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K-theoretic Donaldson—Thomas theory and the
Hilbert scheme of points on a surface

Noah Arbesfeld

ABSTRACT

Integrals of characteristic classes of tautological sheaves on the Hilbert scheme of
points on a surface frequently arise in enumerative problems. We use the K-theoretic
Donaldson—Thomas theory of certain toric Calabi—Yau threefolds to study K-theoretic
variants of such expressions.

We study limits of the K-theoretic Donaldson—Thomas partition function of a toric
Calabi—Yau threefold under certain one-parameter subgroups called slopes and formu-
late a condition under which two such limits coincide. We then explicitly compute the
limits of components of the partition function under so-called preferred slopes, obtain-
ing explicit combinatorial expressions related to the refined topological vertex of Igbal,
Kosgaz and Vafa.

Applying these results to specific Calabi—Yau threefolds, we deduce dualities satisfied
by a generating function built from tautological bundles on the Hilbert scheme of
points on C2. We then use this duality to study holomorphic Euler characteristics of
exterior and symmetric powers of tautological bundles on the Hilbert scheme of points
on a general surface.

1. Introduction

1.1 Tautological classes on the Hilbert scheme of points on a surface

Let S be a complex smooth quasi-projective surface, and let Sl denote the Hilbert scheme
of n points on S. The moduli space S is a smooth quasi-projective scheme of dimension 2n
parametrizing zero-dimensional length n subschemes Y C S or, equivalently, ideal sheaves
Iy C Og of colength n.

Given a line bundle £ on S, one can use the universal family ¥, c S x S as a correspon-
dence to produce a rank n vector bundle £ on S, Namely, if Dgin) S ) x § — S and
ps: SIM xS — S are the projection maps, we set

L = (pgn) (O, ® PEL);
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N. ARBESFELD

the vector bundle £ is called a tautological bundle, and its fiber over a subscheme Y € S
is H(Oy ® L). Characteristic classes of tautological bundles encode geometric information. For
example, series of the form

Z miyjz"/ ci(ﬁ[”])sj(ﬁ["]) (1.1)
ijm=0 Stnl

arise in [MOP17] in the study of the cohomology ring of the moduli space of K3 surfaces. The
special case

Zz”/ szn(ﬁ[”]) (1.2)
n=0 Stn]

is the subject of recent activity; its terms count secants to the projective embedding of S given
by £ and are relevant to the computation of certain Donaldson invariants on S. The precise
form of this series was conjectured by Lehn in [Leh99] and was recently proved, first for S
with Cg numerically trivial by Marian, Oprea and Pandharipande in [MOP17] and subsequently
for general S by Voisin and by Marian, Oprea and Pandharipande (and, independently, by Szenes
and Vergne) in [Voil9, MOP19].

We study K-theoretic versions of series akin to (1.1). For a vector bundle V on a scheme X,
set

ALY =) (-m)IA'Y e K(X)[[m]], SymjV =) y'Sym'V € K(X)[[y]]. (1.3)
i>0 i>0
Then, a K-theoretic version of (1.1) is
> (S0, A5, (£1) @ Symg (£17) ) (1.4)
n=0

Given an Euler characteristic x (., F) of a torus-equivariant coherent sheaf F on a quasi-
projective scheme .# equipped with torus action, we identify x(.#,F) with its character as
a torus representation. For all examples we consider, such characters are rational functions on
the torus.

1.1.1 Universal series. A general framework is developed in [EGLO01] for analyzing expres-
sions of a form similar to (1.1) and (1.4) using algebraic cobordism. To be precise, let

Yi(z) € 1+ 2Q[y;]ll2]],  v2(2) € Q[yf] (2]

be power series with coefficients in some polynomial rings Q [yjl] and Q [y?] . For a vector bundle V
with Chern roots v;, set

(V) = le(m , Uy(V) = va» :

Set

w(s,L) =3 /S W (L) (TS (1.5)

n>0
Then [EGLO1, Theorem 4.2] implies that there exist Ay, ..., A4 € Q[[2]] such that
(S, L) = exp (c1(L)*A1 + e1(L)ea(S) Az + c1(S)? As + c2(S) Aq)
for all pairs (S, £).
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K-THEORETIC DT THEORY AND HILBERT SCHEMES

1.1.2 Localization expressions. The series A; can be determined by the values of ¥ (S, £) for
toric S. One approach to studying such values is to use equivariant localization to further reduce
to an equivariant analog of (1.5) where S is C? equipped with the action of (C*)? = diag(ty, t2)
and £ is an equivariant twist of the trivial bundle.

The torus action on C? lifts to an action on ((CQ)[H]. The torus-fixed points of (CQ)M corre-
spond to monomial ideals Iy C Cl[z1, 23] of colength n, indexed by (two-dimensional) partitions A
of size n. Our notation for partitions is set in Section 1.4. Here

= Span{zi’lzg2 | (b1,b2) & A}

Denote by T) the torus character of the tangent space to I € ((C2) ] 1t was shown in [ES87,
Lemma 3.2] that 7 admits a combinatorial formula in terms of the arm lengths a(0J) and leg
lengths /() of boxes in the corresponding partition:

CQ [n] Zt D)-i-l tll(D)—i-th—a(D) . (16)
OeX

The torus characters of fibers of tautological bundles over the fixed points of the Hilbert
scheme are also described combinatorially. Let O(l) denote the trivial line bundle on C? twisted
by the torus weight . We have

O, = > .

O=(b1,b2)EN

By equivariant localization, expressions of the form (1.5) may be written in terms of the com-
binatorics of partitions. This approach has been used in similar settings to compute universal
series up to some given order; see for example [GK20, GK19]. However, some structures of such
universal series may be intractable from this perspective. For example, it is not known how to
use these equivariant methods to determine the series (1.2) studied in [MOP17, Voil9, MOP19].

1.1.3 Symmetries of generating functions. In this paper, we find identities for certain tau-
tological classes over the Hilbert scheme of points on C2. Introduce formal variables z, 3, my, ma
and mg3, and consider the following expression assembled from exterior and symmetric powers of
tautological bundles.

DEFINITION 1.1. Set F'(z,m1, ma, ms,y)(t1,t2) to be the series of torus-equivariant Euler char-
acteristics

S (€)™, A, (0)Y @ A, (01)Y @ A3, 00 @ Sym3ol! @ AmOM). (1.7)

n=0

By K-theoretic equivariant localization [Tho92, Theorem 3.5],
F(z,m1,ma, m3,y)(t1,t2)
1 — matbH) (1 — mat} t52) (1 — mayt; ¢,
(1 —maty't2?) (1 — maty't3*) (1 — mayt; "t5™)

b1 4bo ’
(b1,b2)€EX y—tity

here, given a torus character V' = ). u;, where each u; is a torus weight, we set

AV = H(1 — ;).
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N. ARBESFELD

We regard F' as a power series in the variables y and z whose coefficients are rational functions
in the remaining variables my, mo, ms, t1 and ts.

We show that after normalization, the series F' enjoys two types of symmetries: one between
the “box-counting variable” z and the “Segre variable” gy, and another between the “Chern
variables” mq, ma, ms.

THEOREM 1.2. We have

F(zvm17m27m37y)<t17t2) _ F(va17m37m27y)<t17t2) _ F<y7m17m27m37z)<t17t2) (1 8)
F(Zam17m2am370)(t17t2) F(zam17m3am270)(t17t2) F(yvmlam27m370)(tlvt2> . .

Moreover, we show that the denominators appearing in (1.8) can be characterized using the
plethystic exponential.

PROPOSITION 1.3. We have

F(z,m1,ma,m3,0)(t1,t2) = exp <Z *% ((11:2?2; 8 : ZTQ:L)) > (1.9)
n=1

Note that the n = 1 term of the sum in the argument on the right-hand side of (1.9) is the
z!-term of the left-hand side. We remark that Proposition 1.3 is also a consequence of [WZ14,
Theorem 3.2]. Mellit has observed that certain specializations of Theorem 1.2 can also be deduced
from the combinatorics of Macdonald polynomials; see [Mell6, Section 7], where such expressions
are studied in connection with mixed Hodge polynomials of character varieties.

1.1.4 Applications to tautological bundles. Theorem 1.2 and Proposition 1.3 can be used to
study the holomorphic Euler characteristics of exterior powers, and certain symmetric powers,
of tautological bundles £I" on S for general surfaces S. For example, we prove the following.

COROLLARY 1.4. If x(Og) =1, then for n > k, we have

X (S, Sym* (£l)) = <X(£) 4}; k— 1) |

Theorem 1.2 and Proposition 1.3 also control holomorphic Euler characteristics of exterior
powers of tautological bundles induced from rank two vector bundles on S. They also encode
families of nontrivial combinatorial identities. For example, it is evident that, for [ > n, the
coefficient of 2™m! is 0 on the left-hand side of (1.8), but this is not obvious on the right-hand
side.

1.2 K-theoretic enumerative geometry

We deduce Theorem 1.2 and Proposition 1.3 from equalities of particular limits of K-theoretic
Donaldson-Thomas (DT) partition functions of certain Calabi-Yau threefolds.

