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Abstract. Box counting fractal dimensions of Julia sets of the Q-state
ferromagnetic Potts model on Bethe lattices are studied. It is shown
that Julia sets are circles centered at the origin for values of magnetic
field corresponding to the Yang-Lee zeros of the partition function. Also,
for values of magnetic field from the Mandelbrot-like set on the complex
magnetic field plane Julia sets are simply connected closed Jordan curves
and for values of magnetic field outside the Mandelbrot-like set the Julia
set is a Cantor set. Moreover, it is shown that the fractal dimension of a
Julia set for a value of magnetic field corresponding to a Yang-Lee zero
of the partition function is a local minimum as a function of magnetic
field.

1 Introduction

The @Q-state Potts model is a generalization of the Ising model to more-than-two
components and has been a subject of an increasingly research interest over the
last decades. An extended summary of results and a bibliography can be found in
the review article by Wu [1] and references therein. The model has been studied
on Bethe lattices also [2-8]. Bethe lattice is a topological abstraction compared
to standard lattices. It corresponds to the interior of the infinitely extended
Cayley tree with the coordination number 7 (Fig. 1). The surface of the Cayley
tree cannot be neglected and leads to unusual behavior of models defined on
a Cayley tree [9, 10]. However, under certain conditions, exact results on Bethe
lattices correspond to approximate results on standard lattices [11].
The Hamiltonian of the Potts model has the form

—BH =T 0i,0;) +hY_ (ai,1), (1)
<i,j> i
where o; takes the values 1, 2, 3, ..., @ and § = 1/kT. The first sum in the

r.h.s. of (1) goes over all the edges and the second one over all the sites on the
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     Prolog/Epilog verwenden: Ja
     PostScript-Datei darf Einstellungen überschreiben: Ja
     Level 2 copypage-Semantik beibehalten: Ja
     Portable Job Ticket in PDF-Datei speichern: Nein
     Illustrator-Überdruckmodus: Ja
     Farbverläufe zu weichen Nuancen konvertieren: Ja
     ASCII-Format: Nein
Document Structuring Conventions (DSC):
     DSC-Kommentare verarbeiten: Ja
     DSC-Warnungen protokollieren: Nein
     Für EPS-Dateien Seitengröße ändern und Grafiken zentrieren: Ja
     EPS-Info von DSC beibehalten: Ja
     OPI-Kommentare beibehalten: Nein
     Dokumentinfo von DSC beibehalten: Ja

ANDERE ----------------------------------------
     Distiller-Kern Version: 5000
     ZIP-Komprimierung verwenden: Ja
     Optimierungen deaktivieren: Nein
     Bildspeicher: 524288 Byte
     Farbbilder glätten: Nein
     Graustufenbilder glätten: Nein
     Bilder (< 257 Farben) in indizierten Farbraum konvertieren: Ja
     sRGB ICC-Profil: sRGB IEC61966-2.1

ENDE DES REPORTS ----------------------------------------
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ALLGEMEIN ----------------------------------------
Dateioptionen:
     Kompatibilität: PDF 1.3
     Für schnelle Web-Anzeige optimieren: Nein
     Piktogramme einbetten: Nein
     Seiten automatisch drehen: Nein
     Seiten von: 1
     Seiten bis: Alle Seiten
     Bund: Links
     Auflösung: [ 2400 2400 ] dpi
     Papierformat: [ 595 842 ] Punkt

KOMPRIMIERUNG ----------------------------------------
Farbbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: Maximal
     Bitanzahl pro Pixel: Wie Original Bit
Graustufenbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: << /Colors 1 /QFactor 0.15 /Columns 3463 /Blend 1 /Resync 0 /HSamples [ 1 1 1 1 ] /Rows 1626 /ColorTransform 1 /VSamples [ 1 1 1 1 ] >>
     Bitanzahl pro Pixel: Wie Original Bit
Schwarzweiß-Bilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 2400 dpi
     Downsampling für Bilder über: 3600 dpi
     Komprimieren: Ja
     Komprimierungsart: CCITT
     CCITT-Gruppe: 4
     Graustufen glätten: Nein

