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KAHLER-EINSTEIN METRICS AND THE KAHLER-RICCI FLOW ON
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ABSTRACT. We prove the existence and uniqueness of Kahler-Einstein metrics on Q-Fano
varieties with log terminal singularities (and more generally on log Fano pairs) whose
Mabuchi functional is proper. We study analogues of the works of Perelman on the conver-
gence of the normalized Kéhler-Ricci flow, and of Keller, Rubinstein on its discrete version,
Ricci iteration. In the special case of (non-singular) Fano manifolds, our results on Ricci
iteration yield smooth convergence without any additional condition, improving on previ-
ous results. Our result for the Kéhler-Ricci flow provides weak convergence independently
of Perelman’s celebrated estimates.
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INTRODUCTION

Complex Monge-Ampere equations have been one of the most powerful tools in Kéahler
geometry since T. Aubin and S.T. Yau’s classical works [Aub78| [Yau78|, culminating in
Yau’s solution to the Calabi conjecture. A notable application is the construction of Kéahler-
Einstein metrics on compact Kéhler manifolds. Whereas their existence on manifolds with
ample and trivial canonical class was settled in [Aub78| and [Yau78§]| respectively, determining
necessary and sufficient conditions for a Fano manifold to carry a Kahler-Einstein metric is
still an open problem that attracts a lot of attention (see [PS10]).

In recent years, following the pioneering work of H. Tsuji [Tsu88|, degenerate complex
Monge-Ampere equations have been intensively studied by many authors. In relation to the
Minimal Model Program, they led to the construction of singular Kéahler-Einstein metrics
with zero or negative Ricci curvature [EGZ09] or, more generally, of canonical volume forms
on compact Kéhler manifolds with nonnegative Kodaira dimension [ST12, [ST09].

Making sense of and constructing Kéhler-Einstein metrics on (possibly singular) Fano
varieties turns out to require more advanced tools in the study of degenerate complex Monge-
Ampere equations. The purpose of this article is to develop these tools, following the
first step taken in [BBGZ13], so as to investigate Kéhler-Einstein metrics on singular Fano
varieties, and more generally on log Fano pairs.

A main motivation to study them comes from the fact that singular Kéhler-Einstein Fano
varieties arise naturally as Gromov-Hausdorff limits of Kéhler-Einstein Fano manifolds. This
had been strongly suggested by [CCT02, [Tian10l, L.X14], among other works, and was finally
established very recently by S. Donaldson and S. Sun in [DS14].

Let X be a QQ-Fano variety, i.e. a normal projective complex variety such that —Kx
is Q-Cartier and ample, without any further a priori restriction on its singularities. Any
reasonable notion of a Ké&hler-Einstein metric on X should at least restrict to a Ké&hler
metric w on the regular locus X;¢e with Ric(w) = w.

We show (see Proposition B.8]) that the existence of such a metric w on X;eg forces X to
have log terminal singularities, a class of singularities which comprises quotient singularities
and is characterized in analytic terms by a finite volume condition.

We prove that the volume [ Xre w" is automatically finite, bounded above by c¢; (X)™ with
n := dimc X. Relying on finite energy techniques and regularity of solutions to Monge-
Ampere equations, we further show that [ Xre w" = ¢1(X)™ if and only if w extends to a

closed positive (1,1)-current w on X lying in ¢1(X) and having continuous local potentials,
or equivalently the curvature form of a continuous psh metric on the Q-line bundle — K.
We then say that w is a Kahler-Einstein metric on X.

In [DS14] Theorem 1.2] it is proved that the Gromov-Hausdorff limit of any sequence
(Xj,w;) of Kéhler-Einstein Fano manifolds with fixed volume ¢;(X;)" = V is a Q-Fano
variety X with log terminal singularities, equipped with a K&hler-Einstein metric w in the
above sense, with ¢;(X)" = V. Combined with [LX14], this strongly suggests that K&hler-
Einstein Q-Fano varieties can be used to compactify the moduli space of Kéhler-Einstein
Fano manifolds. We thank O.Debarre and B.Totaro for emphasizing this point.

'This problem has been solved recently by Chen, Donaldson and Sun [CDS14} [CDST5], see also [Tial5].
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We now give precise formulations of our main results. To simplify the exposition, we
only consider the easier context of Fano varieties and refer the reader to the sequel for the
corresponding statements for log Fano pairs.

Existence and uniqueness of Kihler-Einstein metrics. We define a Mabuchi func-
tional Mab (extending the classical Mabuchi K-energy) and a J-functional J for a given
Q-Fano variety X with log terminal singularities, and we say as usual that the Mabuchi
functional is proper if Mab — +o0 as J — 4o00.

Our first main result is as follows.

Theorem A. Let X be a Q-Fano variety with log terminal singularities.

(i) The identity component Aut®(X) of the automorphism group of X acts transitively
on the set of Kahler-Einstein metrics on X,

(ii) If the Mabuchi functional of X is proper, then Aut®(X) = {1} and X admits a unique
Kahler- Einstein metric, which is the unique minimizer of the Mabuchi functional.

When X is non-singular, the first point is a classical result of S. Bando and T. Mabuchi
[BM8T7]. Our proof in the present context builds on the recent work of B. Berndtsson
[Bern15]. The second point generalizes a result of W.Y. Ding and G. Tian (see [Tian]), and
relies as in [Berl3|] on the variational approach developed in our previous work [BBGZ13].
It should be recalled that, when X is non-singular and Aut®(X) = {1}, a deep result
of G. Tian [Tia97], strengthened in [PSSWO08], conversely shows that the existence of a
Kaéhler-Einstein metric implies the properness of the Mabuchi functional. It would of course
be very interesting to establish a similar result for singular varietied] .

Ricci iteration. In their independent works [Kel09] and [Rub08], J. Keller and Y. Rubin-
stein investigated the dynamical system known as Ricci iteration, defined by iterating the
inverse Ricci operator. Our second main result deals with the existence and convergence of
Ricci iteration in the more general context of Q-Fano varieties.

Theorem B. Let X be a Q-Fano variety with log terminal singularities.

(i) Given a smooth form wy € c1(X), there exists a unique sequence of closed positive
currents wj € ¢1(X) with continuous potentials on X, smooth on X,eg, and such that

RiC(Wj+1) = Wj
on Xyeg for all j € N.
(i1) If we further assume that the Mabuchi functional of X is proper and let wkg be the
unique Kdhler-Einstein metric provided by Theorem A, then limj_,cw; = WKE,

the convergence being in C*°-topology on Xieg, and uniform on X at the level of
potentials.

When X is non-singular, this result settles [Rub08, Conjecture 3.2], which was obtained in
[Rub08, Theorem 3.3] under the more restrictive assumption that Tian’s a-invariant satisfies
a(X) > 1 (an assumption that implies the properness of the Mabuchi functional). Building
on a preliminary version of the present paper, a more precise version of Theorem B was
obtained in [JMR16, Theorem 2.5] for Kéhler-Einstein metrics with cone singularities along
a smooth hypersurface of a non-singular variety.

2This should be a consequence of the present article and the recent work of Darvas-Rubinstein [DR15].
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Convergence of the Kéahler-Ricci flow. When X is a Q-Fano variety with log terminal
singularities, the work of J. Song and G. Tian [ST09] shows that given an initial closed
positive current wy € ¢1(X) with continuous potentials, there exists a unique solution (w¢)¢=o
to the normalized Kéahler-Ricci flow, in the following sense:

(i) For each t > 0, w; is a closed positive current in ¢;(X) with continuous potentials;
(ii) On Xyegx]0,+00], wy is smooth and satisfies wy = —Ric(wy) + wy;
(iii) limg—g . Wt = wo, in the sense that their local potentials converge in cv (Xreg)-
Our third main result studies the long time behavior of this normalized Kéhler-Ricci flow,
and provides a weak analogue for singular Fano varieties of G. Perelman’§] result on the
convergence of the Kéhler-Ricci flow on Kéahler-Einstein Fano manifolds:

Theorem C. Assume that the Mabuchi functional of X is proper, and denote by wkg its
unique Kdahler-Einstein metric. Then limy_, o wy = wke and limy_, o wi' = wiy, both in
the weak topology.

When X is non-singular, the above result is certainly weaker than Perelman’s theorem,
which yields convergence in C'*°-topology. On the other hand, our approach, which relies on
a variational argument using results of [BBGZ13|, is completely independent of Perelman’s
deep estimates - which are at any rate out of reach for the moment on singular varieties.

The strong topology of currents with finite energy. The classical differential-geometric
approach to the above convergence results requires delicate a priori estimates to guarantee
compactness of a given family of metrics in C*°-topology. Our approach consists in working
with the set 7! of closed positive (1,1)-currents w in the fixed cohomology class ¢1(X) and
having finite energy in the sense that J(w) < +o0o. As a consequence of [BBGZ13|, the
map w +— V1w" (which corresponds to the complex Monge-Ampere operator at the level
of potentials) sets up a bijection between 7' and the set M! of probability measures with
finite energy.

With respect to the weak topology of currents, compactness in 7! is easily obtained: any
set of currents with uniformly bounded energy is weakly compact. But the drawback of
this weak topology is that the Monge-Ampere operator is not weakly continuous as soon as
n > 2.

An important novelty of this article is to define, study and systematically use a strong
topology on 7' and M!, which turns them into complete metric spaces and with respect
to which the bijection 7' ~ M! described above becomes a homeomorphism. At the level
of potentials, the strong topology appears as a higher dimensional and non-linear version of
the Sobolev W172—nom%.

Relying on a property of Lelong numbers of psh functions proved in Appendix A, we
prove that w-psh functions with finite energy have identically zero Lelong numbers on any
resolution of singularities of X, and hence satisfy an exponential integrability condition.
This is used to prove a compactness result in the strong topology of M for probability
measures with uniformly bounded entropy, which is a key point to our approach. Under the
assumption that the Mabuchi functional is proper, the entropy bound is easily obtained along

3Perelman explained his celebrated estimates during a seminar talk at MIT in 2003 (see [SeT08]). These
have been used since then in studying the C*°-convergence of the normalized Kahler-Ricci flow under various
assumptions (see notably [TZ07] [PSeS07, [PSSWO08D]).

4This topology has been recently studied further in [Dari4].
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the normalized Kéhler-Ricci flow and Ricci iteration, thanks to the monotonicity property
of the Mabuchi functional.

Structure of the article. The article is organized as follows:

e Section [I] is a recap on finite energy currents. It provides in particular a crucial
integrability property of their potentials (finite energy functions).

e Section [2 introduces the strong topology and establishes strong compactness of mea-
sures with uniformly bounded entropy.

e Section [3] studies the first basic properties of Kéhler-Einstein metrics on log Fano
pairs, showing in particular that the singularities are at most log terminal;

e Section M] gives a variational characterization of Kéhler-Einstein metrics, extending
some results from [BBGZ13];

e Section [ provides an extension of the uniqueness results of Bando-Mabuchi and
Berndtsson to the context of log Fano pairs, finishing the proof of Theorem A;

e Section [@] studies ’Ricci iteration’ in the context of log Fano pairs, and contains the
proof of Theorem B.

e Section [1 recalls Song and Tian’s construction of the normalized K&hler-Ricci flow
on a Q-Fano variety, and proves Theorem C;

e Section [§ladapts a construction of [AGP06] to get examples of log Fano pairs and log
terminal Fano varieties with Kahler-Einstein metrics that are not of orbifold type;

e The article ends with three appendices. The first one proves an Izumi-type estimate
that plays a crucial role for the integrability properties of quasi-psh functions with
finite energy. The second one provides an explicit version of Paun’s Laplacian es-
timate [Pau08], on which relies the C'*°-convergence in Theorem B. The third one
gives a detailed proof of a version of Berndtsson’s subharmonicity theorem that plays
a crucial role in the proof of the uniqueness of Kahler-Einstein metrics.

Nota Bene. The current version of this article differs substantially from the first version
of the arXiv preprint. The latter dealt more generally with Mean Field Equations with
reference measures having Holder continuous potentials, a point of view that made it less
readily accessible to differential geometers. Meanwhile, the preprint [DS14] appeared, giving
further motivation for the general context of our previous work. Another new feature of the
present version is the Izumi-type result proved in Appendix A.

Various important works have appeared since the the first version of our work was circu-
lating. We have only mentioned in footnotes those that are immediately connected to the
contents of the present article.

Acknowledgements. The authors would like to express their gratitude to Bo Berndtsson for
uncountably many interesting discussions related to this work, and in particular for his help
regarding the uniqueness theorem. We are also grateful to Tomoyuki Hisamoto and Dror
Varolin for helpful discussions, and we thank the referee for useful suggestions.

1. FINITE ENERGY CURRENTS

The goal of this section is to establish a number of preliminary facts about functions and
measures with finite energy on a normal compact Kéhler space, which rely on a combination
of the main results from [EGZ09, BEGZ10, BBGZ13| [EGZII].
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1.1. Plurisubharmonic functions and positive (1,1)-currents. Let X be a normal,
connected, compact complex space, and denote by n its (complex) dimension.

By definition, a Kdhler form wg on X is locally the restriction to X of an ambient Kéhler
form in a polydisc where X is locally realized as a closed analytic subset. In particular, it
admits local potentials, which are smooth strictly psh functions.

A function ¢ : X — [—00,400] is wo-plurisubharmonic (wo-psh for short) if ¢ + u is
psh for each local potential u of wg, which means that ¢ + u is the restriction to X of an
ambient psh function in a polydisc as above (see [FN80, [Dem85] for further information on
psh functions in this context).

We denote by PSH(X,wq) the set of wg-psh functions on X, endowed with its natural
weak topology. By Hartogs’ lemma, ¢ — supy ¢ is continuous on PSH(X,wg) (with respect
to the weak topology), and we say that ¢ € PSH(X,wq) is normalized if supy ¢ = 0. We
denote by

PSHyorm (X, wp) € PSH(X, wp)

the set of normalized wg-psh functions, which is compact for the weak topology. We also
denote by T(X,wp) the set of all closed positive (1,1)-currents w dd°-cohomologous to wo,
endowed with the weak topology. The map

© = Wy 1= wo + ddp
defines a homeomorphism
PSHnorm (X, WQ) ~ T(X, (,UQ).
with respect to the weak topologies. We denote its inverse by w — ¢, so that ¢, is the
unique function in PSHyorm (X, wp) such that

w = wp + ddp,,.

When X is non-singular, Demailly’s regularization theorem [Dem92| (see also [BK07]) shows
that any ¢ € PSH(X,wy) is the decreasing limit of a sequence of smooth wy-psh functions.
The analogous statement is not known in the general singular case (except when wg € ¢1(L)
represents the first Chern class of an ample line bundle L [CGZ13]). However, it follows
from [EGZII] that every ¢ € PSH(X,wp) is the decreasing limit of a sequence of continuous
wo-psh functions.

If we let 7 : X — X be a resolution of singularities, then Wy := 7*wq is a semipositive
(1,1)-form which is big in the sense that [ &g > 0. Since X is normal, 7 has connected

fibers, hence every wWg-psh function on X is of the form p o7 for a unique wp-psh function
@ on X. We thus have a homeomorphism
PSH(X, wo) ~ PSH(X, &)

This reduces the study of wop-psh functions on X to wy-psh functions on X , where X is thus
a compact Kéhler manifold and @y is a semipositive and big (1, 1)-form.

1.2. Functions with full Monge-Ampére mass. Let X be a normal compact complex
space endowed with a fixed Kéahler form wg. For each ¢ € PSH(X,wp), the functions
¢; = max{yp,—j} are wp-psh and bounded for all j € N. The Monge-Ampere measures
(wo + dd®p;)™ are therefore well-defined in the sense of Bedford-Taylor, with

/ (wo +ddpj)" = / wy =: V.
b's b's
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By [BTS87], the positive measures ji; := Ly~ _j3(wo + dd°p;)" satisfy
Lips—jitit1 = Hy,

and in particular p; < p;11. As in [BEGZI10], we say that ¢ has full Monge-Ampére mass
(this is called finite energy in [GZ07]) if lim; 00 pj(X) =1, iee.

lim (wo + dd®max{p, —j})" = 0.

7700 J{p<—j}
In that case we set (wg+dd®p)™ := lim;j_, { 15, which is thus a positive measure on X with
mass V. More generally, for any ¢1, ..., ¢, € PSHen (X, wg) the positive measure

(wo + ddp1) A ... A (wo + ddCpy,)

is also well-defined, and depends continuously on the ¢;’s when the latter converge mono-
tonically.
We denote by
PSHqu(X, CU(]) C PSH(X, CU(])

the set of wp-functions with full Monge-Ampere mass. We say that a current w € T (X, wp)
has full Monge-Ampere mass if so is ¢,,, and we write

Teun (X, wo) C T (X, wo)

for the set of currents with full Monge-Ampeére mass. For each ¢ € PSHey (X, wo) we define
a probability measure
MA(p) := V_lwg.

We denote by M(X) the set of probability measures on X, endowed with the weak

topology, and we call

MA : PSHqu(X, o.)()) — M(X)
the Monge-Ampere operator. We emphasize that for n > 2 this operator is not continuous
in the weak topology of PSHg (X, wp).

For each ¢ € PSHy(X, wp), the measure MA(p) is non-pluripolar, i.e. it puts no mass on
pluripolar sets. Conversely, applying [BBGZ13l Corollary 4.9] to a resolution of singularities
shows that any non-pluripolar probability measure pu is of the form MA(p) for some ¢ €
PSH1(X,wp). In other words, the map Trq(X,w) — M(X) defined by w + V71w is
injective, and its image is exactly the set of non-pluripolar measures in M(X).

