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K TEOPUM HATYPAJIBHBIX TAMMWJIbTOHOBBIX CUCTEM,
MHTEI'PUPYEMBIX B SJIJIMIITUYECKNNX KOOPIVMHATAX

A.A. 3aliues
1. HemaBuo Mapmasn u BoiinexoBckumit ykasam [1] HoBoe ceMeifCTBO HATY paIbHEIX

TaMUJILTOHOBBIX CCTEM, KOTOPLIC MHTEI'PHIPYIOTCA B SITIMIITUITYECCKUX KOOPAUHATAX Pa3-
JeJICHNEeM IIEPEMEHHDIX. TeneTuecKky 3TU CUCTEMEI CBA3AHELI € PaIlTOHAJILHLIMU ITIE€PBLI-

MM MHTETPAIAMII TeONE3MUECKOro NOTOKA Ha sammconze (B R™) Y7 4 2?fa; = 1,
0<a1 <az < < an (3ama4a Axobuy; cum. [2]),
2
2 TEPi — TP .
fulwp) = o+ Y TR TR (1)
i#k k )
z = (x1,---,Zn),» = (P1,--.,Pn) (B CKOOKAX yKA3aHEI NEKAPTOBE KOOPIMHATEI TO-
uek z,p € R?™; Bcionmy B craThe maAeKCH i, k,m = 1,n). Om xomvytupyor B R™
uy ,fi =2T = |p|2. Ecrecrsenno ponommuts nx craraemsnm 2uy (z) Tak, 9roGn
(yHKIMI
Fi(x,p) = f(@,p) + 2uy(z) (2)

CHOBQ IIOIIAPHO KOMMYTHPOBAJII, TOI'Aa, OHIX 6yILyT II€PBLIMU UHTEI'PAJIAMU TaMIJILTOHO-
Ba IIOTOKa g;b’ rmoe

h=T+u(z), u(z)= Z uy(z); 3)

9TO IPUBOIUT K HOBBIM UHTEI'PUPYEMBIM CUCTEMaM C HATYPAJILHBEIMU FaMUJIbTOHENAHAMI.
TEOPEMA 1 (Mapmamnn-Boiinexosckuii [1]). Iyemo gynryuu Fi(z,p) onpedene-
How pasencmeamy (2), mozda caedyouue YCao8UT SKEUBAAEHTIHBL:

a) OWU €CTND MEPBBLE UNMEZPAALL 2AMUALINONKOBA TOTMOKG C 2AMUADIMONUG-
nom (3);
) onu obpasyom noanwil uneosrMuEntl HabOP NEPENT UNMELDPAAOE;
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B) nomenyuan u(x) ydosaemeopiem cucmeme ypasHeHUU

(ag — am) ! w%ﬂ _ $k$mﬂ
3$m8xi axkawi

2 2
:(ak—ai)_l(zaiu_ $87u>’ itk k#m,

T x
k Sxmoz; b Sz 0T m

‘927“4_3((1 —am) Mz ﬂ_xa_“
0rL0rm k m mawk k Sz m (4)
—(ag —am)"* x%ﬂ_%xmy—"
0rL0rm 890%
2 2
N-1(.2 0w - Ou _ )
+> (ag —as) (xz T - wsziaxmam) =0, k#m;

i#£k
r) noanwl UHMezPas CMayuoRapHozo ypashenus I'amusvmona—Akobu no-
AYHAGEMCA PA30EACHUEM NEPEMENHBT 8 IANUNMUYECKUT KOOPOUHAMAT.

Anamms, nanaei B [1], nore3so nonomauts. Hanpmvep, ocoOwiit maTepec npencras-
JSF0T TaMUILTOHUAHEL (3) € MOIMHOMUAILHEIMY OTEHIMAIAME U (Z), TaK KaK OHI BO3-
HPKAIOT B 33a4aX O B3aUMOEHCTBUM QHTAPMOHIYECKUX OCIILIATOPOB U IP. B 4acT-
HOCTH, cucTembl Mapmasia—Bo#nexosckoro cogepxar crydait u(r) = >, aza: —|z|*,
m3yuennsiii Napuse [3]. B [4] mokasaro, 4o pemerms cucreMsl ['apHbe BLIPAXKAIOTCA de-
pe3 coOCTBeHHbIe (YHKIWMM ONHOMEPHOTO onepaTopa IIIpémurepa ¢ KOHEUHO3HAUHEIMI
ToTeHnMantaMu. B mamHOR paoTe DaeTcs OMMCAHUE BCEX NOIMHOMUAJLHLIX NOTEHINA-
710B B cucteMax Mapmasna—BofiiexoBCKOro, IPUBOIUTCS UX TPOU3BOAAMAL (YHKIWAL 1
npousBonamas pyHKIws (10 Mo3epy ) NepBLIX HHTEPAJIOB, U3IATAETCS eIe DAL PAaKTOB.
Jpyroii moaxox k npobiaeMe 1 YaCTh Pe3yAbTATOB M3JI0XKEHE B 3aMeTKe aBTOpa [5].

