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ABSTRACT. In this note, we prove that on polarized toric manifolds the rela-
tive K-stability with respect to Donaldson’s toric degenerations is a necessary
condition for the existence of Calabi’s extremal metrics, and we also show that
the modified K-energy is proper in the space of Gp-invariant Kdhler potentials
in the case of toric surfaces which admit the extremal metrics.

0. INTRODUCTION

Around the existence of Calabi’s extremal metrics, there is a well-known conjec-
ture (cf. [Ya), [T1]):

Conjecture 0.1. A polarized Kdihler manifold M admits a Kdhler metric with
constant scalar curvature (or more generally an extremal metric) if and only if M
is stable in a certain sense of GIT.

For the “only if” part of this conjecture, the first breakthrough was made by
Tian [Ti]. By introducing the concept of K-stability, he gave an answer to the
“only if” part for Kéhler-Einstein manifolds. Remarkable progress was made by
Donaldson, who showed the Chow-Mumford stability for a polarized Kéhler man-
ifold with constant scalar curvature when the holomorphic automorphisms group
Aut(M) of M is finite [D1]. Donaldson’s result was later generalized by Mabuchi
to any polarized Kéhler manifold M which admits an extremal metric without any
assumption for Aut(M) [MI], [M2]. However, it is still unknown whether there is a
generalization of Tian’s result for the K-stability on the Kahler-Einstein manifolds
analogous to Donaldson-Mabuchi’s result for the Chow-Mumford stability.

As we know, the definition of K-stability on a polarization K&hler manifold is
associated to degenerations (or test configurations in the sense of Donaldson [D2])
on the underlying manifold. In order to study the relation between the K-stability
and K-energy on a polarized toric manifold, Donaldson in [D2] introduced a class
of special degenerations induced by rational, piecewise linear functions, called toric
degenerations. He also proved that for the surfaces’ case the K-energy is bounded
from below in the space of Gy-invariant Kahler potentials under the assumption of
K-stability for any toric degeneration, where Gy is a maximal compact torus group.
In this note we focus on polarized toric manifolds as in [D2], and we shall give an
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answer to the “only if” part in Conjecture 0.1 in the sense of relative K-stability
with respect to toric degenerations for the extremal metrics. Furthermore, we show
that the modified K-energy is proper in the space of Gy-invariant Kéhler potentials
on a toric surface which admits an extremal metric. The relative K-stability is a
generalization of K-stability which was first introduced by Székelyhidi [Sz], and the
modified K-energy is a generalization of the K-energy.

1. STATEMENT OF THE MAIN THEOREMS

Let (M, L) be an n-dimensional polarized Kéhler manifold. Recall the definition
of relative K-stability.

Definition 1.1 ([D2], [Sz]). A test configuration for the polarized Kéhler manifold
(M, L) of exponent r consists of a C*-equivariant flat family of schemes 7 : W — C
(where C* acts on C by multiplication) and a C*-equivariant ample line bundle £
on W. We require that the fibres (W, L|yy,) are isomorphic to (M, L") for any
t # 0. A test configuration is called trivial if W = M x C is a product.

Let (M, L) be equipped with a C*-action 3. We say that a test configuration
(W, L) is compatible with § if there exists a C*-action 3 on (W, L) such that
7 : W — C is S-equivariant with the trivial C*-action on C, and the restriction
of 3 to (W, L]y,) for nonzero t coincides with that of § on (M, L") under the
isomorphism.

Note that a C*-action on W induces a C*-action on the central fibre My = 71(0)
and the restricted line bundle £]ys,. We denote by & and ( the induced C*-actions
of  and 8 on (Mo, L|n, ), respectively. The relative K-stability is based on the
modified Futaki invariant on the central fibre,

~ ~ (dv B) 2
(1.1) Fy(@) = P@) - ‘22 p(p),
’ (8, 9)
where F (&) and F (B)N are generalized Futaki invariants of & and (3 defined in [D2],
respectively, and (&, 3) and (3, 8) are inner products defined in [SZ].

Definition 1.2 ([Sz|]). The polarized Kéahler manifold (M, L) with a C*-action
is K-semistable relative to 3 if Fj3(-) < 0 for any test configuration compatible with
6. In addition, it is called relative K-stable when the equality holds if and only if
the test configuration is trivial.