The following crucial integrability property of functions with full Monge-Ampeére mass
relies on a non-trivial property of Lelong numbers of psh functions proved in Appendix A.

Theorem 1.1. Let ¢ € PSHey (X, wo) and let 7 : X — X be any resolution of singularities
of X. Then ¢ := @om has zero Lelong numbers. Equivalently, e=% € LP(X) for all p < +oc.

Proof. By Corollary from Appendix A, we are to show that the slope s(p,x) of ¢ at
any point x € X is zero. Let (f;) be local generators of the maximal ideal of Ox , and set
¢ :=log Y. |fi|, which is a psh function defined on a neighborhood U of z, with an isolated
logarithmic singularity at . Let 0 < # < 1 be a smooth function with compact support
in U such that # = 1 on a neighborhood of x. A standard computation (see e.g. [Dem92,
Lemma 3.5]) shows that

p = log (Hed’ +(1-— 9))
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satisfies ddp > —Cwyq for some C > 0. It follows that ep is wg-psh for all € > 0 small enough.
If s(p,x) > 0 then ¢ < ep+ O(1) for any 0 < € < s(p,z). Since ¢ has full Monge-Ampere
mass, it follows from [BEGZ10, Proposition 2.14] that ep also has full Monge-Ampeére mass,
which is impossible since (wg + ddep)™ ({z}) = e"m(X,x) > 0 by [Dem8&5].

Finally, the last equivalence is a classical result of Skoda [Sko72]. O

1.3. a-invariants and tame measures. The following uniform integrability exponent gen-
eralizes the classical one of [Tia87, [TY87]:

Definition 1.2. The a-invariant of a measure p € M(X) (with respect to wy) is defined as

Qo () :==sups a >0 | sup / e *Pdu < 4o0 ;.
SDEPSHnorm(X#UO) X
Note that oy, (¢) > 0 implies that p is non-pluripolar. We also introduce the following
ad hoc terminology.

Definition 1.3. We say that a positive measure p on X is tame if u puts no mass on closed
analytic sets and if there exists a resolution of singularities w: X — X such that the lift p
of p to X has LP-density (with respect to Lebesgue measure) for some p > 1.

By the lift of i, we mean the push-forward by 7! of its restriction to the Zariski open
set over which 7 is an isomorphism. Note that this is well-defined precisely because p puts
no mass on closed analytic sets. As we shall see, this a priori artificial looking notion of a
tame measure appears naturally in the context of log terminal singularities.

Proposition 1.4. Let pu be a tame measure on X. Then ay,(pn) > 0, and for each ¢ €
PSHp (X, wo) we have e=? € LP(u) for all finite p. In particular, e~®u is also tame.
Furthermore given p < 400 and a weakly compact subset K C PSHey(X,wg), both the
identity map and the map ¢ — e~ % define continuous maps K — LP(u).

Proof. Let 7: X — X be a resolution of singularities such that the lift i of pto X has LP-
density for some p>1. By [Sko72] and Holder’s inequality, it follows that there exists € > 0
such that [ 5 € “¥dp is finite and uniformly bounded for all normalized wo-psh functions ¢ on

X. Since v puts no mass on closed analytic subsets, we infer [ € Pdu = S % e =Pdp < 400,
hence ay,, (p) > 0.

If we take ¢ € PSHp (X, wo) and set @ := ¢ o, Theorem [ shows that e~% belongs to
L7 for all ¢ < +o0. By [Zer(1], we even have a uniform L%-bound as long as ¢ stays in a
weakly compact set of wy-psh functions. Using the elementary inequality

e — eb‘ < la —ble?*t, a,b>0,
the continuity of ¢ +— e~% now follows from Hoélder’s inequality. O

Lemma 1.5. Let p € M(X) be a tame probability measure. Then there exists a unique
w € Tran(X,wo) such that V=1w" = u, and w has continuous potentials.

Proof. We have already observed that j is non-pluripolar, which implies that g = V~1w”
for unique w € T (X,wp). To see that w has continuous potentials, let 7 : X =5 Xbea
resolution of singularities such that i has LP-density for some p > 1. By [EGZ09, [EGZ11],
there exists a continuous wy-psh function @ on X such that VY@ + dd°g)™ = . If we let
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@ be the corresponding wy-psh function on X, then ¢ is continuous on X by properness of
7, and the result follows since w := wg + dd®p by uniqueness. O

1.4. Functions and currents of finite energy. We introduce
ENX,wo) = {p € PSHpu(X,wo), ¢ € L' (MA(p))},
and say that functions ¢ € £Y(X,wp) have finite energy. We denote by
THX, wo) C Tran(X,wo)

the corresponding set of currents with finite energy, i.e. currents of the form w, with ¢ €
EY(X,wp). It is important to note that 7 (X,wp) is not a closed subset of T (X, wp).

The functional E : £1(X,wg) — R defined by

n

1 -1 j n—j
E((’D):n—klgv /Xgowi/\wo (1.1)

is a primitive of the Monge-Ampere operator, in the sense that

G Eltor =00 = [(o-vMA®)

for any two ¢,% € £Y(X,wp). This implies that

E(p) - E(Y) = ni . > v /X((P — 1) (wo + dd°@)! A (wo + dd“p)" 7 (1.2)
=0

for all p,¢ € EY(X,wp). The energy functional E satisfies E(¢ + ¢) = E(p) + ¢ for ¢ € R,
and it is concave and non-decreasing on £'(X,wp) (we refer the reader to [BEGZI0] for the
proofs of these results).

If we extend it to PSH(X,wp) by setting E(p) = —oo for ¢ € PSH(X,wp) \ £}(X,wp)
then E : PSH(X,wy) — [—00, +00[ so defined is upper semi-continuous. As a consequence,
the convex set

EL(X,wp) == {gp € &YX, wp), supy < C and E(p) > —C} (1.3)
X

is compact (for the L'-topology) for each C' > 0.

We also recall the definition of two related functionals that were originally introduced by
Aubin. The J-functional (based at a given ¢ € £'(X,wp)) is the functional on £'(X,wy)
defined by setting

Jole) = E(W) — E(o) + /X (o — $)MA(D).

Note that Jy(¢) = E(¢) — E(p) + E'(¢) - (¢ — 1) > 0 by concavity of E. For ¢ = 0 we
simply write

J(g) = Jolg) = V! /X ol — E().
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Finally the I-functional is the symmetric functional defined by

n—1
Ip.6) = [ (0= ) MAW) ~MA) = SV [ dle =) ndo =) ned na ™
=0

(1.4)
which is also non-negative by concavity of E. When 1 = 0 we simply write
I(p) == 1(p,0) = V‘l/ puwy — / PMA ().
X X
These functionals compare as follows (see for instance [BBGZ13, Lemma 2.2)):
n o (®) < Ju(e) < 1p, ) < (n+1)Jy (). (1.5)

We will also use:
Lemma 1.6. For each ¢ € EY(X,wy), there exists A, B > 0 such that
A7V (p) — B < Jy(p) < AJ(p) + B
for all p € EY(X,wy).

Proof. By translation invariance, we may restrict to ¢ € L (X, wp). We compute

norm

To() — J(g) = B() + /X (o — )MA(Y) — /X SMA(0).

Since ¢ is normalized, [, ¢MA(0) is uniformly bounded by [BBGZ13, Lemma 3.2]. On the
other hand, by [BBGZ13|, Proposition 3.4], there exists C' > 0 such that

/X PMA (1)

for all ¢ € & (X, wo). We thus get Jy = J + O(JY2) on &L, (X, wo), and the result

follows. Ol

< CJ(p)?

As opposed to E, these functionals are translation invariant, hence descend to 7(X,wp).
For w,w’ € TH(X,w) we set J,(w') = J,, (por) and I(w,w') = I(py, ). For each C > 0
we set

Té(X,wp) i= {w € THX,wp) | J(w) < C}.

1.5. Measures of finite energy. As in [BBGZ13], we define the energy of a probability
measure £ on X (with respect to wp) as

BGo= s (B~ [on) clo+o0l (1.6)

This defines a convex lsc function E* : M(X) — [0,400], and a probability measure p is
said to have finite energy if E*(u) < +00. We denote the set of probability measures with
finite energy by

MM (X, wo) = {p € M(X) | E*(11) < 400},
and we set for each C > 0

Me(X,wo) = {n € M(X) | E*(n) < C}. (1.7)
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By [BBGZ13, Theorem 4.7], the map w +— V~'w” is a bijection between T'(X,wp) and
MY (X,wp) (but here again it is not continuous with respect to weak convergence).
The concavity of E shows that

B (MA()) = Ble) ~ | ¢ MA() = 1,00) = (T = )(e), (1.8)

and consequently the following Legendre duality relation holds:
E(p) = inf E*(u) + / d > . 1.9
0=t (B + [ pan (19)

We also note that
n~ E*(MA(p)) < J(p) < nE*(MA(p)), (1.10)
by (LH), hence w — V~'w™ maps TA (X, wp) into M, (X, wp), and similarly for its inverse.
We end this section with the following continuity properties:

Proposition 1.7. Let u € M'(X,wg) be a measure with finite energy. Then p acts con-
tinuously on E}J(X, wo) for each C > 0. Dually, every o € EY(X,wq) acts continuously on
MIC(X, O.)()).

Proof. The first assertion is [BBGZ13, Theorem 3.11]. Let us prove the dual assertion. By
[EGZ11], we may choose a decreasing sequence of continuous wg-psh functions ¢y, converg-
ing pointwise to ¢ on X. This monotone convergence guarantees that I(pg,p) — 0. By
[BBGZ13), Lemma 5.8], it follows that the map p +— [y ¢ is the uniform limit on M (X, wo)
of the maps p +— [ « Pki, each of which is continuous by continuity of ¢y. O

1.6. A quasi-triangle inequality for I. When X has dimension 1,
o) = [ dto =) o~ )

coincides with the squared L2-norm of d(¢—1)) for all ¢, € £1(X,wp). By Cauchy-Schwarz,
I'/2 satisfies the triangle inequality, and the convexity inequality (4 y)? < 2(2? +y?) for
xz,y € R yields
$1(p1,02) < I(o1,03) + 1(p3,02)
for any o1, @2, 03 € EL(X, wp).
Our goal here is to establish the following higher dimensional version of this inequality.

Theorem 1.8. There exists a constant ¢, > 0, only depending on the dimension n, such
that

Cn[((iplv(p?) < 1(9017(103) + 1(9037901)‘
for all vy, s, 3 € SI(X,wO).

For any 1, 2,1 € E1(X,w) we set

1/2
ldr — p2) g = ( [ o1 = ) A —w2>A<w+ddcw>"-1) .o

which is the L?*norm of d(p1 — ¢2) with respect to wy when the latter is a Kéhler form.
Using (L4) it is easy to see that

ld(er — ‘:02)”%1?1;% < I(p1,p2) < 2" Hd(gr — 902)||2¢1?o2- (1.12)
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Lemma 1.9. There ezists ¢, > 0 only depending on n such that for all 1, 2,1 € E(X,wy),

Cn”d((-,pl - (102)||12p < 1(9017(,02)1/2”71 (1(901’1/))1—1/2"*1 + I((’D2,r¢))l_l/2n—1) ‘
Proof. The proof is a refinement of [BBGZ13l Lemma 3.12] and [GZ12, Lemma 3.1]. Set
u = @1 — P2, v:= (1 + ¢2)/2 and for each p=0,...,n — 1,
by = /X du A d°u A wi Awn Pl

By ([I2) we have by < I(p1, p2), while
b1 = |ld(e1 — p2)II}
is the quantity we are trying to bound. Let us first check that

bp1 < by + 4\/ bpl (¥, ) (1.13)

for p = 0,...,n — 2. Using integration by parts and the identity dd‘u = w,, — wy,, we
compute

A wh P2

bp1—by = /Xdu/\dcu/\ddc(w—v)/\wi

o wn P2

= —/ du A d(¢ — v) Addu A Wb
b's
= —/Xdu/\dc(i/)—v)/\wm/\wi/\wﬁ_p_2+/Xdu/\dc(¢—v)/\wm/\wi/\wg_p_z.

For ¢« = 1,2 the Cauchy-Schwarz inequality yields

1/2
'/X du A d(Y) —v) Awy, Awh AWl P2 < (/X du A du N\ Awy,; N wi A w{}—p—2> X

¥

1/2
x ( / d(¥ = v) Ad°(Y — v) Awg, Awh A wg—H) < 20821 (4p,0) 12,
X

noting that w,, < 2w, and using (L4). This proves (LI3).
Next we use the convexity of ¢ — Jy(¢) and ([LE) to get

2I(v,9) < (n+1) (I(p1,9) + L(p2,7)) -

Setting
Hy == 8(n+ 1) (I(p1,9) + I(p2, 7)) (1.14)
and
h(t) :==t+ \/Hyut (1.15)

we thus have by 1 < h(by) for p = 0,...,n — 1 by ([LI3). Since by < I(p1,p2) and h is
non-decreasing, it follows that
ld(o1 = @2) 3 < A" (I( 1, 2)) (1.16)
where h"~! := ho---oh denotes the (n — 1)-st iterate of h: R, — R.
It is easy to check by induction on p € N that

WP (t) < AH V22 for 0 <t < 27

op+1

H, (1.17)

There are two cases:
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o If I(p1,¢2) < 272" H,, we can apply (LI7) with p = n — 1, which combines with
(LI9) to yield
_ n—1 n—1
(1 — @2) |13, < 4H 2" I, g2) /2"

We conclude by definition of H, and the subadditivity of ¢ — t!/ 2
e Assume now that I(p1,@s) > 272" H,,. Using ([4) we have

ld(er — )y < lld(er — )y + W — @2)ll,
< I(p1, )2 + I(pa, )2,

hence )
- 2 <9I I =—H,.
[d(p1 — 2)[l3 < 2(L(p1, %) + L2, 9)) n
1 n— n— 1 n— n—
- pgl-12 1H71L/2 < - pgl-1/2 11((101’902)1/2 1’

C4(n+1)" “n4+1 "

and we conclude as before.

Proof of Theorem [I.8. Set 1) := £15£2. The triangle inequality

ld(e1 — w2)lly < lld(e1 — 3)lly + ld(@2 — ©3) |y

and (LI2) yield
I(1,02) < 2" (ld(e1 — @3)II7, + lld(02 — @3)I17)
Applying Lemma [[.9] we obtain

enl(p1,02) < [(901’(’03)1/2%1 <I(<,01,¢)1_1/2n71 +I((p3,’¢))1_1/2n—1)
+ I(pa, )" <I(<pz,1/1)1‘1/2”71 +I(<p3,¢)1—1/2”*1) '

As before the convexity of Jy, and (L5) imply

n+1 n+1
I(¢17¢) < —I(QD17902)7 1(90271/)) < 2

1(901, 902)

and 41
I(ps3,v) < nT (I(p1,03) + I(p2,03)) -

Plugging this in the above inequality, we obtain after changing c,,

Cn[(9017()02) < <I((p1,(p3)1/2n71 +I((,02,(,03)1/2n71) »

_ n—1 _ n—1 _ n—1
x (I(wl,sﬁz)l V2 4 I, 03) Y2 4 I (g2, 03) 712 )

Note that we can assume I(p1, ¢2) > max{I(v1,¢3), (2, @3)}, otherwise the usual triangle
inequality holds and we are done. It follows therefore from our last inequality that

n—1 n—1 _ n—1
cal(1,02) <3 (Llpr,00) /" + 102, 00)2" " ) L1, 00) 2,

and the result follows thanks to the convexity inequality (x + y)2n71 < 92" -1 (w2n71 + y2n71)
for z,y € R. (]
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2. THE STRONG TOPOLOGY

2.1. The strong topology for functions. In order to circumvent the discontinuity of the
Monge-Ampere operator with respect to the weak topology, we introduce a strong topology
that makes it continuous.

Definition 2.1. The strong topology on E1(X,wq) is defined as the coarsest refinement of
the weak topology such that E become continuous.

Lemma 2.2. Every strongly convergent sequence in E1(X, wp) is contained in EL(X,wo) for
some C' > 0.

Proof. If p; — ¢ is a strongly convergent sequence in E'(X,wp) then both supy ¢; and
E(pj) are convergent sequences, hence are bounded. g

vorm (X, Wo), the strong topology corresponds to the notion
of convergence in energy from [BBGZ13, §5.3].

As the next result shows, on &}

Proposition 2.3. If pj,¢ € EL .. (X,wp) are normalized wo-psh functions, then ¢; — ¢

in the strong topology iff I(¢j,p) — 0.
Proof. By (L5 we have

(n+1)"'(pj,9) < E(p) — E(p)) + /X(cpj —p)MA(p) = Ju(p;) < I(pj,0).  (21)

If ¢; — ¢ strongly then all ¢; belong to Sé(X, wp) for some C' > 0 by Lemma By
Proposition [L7it follows that [y (¢; — ¢)MA(p) — 0, hence I(g;, ) — 0 by ).
Assume conversely that I(¢j,¢) — 0. By [BBGZ13|, Proposition 5.6] it follows that
©; — ¢ weakly. It remains to show that E(¢;) — E(p). Using (L) we see that ¢; €
EL(X, wp) for some fixed C' > 0, hence [y (p; — ¢)MA(p) — 0 by Proposition L7, and we

get E(p;) = E(p) using again (2.1]). O

We are now going to show that I defines a complete metrizable uniform structure on
EL (X, w), whose underlying topology is the strong topology. These results will not be
used in the rest of the article.