2. Tax Kak QyHKIMH f KOMMYTHPYIOT ¢ KMHeTHdeckoil sHeprue#t T', To Bce Fj,
6ym’T IIEPBLIMU MHTErPAJIAMUA IaMUJILTOHOBA IOTOKA g;/'b TOra U TOJBKO TOr'a, KOrOa
2Hug (z), T} = {u(z), fr(z,p)} ({-, -} osHauaer crammaprayio ckobky Ilyaccona).
DT COOTHOmEHNA JUHEHHbIE T0 UMITIHCAM, TOITOMY PACIIENAIOTCS, ABAsA CUCTEMY
yPaBHeHMt

Oug Oup,
Er Ik, 5o - = TkTkmt,  mFEK, (5)
rae
— 1o} 1o} . 0
okif = (ak — a;) 1(3? 85 xz%), itk Lf= —f -zt
K2

i#k

Uckmouas u3 (5) uj MepeKpecTHHIMY ¢ (e PeHIMPOBAHIAMI, OTYUaeM I OCHOB-
HOro moTeHnmata u(x) cucteMy (4). 3aMeTHM, UTO Oy, = Ok € IOMOIIBIO STOTO
PABEHCTBA JOKA3LIBACTCS

TEOPEMA 2. Jas pewenud cucmemst (5) cnpaeea/mem npedcmasaeHuss
O
U =Tk 7 = x4
k= Thg Z i 81;2

20e ynrxyus @ Yy0o8AENBOPTEM YPULEHEHUIM

82<p =0y Zx k # m.
Bwkaxm m laxl
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IIpocreiimee pemenue cucTeMs! (5) eCTh

up = ug) = m%, uw=ul) = lz|2. (6)

Paszmuox)UTE pemenns no3sonser

TEOPEMA 3. Ecau gynxyuu ug, uw ydosasemsopsiom cucmeme (5), mo npeob-
paszosarue

~ 2 ~ -~
U = apu — TLU, u:Zui (7
A

daem HosbvLe pewerHus amol Cucmemot.

9T0 yTBEPKAEHNE OCTALTCA, PA3YMEETCA, CIPABEIIUBLIM, €CJI HOBHIE TOTEHIAAILT
U}, JONOJHATL MPOU3BOJLHEIMM KOHCTaHTaMu. ViTepmpys pemerue (6) mpeobpaso-
Banuamu (7) B COUETAHMM C Omepamvedt CIOKEHNA ¢ KOHCTAHTAMMU, TOIYyYaeM HOBLIE

2
MHOrOWJIeHH. IlepBas WTepammMs JaeT NOTEHNUAIE | paHbe ugc ) = mi (ag — |m|2),

u® = > ax? — |:c|4(. )

O6o3nawmmn: wepes uy, u¥ ), v € N, I0TeHImAIEL, 0Ly IaeMbIe U3 TOTeHIraIoB (6)

[OCJIENOBATENLHLIMY UT€PAIMAMY IPeobpa3osanms (7); MU HAX CIPABEIVIMBLL PEKYD-
PEHTHBIE COOTHONIEHNS

usgy"'l) = akug) —o2u), W) = Z“gy), veN (8)

MCHOHBByﬂ TeopeMy 2, MOXXHO YCTaHOBUTL, UTO CTapPIINE€ OOHOPOIHLIEC WJIEHEI JIFO-
OBIX IOJMHOMMAILHEIX pemteHuit cucreMs! (5) ecTs cuw% |w|2("_1) (mnz ug) m cv ||
(mnst w). CrencreueM 9TOro paKTa ABIAETCA

(v)

TEOPEMA 4. Ilomenyuaaw uy, *, u(”), v € N, obpasyom baszuc eexmoprozo
NPOCMPAHCNEA 8CEL NOAUHOMUGALHOT Pewenull cucmems (5).

M=uorousnenst, 0 KOTOPBIX UAET Pedb B TeopeMe 4, HazoBeM baszuchbimu. Omnpenemm
VX IPOM3BOISIYE (YHKII PABEHCTBAMU

wip (A, ) = Z ug/))\_y, w(A, z) = Zwi()\, x) = Z s 9)

veN veN

3HAYEHNS TPOM3BOAAIINX (PYHKIWIH TOTYIAIOTCA yMHEOXKerEUeM (8) Ha A~ Y u cymmupo-
BaHUEM IO V/; 9TO JaeT

Wi\, z) = v} TS WS P2\ C.) BT
(A —ak)(1 - Qx(x)) 1—Qx(z)

rre Qi (2) = ¥, 22/(a; — A).