An n-dimensional polarized toric manifold M corresponds to an integral polytope
P in R™ which is described by a common intersection of some half-spaces,

(12) <l1,f£> <A, 1= 1, ,d

Here [; are d vectors in R™ with all components in Z which satisfy the Delzant
condition [Ab]. Without loss of generality, we may assume that the original point
0 lies in P, so all A; > 0. Recall that a piecewise linear (PL) function f on P is of
the form
w=max{f", ..., f},

where f* =Y arz;+c*, A =1,...,r, for some vectors (a) € R™ and some numbers
c* € R. fis called a rational PL-function if components a and numbers ¢* are
all rational. According to [D2], a rational PL-function induces a test configuration,
called a toric degeneration. Moreover, one can show that a toric degeneration is
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always compatible to a C*-action induced by an extremal vector field on M (cf.
[ZZ1]).
Now we can state our first main theorem in this paper.

Theorem 1.3. Let M be a polarized toric manifold which admits an extremal
metric in this polarized Kdahler class. Then M is K -stable relative to a C*-action
induced by an extremal vector field on M for any toric degeneration.

We will give a proof of Theorem 1.3 in the next section. The proof can also be
used to discuss the properness of the modified K-energy pu(-). Similar to K-energy,
1(+) is defined on Kéhler potentials space of a Kéhler class whose critical point is
an extremal metric, while the critical point of K-energy is a Kéhler metric with
constant scalar curvature.

Let wy be a Kéhler form of Kéhler metric g on a compact Kahler manifold M
and let wy = wy + \/=100¢ be a Kihler form associated to a potential Kihler ¢ in
Kéhler class [wy]. Let Ox be a normalized potential of an extremal vector field X
associated to the metric wy, on M [ZZ1]. Then p(¢) is given by

W) = —% /0 /M Gi[R(wg,) — R — Ox (wg,)|wi, A dt,

where ¢, (0 <t < 1) is a family of Kéhler potentials connecting 0 to ¢, R(wg,) de-
notes the scalar curvatures of wy,, Ox(wg,) = Ox + X (¢¢) are normalized potentials
of X associated to wg,, and R is the average of the scalar curvature of w,. It can be
shown that the functional u(¢) is well-defined; i.e., it is independent of the choice
of path ¢; [Gul]. Thus one sees that ¢ is a critical point of p(-) iff the corresponding
metric wy is extremal.

Definition 1.4. Let
1 n n
10)= [ oy —up)
M

be a functional on Kéhler potential space M of [wy]. Here V = [ wit. u(¢) is
called properly associated to a subgroup G of the automorphisms group Aut(M)
in [wg] if there is a continuous function p(t) in R with the property

dim p(t) = +oo,
such that
u(6) = inf plI(65)), ¥ 6 € M,
where ¢, is defined by
g+ V1006, = 0* (w, + V=1000).

The above definition was first introduced by Tian for the K-energy [Ti]. He
proved that the properness of K-energy is a sufficient and necessary condition for
the existence of Kéahler-Einstein metrics. In a very recent paper [ZZ2], the authors
proved the existence of a minimizing weak solution of extremal metrics on toric
manifolds under the assumption of properness of p(¢$). This weak solution will be
an extremal metric if one can further prove some regularities of the solution.

The following is our second main theorem in this note.
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Theorem 1.5. Let M be a toric surface which admits an extremal metric wg.
Suppose that
(1.3) R+ t‘)X(wE) > 0;

i.e., the scalar curvature of wg is positive. Then u(@) is properly associated to T
in the space of Go-invariant Kdihler potentials. Here T is a torus action group of
M and Gy is a mazimal compact subgroup of T.

We note that in Theorem 1.5 we need not assume that the surface is polarized.

2. PROOF OF THEOREM 1.3

Let P be an integral polytope in R™ associated to a polarized toric manifold M
as in Section 1. We choose a Go-invariant Kahler metric wy, on M. Then there
exists a convex function g in R™ such that

wy = V—109y, in (S*)" x R™,
where (S1)" x R™ is a holomorphic domain of affine coordinates on an open torus
orbit of T. Let ug be a Legendre function of ¢g which is a convex function on P.

Set
C = {u| u is a convex function on P with u —ug € C*(P)}.

Then one can show that functions in C correspond to Gy-invariant Kahler potentials
on M by a one-to-one correspondence [Ab], [D2].