When n = dim¢ X = 1, (I4) shows that I(u,v)/? coincides with the L*norm of the
gradient of u — v. As a consequence, I'/2 defines a complete metric space structure on
gL . (X,w). Since the unit ball of the Sobolev space W2 is not compact, it is easy to
see that the sets 5(1;(X ,wp), even though they are weakly compact, are not compact in the
strong topology already for n = 1 (compare also Lemma 2.8]).

In higher dimension, the quasi-triangle inequality of Theorem [[.8 implies that I defines a
uniform structure, which is furthermore metrizable for general reasons [Bour]. Let us now
show that it is complete.

Proposition 2.4. Every sequence (p;) in E

converges in the strong topology of EL.m(X,wo).

Proof. Pick jo such that I(p;,¢r) < 1 for all j,k > jo. By (LL5) it follows that Joj (p5) is

bounded, hence also J(i;), by Lemmall.l. We may thus find C > 0 such that ¢; € E4(X,wo)
for all j. Using the Cauchy-like assumption, it is as usual enough to show that some
subsequence of (y;) is strongly convergent. By weak compactness of E}J(X ,wp), we may thus

(X,wo) such that lim; 10 I(@j, 1) =0
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assume after perhaps to a subsequence that ¢; converges weakly to some ¢ € 5(1;(X ,wp). Let
us show that ¢; — ¢ strongly as well. Let € > 0, and pick N € N such that I(p;,x) <€
for all j,k > N. By (L3]) we get

E(py) — Elpy) + /X (1 — )MA(9;) = Joy (1) < Iy ) < &

Since E is usc in the weak topology and MA(p;) is weakly continuous on EL(X,wp) by
Proposition [I.7], it follows that by letting & — oo with j fixed that

Joi(0) = Ble) = Blo) + [ (o= pMAGy) < ¢
for all j > N. Using again (L5]) we thus see as desired that I(p;,¢) — 0. O

2.2. The strong topology for currents and measures. We introduce the following dual
strong topologies:

Definition 2.5. The strong topology on T(X,wp) and M*(X,wp) are respectively defined
as the coarsest refinement of the weak topology such that J and E* become continuous.

Proposition 2.6. The maps ¢ — w, and w V—lw" define homeomorphisms
grllorm(Xv WO) = Tl(Xa WO) = Ml(Xa WO)
for the strong topologies.

Proof. The strong bicontituity of ¢ — w,, is easy to see, since we have by definition J(p) =
vl [  pwi — E(p) where ¢ — [ ¢ pw( is weakly continuous. It is thus enough to establish
the continuity in the strong topology of the map &L . (X,wo) — MY(X) ¢ — MA(p) and
of its inverse.

We thus consider ¢;, ¢ € ELm (X, wo) and set u; := MA(yp;), u := MA(p). Suppose first
that ¢; — ¢ strongly. By [BBGZ13| Proposition 5.6] we have [y ¢u; — [y 1p uniformly
with respect to ¢ € 5(1;(X, wp) for each C' > 0. This shows on the one hand that pu; — p
weakly, and on the other hand that [y @ju; — [y op. It follows that E*(p;) = E(pj) —
[ @jmj converges to E*(u) = E(p) — [y ¢p, so that p; — p strongly.

Conversely, assume that yi; — pstrongly. Then E*(u;) = E(p;)— [y ©jMA(gp;) converges
to E*(u) = E(p) — [y ¢MA(p), and also [ oMA(gp;) = [y ¢MA(p) by Proposition L7,
since MA(p;) = pj = MA(p) = p weakly. Adding up we get

E(pj) — E(p) + /X(CP — i) MA(g;) = 0,
hence I(pj,¢) — 0 by (21I), which shows as desired that ¢; — ¢ strongly. O

The following dual equicontinuity properties hold:

Proposition 2.7. For each C' > 0 we have:

(i) the set of probability measures ML (X,wo) acts equicontinuously on EY(X,wp) with
its strong topology;

(ii) the set of wo-psh functions EL(X,wo) acts equicontinuously on M'(X,wo) with its
strong topology.
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Proof. In view of Propositions 23] and [2.6] (i) follows from [BBGZ13|, Lemma 5.8], while (ii)
follows from [BBGZ13| Lemma 3.12]. O

As a consequence, we get the following characterization of strongly compact subsets of

MI(X,OJ())Z

Lemma 2.8. Let K be a weakly compact subset of M (X,wg). The following properties are
equivalent:
(i) K is strongly compact;
(i) K ¢ MY (X,wo) for some A > 0, and for each C > 0 K acts equicontinuously on
EL(X,wo) equipped with its weak topology.

Proof. Let us prove (i)=-(ii). Since E* is by definition continuous with respect to this
topology, it is bounded on K, which shows that I is a subset of M}4(X, wp) for some
A > 0, and is necessarily weakly closed. Assume by contradiction that K fails to act
equicontinuously on E%(X ,wp) for some C' > 0. Then there exists sequence p; € K and
¢; € EL(X,wp) such that p; — ¢ weakly but [, (p; — ¢)u; stays away from 0. Using
the compactness assumption we assume after perhaps passing to a subsequence that p;
converges in energy to some u € K. By Proposition 2.7 we then have fX Qi — fX Y,
and we also have [y (¢; — @) — 0 by Proposition 77l It follows that [y (¢; —)u; — 0, a
contradiction.

Conversely, assume that (ii) holds and let u; be a sequence in KC. Set ¢; := ¢, so that
¢; € EL(X,wp) for a uniform C > 0 by (LIO). By weak compactness of E4(X,wp), we
may assume after perhaps passing to a subsequence that ¢; converges weakly to some ¢ €
EL(X,wp). The equicontinuity assumption therefore implies that [y (p; — ¢)MA(p;) — 0.
We also have [y (p; —¢)MA(p) — 0 by Proposition 7, hence

I(pj,0) = /X (65 — @) (MA(g) — MA(g;)) — 0.

By Proposition 2.3]it follows that ¢; — ¢ in energy, hence pu; — p:= MA(p), and we have
proved as desired that p; admits a limit point in . O

2.3. Entropy and the Hélder-Young inequality. We first recall a general definition:

Definition 2.9. Let p,v be probability measures on X. The relative entropy H,(v) €
[0, 4+00] of v with respect to p is defined as follows. If v is absolutely continuous with respect
to p and f := g—; satisfies flog f € L'(u) then

H,(v):= /X flog fdu = /X log <Z—:> dv.

Otherwise one sets H, (v) = +oo.

We write
HX, 1) = {p € M(X) | Hy(v) < +00}
and for each C' > 0
Ho(X,p) == {pe MX) | H,(v) < C},
a compact subset of M(X). We will use the following basic properties of the relative entropy.

Proposition 2.10. Let pu,v be probability measures on X.
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H,(v)= sup (/gdu—log/e%l,u).
geCO(X)

(ii) H,(v) > 2||p —v|>. In particular H,(v) =0 iff v = p.

(i) We have

Part (i) says that H, is the Legendre transform of the convex functional g — log [ e9dp.
In particular it is convex and lower semi-continuous on M(X). We refer to [DZ, Lemma
6.2.13] for a proof.

The norm in (ii) denotes the total variation of y — v, i.e. its operator norm as an element
of C°(X)*. The inequality in (ii) is known as Pinsker’s inequality, see [DZl, Exercise 6.2.17]
for a proof. For later use we note:

Lemma 2.11. For each lower semi-continuous function g on X we have

sup (/gdl/—H“(V)> = log/egd,u.
veM(X)

Proof. When g is continuous this follows from Legendre duality (i.e. the Hahn-Banach the-
orem). Assume now that g is an arbitrary lsc function. The inequality

/gdyglog/egd,u—FHu(V)

is a direct consequence of Jensen’s inequality. Conversely since g is Isc there exists an increas-
ing sequence of continuous functions g; < g increasing pointwise to g. By the continuous
case we get for each j

log/egﬂ'du: sup (/gj dV—Hu(V)> < sup </ng—HM(V)>
reM(X) veM(X)

and the result follows by monotone convergence. O

We now briefly recall some facts on Orlicz spaces.

Definition 2.12. A weight is a convexr mon-decreasing lower semicontinuous function x :
[0, 4+00] — [0,400] such that x~'{0} = {0} and x(+oc) = +oo. Its conjugate weight
X* : [0, +00] = [0,400] is the Legendre transform of x (| 1), i.e.

X*(t) = sup (st — x(s)) .
s>0
By Legendre duality we have x** = x. Apart from the well-known case of the conjugate
weights sP/p and t?/q with % + % = 1, the main example for us will be:
Ezample 2.13. The congugate weight of x(s) := (s+ 1)log(s+ 1) — s is
XH(t) =e —t—1.

Definition 2.14. Let pu be a positive measure on X and let x be a weight. The Orlicz space
LX(p) is defined as the set of all measurable functions f on X such that [ x (g|f|) dp < 400
for some € > 0.
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Observe that f € LX(u) iff f belongs to the convex symmetric set

B:= {g € LX(n), /x(!g\)du < 1}

for 0 < e < 1. The Luzembourg norm on LX(u) is then defined as the gauge of B, i.e. one
sets for f € LX(pu)

£l Lx(uy := inf {/\ >0, /X (AT du < 1} .

It turns LX(u) into a Banach space.
Proposition 2.15. [Holder- Young inequality] For any two measurable functions f € LX(u)
and g € LX (1) we have

|fgldu < 2”f”LX(u)”gHLx*(u)-

We recall the straightforward proof for the convenience of the reader.

Proof. We may assume that the right-hand side is non-zero. By homogeneity we may assume

that || flx(u) = lgllzx () = 1, hence [ x (|f])dp <1 and [ x*(lg]) du < 1. We have |fg| <

x(If]) + x*(Jg|) pointwise on X by definition of x*, hence [ |fg|du < 2 after integrating,
and the result follows. O

Corollary 2.16. Let v = f pu be a positive measure that is absolutely continuous with respect
to pu, and let x be a weight function such that [ x(f)du < A for some 1 < A < +oo. Then
we have

HQHLl(u) < 2A||g|| px (1)
for every measurable function g.

Proof. The assumption amounts to HfHLAle(M) < 1, and the weight 74(t) := A~ x*(At) is
conjugate to A~'x. On the other hand it follows from the definition that

Il o = Allgll 1oy < Allgllzes o
since A > 1, and the result follows from the Hélder-Young inequality. O

2.4. Strong compactness of measures with bounded entropy. The goal of this section
is to prove the following result, which is a main ingredient in the convergence of Ricci
iteration and of the Kéhler-Ricci flow.

Theorem 2.17. Let ug be a tame probability measure on X. Then H(X, pg) € MY (X, wp),
and for each A > 0 the set HA(X, po) is strongly compact.

We first show that measures of finite entropy have finite energy:

Lemma 2.18. Assume that g is a probability measure on X with au, (o) > 0.
(1) For each 0 < o < iy (o) there exists C > 0 such that

Hy (1) > a B* (1) — C.
for all p € M(X). In particular we have

H(X, po) € M (X, wp),
and for each A > 0 there exists B > 0 such that Ha(X, po) C M}B(X, wp).
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(i) If cwy(p0) > 7 then there exists e,C > 0 such that
Hyo(p) =2 (L+e)E"(p) = C
for all .
Proof. By definition of oy, (1), given a < ay, (10) there exists C' > 0 such that

log/e_w,uo < —asupp+C
X

for all wo-psh functions ¢, hence

—log/e_o“p,uo > aV_l/ pwy —C > aE(p) —C.
X

By Lemma [ZTT] this implies
Hyo (1) > asup (V‘l /sow(} - /sw) —C>ak*(p) - C, (2.2)
)

which already proves (i). In order to prove (ii) we may assume that H,,(u) is finite. By (i)
it follows that E*(u) is finite as well, hence u = MA(y) for some ¢ € £(X,wp). By the
first inequality in (2.2]) we then obtain H,, (1) > aI(¢) — C, hence

(

Hyo (1) = E* (1) = (o = DI(p) + J(p) = C
>(a—14+Mm+1) NI —C=(a—nn+1)""I(p) -C
by (LH). (ii) follows since I(¢) > I(p) — J(p) = E*(p). O
Proof of Theorem [2.17. By Lemma [2.8] it is enough to show that H 4 (X, uo) acts equicon-
tinuously on 55(X ,wo) for each C > 0. Let thus ¢; — ¢ be a weakly convergent sequence
in E4(X,wp), and let u = fuo be a measure in H (X, p10). Introduce as in Example 213 the
weight x(s) := (s+1)log(s+1) — s, whose conjugate function is y*(t) = ¢! —t — 1. We have
x(s) < slogs+ O(1) on [0, +oo], hence [ x(f)dp < A; for some A; > 1 only depending on
A. By Corollary it follows that
lpj — el < 241005 — @l e (uo)
We are thus reduced to showing that [l¢; — @[ x+(,,,) — 0. Using the inequality x*(¢) < te!

and the definition of the norm [| - || 1 (,,), We see that it is enough to show that
im / |05 — wlexp (Al = #|) po = 0 (2.3)

for every given A > 0. But by Proposition [I[.4] there exists B > 0 only depending on C
and A such that [ e~y and il e~22%i iy are both bounded by B. Since supy p; < C and
supy ¢ < C, it follows that

[ e @~ o < By
X

for some other constant B; > 0 independent of j. By Hélder’s inequality we infer

1/2
/X 05 — el exp (Mj — @) du < BY?lo; — ol 12 (o),

and (2.3]) now follows since ¢; — ¢ in L?(ug) by Proposition [L4l O
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As a consequence we get the following stability result for Monge-Ampere equations:

Corollary 2.19. Let pug be a tame probability measure on X and let A > 0. For each
p € MY X, wp) let p, € EX(X,wo) be the unique normalized solution of MA(p,) = . Then
p = @, defines a continuous map from Ha(X, po) with its weak topology to EYX,wo) with
its strong topology.

Proof. By Theorem[2.17and Lemmal[2Z8] the weak and strong topologies coincide on H 4 (X, p).
We conclude using Proposition 2.3l O

This result should be compared with [EGZ09, Theorem A], which (combined with [EGZ11]
to get the ”continuous approximation property”) implies that p — ¢, defines a continuous
map LP(uo) — C°(X) for p large enough.

3. KAHLER-EINSTEIN METRICS ON LOG FANO PAIRS

3.1. Log terminal singularities. A pair (X, D) is the data of a connected normal compact
complex variety X and an effective Q-divisor D such that Kx + D is Q-Cartier. We may
then consider the dd®-cohomology class of —(Kx + D), that we denote by c¢1(X, D). We
write

Xo = Xreg \ supp D.

Given a log resolution 7 : X — X of (X, D) (which may and will always be chosen to be an
isomorphism over Xj), there exists a unique Q-divisor ), a; E; whose push-forward to X is
—D and such that
K)? =71 (Kx + D) —i—ZaiE,-.
(3

The coefficient a; € Q is known as the discrepancy of (X, D) along E;, and the pair (X, D)
is kit (a short-hand for Kawamata log terminal) if a; > —1 for all j. It is a basic fact about
singularities of pairs that the same condition will then hold for all log resolutions of X.
When D = 0, one simply says that X is log terminal when the pair (X,0) is klt (so that
Kx is in particular Q-Cartier, i.e. X is Q-Gorenstein).

The discrepancies a; admit the following analytic interpretation. Let r be a positive inte-
ger such that r(Kx + D) is Cartier. If o is a nowhere vanishing section of the corresponding
line bundle over a small open set U of X then

(imza A a) v (3.1)

defines a smooth, positive volume form on Uy := U N Xy. If f; is a local equation of E;
around a point of 7= 1(U), it is easily seen that we have

o (z"“"Za A a) v [T 1> av (3.2)

locally on 7= 1(U) for some local volume form dV. Since Y, E; has normal crossings, this
shows that (X, D) is klt iff each volume form of the form (BI]) has locally finite mass near
singular points of X.

The previous construction globalizes as follows:
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Definition 3.1. Let (X, D) be a pair and let ¢ be a smooth Hermitian metric on the Q-line
bundle —(Kx + D). The corresponding adapted measure my on Xyeg is locally defined by
choosing a nowhere zero section o of r(Kx + D) over a small open set U and setting

.rm2 — 1/r r
my = (z oA 0) /|J|% . (3.3)

The point of the definition is that the measure my does not depend on the choice of o,
hence is globally defined. The above discussion shows that (X, D) is kit iff my4 has finite
total mass on X, in which case we view it as a Radon measure on the whole of X.

Lemma 3.2. Let (X, D) be a kit pair and let my be an adapted measure as above.

(i) If - X — X is a log resolution of (X, D) then the lift my of po to X writes my =

ew+_¢7dv, where Y& are quasi-psh functions with analytic singularities, smooth over

7Y Xo), and e=¥" € LP for some p > 1. In particular, fio is tame (Definition [L.3).

(ii) On Xy the Ricci curvature of the volume form my coincides with the curvature of ¢.
(iii) The Bergman space O(Xo) N L*(mgy) contains only constant functions.

Property (ii) should be compared with [DT92, p.319, Remark].