     Text und Vektorgrafiken komprimieren: Ja

SCHRIFTEN ----------------------------------------
     Alle Schriften einbetten: Ja
     Untergruppen aller eingebetteten Schriften: Nein
     Wenn Einbetten fehlschlägt: Abbrechen
Einbetten:
     Immer einbetten: [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     Nie einbetten: [ ]

FARBE(N) ----------------------------------------
Farbmanagement:
     Farbumrechnungsmethode: Farbe nicht ändern
     Methode: Standard
Geräteabhängige Daten:
     Einstellungen für Überdrucken beibehalten: Ja
     Unterfarbreduktion und Schwarzaufbau beibehalten: Ja
     Transferfunktionen: Anwenden
     Rastereinstellungen beibehalten: Ja

ERWEITERT ----------------------------------------
Optionen:
     Prolog/Epilog verwenden: Ja
     PostScript-Datei darf Einstellungen überschreiben: Ja
     Level 2 copypage-Semantik beibehalten: Ja
     Portable Job Ticket in PDF-Datei speichern: Nein
     Illustrator-Überdruckmodus: Ja
     Farbverläufe zu weichen Nuancen konvertieren: Ja
     ASCII-Format: Nein
Document Structuring Conventions (DSC):
     DSC-Kommentare verarbeiten: Ja
     DSC-Warnungen protokollieren: Nein
     Für EPS-Dateien Seitengröße ändern und Grafiken zentrieren: Ja
     EPS-Info von DSC beibehalten: Ja
     OPI-Kommentare beibehalten: Nein
     Dokumentinfo von DSC beibehalten: Ja

ANDERE ----------------------------------------
     Distiller-Kern Version: 5000
     ZIP-Komprimierung verwenden: Ja
     Optimierungen deaktivieren: Nein
     Bildspeicher: 524288 Byte
     Farbbilder glätten: Nein
     Graustufenbilder glätten: Nein
     Bilder (< 257 Farben) in indizierten Farbraum konvertieren: Ja
     sRGB ICC-Profil: sRGB IEC61966-2.1

ENDE DES REPORTS ----------------------------------------
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Sie koennen diese Startup-Datei für die Distiller Versionen 4.0.5 und 5.0.x kostenlos unter http://www.impressed.de herunterladen.

ALLGEMEIN ----------------------------------------
Dateioptionen:
     Kompatibilität: PDF 1.3
     Für schnelle Web-Anzeige optimieren: Nein
     Piktogramme einbetten: Nein
     Seiten automatisch drehen: Nein
     Seiten von: 1
     Seiten bis: Alle Seiten
     Bund: Links
     Auflösung: [ 2400 2400 ] dpi
     Papierformat: [ 595 842 ] Punkt

KOMPRIMIERUNG ----------------------------------------
Farbbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: Maximal
     Bitanzahl pro Pixel: Wie Original Bit
Graustufenbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: << /Colors 1 /QFactor 0.15 /Columns 3463 /Blend 1 /Resync 0 /HSamples [ 1 1 1 1 ] /Rows 1626 /ColorTransform 1 /VSamples [ 1 1 1 1 ] >>
     Bitanzahl pro Pixel: Wie Original Bit
Schwarzweiß-Bilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 2400 dpi
     Downsampling für Bilder über: 3600 dpi
     Komprimieren: Ja
     Komprimierungsart: CCITT
     CCITT-Gruppe: 4
     Graustufen glätten: Nein

     Text und Vektorgrafiken komprimieren: Ja

SCHRIFTEN ----------------------------------------
     Alle Schriften einbetten: Ja
     Untergruppen aller eingebetteten Schriften: Nein
     Wenn Einbetten fehlschlägt: Abbrechen
Einbetten:
     Immer einbetten: [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     Nie einbetten: [ ]