These results follow from a more general framework that produces identities involving gener-
ating series called K-theoretic Nekrasov partition functions; these are series formed from Euler
characteristics of tautological bundles over instanton moduli spaces. Many invariants of geomet-
ric interest can be phrased in terms of K-theoretic Nekrasov functions and their cohomological
analogs; examples include the K-theoretic Vafa-Witten invariants studied in [Tho20] and the
elliptic genera of moduli spaces of sheaves studied in [GK19].

Our approach is based on two observations. First, it is shown in [NO16, Section 8] that special
limits of the K-theoretic DT partition function can be expressed in terms of the refined topological
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vertex of [IKV09]. Second, it is shown in the physics literature on “geometric engineering” that
particular computations using the refined topological vertex can be matched with the K-theoretic
Nekrasov partition functions of certain gauge theories; some examples of this phenomenon are
computed in [IKV09, Tak08].

We now outline this approach in more detail.

Let X be a complex smooth threefold, and let DT(X) denote the Hilbert scheme of curves
in X. In [NO16], Nekrasov and Okounkov introduce the K-theoretic Donaldson—Thomas partition
function Zp(X), a generating series formed from Euler characteristics

X(DT(X,B,n), @Vir).

Here DT(X, 3,n) is a component of the Hilbert scheme of curves equipped with the symmetric
perfect obstruction theory arising from its realization as a moduli space of ideal sheaves, and
OV is a certain modification of the virtual structure sheaf.

Our applications will be in the case when X is toric Calabi—Yau and the partition func-
tion Zpr(X) is formed from torus-equivariant Euler characteristics.

1.2.1 Slope independence. Given a complex torus T, a power series Z with coefficients
in Q(T) and a one-parameter subgroup o: C* — T, define Z° to be the power series (again
with coefficients in Q(T)) given by

Z°(t) = lim Z(o(2)t) (1.10)

z—0
for t € T if the limit in question exists.

Given such a one-parameter subgroup ¢ and a weight w: T — C*, there exists some integer r
such that w(o(2)t) = 2"w(f) for all z € C*, € T. Assume that this r is nonzero. We say that w
is attracting with respect to o if r > 0, and repelling with respect to o if r < 0.

It is shown in [NO16, Proposition 7.4] that for certain Z formed from Euler characteristics over
proper stable pair moduli spaces on toric Calabi—Yau threefolds, the limits Z are independent
of the choice of generic ¢ landing in the Calabi—Yau subtorus.

We are interested, however, in such limits of Zp(X). As the Hilbert scheme of curves in
a noncompact threefold has noncompact components, we require a version of [NO16, Proposi-
tion 7.4] for noncompact geometries. In particular, let M be a component DT(X, 3,n) of the
Hilbert scheme of curves in a smooth toric Calabi—Yau threefold X. Let T" denote the three-
dimensional torus acting on X, and let x be the T-weight of the anticanonical bundle K¥.

A slope is a one-parameter subgroup o: C* — ker(x) C T. Call a weight w € TV a noncom-
pact direction of X if the fixed locus (DT(X))¥*(*) has a nonproper component. We prove the
following.

THEOREM 1.5. If two generic slopes o1 and o9 share the same attracting or repelling behavior
with respect to each noncompact direction of X, then

X(M7 @vir)gl _ X(Ma @vir)UQ c @[Rl/Q] )
1.2.2 Vertex and edge contributions. The next step is to explicitly compute limits of Zp(X)?
for particular X and o. For toric threefolds X, the partition function Zpr(X) can be studied
using equivariant localization. As shown in [MNOPO6], the T-fixed points of DT(X) are given by
configurations of three-dimensional partitions along the one-skeleton of the toric polytope A(X);
the partition function can be written in terms of contributions from the vertices and edges of
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the one-skeleton. The edge contributions admit an explicit description in terms of ((CQ)M; the
contribution of the relevant edge configurations are given in Propositions 4.2 and 4.3.

The vertex contributions V' (A, i, v) are more complicated. Their cohomological analogs are
studied using the topological vertex; see [AKMV05, ORV06]. In K-theory, it is difficult to analyze
V (A, , v) in full generality. However, for generic o, the resulting limit V' (\, i, v)? simplifies: the
equivariant parameters of T enter this limit only through the character /2.

Moreover, it was explained in [NO16, Section 8] that for certain slopes o called preferred
slopes (roughly, those that nearly preserve a coordinate direction in each toric chart of X), the
limit V/(A, u,v)? is related to the refined topological vertex of [IKV09]. Such limits are well
suited to computation. In Proposition 4.9, we explicate the precise relationship between such
V (A, 1, v)? and the refined topological vertex. In particular, the choice of direction of a preferred
slope corresponds to a choice of preferred direction of the refined topological vertex.

Theorem 1.5 may therefore be regarded as a mathematical formulation of the independence of
the refined topological partition function of toric Calabi—Yau threefolds X under certain choices
of preferred direction; examples of this independence have been computed in [AK13, TKV09].
We note, however, that limits Zp(X)? often exhibit some dependence on o; in other words,
the refined topological partition function of a threefold X can depend on the choice of preferred
direction. This phenomenon can be seen, for example, in [IKV09, Section 5.3].

In the physics literature, computations using the refined topological vertex incorporate dif-
ferent so-called “framing factors”; see for instance [IKV09] and [Tak08]. The computation using
DT invariants provides one consistent way to choose such factors.

K

Figure 1: The toric geometries that give rise to Theorem 1.2 and Proposition 1.3, respectively

1.2.3 Limits of DT partition functions. We use these vertex and edge computations to com-
pute Zpr(X)?' and Zpr(X)?2, where X is one of the Calabi—Yau threefolds whose toric skeleta
are given in Figure 1, and o7 and o9 are two preferred slopes satisfying the hypotheses of Theo-
rem 1.5. After a certain specialization, we deduce Theorem 1.2 and Proposition 1.3.

When applied to threefolds with more complicated toric diagrams, this approach will produce
more complicated identities involving higher-rank Nekrasov functions. For example, a new feature
that should emerge is a relationship between tautological integrals over Hilb ((CQ) and those over
moduli spaces of higher-rank sheaves.

1.3 Outline

In Section 2, we define K-theoretic Donaldson—Thomas invariants of Calabi—Yau threefolds. In
Section 3, we prove a general relationship between noncompact directions in a moduli space and
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the limits of Euler characteristics of coherent sheaves under slopes in order to deduce Theo-
rem 1.5. In Section 4, we recall from [MNOP06, NO16, Oko19] the descriptions of the vertex and
edge contributions to K-theoretic Donaldson-Thomas invariants of toric Calabi—Yau threefolds
in terms of partitions and write down explicit combinatorial descriptions of their limits under
preferred slopes. In Section 5, we apply these results to specific Calabi—Yau threefolds to deduce
Theorem 1.2 and Proposition 1.3. We apply these results in Section 6 to tautological classes over
the Hilbert scheme of points on a general surface.

1.4 Notation for partitions
A two-dimensional partition A is either the empty sequence & or an ordered finite sequence
(Ai) = (A1, Ag,...) of nonincreasing positive integers. Equivalently, it is a finite collection of
ordered pairs (bi,b2) € Z2, such that if (by,by) € A, then for any bj, by satisfying 0 < b} < by
and 0 < b}, < by, we also have (b, b)) € \; the bijection between these two notions is given by
{(Aa)} = {(b1,b2) [ b2 < Apj1 — 1}

We define the size |A| of a partition A to be ), A;, define the length of A to be the length of the
sequence ();) and set [[A|[2 = >, | N2

We sometimes abbreviate an ordered pair (b1, b2) by the symbol [J; we refer to such a square

as a bor of \. We draw a two-dimensional partition as an upper-left justified configuration of
boxes with \; boxes in the ¢th row from the top; see Figure 2.

We let \! denote the conjugate partition of A, that is,
A= {(b2,b1) | (b1,b2) € A}.
For a box O = (b1, b2) € A, we let a(0J) and /() denote the arm and leg lengths of [J, that is
a(@) =Xp41—ba—1, UO) =X, —b1—1;

see Figure 2. When the meaning is clear, we abbreviate a(OJ) by a and () by .

0,0](0,1)](0,2)|(0,3)

1,0) (1,1 (12)]@1,3)

(2,0)|(2,1) ()

(,0)

Figure 2: The two-dimensional partition A = (4,4,2,1) with boxes (b1,b2) labeled. The box
0= (1,0) € A has a(0) = 3 and {(0) = 2.

A three-dimensional partition 7 is a (possibly infinite) collection of points of Z;O such that
the following hold:

i) If (by,bo,b3) € mand 0 < b, < b; for ©+ = 1,2, 3, then (b}, b),b5) € 7.
i 1,02, 03

(ii) There exists some integer B, such that, for any (b1, be, b3) € 7, at most one of the coordinates
b1, ba, b3 satisfies b; > Bj. In other words, the asymptotics of m along the coordinate
directions of R?;O are given by (finite, possibly empty) two-dimensional partitions.
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One can visualize such a partition as a collection of unit boxes in the octant R2, centered at
the points (b1 + %, ba + %, bs + %), see Figure 3. Again, when clear, we abbreviate (b1, be, b3) by
the symbol (.