Proof. Write as above K = 7" (Kx + D)+ )_; a;Ej. Let ¢; be a smooth Hermitian metric
on the line bundle O ¢(E;) and let s; € HO(X, E;) be a section with Ej as its zero divisor.
If we set

Y= Z 2a;log |sjlg; and ¢~ = Z 2(—ay)log [sjlg;

a; >0 a;<0

then ([B.2) immediately shows that
My =e? TV qV

where dV is a (smooth positive) volume form on X. Since aj > —1 there exists p > 1 such
that pa; > —1 for all j, and the normal crossing property of ) ; Bj yields e~%" € LP, which
proves (i).

The proof of (ii) is straightforward from the very definition of y. In order to prove (iii),
let f € O(Xp) N L*(my). We then have

2 2a;
/w(x()) |f om| 1;[ |51, AV < +o0.

Since a holomorphic function extends accross a divisor as soon as it is locally L? near the
divisor, the above L? condition implies that f o 7 extends to X \ |J ;>0 Ej;, or equivalently

that f extends holomorphically to X \ Z with Z = 7 (Uaj>0 Ej>. But the fact that
D= —m, <ZJ ajEj> is effective implies that each F; with a; > 0 is m-exceptional. As a

consequence Z has codimension at least two in X, and the normality of X therefore shows
that f extends to X, hence is constant since X is compact. O
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3.2. Kahler-Einstein metrics. We recall the following standard terminology:

Definition 3.3. A log Fano pair is a klt pair (X, D) such that X is projective and —(Kx+D)
is ample.

Let (X, D) be a log Fano pair. We fix a reference smooth strictly psh metric ¢y on
—(Kx + D), with curvature wy and adapted measure iy = mg,. We normalize ¢ so that
po € M(X) is a probability measure. The volume of (X, D) is

V= cl(X,D)":/ wg -
X

We let T(X,D) := T(X,wp) be the set of closed positive currents (with local potentials)
w € c1(X,D), and THX, D) := T'(X,wp) be those with finite energy. Similarly we denote
by M!(X, D) the set of probability measures with finite energy, which are thus of the form
V1w for a unique w € T1(X, D).

For any current with full Monge-Ampere mass w € Tr1(X, D), Proposition [[.4] guarantees
that e™%« o has finite mass, since g is tame by Lemma We may thus set

e

Jxe#no
Lemma 3.4. The map T (X,wp) = M (X,wo) w > p, is continous with respect to the
strong topology on both sides.

e - (3.4)

Proof. Let w; — w be a strongly convergent sequence in 71(X,wp), and set p; := fo; and
= pi- By Lemma [2.2] there exists C' > 0 such that ¢; := ¢, belongs to 5(1;(X, wp) for all
j. Since £4(X,wp) is weakly compact, Proposition [4] shows that p; = fjuo and p = fug
with ¢; — f in L?(uo). This implies that w; — p weakly, and also that p; has uniformly
bounded entropy with respect to pg. By Theorem 2.7 and Lemma [2.8] it follows as desired
that p; — p strongly. O

Definition 3.5. A Kéhler-Einstein metric w for the log Fano pair (X, D) is a current with
full Monge-Ampeére mass w € Taq (X, D) such that

Vlo® = . (3.5)

Lemma 3.6. A Kdhler-FEinstein metric w is automatically smooth on X, with continuous
potentials on X, and it satisfies

Ric(w) = w + [D]
on Xeg.

Here [D] is the integration current on D|x,,,. Writing Ric(w) on X,¢g implicitely means
that the positive measure w"|x,,, corresponds to a singular metric on —Kx,,,, whose cur-
vature is then Ric(w) by definition. Note that the terminology is slightly abusive, since a
Kéhler-Einstein metric w for (X, D) is not smooth on X in general, hence not a Kéhler form
on X in the sense of L1 This should hopefully cause no confusion.

Proof. Set ¢ := ¢,,. The Kéhler-Einstein equation (3.0 reads
(wo + dd°@)™ = e~ ¥ pg

for some constant ¢ € R. If we choose a log resolution 7 : X — X of (X, D), the equation
becomes (g + dd°@)" = e~ ?Tuy, where Wy = m*wy is semipositive and big, [y satisfies (i) of
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Lemma[3.2, and $ = por has e ? € L4 for all finite ¢ by Theorem [LTl By [EGZ09, EGZII]

@ is continuous on X , and hence ¢ is continuous on X by properness of . The smoothness

of ¢ on Xy follows from Theorem [[0.I] (Appendix B) and the Evans-Krylov theorem.
Finally on X, we have

Ric(w) = —dd®logw™ = dd°p — dd°log po = ddp + wo + [D]
by definition of the adapted measure g = mg, and the Lelong-Poincaré formula. O

Remark 3.7. Assume that (X, D) is log smooth, i.e. X is smooth and D = ). a,;E; has
simple normal crossing support. If a; > 1/2 for all 7, it is shown in [CGP13] that any K&hler-
Einstein metric for (X, D) has cone singularities along ), E;, with cone angle 27(1 — a;)
along E;. If the support of D = aF for a single smooth hypersurface E, [JMR16] shows
that w has cone singularities without the restriction a > 1/2, and that w even admits a full
asymptotic expansion along F.

The definition of a log Fano pair requires the singularities to be klt. This condition is in
fact necessary to obtain Kéahler-Einstein metrics on the regular part:

Proposition 3.8. Let (X, D) be any pair with —(Kx + D) ample. Let Q C Xyep be a Zariski
open subset with complement of codimension at least 2, and assume the existence of a closed
positive (1,1)-current w on Q with continuous potentials such that

Ric(w) = w + [D]
on Q. Then (X, D) is necessarily kit. We further have

/ w" < (X, D)",
Q

with equality iff w is the restriction to Q0 of a Kdhler-FEinstein metric for (X, D).

Proof. Let ¥ be the singular metric on —Kgq corresponding to the measure w™, with curvature
dd®y = Ric(w). If we let ¢p be the canonical psh metric on the Q-line bundle attached to
D|q, such that dd°¢p = [D], we have by assumption dd‘®) = w + dd¢p on €2, so that
¢ = 1) — ¢p defines a psh metric on the Q-line bundle —(Kx + D)|q, with curvature w.
Now let o be a local trivialisation of r(Kx + D) for some positive r € N, defined on an
open set U C X. If we denote by |o|,4 the length of o with respect to the metric induced
by r¢, then u := log ]a!%¢ is a psh function on U N §2, hence it automatically extends to a
psh function on U by normality, thanks to [GR56]. This means on the one hand that 1
extends to a globally defined psh metric on —(Kx + D), so that its curvature w satisfies
fQ w" < ¢1(X, D)™ by [BEGZ10, Proposition 1.20]. On the other hand, unravelling the
definitions yields
(0 AT)/T = et/Tn (3.6)

on VN Q. Since u is in particular bounded above, this shows that (o A 5)1/ " has locally
finite mass near singular points of U, so that (X, D) is klt.

Now to say that [,w™ = ¢1(X,D)" precisely means that w belongs to Tpn(X, D), and
the last assertion follows from Lemma [3.6 O

4. THE VARIATIONAL PRINCIPLE

In this section (X, D) denotes a log Fano pair, and we use the notation of §3.2]
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4.1. The Ding and Mabuchi functionals. Let H = H,; the relative entropy with respect
to the given adapted pp € M(X). For each ¢ € EY(X,wp) we set

L(y) := —log/Xe_“D,uo. (4.1)

Note that
e = €O g, (42)

Lemma 4.1. The map L : £'(X,w) — R is continous in the strong topology.

Proof. Let ¢; — ¢ be a convergent sequence in £1(X, wp). By LemmaR.2 there exists C > 0
such that ¢; € E4(X,wp) for all j. Since EL(X,wp) is weakly compact, we conclude using
Proposition [I.4] O

By Lemma 2.11] we have
L(p)= inf (H(p)+ / > 4.3
=t (0 [ en (43)
and the infimum is achieved for p = p,, by ([@2) and the definition of H. This should be

Compared Wlth
E(p) = inf E*u—l-/%u),
( ) uEM(X)( ( ) X

where the infimum is achieved for = MA(p). Observe also that L(¢ + ¢) = L(p) + ¢, so
that L — E is translation invariant.

Definition 4.2. We introduce the following two functionals on the set T*(X, D) of currents
with finite energy.

(i) The Ding functional Ding : T1(X, D) — R, defined by
Ding(w) := (L — E)(pw).
(ii) The Mabuchi functional Mab : TH(X, D) —] — oo, +0oc], defined by
Mab(w) := (H — E*)(V~"1w™).

Written in the form (B.5]), the Kéhler-Einstein equation is, at least formally, the Euler-
Lagrange equation of the Ding functional. In the case of Fano manifolds, this functional
seems to have been first explicitely considered by W.Y.Ding in [Ding88|, p.465], hence the
chosen terminology.

Regarding the Mabuchi functional, our definition yields the following analogue of Chen
and Tian’s formula [Che00, Tian|

Mab(w) = V1 /

X

log <V:0°""> Wt (] — D)(w). (4.4)

Lemma 4.3. With respect to the strong topology of T*(X, D), the Ding functional is con-
tinuous, while the Mabuchi functional is lower semicontinuous.

Proof. The energy E is continuous on £!(X,wp) in the strong topology, by definition of the
latter. The continuity of the Ding functional is thus a consequence of Lemma [l Similarly,
E* is strongly continuous on M!(X, D), and H is Isc in the weak topology, hence the result
for the Mabuchi functional. O
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Lemma 4.4. The Ding and Mabuchi functionals compare as follows:
(i) For all w € TY(X, D) we have Mab(w) > Ding(w), with equality iff w is a Kdhler-
FEinstein metric for (X, D).
(ii) We have
inf Mab= inf Ding € RU{—oc0}.
TYX,D) THX,D)

Proof. Unravelling the definition we get

V—l n
Mab(w) — Ding(w) :/ log < d > vVl —I—/ 0,V lw" +10g/ e % 1y
X Ho D¢ X

-1,,n
= / log <V d > vl =H,, (V_lw”) .
X Hew

We conclude thanks to Proposition 210l
Part (ii) is proved exactly as [Berl3, Theorem 3.4] (see also [Li08]). We reproduce the
short argument for the convenience of the reader. Set
m= inf (H—-FE*)= inf
ML(X,D) T1(X,D)
By (i) it is enough to show that Ding(w) > m for all w € T1(X, D). Write w = wq + ddp
with ¢ € £Y(X,wp). By Lemma 218 any probability measure p with H(u) < +oo belongs
to MY(X, D), so the inequality H(u) > E*(u)+m is actually valid for all 4 € M(X). Using
(43]) we thus get L(yp) > E(p) + m, which concludes the proof. O

Mab.

4.2. Weak geodesics and convexity. Let w(0),w(1) € T'(X,D) be two currents with
continuous potentials, and set ° := $u(0) and Q! = ¢u1)- Let S C C be the open strip
0 < Ret < 1 and let ¢ be the usc upper envelope of the family of all continuous wg-psh
functions (i.e. pfwo-psh function, with p; : X x S — X the first projection) 1 on X x S such
that ¢ < ¢ for Ret = 0 and ¢ < ¢! for Ret = 1. Setting ' := ¢(-,t) and w(t) := wo+dd
we call (w(t))se(o,1] the weak geodesic joining w(0) to w(1) (we also call the function ¢ the”
weak geodesic” joining ¢° to ¢').
By [Bernl5l §2.2] we have:

Lemma 4.5. Let ¢ be the wgo-psh envelope defined above. Then:

(i) ¢ is wo-psh and bounded on X x S.
(i) (wo + ddp)"™1 =0 on X x S.
(iii) t +— @' is Lipschitz continuous, and converges uniformly on X to ©° (resp. ¢') as
Ret — 0 (resp. Ret — 1).

Here again we write wyg instead of pjwp in (ii) for simplicity. When dealing with Ké&hler
forms on a non-singular X, (ii) gives the geodesic equation for the Mabuchi metric defined
on the space of Kahler metrics, as was observed by Donaldson and Semmes. This explain
the present terminology.

Lemma 4.6. Let S be an open subset of C, ¢ be an wg-psh function on X x S, and set
o' = (-, 1), which is an wo-psh function unless ¢! = —co.
(i) t — L(¢") and t — E(¢') are subharmonic on S.
(ii) If ¢ further satisfies (i) and (ii) of Lemma[f.5 then t — E(¢') is even harmonic on
S.
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Proof. The assertions for E are well-known in the smooth case, and the proof in the present
context reduces to [BBGZ13|, Proposition 6.2] by passing to a log resolution of (X, D). The
subharmonicity of L(¢?) is deeper, and is basically a special case of Berdntsson’s theorem(s)
on the subharmonic variation of Bergman kernels. Let us briefly explain how to deduce the
present result from [Bern06].

Pick a log resolution D G X, set )Z'o = 1 1(Xy), @Wp := mwo, and semipositive
and big form on X. Since Xo is contained in the ample locus Amp (wp) of wp, we may
find a wp-psh function ¢ on X which is smooth on Xo and such that wg + dd®) > n for
some Kihler form n on X (cf. Appendix B). Applying [Dem92] to functions of the form
(1 —38)pom+ 6+ d|t|* with 0 < § < 1, we obtain (after perhaps slightly shrinking S) a
sequence of smooth functions ¢’ on X x S such that @) — ¢ and @y +dd°p? > 0 on X x 8.

Using the isomorphism )N(o ~ X induced by 7, we now view ¢; as a smooth, bounded
wp-psh function on Xy x S. For each j and t € S let qb;- be the smooth Hermitian metric on

L := —Kx, defined by the (smooth positive) volume form e %) to. By (ii) of Lemma [3.2]
the curvature of ¢; on Xy x S equals wy + dd®p;, hence is positive. By (iii) of Lemma [3.2]
the Bergman kernel for L-valued (n,0)-forms on Xy with respect to (b;- coincides with the

constant function
-1
< / e %5 ,u0> .
Xo

In particular, this Bergman kernel is smooth on Xy x S.

Since Hérmander’s L2-estimates for L-valued (n, ¢)-forms apply for the positively curved
line bundle (L, ¢!) on the weakly pseudoconvex manifold Xq (cf. for instance [Dem96]), we
may then argue exactly as in [Bern06l, pp.1638-1640] to get that

t— —log/ 6_905#0
Xo

is subharmonic on S. The desired result now follows by letting j — oo. O

Combining these results we get the following crucial convexity property of the Ding func-
tional along weak geodesics:

Lemma 4.7. Let (w(t));e(0,1) be the weak geodesic joining two currents w(0), w(1) € YX,D)

T
with continuous potentials. Then t — Ding(w(t)) is conver and continuous on [0, 1].

4.3. Variational characterization of Kihler-Einstein metrics. In this section we prove
the following generalization to log Fano pairs of a result of Ding and Tian for Fano manifolds
(without holomorphic vector fields):

Theorem 4.8. Given w € T (X, D) the following conditions are equivalent.
(i) w is a Kdhler-Einstein metric for (X, D).
(ii) Ding(w) = infy1(x p) Ding.
(iii) Mab(w) = inf71x py Mab.

Proof. The equivalence betwen (i) and (ii) is proved as in [BBGZI13| Theorem 6.6], which
we summarize for completeness. To prove (ii)=-(i), we introduce the wy-psh envelope Pu of
a function v on X as the usc upper envelope of the family of all wy-psh functions ¢ such
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that ¢ < u on X (or Pu = —oo if this family is empty). Given v € C%(X) we set for all
teR

¢ = P(p, + tv).
On the one hand, t — L(p,, + tv) is concave by Holder’s inequality, and its right-hand
derivative at ¢t = 0 is easily seen to be given by

/ /U:uuh
X

see [BBGZ13|, Lemma 6.1]. On the other hand, the differentiability theorem of [BeBol0] (ap-
plied in our case to a resolution of singularities of X) shows that t — E(¢') is differentiable,
with derivative at £t = 0 given by

/vMA(Pgow):V_l/ vw".
b's X

Since ¢! belongs to £'(X,wyp), (i) shows that L(p,, + tv) — E(¢!) achieves is minimum for
t =0, and hence

%{H (L(¢w + tv) — E(¢")) >0,

/v,uWZV_l/vw".
X X

Applying this to —v shows that p, = V~!w", which means that w is a Kihler-Einstein
metric.

To prove (i)=(ii), we rely on the convexity of the Ding functional along weak geodesics.
Let w be any Kéhler-Einstein metric. Since every wp-psh function on X is the decreasing
limit of a sequence of continous wy-psh functions thanks to [EGZI11], it is enough to show
that Ding(w) < Ding(w’) for all ' € T*(X, D) with continuous potentials. Let (w(t))tefo 1]
be the weak geodesic between w(0) = w and w(1) = w’. By Lemma [L7 ¢t — Ding(w(t)) is
convex and continuous on [0, 1]. To get as desired that Ding(w(0)) < Ding(w(1)), it is thus
enough to show that

i.e.

%0+ Ding(w(t)) > 0, (4.5)

which is proved exactly as in the last part of the proof of [BBGZ13| Theorem 6.6]. More
specifically, by convexity wrt ¢ of oy := @), the function u; := (¢ — @)/t decreases to a
bounded function v, and the concavity of E yields

— FE <yv! .
T Bl < [

On the other hand, monotone convergence shows that

d
dos L(cpt)—/fuww—V /vw

hence ([L5]). Finally, the equivalence between (ii) and (iii) is a consequence of Lemmal4l O

Remark 4.9. When X is non-singular with Aut®(X) = {1}, the implication (i)=-(iii) was
proved by Ding and Tian [T1a97] using the continuity method. Their result was generalized
to (a priori) singular Kéahler-Einstein metrics on any non-singular Fano variety in [BBGZ13],
using as above Berndtsson’s theorem on psh variations of Bergman kernels.
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As a corollary, we see that the set of Kéhler-Einstein metrics is ”totally geodesic” in the
space of currents with continuous potentials:

Corollary 4.10. Let w(0) and w(1) be two Kdhler-Einstein metrics, and let (w(t))ie(o,1] be
the weak geodesic joining them. Then w(t) is a Kdhler-Einstein metric for all t € [0, 1].