O6patroe mpeobpa3oBanue K mpeobpa3oBanuo (7) Ja€TCI PABEHCTBOM

I 0 s T Y04 Ui/ai
kT 1-Qo(z) -

Cucrema (5) MHBApHAHTHA OTHOCUTEILHO 3TOrO Ipeobpasosanus. KoMmOunupys ero ¢
IpsAMBIM IpeoOpasoBanueM (7) 1 oneparmeil CI0KEHNs ¢ IPON3BOILHEIMY KOHCTAHTAMIL,
[OJTy4YaeM MHOTOUUCIEHHOE CeMeHCTBO PAIMOHANLHEX pemenuit cucreMs! (5). Bepost-
HO, 9TOT C10CO6 JaeT BCe PAIMOHAJLHEIE DEIIeHN.
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3. DmmmTuaeckue koopmHATH {£) } Tourku z € R" ompenenaoTcsa Kak KOPHE ypaB-

memus Q) (z) = 1 (otHocurensHo A). Broramcissa soiuer ¢pyurmm @ ) (x) B moaoce
A = ay, norygaeM popmyiy [2]
2 D -
=8 g =TT - a) ()

[Titr(ar —as)

i
KOTOPas BEIPAXKaAET AECKAPTOBLI KOOPIAVWHATEL TOYKU L Y€PE3 DJIININTUICCKUEC. QHJIHHTI/I-
4YeCKasd CHCTeMa KOOPpaAHAT OpTOFOHaJ]:BHM B HeElt €BKJINI0Ba METPUKA NMEET BU (BBI—
sonocuosan ua dopuyae (11)) ds® = 3= gx déi, rae g = — [T;45 (€ —€1) /4D(E)-
JlnaroHaIbHOCTL METPHUYECKOTO TEH30Pa PABHOCUILHA TOXK JECTBY

.’KQ

2 (=) (= &)~ L9k%m

%

(3meco u nanee nox wi NOAPa3yMeBaeTCA Bhpaxkerue (11) 9To# Be/mrauns! uepes aJummm-
TUIECKWE KOOPIUHATEI ), 3 KOTOPOTO CIETYeT

TEOPEMA 5. Jlunetinse npeobpasosanus
Ck 2 S
Sm = —_— =2 - (12)
Xk:ak—é“m’ k;@i(ak—&)’

ABATOMCT 00HOZHAUNBLMY U 0OpamMHBIMY OPY2 K 0DY2Y, NPUYEM UMENM MECMOo
KeadpamuuHoe u busunetinoe moacoecmea

2 2
Iy Oy et
k k m

kxk m  Im

20e {c},} u {si} — dea dpyzuz eexmopa, cessannnz npeobpasosaruem (12).

IIpeobpazosarus (12) HanoMuHAIOT IPAMOE U OOPATHOE IUCKPETHLIE TPEe0Bpa30Ba-
HIA (I>yp1>e, HIXXKE BOCHOJIBByeMCH TIMMA OJI51 aHAJN3A paCCManI/]:BaeMBIX TaMUJIbLTOHOBEIX
cuCTeM.

B DIIIIUNTUYECKUX KOOp,DI/IHa,TaX KUHETTYECKAS aHepr‘nﬂ, I/]:Ml'IyJIBCLI n nemee WHTEr-
padst (1) reome3uaeckoro NOTOKA HA YILIANCOUIE BHITIIAIAT CIELY FOTIAM 06pa30M:

_Zﬁ_Zﬁ = gié f z
- - 9 - - 291/7 Nk = 9kSk, k_xk

Paznaras mpassie gactu ¢popmyi (10) mo yOriBaromuym crenensm A u cpasruBasi ¢ (9),
TOJTyJIaeM

g4 ( ak _gl

IIPENJIOXKEHUE 1. Basuchbie MHOZOUAEHDL UMEM caedyouee npedcmasae-
HUE 8 JAAUNMUYECKUT KOOPOUHAMAT:

1/—1

v—1
(V) —mkzi u) 22627 (13)
(2

4gi(ag — gz)

LT 2aMUABMONHUAHE U nepeuvr uHmezpanos nomoxa g;b 8 IMOM cayvae Cnpa-
8e0ausbl pasercmea

S L zm+£" /2
- 9i ’ Ok gilag — &)
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IIpencrasnenns tuna (13) ABLAIOTCA XAPAKTEPUCTUUECKUIMI I IPEACTABICHNNA B
saIMITHYECKUX Koopimuarax { } mo0bx pemenwii cucremsl (5). B otux koopimuarax
cucrema (5) mveer B

8 (ug — zju/(a — ém))
(9£m

=0. (14)
C moMOIIE 0 TEOPEMEI H TOKA3EIBAETCS
TEOPEMA 6. Obwee pewenue cucmemvr (14) daemea gopmyaamu

uk—:ckz _vil&) —sz (&) ) (15)

gilag — gz)

20e v; — npoussoavhue Jufdepenyupyemoe Gyrryun.