Figure 3: A three-dimensional partition = with asymptotics 7(1) = (2,1,1), 72 = (1) and 7B =
(3,2)

Given a three-dimensional partition 7, let 7(¥) denote the two-dimensional partition describ-
ing the asymptotics of 7 along the kth coordinate axis; see Figure 3. Formally,

) = {(b1,b2) | (b,b1,b2) € 7 for all b > 0},

732 = {(b1,b2) ]| (b2, b, b1) € m for all b > 0},

73 = {(b1,b2) ] (b1, b2,b) € 7 for all b > 0} .

The ordering is chosen so that the two-dimensional partitions are compatible with a fixed choice
of orientation on R;O.

We let m(k) C 7 denote the infinite leg of the partition 7 along the kth coordinate axis.
Formally,
m(l) = {(57 b1,b2) | (b1,b2) € 71'(1),() € Z>0} ,
m(2) {(bQ, b,b1) | (b1,b2) € 72 be 220} ,
m(3) = {(b1,b2,b) | (b1,b2) € 7, b € Zzp} .

2. K-theoretic DT invariants

Let X be a smooth threefold. We impose the further assumption that X is toric Calabi—Yau. In
particular, X is not projective. Let T' denote the three-dimensional torus diag(¢i,te,t3) acting
on X.

While this assumption has the advantage of simplifying the definition of K-theoretic Do-
naldson—Thomas invariants, it also obscures the generality in which these invariants can be
formulated. One motivation for this definition is a conjectural connection with curve counting
in associated Calabi-Yau fivefolds (see [NO16, Oko19].) Such a relationship is expected for any
smooth threefold X.
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2.1 Donaldson—Thomas moduli space
Let DT(X) denote the Hilbert scheme of curves in X. The moduli space DT(X) is a union of
components DT (X, 5, n) parametrizing projective subschemes Y C X whose components are of
dimension at most one with [Y] = 8 and x(Oy) = n; here [Y] € Ho(X,Z)*" denotes the class
given by the one-dimensional components of Y weighted by their multiplicities.

It is shown in [ThoOO] that DT(X) admits another description as the moduli space of ideal
sheaves: rank one, torsion-free sheaves Zy on X with trivial determinant. On the level of points,
one identifies a subscheme Oy with its ideal sheaf

Iy = ker(Ox — Oy);
conversely, one passes from an ideal sheaf 7y to the subscheme

OY = coker(Iy — (Iy)vv = OX) .

In contrast to Hilbert schemes of points on smooth surfaces, which are smooth, Hilbert
schemes of curves on threefolds are generally of unknown dimension and highly singular. However,
in [Tho00], Thomas used the ideal sheaf description to equip DT(X) with a T-equivariant sym-
metric perfect obstruction theory £* — Lpp(x) in the sense of Behrend-Fantechi (see [BF97]). By
the constructions of, for example, [BF97, Remark 5.4], [CK09] and [Lee04, Section 2], the obstruc-
tion theory gives rise to the T-equivariant virtual sheaves in K7 (DT(X)) needed for K-theoretic
enumerative computations: the virtual structure sheaf OV, the virtual tangent sheaf TV and the
virtual canonical bundle KV = det(7V")V. In particular, from the obstruction theory of [Tho00],
one concludes that

T2" = Defz — Obsy = Ext'(Z,7) — Ext*(Z,Z), K} = %.
7

As X is Calabi—Yau, the anticanonical bundle K is a trivial bundle twisted by some T-weight .
Serre duality implies that as T-characters, we have

Def7 = (ObSI)V ‘K. (2.1)

2.2 Modified virtual structure sheaf

The definition of K-theoretic Donaldson-Thomas invariants incorporates a twist of the virtual
structure sheaf by a square root of the virtual canonical bundle. This modification endows the
resulting invariants with certain symmetries that make for easier analysis. It also aligns the
invariants with the indices of certain Dirac operators of interest in physics (see, for example,
[Okol7, Section 3.2.7]). The invariants do not depend on the choice of square root.

The existence of such a square root is ensured by the following proposition.
PROPOSITION 2.1 ([NO16, Section 6]). The line bundle K'* admits a square root (lC"il”)l/2 in
Pic(DT(X)). Moreover, if T is a minimal cover of T on which the square root x'/? is defined,
the line bundle (lCVir) Y2 carries a canonical T -equivariant structure.

We remark that in the special case when X is Calabi—Yau, this proposition follows from an
argument using Serre duality given in [NO16, Section 6.2.1]; such a statement is expected for

general threefolds X and is proved in [NO16, Section 6] when DT(X) is replaced by the moduli
space PT(X) of stable pairs.

DEFINITION 2.2. The modified virtual structure sheaf is

@vir — Ovir ® (lcvir)l/2 )
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2.3 K-theoretic Donaldson—Thomas invariants
Define the K-theoretic DT partition function to be

Zpr(X) = Z Q”uﬂx(DT(X,ﬁ, n), @Vir) € Q(tl,tg, ts, /11/2) HQ, Q_IH [uﬁ] .

BEH(X,2)°T
nez

Given some fixed (3, the space DT (X, 8, n) is empty for n < 0.

It is convenient to normalize the Donaldson—Thomas partition function by the contribution
from the Hilbert scheme of points on X; to this end, we define the reduced K-theoretic DT
partition function to be

Zp1(X)
> Q"x(DT(X,0,n),0")

ne”

Zpr(X) = € Q(tr, o, 5,57 [[Q, Q7] [w7].

2.4 The plethystic exponential

Roughly speaking, the plethystic exponential takes as input the character of a virtual (possibly
infinite-dimensional) representation V' of some group and, in the spirit of (1.3), outputs the

character of

Z Sym"V

n=0
when this character is well defined. To simplify the exposition, we give a precise definition for
the two settings in which we will use the plethystic exponential and refer the reader to [Mell6,
Section 3] or [Okol7, Section 2.1] for an expanded discussion.

First, given formal variables z1,. .., z,, and finitely many Laurent monomials u;(z1, ..., Zm)
and vj(z1,...,zy) such that no u; is equal to 1, we define

1 —w;
Sym<Zu —zj:v]) = rnlﬂl_uj € Q(a1,..., 7). (2.2)

Second, this definition can be generalized so that Sym® takes as arguments certain series

whose coeflicients are rational functions. For example, let z,x1, ..., ZTm, t1, t2 be formal variables
and w1, we be monomials in t1, ta. Given Laurent polynomials f;(x1,...,Zm,t1,t2) for i > 0,
define
fl Tlyew- xm,t17t2)
Sym
e (s

:exp< Z (z’)” fl(x’ila, L )) 6Q[l'it,---,xi](tl,tz)[[z]]- (2.3)

ins1 (1—w1)(1—w2)

For example, the right-hand side of (1.9) can be rewritten as

. (1 —=my)(1 —ma2)
sy (- 6 t;))‘

Each of the definitions (2.2) and (2.3) can be formulated in the spirit of the other in a straight-
forward manner. It will be helpful to pass between these two interpretations in the calculations
of Section 5.3.
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2.5 Equivariant localization

We study K-theoretic invariants using virtual equivariant localization as developed in [FG10,
GP99], [CK09] and [Qul8]; a concise exposition of the application we use can be found in [Tho20].
In this subsection, let .#Z be a quasi-projective scheme equipped with the action of a torus T and
a T-equivariant perfect obstruction theory. Suppose that the fixed locus .#" is compact (and
nonempty). Let F be a T-equivariant coherent sheaf on .#. Equivariant localization asserts, first,
that

aFeom eals] 2],

where the w; range over the set of T-weights appearing in N‘;;/ - Moreover, it expresses
X(/// ,F® OV“) as an Euler characteristic over the fixed locus ..

Let us further assume that the fixed locus .#T consists of isolated points and that the
restriction of the obstruction theory to .# " has no T-fixed part. These assumptions will hold for
the DT moduli space by [MNOPOG6, Section 4.5]. Under these assumptions, the formula reads

XA, F@0™) = " x(p, Flp) @ Sym* (x(p, (Ty™)"))

peMT
where Sym is as defined in (2.2). By assumption, none of the monomials appearing in the char-
acter of any 7;"” are trivial. So, the operation Sym® is well defined.

In our applications in Section 6, we also use the more classical variant [Tho92, Theorem 3.5
of K-theoretic equivariant localization where .# is a smooth scheme; in this case, the ordinary
structure sheaves and tangent bundles replace their virtual analogs.

Let us now specialize to the situation when . is a component of DT (X), the torus T is the
double cover T of T' = diag(t1, ta, t3), and F is (K¥*)1/2. The symmetry of the perfect obstruction
theory of DT(X) ensures that the resulting localization expression enjoys a particularly nice form.

Given Z € DT(X )T, we may write the T-character of 7" as
TVH Defz - ObSZ = Z U; — U,
i
where each u; and v; is a T—Weight; we also have

1/2 v}/
et =T

i U
By (2.1), we may reogder the w; and v; so that v; = k/u;. By virtual localization, we have the
following equality of T-characters:

ZorlX) = 30 QDO AT () @ Sy T e )
BEH(X,2)T
neL
n (r/u;)"/? — ﬂ/ui)_1/2
- Z Q"u’ Z H 1/2 —1/2 ' (24)
BeH(X,Z)°f ZeDT(X,3,n)T i U
neEL

Motivated by this expression, we adopt the following notation from [Okol7, Okol9]. Given
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a T-character V =) u; — Zj vj, where u;,v; € TV, we set

1—['1]1'/2 _ T2
a(V)=—2 i/z ]71/2 € Q(t1, ta, t3, (tatats)'/?) .