Proof. By Lemma .6 ¢ — Ding(w(t)) is convex on [0, 1], and is equal to infs1(x p) Ding at
both ends by Theorem 4.8 It is thus constantly equal to inf (x,p) Ding on [0,1], and the
result follows by another application of Theorem [£.8] O

4.4. Properness and the a-invariant. We say as usual that the Mabuchi functional (resp.
the Ding functional) is proper if Mab — +oo (resp. Ding — +00) as J — 400. We also say
that Mab (resp. Ding) is coercive if there exists €,C' > 0 such that Mab > eJ — C (resp.
Ding > eJ — C).

Regarding coercivity, the following result holds.
Proposition 4.11. The following conditions are equivalent:

(i) The Ding functional is coercive.
(ii) The Mabuchi functional is coercive.
(iii) A Moser-Trudinger type estimate

le™ | o () < Ae B
holds for some p > 1, A >0, and all p € EY(X,wp).

Proof. (i)==(ii) is obvious since Mab > Ding by Lemma .4l If (ii) holds then there exists
e > 0 and C > 0 such that H(u) — E*(u) > eE*(u) — C, hence H(u) > pE*(pu) — C with
p:=1+¢e. By Lemma 21T we then have for each ¢ € £'(X,wy)

log /X e PPy = sup < /X (pp)p — H (u)) < —pinf (E*(u) + /X w) +pC = —pE(p) +pC

I

and hence [le™?|p(y) < eCe=F¥) which proves that (ii)==(iii). Assume now that (iii)
holds. Set € := p—1 > 0. The assumption reads

= log </X 6_(1%)“0#0) <-E(p)+C (4.6)

for some C; > 0 and all ¢ € E1(X,wp). On the other hand, since o, (110) > 0 by Proposition
[L4] we may assume that € > 0 is small enough so that

log (/X e_w,uo> < E/X ©MA(0) + Co (4.7)

for some Cy > 0 and all ¢ € PSH(X, wy).
Writing ¢ = (1 —&)(1 + ¢)p + €2y, we have by convexity

log </ e_ﬂpuo> <(1—¢)log </ e—(1+a)solu0> +elog </ e—acp/m)
X X X
Using (£0) and ([£7), it follows that

L(p) > (1 - A)E(p) + & /X SMA(0) - Cs,



KAHLER-EINSTEIN METRICS AND THE KAHLER-RICCI FLOW 29

and we conclude that
Ding(e) = L(¢) - E(¢) 2 & [ MAO) = B(4) ) - Ca = 20) - C4

for p € E1(X,wp). We have this shown that (iii)==(i). O
In order to extend Tian’s well-known criterion of properness [Tia87], we introduce:

Definition 4.12. The a-invariant of of the log Fano pair (X, D) is defined as a(X, D) :=
Qo (o), i.e.

a(X,D)=supqa>0| sup / e g < 400 .
@EPSHyorm (X,wo) J X

Here wg and pg denote as before the curvature and the adapted measure of a smooth
strictly psh metric ¢ on —(Kx + D), the definition being easily seen to be independent of
the choice of ¢y. As an immediate consequence of Lemma 2,18, we obtain as desired:

Proposition 4.13. If a(X,D) > w7 then the Mabuchi functional (or, equivalently, the

Ding functional) of (X, D) is coercive, and hence proper.
The following topological characterization of properness is crucial to our approach.
Theorem 4.14. The Mabuchi functional
Mab : THX,D) - RU {+oc0}

is proper in the above sense if and only if it is an exhaustion function with respect to the
strong topology, i.e. the sublevel set

{we TYX,D) | Mab(w) < m}
is strongly compact for all m € R.

Proof. By Proposition 23] the statement is equivalent to the strong compactness of
Crn i= {p€ MY (X, D) | H(p) < E*(u) +m} .

This set is strongly closed in M!(X, D) by Lemma 3l Using (LI0), the properness as-
sumption shows that E* is bounded on C,,, hence C,, C Ha(X, ) for some A > 0. The
result follows since H 4 (X, p) is strongly compact by Theorem 2171 The converse is straight-
forward to see, using Proposition 2.3l and (L.I0). O

Corollary 4.15. It the Mabuchi functional is proper, then (X, D) admits a Kdhler-FEinstein
metric.

Proof. Theorem .14 implies that Mab admits a minimizer in 7 (X, D), which is necessarily
a Kéhler-Einstein metric by Theorem [4.8] O

We will prove in Theorem [5.4] below that w is furthermore unique in that case, and that
Aut’(X, D) = {1}. Recall that, for X non-singular with Aut’(X) = {1} (and D = 0), a
deep result of Tian [Tia97], strengthened in [PSSWOS]|, conversely shows that the existence
of a Kéahler-Einstein metric implies the properness of the Mabuchi functional - an infinite
dimensional version of the Kempf-Ness theorem.
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5. UNIQUENESS AND REDUCTIVITY

The goal of this section is to prove a singular version of Bando and Mabuchi’s uniqueness
theorem [BMS87]. As we shall see, it is a fairly direct consequence of a slight variant of a
result of Berndtsson [Bernl5|, stated and proved with full details in Appendix C.

Theorem 5.1. Let (X, D) be a log Fano pair. For any two Kdhler-Einstein metrics w,w’ for
(X, D), there exists a 1-parameter subgroup X : (C,+) — Aut®(X, D) such that A\(1)*w = '
and \(is)*w = w for all s € R.

Here Aut(X, D) denotes the stabilizer of D in Aut(X). Since Aut(X, D) preserves the
polarization —(Kx + D), it is realized as the stabilizer of X and D in the linear group
of HY(X,—m(Kx + D)) for m large enough, and it is therefore a linear algebraic group.
Further, recall that the identity component AutO(X ) of the full automorphism group is also
a complex algebraic group with Lie algebra H°(X,Tx), where Tx = (Q%)* denotes the
Zariski tangent sheaf (cf. [Kol96, Exercise 2.6.4]).

Proof. Let m: X — X be a log resolution of (X, D). The kit condition enables to write in
a unique way
W*(Kx—l-D) :KX-—FA—E

where A is an effective Q-divisor on X with coefficients in [0,1), E is an effective divisor
on X with integer coefficients, and m«(A — F) = D. We do not claim that A and E are
without common components, but on the other hand observe that A and E have SNC
support and E is necessarily m-exceptional. Set L := —Kg + F, so that the canonical
section of Ox(F) induces a holomorphic L-valued n-form w on X having E as its zero
divisor. Since F is exceptional, we have HO()Z', K5 + L) = Cu. Note also that L = M + A
where M := —7*(Kx + D) is a semipositive, big Q-line bundle. By the Kawamata-Viehweg
(or Nadel) vanishing theorem, we thus have H!(X, K s +L)=0.

Choose continuous psh metrics g, ¥; on —(Kx + D) with curvature w, w’ respectively,
and normalized so that E(¢g) = E(¢1) = 0. Let ¢ be the 'weak geodesic’ joining g to
Y1 as in §4.2] so that v is a locally bounded psh metric on the pull-back of —(Kx + D) to
X x S with S ={t€C|0<Ret < 1}. Recall that ¢t — 1, is Lipschitz continuous on S,
independent of Im ¢, and converges uniformly to vy (resp. ¥1) as t — 0 (resp. t — 1).

By Lemma [£.6, E(¢) is an affine function of ¢t € (0,1), which converges to F(¢g) =
E(¢1)=0ast— 0and 1, and hence E(¢) =0 for all t € S.

By Lemmald7] t — Ding(v¢;) = L(¢) is continuous and convex on [0, 1], with Ding(vg) =
Ding(v1) = inf Ding thanks to the variational characterization of Kéhler-Einstein metrics
(Theorem [L]]). It follows that Ding(¢;) = inf Ding for all ¢ € S, and another application
of the variational characterization shows that w; := dd®; is a Kéhler-Einstein metric for
(X,D) forallteS.

Now set 7 := ©*, let ¢ := 7 + ¢a be the, with ¢a the canonical metric on A with
curvature current equal to [A], so that ¢ is a psh metric on the pull-back of L to X x S,
and observe that

L(yy) = —log/~ uAae %
X
By Theorem IT.1] in Appendix C, there exists a holomorphic vector field V' on X \ E such
that ddS¢; = ddSm + [A] moves along the local flow of V' on X \ E. Using for instance
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the uniqueness of the Siu decomposition of a closed positive (1,1)-current, it follows that
ddT, = m*w; also moves along the local flow of V| i.e.

0
<£v + a) T we = 0. (5.1)

Since E is m-exceptional, V' induces a holomorphic vector field on a Zariski open set 2 C X,¢qg
with X \ © of codimension at least 2. But the Zariski tangent sheaf T’x is a dual sheaf and
X is normal, so V extends to a section in H(X,Ty), still denoted by V for simplicity.
Since H°(X,Tx) is the Lie algebra of the complex Lie group Aut(X), A(t) := exp(—tV)
defines a (C,+)-action on X. By (&), A\(—t)*w; is independent of ¢t € S. For all ¢,t' € S,
A(—t)*py — A(—t')*1)y is thus a constant, and

L=t)") = L) = L(shy) = LOA(—t")"yr)

shows that in fact A\(—t)*¢y = A(—t')*¢y. Since 1y converges uniformly to 19 as t' — 0,
we conclude that ¢, = A(t)*) for all ¢ € S, and hence 11 = A(1)*tg in the limit. Since
¢y is independent of Imt, we have A(e 4 is)*g = 9. for 0 < ¢ < 1 and s € R, and hence
A(i8)*1g = g in the limit. Finally, the K&hler-Einstein equation shows that

At)*(wo + [D]) = A(t)"Ric(wp) = Ric(A(t)*wo) = Ric(wy) = wy + [D] = \(t)*wo + [D]
on X,eg, 0 that X is indeed a 1-parameter subgroup of AutO(X , D). O

Following |[CDS15], we observe that Theorem [5.1] yields the following generalization of a
classical result of Matsushima [Mat57], which plays a key role in [CDS15].

Theorem 5.2. If the log Fano pair (X, D) admits a Kihler-Einstein metric w, then Aut’(X, D)
coincides with the complexification of the group K of holomorphic isometries of (X,w). Fur-
ther, K is compact, and Aut®(X, D) is thus reductive.

Proof. For each g € Aut’(X, D), g*w is a Kihler-Einstein metric for (X, D). By Theorem
5.1, we may thus find a one-parameter subgroup A of Aut®(X, D) with A(is) € K forall s € R
and such that A*(1)w = g*w. The first condition implies that A(1) lies in the complexification
of K, and the second one means g € K\(1), which proves the first assertion.

Next, write w as the curvature form of a metric ¢ on the Q-line bundle —(Kx + D),
normalized so that L(¢) = 0. For each g € K, we have g*w™ = w". Since L(g*¢) = L(¢) = 0,
the Kéhler-Einstein equation yields as before g*¢ = ¢. In other words, K is the stabilizer
of ¢, and we conclude by Lemma [5.3] below. O

Lemma 5.3. Let (X, L) be a polarized normal variety, and let G = Aut(X, L) be its (linear
algebraic) group of automorphisms. For each psh metric ¢ € EY(X, L), the stabilizer Gy =
{9 € G| g*¢ = ¢} is then compact.

Proof. Replacing L with a large enough multiple, we may assume that L is very ample.
Choosing a basis (s1,...,sy) for HY(X, L), we get an embedding X € PN~! which realizes
G as the Zariski closed subgroup of GL(N,C) sending X to itself. Let

b0 =log (Y Isil?)
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be the corresponding Fubini-Study metric on L, with curvature form wy. We then introduce
the wo-psh functions 1) := ¢ — ¢g € E1(X,wp), and

g =g 0 —do=log | D> gijs;l?, (5.2)
i J
for each g = (gi;) € GL(N,C). By homogeneity, it is easy to see that

/X gl = log [g]l? + O(1)

for any given choice of norm || - || on the space of complex N x N matrices (compare the proof
of [Tian14] Lemma 3.2]). It will thus be enough to show that [ @,w remains bounded for
g € G¢.

By (I2]), we have

n

1 . .

E() — E(pg) =

1
n+1

vt / (¢ — ¢o)(dd°®)’ A (dd°¢o)" 7 = E(3),
j=0

and hence E(py) = 0 for all g € G,. For similar reasons, we have Jy(¢q) = Jy(0), and
Lemma yields as desired that J(pg) = [ pgw is bounded. O

The next result summarizes the consequences of the properness of the Mabuchi functional
regarding Kahler-Einstein metrics.

Theorem 5.4. Assume that the Mabuchi functional of (X, D) is proper. Then we have:
(i) Aut®(X,D) = {1}.
(ii)) (X, D) admits a unique Kdhler-Einstein metric wgg.
(iii) For every sequence w; € TY(X, D) such that Mab(w;) converges to infr1(x,py Mab,
we have wj — WKE in the strong topology of T (X, D).

Proof. By Corollary LT85l there exists a Kdhler-Einstein metric w. Let us prove (i). Let A be a
one-parameter subgroup of Aut®(X, D). We claim that A preserves w for all t € C. Granting
this, the affine variety Aut’(X, D) will be contained in the compact group of isometries of
w, and hence will be trivial. To prove the claim, observe that \(¢)*w is a Kéhler-Einstein
metric for each ¢ € C. If we let ¢ be a continuous psh metric on —(Kx + D) with curvature
w and set ¢! := \(t)*¢ — o, then ¢(z,t) := ' (x) is a continuous wp-psh function on X x C
such that
(wo + ddp)" T =0

on X x C. By Lemma E(¢") is thus harmonic on C, while [y (0" — ¢, )MA(py) is
subharmonic, simply because t — ¢!(z) is subharmonic for each = € X fixed. It follows that

o)) = E(pw) — E(¢h) + /X (¢! — 0u)MA(p,)

is subharmonic and bounded on C, hence constant since it vanishes for ¢ = 0. By [BBGZ13|,
Theorem 4.1] it follows that as desired that A(t)*w = w for all ¢ € C.
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By Theorem [B.1], (i) implies the uniqueness part in (ii). It remains to prove (iii). Since
Mab(wj;) is in particular bounded above, (w;) stays in a strongly compact set by Theorem
AI4l It is thus enough to show that any strong limit point ws of w; has to coincide
with w. But since Mab is Isc in the strong topology by Lemma [£.3] we have Mab(wq) <
lim inf; Mab(w;) = inf71(x py Mab. By Theorem [4.8]it follows as desired that woo =w. O

We will also use the following variant for the Ding functional to prove the convergence of
the Kahler-Ricci flow:

Lemma 5.5. Assume that the Mabuchi functional of (X, D) is proper, and letw; € T*(X,A)
be a sequence such that Mab(w;) is bounded above. If Ding(w;) converges to inf71(x py Ding,
then w; strongly converges to the unique Kdhler-Einstein metric wkg of (X, D).

Proof. The assumption guarantees that (w;) stays in a strongly compact set, and it is thus
enough to show that any limit point ws, of (w;) in the strong topology necessarily coincides
with wigg. But the minimizing assumption on (w;) and the strong continuity of Ding (Lemma
[.3) imply that Ding(ws) = inf71(x p) Ding, and we conclude by Theorem .8l O

6. RICCI ITERATION

We still denote by (X, D) a log Fano pair, and use the notation of §4.11

6.1. The Ricci inverse operator. For each w € T'(X, D), the measure y,, is tame by
Proposition [[L4l Using Lemma we may thus introduce:

Definition 6.1. For each w € TH(X, D) we let Rw € TY(X, D) be the unique current with
continuous potentials such that

VT RW)" = p,. (6.1)
The map R: TH(X,D) — TYX, D) so defined is called the Ricci inverse operator.
The defining equation for Rw may be rewritten as
Ric(Rw) = w + [D] (6.2)
on X,eg, and Rw = w iff w is a Kéahler-Einstein metric.

Lemma 6.2. The Ricci inverse operator satisfies the following properties.

(i) R:TYX,D) — TYX,D) is continuous with respect to the strong topology.
(i) If w € TY(X, D) is smooth on a given open subset U of Xg, then so is Rw.

Proof. (i) follows from Proposition and Lemma B4l As in the proof of Lemma [3.6]
assertion (ii) is a consequence of Theorem [[0.Tlapplied to a log resolution of (X, D), combined
with the Evans-Krylov theorm. O

As in [Rub08| Kel09] we next observe that the Mabuchi functional decreases along R:

Lemma 6.3. For allw € T'(X, D) we have Mab(Rw) < Mab(w), with equality iff Rw = w,
i.e. w is a Kdhler-Finstein metric.

Proof. We have by definition
Mab(Rw) = (H — E*)(V'w") = (H — E*) (1)
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Now (L) implies in particular that E*(p,) > E(¢w) — [y @uw tw, Whereas we have

Hipn) = L(gw) - /X ot

by definition of L and H. As a consequence we get
Mab(Rw) < (L — E)(¢w) = Ding(w)
and the result follows thanks to Lemma [4.4] O

6.2. Convergence of Ricci iteration. Our goal in this section is to prove the following
result, which extends in particular [Rub08, Theorem 3.3].