FARBE(N) ----------------------------------------
Farbmanagement:
     Farbumrechnungsmethode: Farbe nicht ändern
     Methode: Standard
Geräteabhängige Daten:
     Einstellungen für Überdrucken beibehalten: Ja
     Unterfarbreduktion und Schwarzaufbau beibehalten: Ja
     Transferfunktionen: Anwenden
     Rastereinstellungen beibehalten: Ja

ERWEITERT ----------------------------------------
Optionen:
     Prolog/Epilog verwenden: Ja
     PostScript-Datei darf Einstellungen überschreiben: Ja
     Level 2 copypage-Semantik beibehalten: Ja
     Portable Job Ticket in PDF-Datei speichern: Nein
     Illustrator-Überdruckmodus: Ja
     Farbverläufe zu weichen Nuancen konvertieren: Ja
     ASCII-Format: Nein
Document Structuring Conventions (DSC):
     DSC-Kommentare verarbeiten: Ja
     DSC-Warnungen protokollieren: Nein
     Für EPS-Dateien Seitengröße ändern und Grafiken zentrieren: Ja
     EPS-Info von DSC beibehalten: Ja
     OPI-Kommentare beibehalten: Nein
     Dokumentinfo von DSC beibehalten: Ja

ANDERE ----------------------------------------
     Distiller-Kern Version: 5000
     ZIP-Komprimierung verwenden: Ja
     Optimierungen deaktivieren: Nein
     Bildspeicher: 524288 Byte
     Farbbilder glätten: Nein
     Graustufenbilder glätten: Nein
     Bilder (< 257 Farben) in indizierten Farbraum konvertieren: Ja
     sRGB ICC-Profil: sRGB IEC61966-2.1

ENDE DES REPORTS ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Joboption Datei
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Error
     /ParseDSCComments true
     /DoThumbnails false
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize false
     /ParseDSCCommentsForDocInfo true
     /EmitDSCWarnings false
     /CalGrayProfile (Ø©M)
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue true
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.3
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends true
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo true
     /GrayACSImageDict << /Colors 1 /QFactor 0.15 /Columns 3463 /Blend 1 /Resync 0 /HSamples [ 1 1 1 1 ] /Rows 1626 /ColorTransform 1 /VSamples [ 1 1 1 1 ] >>
     /ColorACSImageDict << /VSamples [ 1 1 1 1 ] /QFactor 0.15 /Blend 1 /HSamples [ 1 1 1 1 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /LeaveColorUnchanged
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 300
     /EndPage -1
     /AutoPositionEPSFiles true
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 2400
     /AutoFilterGrayImages true
     /AlwaysEmbed [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 300
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 595.276 841.890 ]
     /HWResolution [ 2400 2400 ]
>> setpagedevice

Verwendete Distiller 5.0.x Joboptions
Dieser Report wurde automatisch mit Hilfe der Adobe Acrobat Distiller Erweiterung "Distiller Secrets v1.0.5" der IMPRESSED GmbH erstellt.
Sie koennen diese Startup-Datei für die Distiller Versionen 4.0.5 und 5.0.x kostenlos unter http://www.impressed.de herunterladen.

ALLGEMEIN ----------------------------------------
Dateioptionen:
     Kompatibilität: PDF 1.3
     Für schnelle Web-Anzeige optimieren: Nein
     Piktogramme einbetten: Nein
     Seiten automatisch drehen: Nein
     Seiten von: 1
     Seiten bis: Alle Seiten
     Bund: Links
     Auflösung: [ 2400 2400 ] dpi
     Papierformat: [ 595 842 ] Punkt