Hz Uy U;

2.6 Independence of the choice of (KVir)1/2

If LisaT -equivariant line bundle on DT(X) with LB2 =2 fCvir and 7 € DT(X) is a torus-fixed
sheaf, then the T-weight of the fiber V|7 is the square of the T-weight of the fiber L|7. Tt
follows from (2.4) that Zpr(X) does not depend on the choice of square root (KV*)'/2. This is
a special instance of [Tho20, Proposition 2.6].

As any two square roots of KV differ by two-torsion in Pic(DT(X)), the independence
of Zpr(X) on the choice of square root can also be deduced from equivariant localization and
virtual Hirzebruch-Riemann-Roch [FG10, Corollary 3.4].

3. Slope independence

For this section, we let .# denote a quasi-projective scheme equipped with an action of a torus T
and a T-equivariant perfect obstruction theory. Examples include smooth schemes, DT moduli
space and the Pandharipande-Thomas stable pair moduli space of a threefold (see [PT09]).
We assume that .#7 is proper and nonempty. Let F denote a T-equivariant K-theory class of
coherent sheaves on ./Z.

One assumption used in the analysis of K-theoretic enumerative invariants of Calabi—Yau
threefolds in [NO16, Section 7] is that the underlying moduli space has proper components.
If A is proper, then the T-character X(//l ,F® OVir) is a Laurent polynomial in T. Let w € TV
be a primitive weight. It follows that if the limits X(/// ,F® OVir)U exist for generic one-parameter
subgroups o: C* — ker(w), then X(//l ,F® OVir) is a function of w and, moreover, that

X( A, F 00" = x(M,F 20" € Q) (3.1)

for any generic o.

In this section, we formulate Proposition 3.4, a statement in the spirit of (3.1) that holds for
nonproper moduli spaces .Z .

3.1 Denominators in localization

Given a weight w € TV, we let T,, C T denote the maximal torus inside the subgroup ker(w)
of T.

DEFINITION 3.1. A weight w € TV is said to be a compact weight of .# if the fixed locus .# "
is proper, and noncompact otherwise.

While many possible denominators can occur in any particular term of a localization expres-
sion for X(/// , F & O"ir), the following result restricts the possible denominators that may appear
in the total sum.

PROPOSITION 3.2. The T-character X(///, F® (’)Vir) can be written as a quotient of two Laurent
polynomials p(t)/q(t) such that q(t) is of the form [[(1 — w), where each w is a noncompact
weight of A .

598



K-THEORETIC DT THEORY AND HILBERT SCHEMES

Proof. Write x (. ,F ® O') as a quotient f(t) = p(t)/q(t), where ¢(t) = [[(1 — w) and each w

is a weight in L‘/’/i;/i s if p(t) is zero, there is nothing to show.

If w is a compact weight, then equivariant localization with respect to T, implies that as
T,,-characters, we have

X(.///,f@OVir) e@[t?:vliv]7

where v ranges over the T-weights occurring in ;’/}r/ _ymw- No such v vanishes on Ty, so we
conclude that f(¢) may be written in a form whose denominator is a product of terms of the
form (1 —v) where no v is a power of w. In particular, the rational function f(¢) has no poles at

1 = (w for any root of unity (. O

For example, consider the Hilbert scheme DT (CS, 0, n) of n points on C3 with the standard
action of a three-dimensional torus diag(t1, ta,t3). Then the fixed locus

DT((C?, 0 n)diag(tl,tg,tg)w

is proper unless w is a nontrivial power of some t;, so the only noncompact directions are of
the form t¢. Nekrasov’s formula [Okol7, Theorem 3.3.6] furnishes an explicit formula for the
K-theoretic DT partition function:

EOO N\ 3 Avir) __ . —Q 3 Hl/Qtlzl_H‘fl/2
29 KDTE,0m), ) = Sym ((1_%/2)(1_@5—1/2) =T
(3.2)

(where the right-hand side is defined by extending (2.3) in a straightforward manner). In partic-
ular, note that any X(DT((C3, 0, n) , (9"”) can be written as a Laurent polynomial whose denom-
inator is a product of terms of the form (1 — t?)

3.2 Limit independence

Let A C T be a subtorus, and let f(¢) € C(t;) be a rational function that can be written in the
form
p(t)
[LQA—w)’
where p(t) is a Laurent polynomial in ¢; and the w; € TV are nontrivial weights. Set W = {w;}.
Via the map TV — AV, the elements of W can be regarded as A-weights.

We say that the rational function f(t) is A-balanced if
lim f(o(2)t)
z—0

exists for all one-parameter subgroups o: C* — A or, equivalently (for nonzero f), if the set of
A-weights appearing in the numerator of f is the same as the set of A-weights appearing in the
denominator of f.

Given an A-balanced rational function f, the weights in W impose a wall and chamber
structure on the lattice of one-parameter subgroups C* — A. We show that the limit of f under
a one-parameter subgroup o: C* — A depends only on the chamber containing o.

We restrict our focus to one-parameter subgroups lying in the interior of such a chamber:
we say that a one-parameter subgroup o: C* — A is f-generic if, for all w; € W, one has
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wi(o(2)t) # w;(t). Given an f-generic o and w; € W, we have w;(o(z)t) = z"w;(t) for some
r # 0. Call w attracting with respect to o if r > 0 and repelling with respect to o if r < 0.

ProposiTION 3.3. Let
p(t)
fO) =g7"=
[L:(1 —wi)
be A-balanced, and let o1 and oo be two f-generic one-parameter subgroups sharing the same
attracting or repelling behavior for each weight w;. Then

lim f(o1(2)1) = lim f(0(2)t).

Proof. Multiplying the numerator and denominator of f by a Laurent monomial if necessary, we
may assume that each w; is attracting with respect to both o1 and 2. Set ¢(t) = [[;(1 — w;);
then we may write q(o1(2)t) = 1 + zqi1(t, 2), where ¢; € (C[tf, z].

Via the map ¢: TV — AV, we regard the monomials appearing in the numerator and denom-
inator of f as A-weights. Write p(t) = > c¢ju;, where each u; is a monomial, and set

po(t) = {chuj ‘ p(uj) =1¢€ AV}.

The set of A-weights appearing in the numerator of f is the same as the set of A-weights
appearing in the denominator of f. Therefore, we may write

p(o1(2)t) = po(t) + zpi(t, 2),
where p; € C[tf,z] and pg is regarded as an element of (C[tf, z] via the inclusion (C[tlﬂ —
C[t;, z]. It follows that
. po(t) + zp1(t, 2)
1 t) =
zlg(l)f(al(z) ) 1+ zqi(t)

the same is true of os. ]

= po(t);

3.3 Limit independence for Euler characteristics

Again, let A C T be a subtorus. We say that a one-parameter subgroup o: C* — A is .# -generic
if for any noncompact weight w of .#, we have w(o(2)t) # w(t). Combining Propositions 3.2
and 3.3, we obtain the following.

ProrposiTION 3.4. If X(///,F ® O"ir) is A-balanced and o1 and o9 are two ./ -generic one-
parameter subgroups C* — A with the same attracting or repelling behavior for each noncom-

pact weight of .4, then x (M, F @ O'%)”" = x (M, F ® OVF)%.

Now, specialize .#Z to be a component of DT moduli space, the torus T to be the double
cover T of the torus T = diag(ty,to,t3) as in the previous section, the sheaf F to be (ICVir)l/ 2
and A to be the Calabi-Yau torus ker(x), where x is the character of (ICVir)v. By (2.4), the
character X(DT(X ,Byn), @Vir) is A-balanced. We obtain Theorem 1.5.

4. Preferred limits of the DT partition function

Let X be a smooth toric Calabi—Yau threefold, and let T be the torus diag(t1, t2,t3) acting on X.
Choose this action such that the anticanonical bundle XY is scaled with weight r = t1tat3.
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4.1 K-theoretic building blocks

We recall from [MNOPO06, NO16, Oko19] a procedure for writing the partition functions Zpr(X)
and Z[,1(X) in terms of combinatorial expressions associated with the vertices and edges of the
toric diagram A(X).

4.1.1 Torus-fized locus. The fixed locus DT(X)7 consists of isolated points, with finitely
many in any component DT(X, 3,n). We recall from [MNOPO06, Sections 4.1-4.2] a combinatorial
description of this fixed-point locus.

The points of X7 correspond to the vertices of the toric polytope A(X), and the T-invariant
rational curves of X correspond to the bounded edges of A(X). For z; € X7, let U; be the toric
chart centered at x;. Suppose that z;,z; € X T are connected by a T-invariant rational curve
Cij C X; then U; N Uj is the total space of the direct sum of two line bundles O(l;;) ® O(l;;)
over Cj;.

