation time)
found by applying the first searching step. As shown in Figure 9(a), the three horizontal reg-
ular bus lines (lines 1, 2, and 3)with low ridership are shortened.Meanwhile, the low-density
areas (the right two columns of demand areas) are served by the DRT service. It indicates
that replacing the regular transit lines by the DRT service in low-density areas can help in
improving the operational effectiveness of transit service. Notwithstanding, in the second
searching step, a better solution (objective value = 4216) can be obtained, yet only after
spending a considerably higher computational time (1621 s), using a heuristic algorithm
(Figure 10). From Figure 9, One can observe that the overall structure of the regular transit
and DRT network remains the same as the one obtained at the end of the first searching
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Figure 8. Original passenger demand flow distribution on regular bus lines.

Table 4. Potential terminal bus stops and service zones.

Items Results

Set of potential start bus stops for regular transit Ss
l
= [36, 41, 46, 51, 56]

Set of potential end bus stops for regular transit Se
l
= [39, 40, 44, 45, 49, 50, 55, 60]

Set of potential service zone for demand-response transit Sd = [4, 5, 10, 11, 16, 17, 22, 23, 28, 29, 34, 35]

step. The service-specific fleet sizes are optimised. More vehicles are assigned to the DRT
compared to the result of the first searching step.

4.2. Optimisation e�ectiveness analysis

To evaluate the effectiveness of the proposed model, three comparison analyses are
conducted.

(1) Evaluation of the effectiveness of the optimisation preparation step. An optimisation
result without the optimisation preparation step was added for comparison. As shown
in Table 5, the same optimisation result can be obtained with and without the opti-
misation preparation step. However, the computational time can be greatly reduced
(∼88%) using the proposed optimisation preparation step.

(2) Evaluation of the effectiveness of the boundary-start searching step. An optimisation
resultwithout the boundary-start searching step (searching step 1)was added for com-
parison. As shown in Table 6, the same optimisation result can be obtained with and
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Figure 9. Design schemes at each optimisation step.

Figure 10. Convergence and computational time of the case study.

without the boundary-start searching step. However, the computational time can be
reduced (∼60%) using the proposed boundary-start searching step.

(3) Evaluation of the effectiveness of the joint optimisation. Two single-side optimisation
results, i.e. only regular transit and only DRT, were added for comparison. The results
are shown inTable7.Althoughsingle-sideoptimisations can reduce theobjective value
comparing to the original transit network, there is a certain gap (∼7% in this small case
study) when compared with the joint optimisation scheme.
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Table 5. Comparisonwith the optimisationmethodwithout the
preparation step.

Method Objective value (h) CPU time (s)

With preparation (proposed model) 4216 1667
Without preparation 4216 14,153

Table 6. Comparisonwith the optimisationmethodwithout boundary-start
searching step.

Method Objective value (h) CPU time (s)

With boundary-start searching (proposed model) 4216 1667
Without boundary-start searching 4216 4145

Table 7. Comparison with two single-side optimisations.

Method Objective value (h) Travel time (h) Fleet size (vehicles)

Joint optimisation 4216 3806 20.5
Only regular transit 4496 4146 17.5
Only DRT 4557 4047 25.5

4.3. Sensitivity analysis

The optimal scheme depends on many influencing factors. This section discusses the pas-
senger travel timeand fleet size changewith respect to themodelparameters, including the
preference of the decisionmaker (reflected by α), the operation level for demand-response
transit (reflected by γw), the threshold value of ridership upon which a bus stop can be
considered to be removed (δ), and the travel time of DRT between demand areas (tRii′ ).

The fleet size coefficient (α) reflects the preference of the decision maker in relation to
objective function’s components. When the decision maker attaches greater importance
to the level of service of passengers as compared to operational costs, lower values of α

should be set. Otherwise, higher values of α should be set. This coefficient expresses the
trade-offmadebetween twodifferentobjective function components, allowing for the con-
sideration of a single compensatory function. Different decisionmakers may have different
preferences and our formulation can directly accommodate those. As shown in Figure 11,
with the coefficient α increasing from 0 (totally neglecting the fleet size) to 125 (a very high
weight on the fleet size), the total travel time of passengers increases from 3697 to 4425 h,
the total fleet size decreases from 60 vehicles to 6.5 vehicles, and the objection function
value increases from 3697 to 5238 h. It makes sense that the optimal scheme changes from
deploying themaximum fleet size to using a rather small fleet since the trade-off within the
objective function value shifts from maximising passenger level-of-service to focusing on
fleet size-minimisation.