KOMPRIMIERUNG ----------------------------------------
Farbbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: Maximal
     Bitanzahl pro Pixel: Wie Original Bit
Graustufenbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: << /Colors 1 /QFactor 0.15 /Columns 3463 /Blend 1 /Resync 0 /HSamples [ 1 1 1 1 ] /Rows 1626 /ColorTransform 1 /VSamples [ 1 1 1 1 ] >>
     Bitanzahl pro Pixel: Wie Original Bit
Schwarzweiß-Bilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 2400 dpi
     Downsampling für Bilder über: 3600 dpi
     Komprimieren: Ja
     Komprimierungsart: CCITT
     CCITT-Gruppe: 4
     Graustufen glätten: Nein

     Text und Vektorgrafiken komprimieren: Ja

SCHRIFTEN ----------------------------------------
     Alle Schriften einbetten: Ja
     Untergruppen aller eingebetteten Schriften: Nein
     Wenn Einbetten fehlschlägt: Abbrechen
Einbetten:
     Immer einbetten: [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     Nie einbetten: [ ]

FARBE(N) ----------------------------------------
Farbmanagement:
     Farbumrechnungsmethode: Farbe nicht ändern
     Methode: Standard
Geräteabhängige Daten:
     Einstellungen für Überdrucken beibehalten: Ja
     Unterfarbreduktion und Schwarzaufbau beibehalten: Ja
     Transferfunktionen: Anwenden
     Rastereinstellungen beibehalten: Ja

ERWEITERT ----------------------------------------
Optionen:
     Prolog/Epilog verwenden: Ja
     PostScript-Datei darf Einstellungen überschreiben: Ja
     Level 2 copypage-Semantik beibehalten: Ja
     Portable Job Ticket in PDF-Datei speichern: Nein
     Illustrator-Überdruckmodus: Ja
     Farbverläufe zu weichen Nuancen konvertieren: Ja
     ASCII-Format: Nein
Document Structuring Conventions (DSC):
     DSC-Kommentare verarbeiten: Ja
     DSC-Warnungen protokollieren: Nein
     Für EPS-Dateien Seitengröße ändern und Grafiken zentrieren: Ja
     EPS-Info von DSC beibehalten: Ja
     OPI-Kommentare beibehalten: Nein
     Dokumentinfo von DSC beibehalten: Ja

ANDERE ----------------------------------------
     Distiller-Kern Version: 5000
     ZIP-Komprimierung verwenden: Ja
     Optimierungen deaktivieren: Nein
     Bildspeicher: 524288 Byte
     Farbbilder glätten: Nein
     Graustufenbilder glätten: Nein
     Bilder (< 257 Farben) in indizierten Farbraum konvertieren: Ja
     sRGB ICC-Profil: sRGB IEC61966-2.1

ENDE DES REPORTS ----------------------------------------
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Fig. 1. A Cayley tree with coordination number v = 3.

lattice. Using the recursive structure of the Bethe lattice a recurrence relation
for the partition function may be derived and the dynamical systems theory may
be used for studying thermodynamic properties of the models. The recurrence
relation has the form

_pt(E+Q—-2)a7!

Tyn = R(mnfl)a R(.CL') = Zu+ (Q — 1) -1 (2)

where y = e”, and z = e’. Here x is an auxiliary quantity that has no physical
meaning but it determines the state of the system in the thermodynamic limit
and thermodynamic quantities such as the magnetization, the specific heat and
others may be expressed in terms of x [6, 12, 13]. Later we will refer to (2) as the
Potts-Bethe mapping.