Choose coordinates on each U; such that the torus T scales the coordinate directions by T'-
weights w;, , wi,, wi,; after an orientation on the one-skeleton of A(X) is fixed, these coordinates
can be compatibly ordered at each fixed point. The edges in the toric polytope emanating from the
fixed point z; correspond to coordinate axes. Let z;,, 2i,, i, denote the corresponding coordinate
functions on U; so that U; = Spec Clz;,, 2i,, 2is]. The torus T scales these coordinate functions by

-1, -1 . —1 . . . . : .
w; ", w;,, w; o, respectively. After cyclically permuting coordinates and exchanging l;; with l;j,
if necessary, the weights of coordinate directions on U; and U; are identified by
— ;. —1;;
Wiy = Wy, TWiy,  Wwjy = Wy, Twiy ; (4.1)

wjl = wil ’

see Figure 4. The convention is chosen so that the first coordinate corresponds to the edge of the
polytope connecting the two vertices, and the order of the remaining coordinates is determined
by the orientation on A(X).

Figure 4: The weights along a T-invariant rational curve with normal bundle O(1) & O(1')

A T-fixed ideal sheaf Z € DT(X) is determined by a collection of T-fixed ideals {Z; C Oy, }
whose restrictions Ii]UimUj are compatible and glue to an ideal sheaf that cuts out a proper
subscheme of X.

A T-fixed ideal Z; C Uj; is given by a monomial ideal I; C C[z;,, zi,, 2i5|. There is a one-to-one

correspondence between monomial ideals and three-dimensional partitions m; given by

I < m = {(bl,bg,bg) | Zb1 02 bs Z Ii} :

11 “ig “ig
we pass freely between an ideal and its associated partition.

The condition that Z cuts out a proper subscheme restricts the possible asymptotics of the
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three-dimensional partitions ;. The asymptotics of each such m; along each coordinate direction
must be finite (as described in Section 1.4); more restrictively, the partition m; at a given fixed
point z; must satisfy the following condition:

Wl(k) # @ only if the edge of A(X) in the direction of z;, is bounded. (4.2)

The asymptotics of the partitions must also agree in the direction of any T-invariant rational
curve. To be precise, given x;,x; € XT connected by a T-invariant rational curve Cjj, the
restrictions Z;|y,nv; and Zj|y,nu; are compatible if the two localizations

(Ii)zil C (C[z.il, Zigs 2i3] s (Ij)zal C (C[Zil, Zigs 2i3]

11 11

coincide. In terms of three-dimensional partitions, this compatibility translates to the condition
that

7l = (w(l))t; (4.3)

see Figure 5.

Figure 5: Two compatible partitions 7; and 7; at vertices connected by an edge of A(X)

Conversely, any collection of three-dimensional partitions 7; satisfying (4.2) and (4.3) corre-
sponds to a T-fixed ideal sheaf Z. It follows that a point of DT(X)” is specified by a collection
{\ij,mi} consisting of, first, a choice of two-dimensional partition \;; for each bounded edge
of A(X) and, then, a choice of three-dimensional partition 7; for each vertex of A(X) whose
asymptotics coincide with the chosen A;;. By convention, we set

4.1.2 Obstruction theory at fized points. Recall from [MNOPOG6, Section 4.6] that the virtual
tangent space to DT(X) at an ideal sheaf Z is given by
T = Ext!(Z,7) — Ext*(Z,7).
Given a torus character V, let VV denote the character of the dual representation.
As X is Calabi-Yau, the obstruction theory on DT(X) is symmetric. So, as characters,
Ty = (1) k. (4.4)
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The obstruction theory at a torus-fixed point Z € DT(X)? can be calculated from the corre-
sponding combinatorial data {;;, 7; }. We recall this procedure from [MNOPO06, Sections 4.7-4.9];
see also [NO16, Section 8.2] and [Oko19, Section 6.3].

Now suppose that T = diag(t1,ts,t3) acts on C* = Spec C[z1, 29, 23] so that T scales the

coordinate zp by t,;l. Given a partition m corresponding to a T-fixed ideal sheaf Z C Og¢s, we set
Or to be the T-character x(Ocs/Z), that is,

O7|— — Z tl_blt2_b2t3_b3 .
Oer

For 7 with finitely many boxes, we have
TV (ty,ta,t3) = O — OYt1tats — Oz O (1 —t1)(1 — t2)(1 — t3); (4.5)

this is a Laurent polynomial in the variables t;. For m with infinitely many boxes, we first write
the infinite sum O, as a rational function and define the tangent space TY" to be the rational
function in t; given by the same formula (4.5).

For a T-fixed ideal sheaf T € DT(X)T given by {\;;, m;} with weights w;,, w;,, w;, as above,
equivariant localization implies

Ty = ZT;jr(wil,wiQ, wiy) . (4.6)
7

While each term on the right-hand side of (4.6) is a rational function, the total sum is a Lau-
rent polynomial in ¢j. It is explained in [MNOPO6, Section 4.9] (see also [NO16, Sections 8.2.2—
8.2.3], [Oko19, Section 6.3.1]) how to write 73" as a sum of Laurent polynomials by regularizing
each term of (4.6) by contributions associated with the asymptotics of the corresponding parti-
tion ;. Recalling (1.6), set

, o UO) a@)+1 . UO)+1 . —a(D)
T)‘ij(wzkﬁ-l’wlk-ﬁ-?) o Z Wiy r Wip o +wik+1 Wigyn - (4‘7)
OeXi;

Given a T-invariant rational curve Cj; corresponding to coordinate direction z;, , define

U

=1’ s
o g
T)\ij (wik+17wik+2) i kaj (wik Wiy o5 Wy, w1k+1)
—1

tk

EAijv(lijyl;j)(wh?wi27wi3) = 1 —w 1—w;, ) (4.8)

here, for k = 1,2,3, set w;, ., = w;,. One can use (4.7) to write (4.8) in terms of arm and leg
lengths. We omit ([, l;j) from the notation for E when the meaning is clear.
We then define

3 Tﬂ-gk) (wik+1 > wik+2)

—1
1-— w;,

Vm‘ (wi17wi27wi3) = ijr(wilawiww%) - (4-9)

k=1

By [MNOPO06, Lemma 9], each V7, and E),; is a Laurent polynomial in ¢;. From (4.6), we have

T%/ir = Z Vﬂ'i(wil y Wig s wia) + Z E)\ij,(lij,l;j)(wh y Wigy wi3) . (4'10)
i ij
It follows from (4.5), (4.8), (4.9) that each term of (4.10) enjoys the symmetry (4.4):
Vi (b1, to,t3) = =V, (t1,t2,83)" - 5, Ex,(t1,ta, t3) = —Ex,; (t1,t2,t3)" - K. (4.11)
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4.1.3 Euler characteristic. The value of x(Qy) for a T-fixed Y € DT(X) can also be com-
puted in terms of edge and regularized vertex contributions using the Cech cover {U;}. We recall
the description from [MNOPO06, Lemma 5].

Set
x(m) = Z (1 — (number of legs {m(1),n(2),7(3)} that contain OJ)); (4.12)
Oen

this is the renormalized volume of 7 as defined in [MNOPOG, Section 4.4]. Only finitely many
boxes of m contribute to the sum (4.12).

For a two-dimensional partition A and integers (I,1'), set
=Y 1—1by—1'by. (4.13)
Oex
Then, for Z € DT(X)T specified by partition data {);;, m;}, we have

O/I ZX T +ZX ’Lja zja 1] ) (414)

4.2 Factorization of components of the partition function
We rewrite (2.4) as

Zpr(X)= > QXODyOMa(Tyr). (4.15)
ZeDT(X)T

We now write Zpr(X) in terms of expressions associated with the vertices and edges of A(X).
Let Z € DT(X)T be given by the configuration {);;, 7;}. Then, by (4.10),

VlI'
(T | | a 7rz (w217w7«27w13 | | a A,J,(l”,l”)(wluw227w23)) )
7 i

while

QXO/T) — HQX(WZ)HQX i (lijliz)) o [O/T) Hul/\w\ 5]

i
Given two-dimensional partitions )\1, A2, A3, set P(A1, A2, A3) to be the set of three-dimen-
sional partitions m whose asymptotics are given by A1, Ao, A3, that is,
P(A1, A2, N3) = {7T a three-dimensional partition | k) =\, k€ {1,2, 3}} )
Then, set
B (1,1) (wiy, wig, wiy) = QXD G(Ey (1 (wiy, wiy, wi))
and

V(A7H) V)(wi17wi27wi3) - Z QX d( (w217w22)w13)) .