Theorem 6.4. Let (X, D) be a log Fano pair whose Mabuchi functional is proper, and let
wkE be its unique Kdhler-Einstein metric.

(i) For allw € TY(X, D) we have
lim Riw = wkg
J—+o0
in the strong topology, the convergence being uniform at the level of potentials.
(ii) If w is smooth on an open subset U of Xg, then R'w is also smooth on U for all j,
and the convergence holds in C*°(U).

As mentioned in the introduction, a more precise version of this result was obtained in
[JMR16] when X is non-singular and the support of D is a smooth hypersurface.

Proof. Step 1: Convergence in energy. Set
M :={w' € THX,D) | Mab(w') < Mab(w)} .

Note that wkg belongs to M, since it minimizes Mab by Theorem [£.8 Theorem [£.T14]implies
that M is strongly compact, since the Mabuchi functional of (X, D) is assumed to be proper.
By Lemmal6.3] R defines a strongly continuous map R : M — M. We are going to show that
RIw converges strongly to wkg by using a Lyapunov-type argument. Since M is strongly
compact, it is enough to show that any limit point ws, of R/w necessarily coincides with
WKE, i-e. is a fixed point of R. Since Mab(R’w) is non-increasing by Lemma [6.3]and bounded
below by Theorem A8 it admits a limit

lim Mab(R’w) = m.

j-)OO
By continuity of R, both ws and Rws, are limit points of (R’w), hence Mab(Rws) =
Mab(wso) = m, which shows that w is a fixed point of R by Lemma [6.3]

Step 2: Uniform convergence on X. Setting ¢; := ¢gj, and YKE := Q- By Lemma
[6.2] all ¢; are continuous, and we are to show that ¢; — pkg uniformly on X. Unravelling
the definitions, we get that
MA(pja1) = =+
for all j € N. Since ¢; converges strongly to ¢, we have L(¢;) — L(y) by Lemma HA.3]
while e7%7 — ™% in LP(uo) for all finite p by Proposition .4l If we pick a log resolution
m: X — X and use the usual notation, we get that
(Wo + dd°pj)"
fj=
av
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converges in LP to
(@Wo + dd“Pkr)"™
dv

for some p > 1. By [EGZ09, Theorem A] it follows that ¢; — kg uniformly on X, hence
¢; — kg uniformly on X.

fi=

Step 3: Smooth convergence. Let again 7 : X = X bea log resolution, and write
fio = ¥ Y7 dV as in Lemma We then have for all j € N

VU@ + dd°@; )" = eV ¥ Rty (6.3)

By Step 2 ¢; and L(yj) are uniformly bounded. Since ¢~ is locally bounded below on
U:= 7~ YU) ~ U, Theorem [[0.1] shows that the complex Hessian of @; is locally bounded
on U , uniformly with respect to j. In particular, the functions ¢ — ¢~ — @; + L(p;)
appearing in the right-hand side of (6.3]) are locally Lipschitz continuous on (7, uniformly
with respect to j. Applying the version of the Evans-Krylov a priori estimate given in [Blol,
Theorem 4.5.1], we get a uniform C?**-bound for ; on compact subsets of U, which implies
as desired that ¢; is smooth and uniformly bounded in Coo(ﬁ ), by applying the standard
elliptic boot-strapping argument to (6.3)).

O

7. CONVERGENCE OF THE KAHLER-RICCI FLOW

To avoid unnecessary technical complications in the definition of the K&hler-Ricci flow,
we assume in this section that D = 0, so that X is a Q-Fano variety with log terminal
singularities.

7.1. The Kéahler-Ricci flow. The following result can be deduced from [ST09] (a detailed
proof is provided in [BG12]):

Theorem 7.1. [ST09] Given any initial closed positive current w(0) € TH(X) with contin-
uous potentials, there exists a unique solution (w(t))ic)o +oo[, Of the normalized Kdhler-Ricci
flow, in the following sense:

(i) for each t €]0,+ool, w(t) € TY(X) has continuous potentials on X ;
(ii) on Xyegx]0,400[ w(t) is smooth and satisfies w(t) = —Ric(w(t)) + w(t);
(iif) limy—0, w(t) = w(0), in the sense that their local potentials converge in C°(Xieg)-

Our goal is to prove the following convergence result.

Theorem 7.2. Let (w(t))ic)o,+00| be the Kdhler-Ricci flow with initial data w(0) as above.
Assume that the Mabuchi functional of X is proper, and let wgg be its unique Kdihler-
Einstein metric as in Theorem [5.4. Then

tligloow(t) — WKE

in the strong topology of T'(X).
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7.2. Monotonicity along the flow. We show in this section that the Ding and Mabuchi
functionals are both non-increasing along the flow, as in the usual non-singular setting.

Proposition 7.3. Let (w(t))ic)0,400| be the Kihler-Ricci flow with initial data w(0). Then
Mab(w(t)) and Ding(w(t)) are both non-increasing functions of t. For allt’ >t > 0 we have
more precisely

Ding(w(t')) — Ding(w(t)) < —/t HV_lw(s)" — uw(s)H2 ds.

The monotonicity of the two functionals is standard in the non-singular case, where w(t)
is smooth on X x [0,+oo[. The technical difficulty in the present case is that we cannot
directly differentiate Ding(w(t)) and Mab(w(t)) since w(t) is a priori not globally bounded on
Xreg- We will rely on an approximation argument, using the following specific information
about the construction of w(t). What Song and Tian construct in [ST09] is a function
¢ : X x]0,4+00[— R with the following properties:

e ¢ is smooth on Xyegx]0, +00[, and ¢ := ¢(-,t) is a continuous wp-psh function for
each t fixed.
e On X,eex]0,400[ we have

V= (wo + ddpt)™

Yo=1
with
e g
t) i = ——F—.
p(t) T e i

o lim; o, ot = ¢u(0) uniformly on compact subsets of Xyeg.

Let7: X — X bea log resolution of X, so that the exceptional divisor F = 7T_1( Xsing) has

simple normal crossings. Set wp := m*wq, which is semipositive and big on X with ample
locus Xp := X \ E. By Lemma [3:2], the pull-back of g to X is of the form

o =e¥" v av,

where Y+ are quasi-psh functions with analytic singularities alors E. Pick a Kahler form 7 on
X. In Song and Tian’s construction, the restriction of @ := ¢for to XO x]0, +o0[ is the C°-
limit (on compact sets) of the restriction of a sequence of smooth functions ¢; : X x]0, 00|
such that:

e there exists €; > 0 converging to 0 such that 903» is wj-psh with w; := Wy + €;7.

e On X x]0, +oo[ we have

b V-_l(wj + ddpt)"
5% = log 2 D I (7.1)
Hj
where V; = f)? wy,
—t
e oy
pj(t) = ——"—
Jxe % Hj
with p; = ew ¥ qV for decreasing sequences of smooth approximants ¢i of ¢+,
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We also extract from [ST09] the following estimate to be used in what follows:

Lemma 7.4. There exists p > 1 such that the measures (w; + ddcgoﬁ-)" are bounded in LP,
uniformly with respect to j, as long as t stays in a compact subset of |0, +00].

Proof. By [ST09) Corollary 3.4] we have a uniform estimate (w; +ddccp§-)” < C py, as long as

t stays in a compact subset of |0, 4+-00[. The result follows since p; = e¥s ~¥3 dV is bounded
in LP. O

Lemma 7.5. Let E; be the energy functional on El(f,w]—), and E7 the dual functional on
Ml()z,wj). Then we have for each t > 0 fized

Ding(w(t)) = Jlim (— log < /)z e‘“”%) - Ej(90§)>

Mab(w(t)) = Tim (Hy, — B;) (V! (w; + dd°h)" ).

Jj—o0 J J

and

Proof. By Lemma [7.4] 903- is uniformly bounded with respect to j, t being fixed. Since

903 — @ in O topology on )Z'o, dominated convergence yields

li L— o' (wj +dd°g")" = 0.
Am fo (5= ¢ (e + ddF)
On the other hand, since (w; +dd°p%)™ — (@ 4 dd“@")"™ pointwise on X, and (wj +ddeph)"

is bounded in LP, we also get by dominated convergence

lim (gpz — &) (w; + ddccpz-)” =0

j—+oo J X
as j — 00, and similarly

. —yt Gt~
lim [ e SDJMJ-:/Ne ® .

Since both 903- and @' are w;-psh, the concavity of E; yields
[ 6= @) s+ drl)” < By(eh) - B

< /X,(cpﬁ- — &) (wj +dd°g")".
We thus see that
lim Ej(¢}) = Eg,(¢') = E(¢"),

Jj—+oo
which proves that the first assertion, as well as the convergence of

5 (o + ddF)") = Ey(e}) — [ ¢4 (o + daBy)"
to E* (MA(¢")). If we set
Vit (s + ddedt)
Hj

fi=
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and
£V (@t i)
o fo ’
it remains to show that
Hy, (Vi (w + dd°@)") = /f((fj log f;)u;

converges to H(MA(¢')) = [3(flog f)iio. But since f;log f; is uniformly bounded and
converges pointwise to flog f on X, this follows again from the LP convergence p1; — fig. [

Proof of Proposition [7.3. We perform the following standard computation:

d

o

w = B} (V" (g + dagh)")

Vj_1 <wj + dd%o{)n .

— an_l /55 ¢l +log dd®@’ A (wj + dd°gh)

Hj
Vj_1 (wj + ddcgpg)n

A (wj 4 dd°] )"
p5(t) ’ '

=nV; ! / ¢l dd° log

=—nV! / dg] N d°Ph A (wj + ddp])" ™ <0

using (ZI). By Lemma [T it follows that Mab(w(t)) is non-increasing along the flow.

Similarly we compute
d ot
7 <10g </~ e “ij> + Ej(¢§)>
X

_ .t 1 .t e A\"
=— | ¢ipi(t)+V, /90- wj +dd°p
/):(: J ]() J 5 ](.7 t)
=H

() <‘/j_1 (Wj + ddc(p;)n) + H\/jfl(wj-l-ddcap;.)n (lu’j (t)) ’

using again (Z.I)). By Pinsker’s inequality (see Proposition ZI0]), it follows that

<1og </}~( e‘“”?uj) + Ej(so§')> - <log (/X e”%) + Ej(90§)>

tl
> / IV (wj + ddep?)" — ()| ds.

By Lemma [[.5] the left-hand side converges to — Ding(w(t’)) 4+ Ding(w(t)) as j — oo. On
the other hand

limnf [V, () + dd“e5)" = 1y ()] = IMAG) = u(s) | = |V "0()" = |

by lower semicontinuity of the total variation with respect to weak convergence, and we get
the desired result thanks to Fatou’s lemma. (]



KAHLER-EINSTEIN METRICS AND THE KAHLER-RICCI FLOW 39

7.3. Proof of Theorem By Proposition [7.3] Mab(w(t)) is bounded above for, say,
t > 1. Thanks to Lemma [5.5] we are thus reduced to showing that

tlgfloo Ding(w(t)) = Ding .

inf

TYHX,D)
Since Ding(w(t)) is bounded below, Proposition [Z.3] yields the existence of a sequence t; —
400 such that ||V~ lw(t;)" — Mt — 0 as j — oo. Since w(t) stays in a strongly compact
set, we may assume upon passing to a subsequence that w(tj) converges strongly to some
weo € TY(X, D). By Proposition 23] we have w(t;)™ — w? strongly. The same argument
as in the proof of Lemma [£.3] (relying on Proposition [[.4]) shows that Po(t;) = Hwee Weakly.
We conclude that V1w = p,_, and hence Ding(wso) = inf71(x py Ding by Theorem EL8|
By strong continuty of Ding (Lemma [4.3)), it follows that

len;o Ding(w(t;)) = Ding(we) = Tli(I)l('f:D) Ding,

which concludes the proof.

8. EXAMPLES

8.1. Log Fano pairs. As explained in [GK07], to each orbifold X is attached a klt pair
(X, D), where the normal variety X has quotient singularities and the boundary D has an
irreducible decomposition of the form

D= (1-:2)E
I

with mg € N. This boundary encodes the ramification of X in codimension one, and X is
uniquely determined by the pair (X, D). If X is a Fano orbifold then (X, D) is a log Fano
pair. A Kéhler-Einstein metric w for (X, D) is then smooth in the orbifold sense.

A related class of log Fano pairs arises by taking quotients of Fano varieties. More
specifically, let Y be a Q-Fano variety with log terminal singularities, let G be a finite group
of automorphisms of Z, and set X := Y/G. Then p: Y — X is a ramified Galois cover, and
there exists a unique effective Q-divisor D supported on the ramification locus of X such
that Kz = p*(Kx + D). This shows that (X, D) has klt singularities and —(Kx + D) is
ample, so that (X, D) is a log Fano pair. When Z is non-singular this is a special case of
the previous examples, with X := [Z/G].

Note that 7(X, D) ~ T(Z)%, and in particular Kihler-Einstein metrics on (X, D) corre-
spond precisely to G-invariant Kéhler-Einstein metrics on Z.

8.2. Properness of the Mabuchi functional. Inspired by a nice construction of [AGP06],
we prove a criterion that produces a rather broad class of log Fano pairs having a proper
Mabuchi functional.

Theorem 8.1. Let X be a Q-Fano variety with log terminal singularities, and let D be an
effective Q-Cartier divisor satisfying

(i) D ~Q -Kx,

(i) (X, D) is kit
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so that (X, (1 — X\)D) is in particular a log Fano pair for every (rational) A €]0,1[. If
the Ding functional (or, equivalently, the Mabuchi functional) of X is bounded below (in
particular, if X admits a Kahler-FEinstein metric), then the Ding and Mabuchi functionals
of (X, (1 = X)D) are coercive for all rational numbers X €]0, 1].

Remark 8.2. Tt is interesting to compare this result with [Ber13| Theorem 7], which deals
with the case where X is a (non-singular) Fano manifold and D is reduced, smooth and
irreducible (so that (X, D) is merely lc in that case). Without any further assumption on
X, it is then proved that a(X,(1 —X)D) — 1 as A\ — 0, which implies in particular that
the Mabuchi functional of (X, (1 — A\)D) is coercive for 0 < A < 1. As a consequence,
(X, (1 — AN)A) admits a unique Ké&hler-Einstein metric for 0 < A < 1, which is further
known to have cone singularities of cone angle 27\ along D by [JMR16].

Note on the other hand that the irreducibility of D is crucial in this result: for X = P! and
D = [0] 4 [00], the Mabuchi functional of (X, (1 — A)D) cannot proper even for 0 < A < 1,
since Aut®(X, (1 — A)D) = Aut’(X, D) = C* is not trivial. This also shows that it is not
enough to assume (X, D) lc in (ii) of Theorem B11

It is shown in [Lee08, Proposition 2.5] that any effective divisor D on P" of degree d such
that (P", 21 D) is kit defines a stable point in the projective space |Opn (d)| with respect to
the action of the reductive group Aut(P™). As a consequence of the above result, we get the
following generalization of this fact:

Corollary 8.3. Let X be a Kdihler-Einstein Fano manifold (so that G := Aut®(X) is re-
ductive by [Mat57]), and let L be an ample G-line bundle on X with cL ~g —Kx for some
¢ € Q4. Then every effective divisor D ~ L such that (X, cD) is kit defines a G-stable point
of |L| =PHY(X,L).

Proof. By semicontinuity [Kol97], U := {D € |L| | (X, ¢D) klt} is a G-invariant Zariski open
subset of |L|. It is thus enough to show that the stabilizer Gp of D in G is finite for all
D € U (compare [Bri09, Proposition 1.26]), which amounts to GY% = {1} since Gp is an
algebraic group. But the Mabuchi functional of (X, cD) is proper by Theorem Bl hence
GY = Aut’(X, D) = Aut’(X, D) = {1} by Theorem 5.4l O

Ezample 8.4. Let H be an irreducible hypersurface of degree d in X := P", with n > 3.
Assume that n + 2 < d < 2n + 1 and that the singularities of H are at most log canonical
(lc for short). By inversion of adjunction, it follows that the pair (X, H) is lc as well (see
[Kol97, Theorem 7.5]). Since %! < 1, it follows that (X, 22 H) is klt. But we also have
% < "zlrl, thus Theorem 1] implies that (X, %H ) admits a unique Ké&hler-Einstein metric.
Since H has even degree, we can construct a double cover p : Y — X ramified along H,
which satisfies Ky = p* (K x + %H ), and Y is thus a Q-Fano variety with log terminal
singularities and a Kéhler-Einstein metric (invariant under the Galois group of p).

If the singularities of H are for instance at most ordinary double points (i.e. locally
analytically isomorphic to {Z?Zl 22-2 = O}, which are lc), then the singularities of the double
cover Y are also ordinary double points, and are not quotient singularities since ordinary
double points have a trivial local fundamental group in dimension n > 3. It follows that the

Kahler-Einstein metric of Y cannot be constructed by orbifold methods.