The dynamics of the Bethe-Potts mapping has been studied in [6] and the
Yang-Lee [14] zeros of the ferromagnetic Potts model was found. It has been
shown that for ) > 1 the Yang-Lee zeros are located on arcs of circles with the
radius R? = % Moreover, in [6], for the first time, complex magnetic
field metastability regions was introduced. According to the definition inside the
metastability region there are two attracting fixed points and other fixed points
are repelling. At the border of a metastability region one of the two attracting
fixed points becomes a neutral (indifferent) fixed point [6]. Moreover, in [6] it
was shown that the metastability region on the complex magnetic field plane is
a part of a more complicated set - the Mandelbrot-like set of recursive mapping.
For the first time Mandelbrot-like sets have been studied for multisite interaction
Ising models on Cayley-type lattices [12, 13]. By the definition the Mandelbrot-
like set of a rational mapping R is the set of parameter (u or z) values at which
the mapping R has neutral periodical points. From this definition it follows that
the metastability region on the complex p-plane belongs to the inner part of the
Mandelbrot-like set of recursive mapping.
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Fig. 2. Metastability regions and Yang-Lee zeros of the ()-state Potts model on the
Bethe lattice with coordination number v = 3 and ¢ = 2. The solid lines correspond
to the boundary of metastability regions (gray filled areas). Dashed lines present an
% and correspond to Yang-Lee zeros. (a) T > T,
(z = 1.8), p+ are Yang-Lee edge singularity points; (b) 7' = T critical point (z = z. =
3); (¢) T < T. (z=06), p+ are spinodal points of the model (for more details see [6]).

arc or circles of radius Ri =

In 1994 Monroe proposed a criterion for finding the location of first order
phase transition temperature for models on recursive lattices. According to this
criterion the first order phase transition temperature defined from the condition
that the absolute values of the derivatives of the recursive function in two at-
tracting fixed points are equal [15]. Later Biskup et al. showed that the position
of the partition function zeros is related to phase coexistence lines in the complex
planes. The Yang-Lee zeros may be interpreted as first order phase transition
points on the complex magnetic field plane. Hence, according to the theory of
Biskup et al. [16] and Monroe’s criterion [15] the Yang-Lee zeros lie on the
line in the complex magnetic field plane where the derivatives of the recursive
function in two attracting fixed points are equal. Thus, the Yang-Lee zeros are
always located inside the metastability region (Mandelbrot-like set). Examples
of metastability regions for different temperatures are given in Fig. 2 and an
example of a Mandelbrot-like set of the Bethe-Potts mapping for z = 11 and
(2 =9 is given in Fig. 3.a.

In spite of the dynamics of the Potts-Bethe mapping is studied for ¢ > 1
case [6] very little is known about the Julia set of this mapping except for the
() = 2 case corresponding to the Ising model [17]. A first attempt to fill this
gap has recently been done by Monroe [18]. In his paper [18] Monroe showed
numerically that the box counting fractal dimension of the Julia set of governing
recurrence relation of a model on a recursive lattice is a minimum at a first order
order phase transition (x4 = 1) as a function of temperature.

In this paper we investigate Julia sets of the Potts-Bethe mapping for complex
values of p. In Section 2 we give an analytical treatment of properties of Julia
sets of the Potts-Bethe mapping and describe some numerical algorithms for
calculating fractal dimensions of Julia sets. In Section 3 results of numerical
calculations are given. In the last Section a C code of program for calculating
the fractal dimension of a Julia set is given.



88 R. Ghulghazaryan et al.

4.
R
g .
B1.0d
= g .
g 2o 5 -
= sl
1.02
—Z- Jt_J‘ - -
ud .
) -
H 1 " a0 ®
_11.
[ -4 Z C 2 O 1 - R 1
(a} Re U by |

Fig. 3. (a) The boundary of Mandelbrot-like set of the Potts-Bethe mapping for z = 11,
Q = 9 and v = 3. At the points k (up = —4) and [ (p = 1.0 + 2.0I) outside of
the metastability region the Potts-Bethe mapping has and attracting fixed point and,
also, an attractive periodical point of period 2 and 4 respectively. (b) Values of fractal
dimensions of Julia sets of the Potts-Bethe mapping for z =11, @ = 9 and y = 3 near
the first order phase transition point (a Yang-Lee zero) p. = 0.74.