TEP(Ap,v)

We may then write Zpr(X) as

Z Hup‘”'[C’J]E(A”,(l”,lm))(w”,wlz,wld HV 217>\127)\13)(w217w227wzg)> (416)
{Nis}

where the sum is over all assignments of two-dimensional partitions to the bounded edges
of A(X). The expression V (A, u, v)(t1,te, t3) is called the K-theoretic equivariant vertex.
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4.2.1 Reduced partition function. The reduced K-theoretic partition function admits a sim-
ilar expression. From (4.16), we see that we may write Z[;(X) as

B )‘Z a)‘i 7)‘1' i1y Wigy Wi
Z HUMMHCU]E()‘Z']'»(lijJ;j))(wil,wiQ,wi?,)HV(A 1 2 3)(w1 Wiy w5)>. (4.17)
{Nij} ij i V(®7 g, @)(U}“ y Wig s wig)

The expression V(@ , &, @) is completely characterized by Nekrasov’s formula (3.2), so that
the difference between Zpr(X) and Zj,(X) is an easily understood prefactor. Our formulas will
be more concise when formulated in terms of Z[;;(X). Set
V()\ila )‘iQa )\2'3)('(01‘1 s Wig wig)

V' (i1, Nizy Ai) (Wi, Wiy, wiy) = —
( 1 2 3)( 1 2 3) V(gagag)(wi17wi27wi3)

4.3 Preferred limits of vertex and edge contributions

4.3.1 Rigidity. The symmetry (4.11) enjoyed by the vertex and edge contributions ensures
that each contribution behaves well under limits of generic one-parameter subgroups. Let A C T
be the Calabi Yau subtorus ker(x). Recall that such one-parameter subgroups o: C* — A are
called slopes.

It is explained in [MNOPOG6] that no weight appearing in 7’ i for 7 € DT(X)T is a power of .
Let w be a weight appearing in Def""" and o: C* — A be a slope such that w(o(2)t) = z"w(t),
where r # 0. Then, we have

i (/ﬁ/w(a(z)t))l/2 - (/<;/w((7(z)t))71/2 _ z*T/Q(/@/w)I/2 — "2 (/<c/w)71/2
=0 (w(o(2)1)1? — (w(o(2)t)) /2 o0 T Pwl/2 — 2l

B —k12 ifr>o0,
Sl —kY2 ifr<o.

(4.18)

Given a virtual T-character V such that
V=-VYk,

we may write
V= E U; — Vi,
i

where each u; and v; are T-weights and u;v; = k. A slope o: C* — A is said to be V-generic if
u;(o(2)t) # u;(t) for all u;; as u;v; = K, we also have v;(o(2)t) # v;(t).

From (4.14), we see that for any fixed 3, the fixed-point set DT(X, 3,n)7 is finite for any n
and empty for n < 0. From (4.18), we conclude that for generic o: C* — A,

> Q"'x(DT(X,B,n),0")7 €T, (4.19)

where I' C Q[[Qil, /{il/QH is the integral domain

{ > QI

¢ € Q,
there exists an NV such that ¢; ; = 0 whenever i < N, .
1,JEZL

and for any fixed ¢, only finitely many ¢; ; are nonzero
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DEFINITION 4.1 ([NO16, Section 7.3.1]). Given a virtual T-character
V = Z Uy — U;
i

with w;v; = k and a V-generic slope o, define ind, (V) € Z to be the number of weights of u;
that are attracting with respect to o (in the sense of Section 3.2) minus the number of u; that
are repelling with respect to o.

For integers ri, ro, r3 with 71 +ro + 73 =0, let o(r1,r2,73): C* — A denote the slope
zs (27,272, 278) (4.20)

It follows from (4.18) that, for V' as in Definition 4.1, we have

(V)O' _ (_Rl/Z)indg(V) '

A generic slope o is called a preferred slope if one of the exponents rp has very small mag-
nitude compared to the other two; see the discussion after Corollary 4.5 for a more precise
definition.

4.3.2 FEdge limits. Set
t=—Qr'?, q=-Qrx Y2,
For the threefolds X considered in Section 5, the possible normal bundles to a T-invariant

rational curve C;; C X are O(—1) ® O(—1) and O ® O(—2). We compute the limits of the edge
terms EY associated with these two configurations for preferred ¢ as monomials in ¢, t, v/qt.

We first consider a T-invariant rational curve whose normal bundle in X is O(—1) & O(-1),
as depicted in Figure 6.

e
2 t1to

113

Figure 6: The weights along a T-invariant rational curve with normal bundle O(—1) & O(—1)

It follows from (4.7) that

Ex-1-n(ty to,ts) = Z 1+ + tl—l(D)+a(D)+1)tQ—l(D)tg(D)H
Oex [a(@)<U(D)
* > —(t1 4 - - 4+ D7) O aE)
Dex|a(@)<U(D)
b0 (e OO OO

Oex | a(@)>1(D)

+ Y (14 DO OO
OEA | a@)>4(0)
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The indices ind,(FEy —1,_1)(t1,t2,t3)) for preferred o can be computed from this expres-
sion.

By (4.13), we have

t)12 2
X0 (-1, -1y) = XA, (1.21)

We conclude the following.

PROPOSITION 4.2. The limits of the edge contribution E(), (—1,—1)) under preferred slopes o
are as follows:

o=o(ri,ra,r3) | EO (=1, =1))(t1, ta, t3)7
'S e > 05> 1 HlINI2/2 glIXI12/2
ry 1> 0> 1y HlIN112/2 glIXI12/2
S s> 05 7y HINIZ/2 gl 2/2
re>>r; > 0> 1 HIM/2 glIX12/2
ro 13> 0> 1 HIXI12/2 glIAN2 /2
s> 19> 0> HINIZ/2 gl 272

The same argument applies to a T-invariant rational curve in X with normal bundle
O @ O(-2), as depicted in Figure 7.

Figure 7: The weights along a T-invariant rational curve with normal bundle O & O(—2)

By (4.7),
By 0,-2)(t1, t2,13) = Z <(1 + t1_1 N tl_Qa(D))tlQ(D)+ltga(D)
Oex

— (tr+- -+ tf“(m)ﬂ)t;l(ﬂ)tg(m)ﬂ) ‘

By (4.13), we have
AL = 1A

_ 2
e L

XA (0,=2)) = [A[ +2

We conclude the following.
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PROPOSITION 4.3. The limits of the edge contribution E(), (0, —2)) under preferred slopes are

as follows:

o=o(ry,re,r3)

E(Av (07 *2))(2517 t2, t3)0

T >>1r9 > 0> 13

£UINIZHAD /2 (I =1 /2

ro >>1r1 > 0> 13

AN

r1>>0>r0>1r3

£UINIE=IAD /2P +IAD /2

ro >0>r; >1r3

AINE

r3 >0>1r9 >1r

I =IAD/2 (NP +IAD /2

r3 > 0>1r > 1

2
g

T3 >19 > 0> 1

U+ /2 (1IN =1AD /2

rg >>1r1 > 0>

2
Wi

4.3.3 Vertex limits. The vertex Vi (t1,t2,t3) defined in Section 4.2 is a quadratic expression
in the character of the three-dimensional partition 7. For an arbitrary partition = and slope o,
there is no known concise expression for ind, (Vx (1, ta,t3)).

However, when o is a preferred slope, it is shown in [NO16, Section 8] that the index
ind, (Vi (t1,t2,t3)) is equal to the index of a different character written as a single sum over
the boxes of 7. This simpler expression for the index yields a combinatorial expression for pre-
ferred limits of the vertex that is well suited to computations.

We recall this procedure from [NOI16, Section 8|. Some notation is needed. Fix a two-
dimensional partition v C Z2>07 and let ¢; and c;r denote the ordered values of by — b; when
(b1, b2) are among the inner and outer corners of v, respectively; see Figure 8.

Figure 8: The partition A = (3,3,1,1) with corners labeled

To be precise, let ng > -+ > ng(,) be the distinct parts occurring in v and v be the partition
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in which the part n; occurs with nonzero multiplicity m;. Then for i = 0,...,d(v), we set

7
¢ =Mit1 — E m;
=1

(here ng) +1=0), and for i = 1,...,d(v), we set

i
+ . .
¢ =ny E m;.
Jj=1

When v = @, the only corner is ¢, = 0.
Define a function 9, : Z;O — {tfl, t;l, t3, tgl} as follows:

tyt if by — by > ¢
orcj>b2—b1>ci_ for some 17,
bt bo.ba) — tl_l ifci_>b2—b1>c;:_1forsomei
Yy (b1, b2, b3) = _ b — b
orcd(y)> 2 — 01,

tz3  if by — by = ¢; for some i,

tgl if bg — by = cjfor some 1 .
Now, given a three-dimensional partition 7, a box [1 € w and k = 1,2 or 3, set

1 itOenk),
5’“@)_{0 if O & m(k).

Define the virtual character Wy (ty,t2,t3) to be

Wr(ti,ta,t3) = Y (¢r (0) = 61(D)oz (D) — 2(D)the(D) — 63(0) o (D)) - (4.22)
Oen
Note the similarity between (4.12) and (4.22).

We can now recall from [NO16] a formula for ind,(V;) for preferred slopes o.

THEOREM 4.4 ([NO16, Theorem 2]). If w is a three-dimensional partition and o(ry,rg,73) is
a preferred slope with |ry|, |ra| > |rs|, then

inda(r17r27r3)(VW(t1, to, t3)) = inda(”ﬂn%m) (Ww(tl, to, t3) — K- W;/ (tl, to, tg)) . (4.23)
Given a preferred slope o(r1,72,73) with |rq], |rz| > |r3| and a two-dimensional partition v,
define
‘IIZ: Z?;O — {_Q’il/27 _Qﬁil/Z} = {t7 q}
to be the function

o t if ¥, (b1, ba, b3) is attracting with respect to o,
\Iju(blvbQ’b3) = . . . .
q if 1, (b1, b, b3) is repelling with respect to o .