The operation level of the DRT, which is reflected using the waiting time coefficient and
fleet size coefficient for DRT, can affect the performance of the transit network. As shown in
Figure 12, with the waiting time coefficient for DRT γw increasing from 0 (no waiting time
for DRT, which represents the well-organised operation of DRT) to 1 (the waiting time for
DRT is equal to the regular transit, which represents the badly organised operation), the
total travel time of passengers increases from 3747 to 3816 h, and the objection function
value increases from 4057 to 4236 h. The reduction of the operational management level
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Figure 11. Effect of the time-fleet size coefficient α.

Figure 12. Effect of the waiting time coefficient for DRT γw .

of the DRT leads to an increase in the travel time of passengers. For those who use the DRT,
the travel time increases from 1064 to 1487 h (42%). However, since theDRT only serves the
area with low passenger demand in this case study, the increase in total travel time is fairly
small (4.4%).

The parameter δ is a threshold value for the ridership upon which a bus stop can be
considered to be removed. More bus stops will be selected as potential removed stops
when a higher value of the threshold is set. Since the highest sectional passenger volume
in the case study network is 566, threshold δ values ranging between 40 and 570 are exam-
ined. As shown in Figure 13, as the threshold δ continues to increase, the objective value
is reduced to the optimal value. In the case study, when the threshold is less than 48, no
stops are considered to be removed. The objective value is 4557 h. With an increase of δ,
the solution space expands. This analysis further indicates that setting δ = 60 in Section 4.1
is appropriate.

Travel time is a critical determinant of passengers’ travel path choice. Figure 14 presents
the effect of DRT’s travel time between demand areas (tRii′ ) on the demand for this service
as well as the objective function value. With the travel time of DRT between demand areas
increasing from 0.5 to 2 times of the original setting, the total travel time of passengers
increases from 3994 to 4493 h, and the DRT demand decreases from 5054 to 3798 passen-
gers. DRT is more attractive than the regular transit when tRii′ is very low whereas when tRii′
is high only passengers within the areas that are not covered by the regular transit will use
the DRT.
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Figure 13. Effect of the threshold δ.

Figure 14. Effect of the travel time of DRT.

Moreover, it is interesting to note that the variations in the waiting time coefficient and
fleet size coefficient for DRT do not change the service area of the DRT in the case study.
The transit networkmaintains an overall high level of performance by replacing the regular
transit in low demand area with DRT. The difference among the design schemes lies in the
fleet size assigned to different services.

5. Conclusions

This study proposed a joint optimisation model of regular and DRT networks. The terminal
(start/end) bus stops of regular bus lines, the service area of the DRT, and the fleet size of
both regular transit and DRT are optimised simultaneously with the objective of minimis-
ing the total travel time of passengers and the total fleet size. To obtain a reasonable design
scheme and to reduce the computational load, a rule-based optimisation preparation pro-
cess is added. A tailored boundary-start-based two-step heuristic algorithm is proposed to
solve the model. The results of the numerical analysis show the following:

(1) The optimisation preparation process and the tailored heuristic algorithm can effec-
tively find a reasonable solution. The proposed model found a sub-optimal solution
(75% of the optimal scheme) in a relevantly short time, and is also able to obtain the
(globally) optimal scheme after spending a considerably longer computational time.
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(2) The performance of the mixed regular and DRT network will be affected by the prefer-
ence of the decision-maker (reflected by α) and the operational properties of the DRT
service (reflected by γw and γc). A reduction in the operational level of the DRT results
in a considerable increase in the travel time of DRT passengers. However, since the DRT
only serves the areawith low passenger demand in this case study, the increase in total
travel time of passengers remains limited (4.4%).

In our problem formulation,we assumed that there is a regular transit network in place in
the study area. The regular bus lines canbe shortened, and the fleet size canbe reduced, but
the regular bus line can neither be extendednor a new line canbe added. Since the removal
of middle stops is not considered in this study, the model cannot deal adequately with the
case of ring routes. Moreover, future studies can be carried out to extend the all-or-nothing
assignment in the passenger flow assignment problem to user-equilibrium and apply the
model in a large-scale network to examine the scalability of the proposed approach.
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