2 Properties of the Julia Sets of the Potts-Bethe Mapping

In the following we will need some definitions from the theory of complex dy-
namical systems [19-22]. In a sense, the Julia set Jg is a set of exceptional
points for the iteration of R: R™(z) = Ro---o R(z) n times, n =1, 2,... . The
complement of the Julia set is called Fatou set, Fr = C\Jg.

The Julia and Fatou sets of rational mapping R have the following properties:

. Jgr is not an empty set and contains more than countably many points.

. Julia set is an invariant set, R(Jg) = Jg = R~ (JR).

. The set of all repelling periodic points of R is dense in Jg.

. If Jg has interior points (i.e. there are points a € Jg such that for some
e>0{r:|z—al <e} CJg) then Jp =C.

. If R has only one attractive fixed point a then Jr = 0A(a) and A(a) C Fg.

6. If a and b are attractive fixed points of R, then (A(a) | A(b)) C Fr = C\Jr

and 0A(a) = Jr = 0A(D).

= N =

(4

Here 0 A(a) denotes the boundary of the basin of attraction A(a) of attractive
fixed point a (|R'(a)] < 1 and R(a) = a). The basin of attraction A(a) of
attractive fixed point a is defined as A(a) = {z € C: R¥(z) = a as k — oo},
i.e. A(a) collects all points  whose forward iterations approach a. For more
details about Julia and Fatou sets we refer the reader to the literature on this
subject [19-22].
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Fig. 4. The metastability region of the Potts-Bethe mapping for z = 11, @ = 9 and
v = 3 is shown at the center of the figure. Pictures of Julia sets for values of magnetic
field corresponding to points in the metastability region are plotted on figures (a)-(1).
For an explanation of these pictures see the text.

Based on the properties of Julia and Fatou sets listed above we can study
Julia sets of the Potts-Bethe mapping. In the Introduction we saw that for any
temperature the metastability region decomposes the complex magnetic field
plane into two components. Inside the metastability region the dynamics of the
Potts-Bethe mapping R is simple: R has only two attracting fixed points. Outside
the metastability region the dynamics of R is quite complicated. In this case it
is necessary to study the Mandelbrot-like set of the Potts-Bethe mapping. The
algorithm for generating the Mandelbrot-like set is described in [12,13]. It based
on testing the convergence of critical orbits of R (See [20,21] for a definition
of critical orbit). In Fig. 3.a we plotted the boundary of Mandelbrot-like set of
Potts-Bethe mapping for z = 11, = 9 and v = 3. We have numerical evidence
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that there exists an attracting periodical point (a fixed point is a periodical
point of period one) in white regions in Fig. 3.a. For example, at the points k
and [ inside the Mandelbrot-like set in Fig. 3.a the Potts-Bethe mapping has
an attracting fixed point and an attracting periodical point of period 2 and 4
respectively. The corresponding Julia sets are closed Jordan curves and shown
in Figs. 4.k and 1 respectively. At the points ¢ and g outside the Mandelbrot-like
set there is only one attractive fixed point and the corresponding Julia sets are
Cantor sets Figs. 4.c and g respectively. From properties 4 and 5 we may conclude
that for p outside of the Mandelbrot-like set the Julia set is a Cantor set and
its fractal dimension Dy < 2. We used properties 2 and 3 to investigate Julia
sets for this case. The numerical method we used is called the Modified Inverse
Iteration Method [19]. The strategy of the method is: Starting from arbitrary
initial point (it is better to use a repelling fixed point if it is known apriori)
do inverse iterations of R. Usually the inverse function R~! is not unique and
have several branches. Use a stochastic approach to determine the approximate
location of the Julia set. Due to memory constrains it is easier to randomly
choose between branches, than to use the full backward tree. This technique
is well known [19]. After some iterations find the approximate box containing
the Julia set. Use this box to put .JJgr on a square lattice with small mesh size
€. Then, for any small box B of the mesh, stop using points from B for the
inverse iteration, provided a certain number N,,,, of such points in B have been
used. Optimal values of € and N,,,, depend on R. Therefore an interactive and
adaptive algorithm is desirable.