For N > 0, set
By = {(b1,b2,b3) | |ba — b1| < N}.
Combining (4.12) and Theorem 4.4, we obtain the following.
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COROLLARY 4.5. For a preferred slope o(r1,r2,r3) with |ri|, |ra| > |r3| and N > 0, we have
H W7 (0)
{OernBy |O¢n(3)}

[ wo [ vo

DGBNHTI'<1> DGBNQTI'<2>

QMa(Vy(ta, ta, 1)) 727 = (4.24)

The limit V (X, y1, v)(t1, 2, £3)° can be computed by summing (4.24) over all partitions 7 €
P(\, p,v). We indicate how to do so when r; > r3 > 0 > ry. Note that there are no values of
(ri,7m2,73) and N for which (4.24) holds simultaneously for all 7 € P(\, u,v). However, for any
fixed m € Z, one may choose R,,, R, and N,, € Z such that for any 7 € P(\, u,v) and triple
(r1,72,73) € Z3 and N > 0 satisfying

x(m)<m, m >Ryu>R,>r3>0>ry and N > N,,,
the equation (4.24) holds. In plainer language, any individual term of the limit
VA, v) (t1, to, t3)7 r0r2)
stabilizes as 7 > r3 > 0> ry and can be computed using (4.24).
Applying (4.24), we obtain
V(A 11, v)(t1, ta, t3)77r>7s)

= UNIZ =MD /2=l =1l /2

= li
2. m < NN Tl
TEP(Au,v)

11 wg(m)) : (4.25)
{DernBy |Ogn(3)}
A framework for evaluating such sums was introduced in [OR07]. Namely, given m € P(\, i, v),
the configuration 7/m(3) can be regarded as a sequence of two-dimensional partitions whose
interlacing behavior is read off from v. Sums of the form (4.25) can be evaluated using a transfer
matrix approach, where each such two-dimensional partition is assigned a weight using V9.

This procedure is carried out in [IKV09, equation (150)] and yields the answer

H wr(O) ¢ A2glul/2 Z (q/t)"7? S/ (t_pq_”t)sut/n (gPt™")
Z iy 1D€mN By Ogn(3)} _ n
el @RI I (1 =a#*) [T (=D
4,520 Oev

Here t=7 denotes the sequence (tl/z,t3/2,t5/2, ... ); the symbol t~* denotes the sequence (t_)‘l,
2 ) and products of sequences are taken termwise. The sy, are skew Schur polynomials;
see, for example, [IK06, Appendix A] for a concise introduction.

In particular,

1
[ijso (L—a'#t1)
This equality also follows directly from Nekrasov’s formula (3.2).

Incorporating the prefactor ¢~ (NIP=IA)/2¢=(lul*~11D/2 from (4.24) and normalizing by (4.26),
we set

V(2,2,0)(t1,ta, t3)°T17273) = (4.26)

£ lIN12 /2l /2 N e
C()\,,u, V)(t7q) = H (1 _ ql(D)ta(D)+1) Z (;) SX/n (t Pq )Sut/n (q ’t ) :
n

Oev
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Up to a prefactor that is important for the computations in the following section, the series
C(\, pu,v) is equal to the refined topological vertex used in [IKV09].

The limits of V()\, i, v) under other preferred slopes can be determined similarly or by using
symmetries of three-dimensional partitions. We obtain the following.

PROPOSITION 4.6. The limits of the normalized vertex contribution V' (A, p,v) under preferred
slopes o are as follows:

g = 0'(7'1,7“2,7‘3) V’()\,/L, V)(tl,tg,tg)o
r1>r3 > 0>y C(\, p,v)(t,q)

r1>>0>1r3>1r (,u )\t t)( )
ro>1r3 >0 | Cut, M vh)(t, q)
re > 0> 13> C(\ p,v)(g,t)

Note that there are four different choices of preferred slope corresponding to a given choice
of “preferred direction” for the refined topological vertex.

5. Dualities for tautological classes on (Cz)[n]

We prove Theorem 1.2 and Proposition 1.3.

5.1 Two toric geometries

Let X; and X5 be the smooth toric Calabi—Yau threefolds whose toric diagrams are those in
Figure 9, with the action of a three-dimensional torus T = diag(t1, to, t3) as indicated.

In Figure 10, we label each torus-invariant curve C; with its “Kéhler parameter”; with regards
0 (2.4), this parameter denotes the variable ul®!). Homologous curves in X; are assigned the
same parameter.

tot
23 tot3 #t3t3
—1
f3
tqts t
° 3y b 1521
2,2 3
t2t3
t1 / tq
—1 —1
N AN\ 99
tt3 : i3
ts 2
o ty 1y t1t5t3
13 2=l 22
1% 12"

Figure 9: The Calabi—Yau threefolds X; and X5, respectively, with T-weights labeled
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my my

v my

v m3

mo mo

Figure 10: The Calabi—Yau threefolds X7 and X, respectively, with Kéhler parameters labeled

5.2 Equality of limits
Let X denote either of X; or X5. As before, let T’ be the double cover of T’ on which (t1t2t3)1/2
is defined, and let A C T be the Calabi-Yau subtorus ker(x); then T acts on X via the map
T —T.

For these two geometries, the possible noncompact directions of X are those pointing verti-
cally or horizontally in Figure 9; these are all of the form

th(titats)/?,  th(titats)?/? .
Let M be a component DT(X,3,n) of DT(X). By (4.18), the function x(M,O"") is A-

balanced.

Recall from (4.20) the definition of o (ry,72,73). The weight ti(titot3)/? is attracting with
respect to o (r1, 72, 73) if i -1 > 0 and repelling if 4 - 71 < 0, while th(t1t2t3)7/? is attracting with
respect to o if i - r9 > 0 and repelling if 7 - ro < 0. We conclude that the attracting or repelling
behavior of the noncompact directions of X depends only on the signs of 1 and 5.

Hence, for M-generic o(r1,7r2,73), Theorem 1.5 implies that the value of the limit

X (M, @vir) o(ri,m2,r3)

depends only on the signs of 71 and 7. The same result holds when DT(X) is replaced by the
Hilbert scheme of points. We conclude the following.

COROLLARY 5.1. For rg > 19 > 0> r1 and s > 0 > s1 > s3, we have
Zhyy (X)70717203) = Zhyy (X)) € Q[T ] (5.1

Here, the integral domain Q[F,uﬂ] consists of power series in the Kéhler variables with
coefficients in I'. In Section 5.3, we will also write certain elements of I' as rational functions
in ¢*/2 and t'/2; the rational functions we write can be identified with elements of T by expanding
in positive powers of ¢ and t.

While sufficient to establish our results for Hilbert schemes, we remark that our notion of
noncompact weight does not produce the strongest expected results of the form of Corollary 5.1.
Namely, if one assumes the K-theoretic DT /stable pairs correspondence [NO16, equation (16)],
then noncompact weights should be replaced by weights corresponding to directions in which
curves in X may escape to infinity. Such a reformulation would imply stronger versions of Corol-
lary 5.1 for some threefolds not considered in this paper. For example, the space of effective
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curves in Kpi,p1 is compact; the K-theoretic DT /stable pairs correspondence would then imply
that, for generic o, the limit Z{,(KCp1yp1)? does not depend on o.

5.3 Evaluation of limits
To apply Corollary 5.1, we evaluate the limits (5.1).

Divide the toric one-skeleton of X; into eight trivalent vertices and eight bounded edges.
Propositions 4.2, 4.3 and 4.6 enable us to evaluate the corresponding limits of (4.17). Choose the
counter-clockwise orientation for the one-skeleton of A(X7). Let

)\17)\27#617['627’4‘/17"{/27&37%4 (52)

be two-dimensional partitions assigned to the bounded edges as shown in Figure 11.

K1
K1 K4
A A9
119 3
)

Figure 11: The Calabi-Yau threefold X; with two-dimensional partitions assigned to edges

Then, for o(ry,re,r3) with 73 > ro > 0 > r1, the corresponding contribution to the series
Z]’DT(Xl)U(””"Wi”) is the product of sixteen terms, one for each vertex and one for each edge.
Reading the diagram left to right, then top to bottom, the edge terms are

K t12/2 2/2 K 272 ||kt|12/2 2 A ARHIAD/2 (A 12=| A1) /2
m|11\t|\f€1|| / qllm\l/ , mL 4|t\|f€4|\ / qllfmll/ ’ vlm\q\lm\l , w At UALE AL/ q(H =[x/ ,

2_ 2 2 t12 2 2 12
el gDl eD /20 (D2l +e /2| lialgliall® el IR 2 gllmall2/2 el sl /2 151272

while the vertex terms are

_ 2 2 _ _ t12 2 _
C(k1,2,2)(q,t) = ¢ 1M Ps o (g7°), C(2,5h,2)(tq) =g "I s, (g77)
t_HHt1H2/2 q_||)‘1‘|2/2 q ‘771|/2 t
- 4 —p,—11 —pp—H
I - e @ (t) Swa fn (170071 (077871)
m
Deut

g 1Pell?/2 p=llmal /2 ;

t —
C(Az”ﬂ’ﬂl)(q’ t) = H 1— qa(D)+1tl(D) %: <q

Oepr

tf‘l)‘1|‘2/2q7“”2”2/2 q ‘172|/2 P o
C (N, k2, u2) (t,q) = I +O40 %: (E) x e (80072 ) 8y (47717H2)

Uepa

C(Klu A17 ,U,ﬁ)(t, Q)

elf2 —pyp—pt —p —p1
S/\Q/m(q t l)sni/m(t g,
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—[IK%112/2 4=11x2][?/2 [ns|/2

q 3 t t o oy

)Z (q> Sﬁs/ns(q ’t m)skg/ng(t Pq “2);
3

H 1— -‘rltl(

DEM2
C (2,5, 2)(q,t) =t WEIF2s, (17P) | C(k, 2,2)(t,q) = rHHsH?/%Kg (t°).