Proof of Theorem [81l. Let us first fix some notation. Since D ~g —Kx we have
—(KX +(1-X)D) ~g —AKx.
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Let ¢¢ be a reference smooth strictly psh metric on —Kx, with curvature form wy and
adapted probability measure pg. We use ¢y = A¢p as a reference smooth strictly psh
metric on —(Kx + (1 — A\)D), with curvature form wy and adapted measure ). Note that
@ — 1 = Ap sets up an isomorphism PSH(X,wy) ~ PSH(X,w)). Denoting by E) the
energy functional of £!'(X,w)), it is straightforward to check that

Ex(¥) = AE(p). (8.1)

By Proposition @11l we will be done if we can prove that functions ¢ € £1(X,wy) satisfy a
Moser-Trudinger condition

He_wHLp(m) < Ae Ea®)
for some p > 1 and A > 0 (independent of ).
Since the Ding functional of X is assumed to be bounded below, we have an estimate
el 11 gy < Ae™F¥)
for all ¢ € EY(X,wp). By &), it follows that
le™llpr=t ) < A ™) (8:2)

for all ¢ € £'(X,wy). On the other hand, it is immediate to check from the definition that
py = e~ 1=Ney, for some quasi-psh function p which locally satisfies p = log |f|> + O(1),
where f is a local equation of D. Since (X, D) is klt, we thus have e™” € L%(yug) for some
q > 1

Now pick 6 €]g1(1 — \),1 — A[. By Holder’s inequality we have

1-6 )
/ =N, / o~ (=N Y—(1-p < ( / e—xle) ( / e—‘“(l—”f’uo) ,
X X X X

Since 671 (1—A) < g and e™” € L9(p), we have [, e 07 (1=Np 0 < 400, We thus get C > 0
and
pi=(1-0O)A"1>1
such that
1™ ey < C e a1
for all ¢ € £1(X,wy). Combining this with (82) yields the desired Moser-Trudinger condi-
tion. (]

9. APPENDIX A: AN IZUMI-TYPE ESTIMATE

Let X be a normal complex space with a given point x € X and let ¢ be a psh function
on X. Choose local generators (f;) of the maximal ideal m, of Ox , and define the slope of
p at x by

s(p, ) = sup {8 >0[p< Slogz | fil + 0(1)} € [0, +oo] (9.1)

(2
Since log ) . | fi| only depends on the choice of generators up to a bounded term, it is clear
that s(p, x) is independent of the choice of (f;). For f € Ox, we have

S(log ’f’v‘r) = Ex(f) = mlgnoo % Ordx(fm)a
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with
ord,(f) := max{kz eN|fe m];} )
Remark 9.1. By [Dem85| p.50, Corollaire 6.6] the non-decreasing function
x(t) = _sup ¢
{32 |fil<et}

is convex (generalized three-circle theorem), and we have s(¢,z) = limy—,_o x(¢)/t. This
implies in particular that the supremum in (©.J]) is attained.

Izumi’s theorem [[zu81] states that for every resolution of singularities  : X — X and
every prime divisor £ C X lying above x € X, there exists a constant C' > 0 such that

ordE(f o 7T) < C@x(f)

for all f € Ox . Our goal here is to prove the following extension of this result to psh
functions:

Theorem 9.2. Let m: X — X be any resolution of singularities and let E C X bea prime
divisor above x € X. Then there exists C' > 0 such that

v(pom E) < Cs(p,x)
for all psh functions ¢ on X.

Here

E) = mi
v(pom, E) ggngow,p)

is the generic Lelong number of ¢ o 7 along E. Note that ordg(f o w) = v(¢ o m, E) with
¢ =log|f].

Corollary 9.3. If ¢ is a psh function with s(p,x) =0 for some x € X, then v(pom,p) =0
for every resolution of singularities and every p € 7~ 1(x).

Proof. Let b: X’ — X be the blow up of X at point p € X. Then 7/ = mob: X' = X
is yet another resolution of singularities. Set 2 = 37!(p). This is a prime divisor to which
we can apply Theorem . The conclusion follows then by recalling the following classical
interpretation of Lelong number: v(pomwob, E) = v(p om,p). O

Proof of Theorem[9.2. By Hironaka’s theorem we may assume that 7 : X — X dominates
the blow-up of X at x, so that the scheme-theoretic fiber 7=!(z) is an effective divisor
>, a;E;. Note that ), E; is connected by Zariski’s ”main theorem”.

Set b; := v(7*p, E;). Using the Siu decomposition of the positive current 7' := ddm*
we may write 7' = R + B where B = ) . b;E; is an effective R-divisor and R is a positive
current such that v(R, E;) = 0 for all <. We first claim that

b,
s(¢,r) = min —. (9.2)
v Ay
Indeed, if we write m, = (f;) as above then 7*log >, | f;| has analytic singularities described
by the divisor 771(z), i.e. locally on X we have

7 log Y _|fil = ailog|z| + O(1)



KAHLER-EINSTEIN METRICS AND THE KAHLER-RICCI FLOW 43

where z; is a local equation of E;. We thus see that

p < slog Y |fil +0(1) <= 70 <Y sa;log|z] + O(1)
(2 7
locally on )Z', and the positivity of R = T — B shows that this holds iff b; = v(7*p, E;) > sa;
for all 7, hence the claim.

In view of ([Q.2]), the desired statement amounts to an estimate max; b; < C'min;b; for
some C > 0 independent of ¢. Thanks to Lemma below, this will hold if we can show
that —B|g, is pseudoeffective for all i. Since the restriction to each E; of the cohomology
class of T = w*ddyp is trivial, we are reduced to showing that {R}|g, is pseudoeffective.
Since v(R, E;) = 0, this follows from Demailly’s regularization theorem. Let us recall the
standard argument: by[Dem92], after perhaps shrinking X slightly about 0 we may write
R as a weak limit of closed positive (1,1)-currents Ry with analytic singularities such that
{Rr} = {R}, Rx > —¢epw for some e — 0 and Ry is less singular than R. In particular we
have v(Ry, E;) = 0 for all 4, which means that the local potentials of Ry are not entirely
singular along E;, so that Ry|g, is a well-defined closed (1,1)-current. We thus see that
({R} + er{w}) |g, is pseudoeffective for all k, and the claim follows. O

Lemma 9.4. Let E =), E; be a reduced compact connected divisor on a Kdhler manifold
M. Let B = > b;E; be an effective R-divisor supported in E, and assume that —B|g, is
pseudoeffective for all i. Then there exists a constant C' > 0 only depending on E such that
max; bl < C mini bl

The proof to follow is directly inspired from [BEJI12l §6.1].

Proof. Let w be a Kéahler form on M. Thanks to the connectedness of E/, we may index the
FE; such that B = Zfil b; E; with by = min; b;, b, = max; b; for 1 <7 < N, and E;NE;11 # ()
for all ¢ = 1,...,7 — 1. For each i we have

(=Dlg,) - (wlg,)" Zb cij >0,

with
C j = (EZE] -w”_2),

hence

Z bjci,j < b, ’Cm’ . (93)

J#i
Now ¢;; > 0if j # 4, and ¢; ;41 > 0 for all 7 since E; meets F;,. It follows that

biy1 < Xl b;
Cii+1

for all 4, hence max; b; = b, < Cb; = min,; b; with C := [[/Z} leial 0

i=1 Cii+1

Remark 9.5. Besides the slope s(p, z) considered above, Demailly introduced in [Dem85] a
different generalization of Lelong numbers on normal complex spaces, defined as the inter-
section multiplicity

v(p, ) == (dd°p) A (dd° log Z £ ({2})
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where (f;) are generators of m,, the definition being independent of that choice. When
a=(g1,...,9r) is an my-primary ideal and ¢ = log ), |g;| then v(y,x) computes the mixed
(Hilbert-Samuel) multiplicity (a,m,...,m;). In particular for ¢ = ¢ we have v(¢,z) =
m(X,x), the multiplicity of X at z. By Demailly’s comparison theorem we have

v(p, ) = s(p, x)m(X, x),

and the inequality is strict in general. Using the notation of the proof of Theorem and
recalling that —7~!(z) is m-nef, we conjecture by analogy with the algebraic case that

v(g.w) = (B (=7 '(2))" ).

By Theorem this would imply in particular that conversely v (¢, z) < Cs(yp,x) for some
C > 0 independent of .

10. APPENDIX B: LAPLACIAN ESTIMATE

The goal of this section is to present an explicit version of the main result of [Pau08], in
order to make it suitable to our purpose.

In what follows (X,w) denotes a compact Kahler manifold, A = tr,, dd€ is the (analysts’)
Laplace operator with respect to the reference Kéahler form w, and 8 > 0 is a semi-positive
closed (1, 1)-form such that [y 8" > 0, where n = dimc X. We let Amp (#) denote the ample
locus of (the cohomology class of) 6.

Theorem 10.1. Let p be a positive measure on X of the form pu = eV YT AV with s
quasi-psh and e=¥" € LP for some p > 1. Assume that ¢ is a bounded 8-psh function such
that (0 + dd°)™ = . Then we have Ap = O(e™%") locally in Amp (6).

More precisely, assume given a constant C > 0 such that

(i) dd°y" > —Cw and supy v < C.

(ii) ddp~ > —Cw and |le™¥ ||» < C.
Let also U € Amp (0) be a relatively compact open subset. Then there exists A > 0 only
depending on 0, p, C and U such that

0<0+ddyp < Ae ¥ w
onU.
This result recovers in particular [Yau78, Theorem 7, p.398].

Proof. We may of course assume that ¢ is normalized. During the proof A, A1, ... will denote
positive constants that may vary from line to line, but are under control in the sense that
they only depend on 6, p, C' and U. Since U is contained in Amp (), we may choose a
Zariski open set 2 D U and a #-psh function ¢ such that (6 + dd“v)|q is the restriction of
a Kahler form @ on a higher compactification X of Q, so that

w > dw on € for some § > 0 and ¥ — —oo near ).

The proof of Theorem [[0.Tlis divided in two steps. In the first and main one, an a priori
estimate for smooth solutions of non-degenerate perturbations of the equation is established.
In the second step we conclude using a regularization argument.
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Step 1: A priori estimates. For 0 < ¢ < 1 we set w, := W+ cw, viewed as a Kédhler form
on 2. Note that w. > d w, so that

tr,. (o) < 6 L try(a) (10.1)

for every positive (1,1)-form «. Assume that ¢+ and ¢~ are smooth functions satisfying (i)
and (ii) of Theorem [I0.], and assume given a smooth normalized .-psh function ¢. such
that

(6 + ew + dd°p.)" = ¥ V7 av. (10.2)
The goal of Step 1 is to establish that [A¢.| < Ae™¥  on U with A > 0 under control.
Since we have w. < Aw over U with A under control, it will be enough to prove that

wl =0+ ew + ddp.

satisfies tr,_(w.) < Ae™¥ on U.

We first recall the Laplacian inequality obtained in [Siu87, pp.98-99]: if 7,7 are two
Kaéhler forms on a complex manifold, then there exists a constant B > 0 only depending on
a lower bound for the holomorphic bisectional curvature of 7 such that

1 /
AT’ logtI‘T(T/) > _M

> ey Btr/ (7). (10.3)

We remark that Siu’s argument uses the fact that 7 and 7’ are dd°~-cohomologous. But the
general case is valid as well since Siu’s computations are purely local and any Kéahler form is
even locally dd®-exact. This being said, let us apply this inequality to the two K&ahler forms
ws and w’ on Q.

Since w extends to a Kahler form on a higher compactification X of 2, the holomorphic
bisectional curvature of w, = w + ew is obviously bounded over {2 by a constant B > 0
under control, and (I0.3) yields

_ try, Ric(w])
trws (wé)
On the other hand, applying dd°log to (w.)"™ = e Y WM yields
—Ric(w!) = —Ric(w) + dd°yt — dd°p™ > —Aw — dd“y~

where A is under control thanks to (i). Using tr,_(w) < nd~! and the trivial inequality

Ay log tr, (Wh) >

£

— Btry (we). (10.4)

n < try, (Wl) try (we) (10.5)
we thus infer from (I0.4])
Ap ¥~
A,y log try, (wl) > T @) Aty (we). (10.6)

with A under control.
We next argue along the lines of [Pau08, Lemma 3.2] to take care of the term A,_1~. By
(ii) we have Aw. + dd“p~ > 0 with A under control. Applying tr,,_ to the trivial inequality

0 < Aw, + dd¢™ < try (Awe + dd°y ™ )w!

yields
0 < An+ Ay ™ < (Atryy (we) + Ay th™) try, (w]).
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Plugging this into (I0.6)) and using again (I0.5]) we thus obtain
Ay (log tre, (Wh) + 97 ) > —Atry (we). (10.7)
where A is under control. Now set

pe = pe — P,
so that w! = w. 4+ dd®p.. We then have n = b (we) + Ay pe, and we finally deduce from

(I07) that
Ay (logtry, (wh) + 9~ — A1ps) = try (we) — Az (10.8)
on {2, with Ay, Ay under control.

We are now in a position to apply the maximum principle. On the one hand, p. = . — ¢
tends to +oo near 2. On the other hand, tr,_(w.) < §~!tr,(w!) is bounded above on
since w. is smooth over X. The function

H :=logtr,_(wl) + 9~ — Aipe
therefore achieves its maximum at some zg € €2, and (I0.8) yields tr., (w:)(zo) < A2. On
the other hand, trivial eigenvalue considerations show that
trry (12) < (75 /") trpy (1)
for any two Kahler forms 71, 75, whence
n

n
wE

log try,_ (wl) < ¢T — 9~ +log <w ) + (n — 1) log tr,y (w) + logn

by ([[0.2)). Using w < 61w, it follows that
H < Azlogtry (we) + Ag — Agpe
where Ag, A4 are under control, and we obtain

SllpH = H(l‘o) < A5 - A1 inf,oe < A5 — A1 infgpe
QO Q X

with As under control, since p. = ¢. — ¥ and ¢ < 0. By the L*-estimate provided by
[EGZ09], we now obtain

log try, (w.) + 9~ — A1p.=H < A

on () for some constant A under control. Since . is normalized we conversely have
pe < —1p < Ag over U € (2, and we finally infer as desired tr,_(w.) < Ae™%" on U.

Step 2: Regularization. We now consider the set-up of Theorem [I0.Il By Demailly’s
regularization theorem [Dem92|, there exist two decreasing sequences of smooth functions
wj»t such that

o lim; w;—L = "L/Ji on X.
° ddcl/J;t > —Aw for some A > 0 under control.

In fact, the constant A > 0 depends in principle on the Lelong numbers of the quasi-psh
functions ¥* according to Demailly’s result, but these Lelong numbers can be uniformly
bounded in terms of the lower bound —Cw for dd®y* by a standard argument, see for
instance [Bou02, Lemma 2.5].
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For each 0 < & < 1 the closed (1, 1)-form 6 + ew is K&hler, and Yau’s theorem [Yau78§]|
yields smooth normalized 6.-psh functions ¢, ; such that

(0 + ddop. j)" = ¥ ~Vr Femiyn,

g _
where ¢, ; € R is a normalizing constant. Since e¥s Vi < O s uniformly bounded in
LP, ¢, ; is under control and Step 1 of the proof shows that

|Ap.j| < Ae Vi (10.9)

over U, with A > 0 under control.
Now for each fixed j it follows from [BEGZ10, Lemma 5.3] that ¢, ; converges weakly as
e — 0 to the normalized solution ¢; of

(6 + ddop))" = ¥~V Heun,

which therefore satisfies as well |[Ap;| < Ae™ on U. But we also have %7 % — ¥4~
in L? by dominated convergence, and it follows that ¢; — ¢ weakly on X by [EGZ09,
Theorem A], which concludes the proof of Theorem [I0.1} O

11. APPENDIX C: A VERSION OF BERNDTSSON’S CONVEXITY THEOREM
The goal of this section is to extract from [Bernl5] the proof the following result.

Theorem 11.1. Let X be a compact Kdahler manifold and L a line bundle on X such that:
(i) W9(X,Kx +L)=1and h'(X,Kx + L) = 0;
(i) L = M + A where M is a semipositive Q-line bundle, A =Y. a;D; is an effective
Q-divisor with SNC' support and a; € (0,1).
Set S:={t € C|0<Ret <1} and consider a psh metric ¢ on the pull-back of L to X x S
of the form ¢ = 7 + pA where
(iii) 7 is a bounded psh metric on the pull-back of M to X x S, with t — 7, only depending
on Ret and Lipschitz continuous;
(iv) ¢a =Y, a;log|si|* with s; the canonical section of O(D;), so that dd°pa = [A].
For each generator u of H(X, Kx + L), viewed as an L-valued holomorphic n-form on X,
the function

L(t) = —log ||u\|§>t = —log/Xz'"Qu Ate %

is then convex on (0,1). If it is further affine, then there exists a holomorphic vector field
V oon {u # 0} C X such that
0
L — | dd5¢ps =0
on X x S, with Ly the Lie derivative along V.

The situation here is a slight variant of [Bernl5l §6.2], which corresponds to the case
where u is nowhere zero (and hence L = —Kx). The arguments given in that part of the
paper are rather brief, and a more precise exposition of the proof is presented in [CDSI5,
Appendix 1]. However, the latter still suffers from some minor oversights, having to do
with the negative part of the curvature in the regularization and the possibly non-uniform
convergence of the curvature formula. We therefore take the opportunity to present here
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a proof with full details. We are very grateful to Bo Berndtsson who kindly answered our
questions on his proof and carefully checked our arguments.
In what follows we fix a reference Kéahler metric w on X.