Let us now consider the case when p lies inside the metastability region.
In this case R has two attracting fixed points and our numerical calculations
showed that the corresponding Julia sets are simply connected Jordan curves
(Figs. 4.a, b, d-e, h-j). The numerical method we used based on property 6 of
a Julia set and called Boundary Scanning Method. The goal is to follow the
boundary of Julia set by pivoting through a chain of squares or triangles which
approximate the boundary. We used triangles to approximate the boundary of
Julia set because this algorithm was faster and gave the same results as with
squares. Since in this case R has two attractive fixed points so by checking the
convergence of a given point = on z-plane we can conclude to basin of attraction
of which attractive fixed point it belongs. First one finds a triangle whose corner
points belong to different basins of attraction. This means that this triangle
intersects the Julia set. Then, one construct an adjacent triangle with the same
property by reflecting the appropriate vertex across the center of the opposite
side and so on, until one come to the starting triangle. This algorithm works
perfectly if the Julia set is a closed curve.

For calculating the fractal dimension of a Julia set we used the box-counting
method. This is a very useful method for many fractal structures. Let N(e) be
the number of boxes of side € covering .Jr, then

log N
Dy = — lim 128 VE).
e—0 loge

3)
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In numerical calculations € is small but a finite number and N(g) has the form
N(e) = G(e)e P° where G(¢) is a smooth and slowly varying function of ¢. In
order to discard the effect of G(¢) usually for numerical calculations it is useful
to use a little modified formula for calculating the fractal dimension

log (N (e)/N ("))

Do= - 5—>(1)1,IE—>0 log (e/e’) @

The fractal dimensions of Julia sets of Potts-Bethe mapping are given in
Fig. 3.b. From Fig. 3.b we see that the fractal dimension of Julia set for the value
of magnetic field corresponding to a Yang-Lee zero (first order phase transition
point) is a minimum as a function of magnetic field.

In the next section we give results of our numerical calculations.

3 Results of calculations and concluding remarks

Fractal dimensions of Julia sets of the Potts-Bethe mapping are studied numer-
ically for complex values of (). We used the Boundary Scanning Method (BSM)
with triangulation of the plane for calculating the fractal dimensions of Julia set
that is a closed Jordan curve and the Modified Inverse Iteration Method when
the Julia set is a Cantor set. In this paper we give the program listing for the
BSM algorithm. We run our program for several values of (), temperature z,
complex magnetic field p and different values of & from formula (4). We found
that Julia sets are circles centered at the origin with fractal dimension Dy =1
for values of magnetic field corresponding to the Yang-Lee zeros of the partition
function(Figs. 4.e and i). For values of p from the metastability region except
the arc of Yang-Lee zeros the Julia set is a simply connected closed Jordan curve
with fractal dimension Dy > 1 (Figs. 4.a-d, f-h and j). For values of p outside the
Mandelbrot-like set the Julia set is a Cantor set with fractal dimension Dy < 2
(Figs. 4.c and g). The fractal dimension of Julia set for the value of magnetic
field corresponding to Yang-Lee zeros is a minimum as a function of magnetic
field (Fig. 3.b).

Below we give a brief description of the program. The function attractfp
computes the attracting fixed point of the Bethe-Potts mapping (2) closest to the
beginning of coordinates (0, 0). The method does not depend from the attractive
fixed point we choose (See property 6 in Section 2.). For solving the polynomial
equation we used zroots function from the book by Press et al. [23]. The function
test computes whether the given point = belongs to the basin of attraction of
attractive fixed point attrfp or not. It returns 0 if the point belongs to a basin
of attraction of attrfp and 1 if not. The remaining part of the main program
computes the boundary of the Julia set and the number of triangles covering the
Julia set for given €. The C code of our program is given in Section 4.