CHENCTBME 1. Cucmema ypasnenud (5) umeem pewenusmMu MHO2ZOUACHDL
mozda w moavko mozda, koeda e npedcmasaenusz (15) ece gynryuu v; cos-
nadawm, v;(&;) = v(&;), v T8ATIOMCT MHOZOUAEHAMY.

Bo3MOXKHO, TeM e CBOMCTBOM 00IaNar0T J00ble PANMOHAIBHEIE PEIICHNs CUCTe-
Ml (5), ¢ Toii avmnb pasHuneit, 9to v(£;) ecTh palMoHAILHAS (VY HKIW.

CHENCTBUE 2. ITyems nomenyuaa u(x) 6 zamusvmonuane (3) u nomenyua-
AL U 8 NEPENT UKMEZPAAAT (2) 8 BAAUNMUECKUT KOOPOUHAMAT UMET NPeo-
cmasaenue (15). Toeda

2 . .
h— Z i +§:'L(§z)7 _ g2 Z n7 + 2vi(&) gz 16)

gilag —
IIPEMIIOXKEHUE 2. IIpeobpasosanuiw (7) coomeemcmeyem npeobpaszosanue
v; (&) — &;v;(€;) 8 npedemasaenuy (15).

Omnpene/mM IPOM3BOIALIYIO (YHKIMIO IEPBLIX UHTErPaoB F, , MMeromux npeacTas-

nerue (15), paBeHCTBOM
i k(xzp)
® = —=.
A(z,p) Ek ar — A

3necs Mul cienyeM Mozepy [2], KOTOPEL TOYHO Taxk YK€ OIPene I IPOM3BOLAILYIO (yHK-
o maTerpatos (1). Vicnons3ys sravenne npounssonameit pynkmm Mozepa, norygaem

TIPENNIOXKEHUE 3. Jas npouseodswel fgywkyuu ®)(z,p) cnpasedauso pa-
8EHCMEO

@y (z,p) = Q3 (z,p) + (1 — Qr(2)) (Qx () + 22 (2)),
_ TiPi _ v;(&;)
QA(VE,P)Z;%_/\, VA(“”):;m-

TEOPEMA 7. Pynxyuu ®)(z,p) v Pu(z,p) xommymupywom:

{‘b)\(map)z ‘I’u(m,p)} =0.

9Dra Teopema 0600maeT COOTBETCTRYOMYIO Teopemy Mozepa [2] ans ero npoussons-
meﬁ (X)yHKI_II/II/I U JOKA3BIBAELTCA AHAJIOTMYHO.
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4. Brouab TpaeKTOpUi HATYPAILHON FaMIILTOHOBOR CUCTEMEI € TOTEHIMAIOM u(x),
HMEIOINEro B 9JUINNTHYECKUX KOOPAMHATaX npeacrasaenne (15),

xi Z m + 20; (&)

= F}j, = const
gi(ag — &)

(cM. popmyay (16)). Teopema 5 m03B0IIET PA3PEMUTE STH COOTHOMIEHI OTHOCATEILHO
UMITYJBECOB:

M + 20k (k) = (€k) 24

Orcroma noxy4aeM i depeHIraIbHbIe YPABHEHNA TPACKTOPIIL B BUIE

Sk(gk)7

€ = " Sk (k) = Vr(€r) — 2vk(Ex)- (17)

Haxorern, Tox zectso

&t
; 9:D(E;) ~Wkn

JIAeT BO3MOXKHOCTE peoOpasosaTs ypasuenus (17) k ksagparypam:

k=i K2 _zd K3
ZD& & ) —Ay, = Z/D 5 = 40 p(t —to).  (18)

Popmyan (18) MoxkHO mOIyunTh Takxke MeronoM [avunsrona—fAkobu. B ciyuae mo-
JMHOMHUAILHOIO NOTEHIMANa 1 () 3HAMEHATEIN NOIBHTErPATLHEX BRpaykeHnii B (18)
€CTb PAVKAJIL] OT OAMHAKOBEIX MHOTOUICHOB, T.€. BO3HIKAET 33134 fIko6u obpaimenus
TUNEP3IIMITIIECKIX NHTErPAJIOB.

Asrop 6xaromapur C.B. Jlebae 3a 06cyxnerue pesynsraros u FO. H. ®énoposa 3a
TIOJIE3HEIE 3aMEYaHN.

Kammmunarpaackuii rocynapCTBEeHHBIH YHIBEPCUTET ITocTymuno
03.12.92
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