Let doy be the Lebesgue measure on the boundary 0P and v be the outer
normal vector field on OP. Let do be an induced measure on 0P such that do =
A\ ' (v,z)dog on each face (l;,x) = \; of P. We define a linear functional on the
space of continuous functions on P by

L(u):/BPude/P(RJrGX)ud:E,

where Ox is the normalized potential of the extremal vector field X as in Section 1,
which is equal to (A, z)+a for some vector A € R™ and constant a in the coordinates
x in P [ZZ1]. The following result was proved in [ZZ1].

Lemma 2.1 ([ZZ1]). Let & and B be two C*-actions induced by a rational PL-
function f and the extremal vector field X, respectively. Then

(2.1) Fy(@) = —ﬁmw»

By the above lemma, to prove Theorem 1.3 we only have to prove

Proposition 2.2. Let M be a toric manifold which admits an extremal metric.
Then for any PL-function f on P, we have

(2.2) L(f) > 0.
Moreover the equality holds if and only if f is an affine linear function on P.
Proof. By definition, we may assume that

f=max{f", ... f},

and each f® = c®x;+c* is an affine linear function on P. Then P can be divided
into m (> r) small polytopes P!, ..., P™ such that for each P there exists a f®
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such that f = f* on P*. By the assumption of the existence of extremal metric,
we see that there exists a u € C which satisfies Abreu’s equation [Ab],

(2.3) qu” = R+ 0x,

where (u*) = (u;;)~* and u;jl &dexz Thus

(2.4) L(f):/ fdo+/ Zu  fdx.

For any small § > 0, we let Ps be the interior polygon with faces parallel to those
of P separated by distance §. Taking integral by parts, one sees

/ u) fdx

= ?i ax
Z/PAOP(; — zjf rdx
- Z/B(m . Zu”fo‘*n"‘*dao—z:/ Zu”c‘“d:p
NPs)

i,j PXNPs i.j
(2.5) E / E ul? fon ni*doy — E / E uijc?‘*nf‘*dao
o(pP> NPs) ij (P> NPs) ij
X[ S Y [ S
opPs 7 oPs 5

- E / E (u”c?‘*nf‘*—ku”c] n;*)doy,
d

A<p P XNOPHNPs ij

where (n$?,...,n%*) is the unit outer normal vector on OP*. By [D2] we know
that the first term tends to — faP fdo and the second term tends to 0 at the last
equality as § tends to zero. On the other hand, if 9P* (| OP* is a common (n — 1)-

. . (e} o .
dimensional face of P* and P*, then (¢{* —c{*,...,c% — cp*) is a nonzero vector,
and
ax _— 1 (OO\_O‘M) XY 1 (au_m)
ni = c; ¢ )m "t = ¢ ™).

o™ = 01%)2 Zl(c?” —c™)?

Substituting them into the third term of the last equality in (2.5) and letting ¢ tend
to 0, we derive

/ Zu . fdx

(2.6) | jie+ Y / i u (e =) (e — C?M)dUo.
opr NepOPANOPE S (e — cf‘“)Q

Hence, combining (2.4) and (2.6),

) _uij o> —Cq“ O _c‘?‘u
-y [ Tl g,
A<p OPXNOPH
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Note that the equality holds if only if there is no common (n — 1)-dimensional face
for any P* and P*, which implies that f is just an affine linear function. (I

3. PROOF OF THEOREM 1.5

To prove Theorem 1.5, we need to use Donaldson’s version of the modified K-
energy obtained in [ZZ1].

Lemma 3.1. Let wy be a Go-invariant Kdahler metric on M and u be a Legendre
function of ¢ in C. Then

0) = T ),
where
(3.1) Flu) = — / log(det(Du))dz + L(u).
P

Let p € P. We set
Coo = {u € C°(P) U C™(P)| u is a convex function on P with irlgfu = u(p) = 0}.

The following proposition was also proved in [ZZ1].

Proposition 3.2. Suppose that there exists a A > 0 such that

(3.2) L(u) > A udo

oP
for any u € Coy. Then there exist two uniform constants 6,C > 0 such that for any
Go-invariant Kdhler potential ¢ it holds that

1) = 6 inf I(¢s) — C.

In particular, u(@) is properly associated to subgroup T in the space of Go-invariant
Kdhler potentials.