This work was supported by ANSEF Grant No. PS46.
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4 Program Code

#include <stdio.h>
#include <complex.h>
#include <math.h>

#define POW 3

#define POW1 POW+1
#define iters 100
#define accuracy 0.001

int test(complex x,complex z, complex Q, complex mu,
complex attrfp)
{ int i=0;
x=((z+Q-2.0) *x*x + mu) /((Q-1.0) *x*x + z*mu) ;
while((++i<=iters) && (cabs(x-attrfp)>accuracy))
x=((z+Q-2.0) *x*x + mu)/((Q-1.0) *x*x + z*mu) ;
if(i==iters+1) return 1;
return O;
}
complex attractfp(complex z, complex (, complex mu)
{int i,k;
complex attract[POW];
complex coef [POW1], soll1[POW],*sol,min[POW];
sol=soll-1;
coef[0]=-mu; coef[1]l=z*mu; coef[2]=-(z+Q-2.0); coef[3]1=Q-1.0;
zroots (coef ,POW,s0l,1);
k=0;
for(i=1;i<=P0OW;i++){
if (cabs(2.0*s0l[i]*(s0l1[i]*(Q-1.0)-(z+Q-2.0))/
(s01[i]*s01[i]*(Q-1.0)+z*mu))<1.0){attract[k]=sol[i]; k++;}}
if (k==0){printf ("Error attractfp function:
there is not attracting fixed point\n");}
for(i=1;i<k;i++)
if (cabs(attract[0])>cabs(attract[i]))attract[0]l=attract[i];
return attract[0];}
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main(){
int i, j, k, xx[3], yy[3], outside, Neps;
int vin,vout,vnew,vref,xin,xout,yin,yout;
double max,remax,remin,immax,immin,epsilon,rex,imx;
complex z,mu,Q,x,attrfp,xinit;
FILE *xoutput,*out;
output=fopen("JuliaSet.dat","w");
out=fopen("fracdim.dat","w") ;
z=11.;
Q=9.0;
mu=1.0+2.0%1;
attrfp=attractfp(z,Q,mu);
epsilon=0.00011;
for (k=1;k<=10;k++){
epsilon-=0.00001;
Xinit=0.0+0.0%1I;
outside=test(xinit,z,Q,mu,attrfp);
if (outside) {printf("Error! Please choose
another xinit\n"); return 1;%}
i=0;
/* Find the boundary */
while(outside==0 && i<1000000){
i++; x=i*epsilon+xinit;
outside=test(x,z,Q,mu,attrfp);}
if (outside==0) {printf ("Error! Can not find the
boundary\n"); return 1;}
/* Set up the initial triangle */
vin=0;vout=1;vnew=2;
xx[vin]=i-1;xx[vout]=i;xx[vnew]=1i;
yy[vin]l=0;yy[vout]=0;yy[vnew]=1;
xin=xx[vin] ; xout=xx[vout] ;yin=yy[vin] ;yout=yy[vout];
Neps=0;
do{Neps++;
rex=epsilon*xx[vnew]+creal(xinit);
imx=epsilon*yy[vnew]+cimag(xinit) ;
xX=rex+imx*I;
outside=test(x,z,Q,mu,attrfp);
if (outside==1){vref=vout;vout=vnew;vnew=vref;}
else {fprintf (output,"%f\t%f\n",rex,imx) ;
vref=vin;vin=vnew;vnew=vref;}
xx [vnew]=xx[vin]+xx[vout] -xx[vref];
yy [vnew] =yy [vin] +yy[vout] -yy [vref] ;
}while (Neps<=10000000 && (xx[vin]!=xin ||

yy[vin]!'=yin || xx[vout]!=xout || yy[vout]!=yout));
fprintf (out,"%£f\t%i\n" ,epsilon,Neps);

¥

fclose(output) ;

fclose(out) ;

return O;

}
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