Step 0: Preliminary facts. Assume for the moment that ¢ is a fixed smooth metric on
L. The (1,0)-part of the induced Chern connection is given by

D =0—-0pNe (11.1)
in any local trivialization of L. It is related to the adjoint 5; of 0 by the Kihler commutation
identity i0® = [52, w A e]. For an L-valued (p,0)-form v, this becomes

i0%v = 5:;((,‘) Av), (11.2)
which shows in particular that the image of &® on (p,0)-forms is orthogonal to the kernel

of 3. For p=n—1, v+ w Awv is a pointwise isometry between L-valued (n — 1,0) and
(n,1)-forms, and the Hodge star operator satisfies x(w A v) = im=D%y. In particular,

WAV, Q) 2y = i1 / vAQ. (11.3)
X
for any L-valued (n,1)-form a.

Lemma 11.2. For each L-valued (n,0)-form n on X, there exists a unique L-valued (n —
1,0)-form v such that

(i) 0%v = Pn, the projection of n orthogonal to the kernel of 0;

(i) wA v =0.
Proof. The image of 0 is closed, since it has finite codimension in Kerd. As a result,
Py e (Kerd)* = Imgz may be uniquely written as Pn = 525 for an L-valued (n, 1)-form
B € (Ker EZH =1Imd, and 8 = w A v for a unique L-valued (n — 1,0)-form v.

Since we are assuming that H™!(X,C) = H(X,Kx + L) = 0, 3 above is in fact unique

in Ker 9, which concludes the proof. O

Remark 11.3. For later use, note that any L-valued (n — 1,0)-form v for which (ii) holds
satisfies

/ vAPae?=0
X
for all L-valued (n, 1)-form «, by (I1.3).

Step 1: Regularization. As in [BernlI5l §2.3], we rely on [BKO7] to write the bounded
psh metric 7 on the pull-back of M to X x S as the decreasing limit of a sequence of smooth
metrics 77 over X x S, for a slightly smaller strip

S,={teC|d, <Ret<1-96,}
with 4, — 0, such that
dd°tV > —e,w
on X x S, for some sequence ¢, — 0. We denote by dd® the operator on the product; an
additional index z or ¢ will indicate partial derivatives. Note that shrinking the time interval

is necessary in the regularization process, since we are working over the non-compact product
manifold X x S.



KAHLER-EINSTEIN METRICS AND THE KAHLER-RICCI FLOW 49

Since t — 7; is Lipschitz continuous and only depends on Ret, we can further arrange
that ¢t — 7/ is uniformly Lipschitz continuous and only depends on Ret (by averaging).
We also introduce a regularization of ¢ by setting

PA = Zai log (]silz + V_lewi)
i

with 1; a smooth metric on O(D;). It satisfies:

(i) dd°¢’y, > —Cw for some uniform constant C' > 0;
(ii) for each neighborhood U of supp A, there exists ef; — 0 such that dd“¢y, > —efjw
outside U.

Setting ¢” := 77 + ¢'{ defines a smooth metric on the pull-back of L to X x S, only de-
pending on Ret, with time derivative ¢} = 7/ € C°°(X) uniformly bounded and converging
a.e. to ¢y.

Step 2: Hodge theoretic estimates. For each t,v, we denote by [[n]|s the L?-norm of
an L-valued (p, q)-form n on X with respect to the fixed Kéhler metric w and the hermitian
metric ¢f on L. We write P/n for the projection of n orthogonal to the kernel of 0, and

83? for the (1,0)-part of the Chern connection associated to ¢7. As explained in Remark
3.2 and Lemma 6.3 of [Bernl5|, the equation in Lemma satisfies the following uniform
estimate:

Lemma 11.4. There exists a constant C > 0 such that for each t,v and each L-valued
(n,0)-form n, the unique L-valued (n — 1,0)-form v solving

(i) v = Pyn;

(ii) wA 9v = 0.
satisfies |[vllgy < Clinllgy-

We will also rely on the following estimate, which follows from (the proof of) [Bernl5
Lemma 6.5].

Lemma 11.5. For each § > 0, there exists a neighborhood Us C X of supp A such that

| 1ol <3 (ol + 13013
Us
for all L-valued (n — 1,0)-forms v on X, allv and t € S,.

Combining these facts, we obtain the following key technical result.

Lemma 11.6. For each v, there exists a unique smooth family v¥ = (v )ies, of L-valued
(n —1,0)-forms such that

(i) 0% vy = Py (du);
(ii) wA d,vf = 0.
The L?-norm v} [|gv is bounded independently of t and v. After perhaps passing to a sub-

sequence, we can further find a sequence of smooth cut-off functions 0 < x, <1 on X (with
Xv = 0 on some neighborhood of supp A) such that

(iii) x,dd°¢} > —eyw;
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() (= x)loy 2 <o (14100712, ),

for some sequence €, > 0 converging to 0.

Step 3: Subharmonicity of L. Our goal here is to show that L(t) = —logHuHit is
subharmonic on S. This function is the decreasing limit of L”(t) := —log Hu||3§tu, which

may be viewed as the weight of the L?-metric induced by ¢” on the trivial line bundle
S, x H(X,Kx + L). By [Bernl5, Theorem 3.1] (see also [CDS15, Lemma 14] for a direct
computation), we thus have the curvature formula

[l ddf L = ngvf\@tuz‘dt/\df—k/x@y, (11.4)
where we have set ,
O, =" dd°¢] Nw, N, (11.5)
with
wy = u —dt ANy, (11.6)

and [  denotes fiber integration.
First, we observe that the left-hand coefficient satisfies

-1 2
< <
c < Hu||¢t <C
for some uniform constant C' > 0. This is a consequence of e~% < e~? = ¢~ Tt~?A_ gsince

e~?2 is integrable while e™™ < C'e ™o for any fixed to by Lipschitz continuity of t — 7.
Next, as in [Bernl5, §6.2], we note that

/ XvOy > —Ceyidt A dt, (11.7)
X

thanks to the L?-bound |[v¥ lgr < C and the curvature lower bound x,dd°¢; > —e,w. On
the other hand, the global curvature bound dd®¢; > —Cw combined with (iv) in Lemma
yields

/ (1-x,)0,>-C </ (1- X,,)]v,’{]%) idt AN dt > —Ce, <1 + ngvfﬂity) idt A dt. (11.8)
X X
Injecting these estimates in the curvature formula (IT.4]), we obtain
ddSLY > <c\|52v;’\|§tu - ey> idt A di (11.9)
for some uniform constant ¢ > 0 and ¢, — 0. In particular, we get as desired ddfL > 0 in
the limit, thereby proving that L is subharmonic.
Step 4: Holomorphy of v. From now on, we assume that L is harmonic, so that dd°L” — 0
weakly on S. As a first consequence, we obtain the following estimates:
Lemma 11.7. The following fiber integrals converge weakly to zero on S as v — oo.
fX ‘321)1’{@?;
(11) Jx x20u;

(iii) fX (1 —x,)0,;
(iv) fX - Xu |vt|¢u.



KAHLER-EINSTEIN METRICS AND THE KAHLER-RICCI FLOW 51

Proof. (i) follows directly from (I1.9). Another application of the curvature formula (I1.4))
then yields [, ©, — 0. Now let f € C°(S) be a non-negative test function. Injecting (i)
in (ILR) yields [y, ¢ f(1—x,)0O, > —e%, while (ILT) gives [y ¢ fX,O, > —c%. Since the
sum converges to zero by what we just saw, we get (ii) and (iii). Finally, (iv) is a consequence
of (i) and point (iv) of Lemma [I1.6. O

By the uniform L2-bound on vY, the corresponding sequence v” on X x S is bounded in
Ll20c (with respect to a smooth reference metric on L). After passing to a subsequence, we
may assume that v¥ converges weakly in L%OC(X x S) to a section v. Our goal is to show
that v is in fact holomorphic on X x S.

As a direct consequence of estimate (i) in Lemma [[T7, we have d,v = 0 weakly. The
hard part is to prove that v/t = 0 holds weakly. We first observe that it is enough to

show

. . — (9?}” — ¢V
lim dt NdtN —= Nage™ ? = (11.10)
Vo JXxS ot

for all compactly supported Lipschitz continuous families oy of bounded L-valued (n,1)-
forms on X. Indeed, choosing «; supported in a local coordinate chart in which L is
trivialized and identifiying metrics on L with functions, we can write

n
v’ = Y(z,t)dzy N+ Ndzi A+ Ndzp,
J J
i=1

and it is then enough to choose oy of the form
ai(2) = e?Fg(z,t)dzy A+ Adzy A dz;
with g € C¢°.
Let K C S be a compact set such that oy = 0 for t ¢ K. Using again H™!(X, L) = 0, we

get for each ¢,v a unique L-valued (n,0)-form 37, orthogonal to the kernel of 0, and such
that

Qo = Pt”at + 52,8;

By [Bernl5, Lemma 4.2], t + B is uniformly Lipschitz continuous as a map from S to L?,
again with respect to any choice of a reference smooth metric on L. We will rely on the
following identity.

Lemma 11.8. For each t,v, we have

/ idt A di p 28 ANage ® = (—1)"/ dd°¢” Aw, NBY e .
XxK ot XxK

Recall that we have set w,, = u — dt A v”.

Proof. By construction, v satisfies w A 0,0 = 0, and hence 0, (%Lt—u) Aw = 0 as well. As
noted in Remark IT.3] it follows that | X %L; A PPa;e=? =0, and hence

oY ” o’ = v
/ ;f A Gy e :/ %/\az v o= (11.11)
X X
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Next, we claim that

8UV = v (o34 (9?}” — v
—_Aazﬁue ¢t — _1 n/ azt <—_> ﬁ'je (bt. 1112
[ (S AT = [ o (S ) (1112
Indeed, (IT.3]) gives
(n—1)2 ov” 3 v =Y _ oY = v
’L( ) /X ﬁ A@Zﬁt e ¢ = < a{ /\w,@zﬁt >L2(d>;’)

=[OV y L agr [ OV y 2 v [ OV = oV
= (Ogv ( or /\W> 7Bt>L2(q§tV) :Z@f (W) 75t>L2(¢§’) =1 +1/Xaf (8 )Aﬁt e,

t
using the Kéhler identity (ILZ). The claim follows since i"° 1= (1=D* = (—1)n,
Now, a simple computation shows that

v [ OVY v
o? (af) = P/u} (11.13)

with

uf = 0.0Y A + Pl
To see this, recall that ny := ¢ v — ¢ u satisfies by construction 8,77 = 0. Using the local
description 8,?? =0, — 0,0} A -, we apply 9/0t to get

8”711// _ a%¢ o’ _ v v _ v
ai_az <8t> 0,07 Nv” — ¢"u.

The desired identity follows since the left-hand side is in the kernel of 9, while

oY ovY o ovY

is orthogonal to the kernel of 9,. Finally, writing
dd°¢” = ¢yidt A dt +i0,d) A dE +idt AP + ddSe”
and using the fact that 8¢ has type (0,n) on X shows that
dd°¢” Nw, A BY =idt Adt Aulf A BY.

As a result, we get

/ ddcgb”AwyAﬂ_fe“f’”:/ idt N dEAuf ABY e
XxK XxK

_ — v _ v [ OV — y
:/ idt A dE N PYul NBY e? :/ idt A dE A 02 <L>Aﬁfe—¢,
XxK XxK ot

where the second equality uses that 3¢ is orthogonal to the kernel of 0, and the third one
comes from (II.13). Lemma [IT.8 now follows in view of (ITI1]) and (I1.12]). O

Thanks to the previous lemma, the desired estimate (ILIQ) boils down to the following.
Lemma 11.9. For each non-negative f € C°(S), fXXS fddeg” Aw, A BY e tends to 0.

The proof will rely on the following special case of the Bochner-Kodaira-Nakano identity,
referred to as the ’one-variable Hérmander inequality’ in [Bernl5l §4].
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Lemma 11.10. Let S be a Riemann surface and ¢ (resp. u) be a smooth real valued (resp.
complex valued, compactly supported) function on S. Then

/ lul2e™?ddyp < z/(au —udp) A (Ou —udp) e ¥.
S S

Proof. Pick any Kéhler form w on S, and view ¢ (resp. u) as a metric (resp. section) of
the trivial line bundle on M, so that 9¥u = du — udp. For bidegree reasons, the Bochner-
Kodaira-Nakano identity (cf. for instance [Dem96, §13.2]) gives

19ull?, = 1107 ull?, + {[dd°d, Alu, u) 2,
with A the pointwise adjoint of w A . For bidegree reasons again (compare (IL3))), we have

<[ddc<107 A]Sv S>L2 () — _<dec(p7 SW>L2 (o)
= —/ |s|?e~?dd p.
S

Proof of Lemma[IL.9 Because of the large negative part of the curvature dd°¢” near supp A,
we cut the integral [ xxgJdd@” Nwy A BY e~?" into two pieces using x,. Note that we may
and do assume that f € C2°(S) has been chosen so that f/2 is smooth.

First, the curvature bound x, (2)dd¢” +e,w > 0 and the Cauchy-Schwarz inequality yield

O

F(8) (xy dd°¢” + yw) Aw, A BT e—dw‘
XxS

1/2
< <i”2 f(t) (xp dd°@” + eyw) A wy, A Wy, e_d’V) X
XxS

N V-
<i"2 () (xp dd°¢” + e w) A BY N BV e > ‘
XxS
The first right-hand factor

" s @) (xp dd°¢” + eyw) Aw, A, e
X

2 _ _ v
= F(O)x Oy + i FE)xpw Awy A, e ?
XxS X xS

tends to 0 thanks to Lemma [IT.7] and the L?-bound on v¥. To show that the second factor
is bounded, note that dd°¢” A BY A BY = dd$¢” A BY A BY, since B¢ is an (n,0)-form on
X. Thanks to the Lipschitz bounds for ¢t + ¥ € L2, t + ¢ and f (t)l/ 2 the one-variable
Hoérmander inequality of Lemma [[T.10] yields a uniform bound upper bound for

Ft)xy dd°¢” A By N BYe
XxS

which shows that
i / F(t) (xp dd°¢” + eyw) ABY N BT e
XxS
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is indeed bounded. We infer from the above that

Ixy dd°d” A w, A ﬁ_;/’e_‘z’y — 0.
XxS

Using now the global curvature bound dd®¢” + Cw > 0, we similarly write

F (1= x)(dd°¢” + Cw) A wy A Fge—aﬁ"‘
XxS

1/2
S(/ f(l—xu)(ddc¢”+0w)Aquwue_d)V) .
XxS

N2
(/ £ (L= x0) (dd°¢” + Cuo) A B A BT e ) |
XxS
The first factor
£ = ) (dd0 + Cw) Awy Ay e=?” < / (1 )0, + C’/ (1= )t
XxS5 XxK XxK

tends to zero by Lemma[I1.7], and the second factor is bounded for the same reason as above,
thanks to the one-variable Hormander inequality, and hence

f (1= x)(dd¢” + Cw) Aw, ABY e — 0.
XxS
Since
fA—=x)wAw, Ao, e ? <C f —X,,)\vﬂiy
XxS XxS
tends to 0, we conclude as desired that

/ fdde¢” Nw, A BY e =
XxS

/ Fxuddd” Aw, NBY e + / f (1= x0)dd¢” Aw, N BY e
XxS XxS
tends to 0. O

Step 5: End of the proof. Recall that v, which is now known to be holomorphic on
X x S, is obtained as the weak L2 limit on X x S of v¥, and that u € HO(X, Ky + L) is

loc
the given non-zero holomorphic L-valued n-form.

Lemma 11.11. The distributional equation 8,0, Av = D¢y A u is satisfied on X X S.
Proof. Set ¥ := PY(¢Yu) — ¢¥u, which satisfies D,k = 0. These functions are uniformly
bounded in L (X x.S), since [ |hY \3)2, is uniformly bounded thanks to the uniform Lipschitz
bound for ¢ + ¢¥. We may thus assume that h¥ — h weakly in L2 (X x S).
Since d.h = 0, the desired result will follow from the identity
0,0 — 8,0 Av = dpu + h, (11.14)

understood locally on X x S. Recall that all (pluri)subharmonic functions belong to the
Sobolev space I/Vlicl, basically because the Newton kernel has the same property. In partic-
ular, (ITI4) is an equality in L] (X x S), and it will thus be enough to argue on the open
set U := (X \ suppA) x S where the psh function ¢ is locally bounded.
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Rewrite 87 v = PY(¢Yu) as

D,(e® V") = (PYu + h¥)e™? = u%(e‘d’u) +h’ e ?",

2 and v¥ — v and h¥ — h weakly in leoc. This

loc?

On U, we have e=?" — e~¢ strongly in L
is enough to get

d.(e %) = u%(e“z’) +he™? (11.15)
on U. Since the psh function ¢ is locally bounded on U, it satisfies the chain rule
d(e=?) = e %dg,
see for instance [BEGZ10, Lemma 1.9], and (ITI4) thus follows from (IT.I5]). O

By Lemma [[T.6] v; is uniquely determined by an equation whose only dependence on ¢
is through ¢}. As a result, v/ is independent of Im ¢, and hence so is v¢. Being holomorphic
in t, the latter is thus independent of ¢.

On the open set {u # 0}, define a holomorphic vector field V' by requiring that iy u = —v.
Since 0; := ddS¢; satisfies 6; A u = 0 for bidegree reasons, we have

(z'VHt) ANu = Ht A (ZV'LL) = —Ht A v,
and Lemma [IT.1T] thus gives
(iv0; 4 i0.¢¢) ANu = 0.
For bidegree reasons and since we are working over the locus where u does not vanish,
it follows that iy 6, + i0,¢; = 0. Using the Cartan identity £y = diy + iyd for the Lie
derivative, we obtain the desired equation

0
<EV + E) 0; =0,
thereby concluding the proof of Theorem [IT.11
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