Proof of Theorem 1.5. According to Proposition 3.2, we suffice to verify the con-
dition (3.2). We use an argument by the contradiction. First note that by the
convexity of functional F(u) on C, one sees that F(u) is bounded from below by
the existence of extremal metrics. Then one can show (cf. [D2], [ZZ1])

(3.3) L(u) >0,V u € Coo.
Furthermore one concludes that
(3.4) L(u) >0, VueC(,

where C; is a set of positive convex functions u on P U 9P such that

/ udogdr < oco.
opr

On the other hand, suppose that (3.2) is not true. Then by (3.4) it is easy to see
that there exists a u, € C1, which is not affine linear, such that

(3.5) L(use) = 0.

Recall that a simple PL-function is a form of

u = max{0, Z a;x; + ¢}
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for some vector (a;) € R” and number ¢ € R. We call the hyperplane } a;x;+c¢ =0
a crease of u. Then applying Proposition 5.3.1 in [D2], we see that under the
relations (3.4), (3.5) and the assumption (1.3) in Theorem 1.5 for the case of toric
surfaces there exists a simple PL-function vy with a crease intersecting the interior
of P such that L(vg) = 0. But the latter is a contradiction to Proposition 2.2. Thus

Proposition 3.2 is true, and so is Theorem 1.5. O
REFERENCES

[Ab] Abreu, M., Kéhler geometry of toric varieties and extremal metrics, Inter. J. Math., 9
(1998), 641-651. MR1644291(99j:58047)

[D1] Donaldson, S.K., Scalar curvature and projective embeddings, I, J. Diff. Geom., 59 (2001),
479-522. MR1916953|/(2003j:32030)

[D2] Donaldson, S.K., Scalar curvature and stability of toric varieties, J. Diff. Geom., 62 (2002),
289-349. MR 1988506 |(2005¢:32028)

[Gu] Guan, D., On modified Mabuchi functional and Mabuchi moduli space of Kahler metrics
on toric bundles, Math. Res. Lett., 6 (1999), 547-555. MR1739213 (2001b:32042)

[M1] Mabuchi, T., An energy-theoretic approach to the Hitchin-Kobayashi correspondence for
manifolds, I, Invent. Math., 159 (2005), 225-243. MR2116275//(2005m:32047)

[M2] Mabuchi, T., An energy-theoretic approach to the Hitchin-Kobayashi correspondence for
manifolds, II, preprint, 2004. arxiv:math/0410239

[Sz]  Székelyhidi, G., Extremal metrics and K-stability, Bull. London Math. Soc., 39 (2007),
76-84. MR2303522

[Ti] Tian, G., Kéhler-Einstein metrics with positive scalar curvature, Invent. Math., 130 (1997),
1-39. MR1471884//(99¢:53065)

[Ya] Yau, S.T., Open problem in geometry, Proc. of Symp. in Pure Math., 54 (1993), 1-28.
MR1216573(94k:53001)

[ZZ1] Zhou, B., and Zhu, X.H., Relative K-stability and modified K-energy on toric manifolds,
to appear in Advances in Math.

[2Z2] Zhou, B., and Zhu, X.H., Minimizing weak solutions for calabi’s extremal metrics on toric

manifolds, Calculus in Variations and PDE, 32 (2008), 191-217.

DEPARTMENT OF MATHEMATICS, PEKING UNIVERSITY, BEUJING, 100871, PEOPLE’S REPUBLIC
OF CHINA

DEPARTMENT OF MATHEMATICS, PEKING UNIVERSITY, BEJING, 100871, PEOPLE’S REPUBLIC
OF CHINA
E-mail address: xhzhu@math.pku.edu.cn

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1644291
http://www.ams.org/mathscinet-getitem?mr=1644291
http://www.ams.org/mathscinet-getitem?mr=1916953
http://www.ams.org/mathscinet-getitem?mr=1916953
http://www.ams.org/mathscinet-getitem?mr=1988506
http://www.ams.org/mathscinet-getitem?mr=1988506
http://www.ams.org/mathscinet-getitem?mr=1739213
http://www.ams.org/mathscinet-getitem?mr=1739213
http://www.ams.org/mathscinet-getitem?mr=2116275
http://www.ams.org/mathscinet-getitem?mr=2116275
http://www.ams.org/mathscinet-getitem?mr=2303522
http://www.ams.org/mathscinet-getitem?mr=1471884
http://www.ams.org/mathscinet-getitem?mr=1471884
http://www.ams.org/mathscinet-getitem?mr=1216573
http://www.ams.org/mathscinet-getitem?mr=1216573

	0. Introduction
	1. Statement of the main theorems
	2. Proof of Theorem 1.3
	3. Proof of Theorem 1.5
	References