C(H37 A27 :u’tQ)(qa t) =

The limit Zf(X1)?17273) is the sum over all possible choices of the two-dimensional par-
titions (5.2) of the product of these sixteen terms. To evaluate this sum, we use the methods of
[IK06] for topological vertex computations. Their approach also works for the refined topological
vertex. We use the following skew Schur polynomial identities which can be found, for example,
in [Tak14]. For two sequences z = (zg, 21,... ),y = (Y0, Y1,--.) and a formal variable m, set

{z,y}tm = H (1+ ml‘iyj) .

1,520

Then,
ZUNSA/m ((»’Ui))sx\/nz((yj)) = {%;}_u Zul)‘lsm/A((uyj))sm)/)\((uxi)) , (5.3)
Zu SX/m xl))‘s)\t/nz((y]) - {ZL‘ y}uzu nt /Xt uy]))sné/k((uwl)) . (54)

First, use (5.4) to sum over the partitions k; labeling the outer edges. For k1, one has
|'<1\ —p —  fy—p.— _ -
Zm i (@) wa o (E007) = {47007 070, sy (mag ™),

with analogous identities for the remaining ;.

Use the homogeneity of skew Schur polynomials to incorporate (t/q)*1l/2- and (q/t)*2l/2-
factors from the edge contributions and (t/q)I"!/2- and (q/t)!"sl/2-factors from the vertex con-
tributions into the arguments of the skew Schur polynomials s At and st For example, for
the former one has

(t/q)|)\1|/2 (Q/t)‘m‘ﬂsktl/m (q—ﬂt—lfi) = Sxt/m (\/7% q—Pt—Mtl) .

Next, use (5.3) to sum over A; and Ag. For example, for A; one obtains
Z ulAlls}\tl/m (\/7% ) q_pt_'utl)sktl/m (t—pq—u’é)
A
P T 0 s g a0
A1 INGE qPtH, t—pqwg}_u

Then, use (5.4) sum over the ancillary partitions 7; associated with each vertex. For example,
for n; one obtains

D s (M) sy g (wt =g %) = {275, 70Y, sx, (mag ™).

/m £/n3-

Finally, use (5.3) to again sum over A; and Ay. For example, for A\; one obtains

ulsy (mlq_p)sA (mm/q/t't_p) = ! .
)\Zl 1 1 { /q/t.t—ij_P}_umlmQ
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Keeping careful track of prefactors, we obtain that for r53 > ro > 0 > 7y, the limit
Z/ X 0'(7'1,7'2,7‘3) 3
pr(X1) 15

Z Szl qHMHQtHMHQ Vv | (5.5)
ot Vr Vb
where
Vi = H (1 _ tl(l])qa(l])—H) (1 _ 751(D)+1qa(m)) H (1 _ ql(D)ta(EI)—‘rl) (1 _ ql(D)—Ht(z(D)) 7
Oep Oeps

Vi = {0 7 L) (e (g

, {t—pq—#E’ q—p}mlu{q—pt—#i : t—p}mw{q—pt—#i ’ t—p}mgu{t—pq—ué’ q—p}mw :
Vo = {\/t/q-q Pt 1 PgHe) AVajt-t*q — q‘pt‘“ﬁ},u

AVt ey WV

Here, the factors of Vi are expanded in positive powers of ¢t and ¢, and the factors of Vp are
expanded in positive powers of the Kahler variables. We record

{gre ), =T (C+mva/t- %) T (1+mg™/20/2). (5.6)
OeA i,j>0
All infinite products appearing in (5.5) are well defined as power series in the Ké&hler variables
with coefficients in I'.

The limit ZI’DT(Xl)U(Sl’”’S?’) for s > 0 > s1 > s3 can be computed by the same procedure,
yielding

2 by 2
Z SN |t|| P glRell® oy 5.7)
o Ur Up’
where
Up = H (1 _ ql(D)ta(D)—f—l) (1 _ ql(D)+1ta(D)) H (1 _ tl(D)qa(D)+1) (1 _ tl(D)+1qa(D)) :
Oe OeXs

U = {7 (a0, (0, (0 00),,
: {q—pt—/\é ’ t—p}mw{q—pt—/\é 7 t—p}mw {t—pq—/\i ’ q—p}m3v {t—pq—Ai ’ q—p}mw :
and
Up = {\/m PN g b L g Pt g 3
. {\/15/7 : q_p’t_p}—vm1m4{m : t—p7q—p}_vm2m3 )

Again, all infinite products appearing in (5.7) are well defined.

Corollary 5.1 implies that (5.5) and (5.7) are equal. We perform specializations and substi-
tutions to obtain Theorem 1.2.

First, we perform a specialization under which (5.5) and (5.7) each become sums over a single
partition. Specialize

mg = —+/q/t. (5.8)

Under (5.8) , both (5.5) and (5.7) are well defined as elements of Q[T'][[u, v, m1, m2, ms]]. By (5.6),
when ) is nonempty, the infinite product {t‘pq_’\, q_p}m contains (1 + m\/t/q) as a factor. So,
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for nonempty A, we have
{tipqi)\, qip}i\/qf/t =0. (59)

After implementing (5.8), it follows from (5.9) that only pairs of the form (&, u2) contribute to
the sum (5.5).

Now, substitute
my = —miVt/q, mo=-—-mh\/t/q, mz=-mi\/t/q, u=1u'q/t, v=1'q/t. (5.10)

Having implemented (5.8) and (5.10), we apply (5.6) to the products Vp and Vp appearing
in each summand of (5.5). After canceling like terms and keeping careful track of the remaining
factors, we obtain that under (5.8) and (5.10), the sum (5.5) becomes

b1 4— ! b14—b looo ! —by b
<Z(v’)u2|qlu2|tlﬂz|2—|#2| I (1 —mhg"t"2)(1 —mig"t™") (1 — u'miq 1“))

(1 _ qlta-f—l) (1 _ qH'lta) (1 _ ulq—bltbg)

w2 Uepz
H (1 —u'm/ qi+1t7) (1 — u’méq”ltj)
(1 —w'q ) (1 — wmmhg+1e)

7-]
. H (1 — q”ltj) (1 - m'lqitjﬂ) (1 — m'quth) (1 — mgqitjﬂ) . (5.11)
7:7j
By a similar computation, under (5.8) and (5.10), the series (5.7) becomes

— m’lqblt_bQ) (1 — m’qult_bQ) (1 — v’mgq_bltbQ) )

ALl P = (1
(Z(u ) q t H (1 _ qlta+1) (1 _ ql+1ta) (1 _ U/q—bltbg)

Al OeX
(1 —v'mhg"™ 7)) (1 — v'mlg" 1)

. !_j[ (1 —v'g*1t) (1 — v'mbhmlyqit1e)

. H (1 — q“'ltj) (1 — m/lqith) (1 — méqitj"'l) (1 — mgqitjﬂ) . (5.12)
12
Note that

g~ PN+

1
DH@ (=gt te) (1 =g ) Tlney (L—g 1) (0 — gt )

(5.13)

After canceling the factors common to (5.11) and (5.12), redistributing terms and using (5.13),
we find that the expression

<Z Jlu] H mqult P2) (1 = mig™ ") (1 - u’m’lq—bltb2))

- e, lta+1) (1 — q7171t7a) (u/ — qblsz)
(1—v'g"t7) (1 — v'mhmlq )

. ]{_][ (1 - v/m’zqiﬂtj) (1 _ U/mgqi-i—ltj) (5.14)
is equal to the expression
<Z )l H (1- mlqblt 2) (1 —myg™ ) (1 - v’méq_bltb2)>
A1 Oex lta+1) (1 - q‘l—lt—a) (v’ — qblt—b2)
_ i+117 o i+l
(1—u/qgthe )(1 u'mimbgt7) 515

. l_j[ (1 —w'mig+17) (1 — w'mhgi*t1t7)
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By definition,

11 (1= v'g""1t) (1 — v'mymiq ™ t7) Gym® [y 4L = m2) (1 —m3)
—~= = Sym® | —v

(1 — v'mhgt147) (1 — v'mlyg+1e)) Y (1—-q)(1—1)

Regard (5.14) and (5.15) as power series in «/, v/, m), mb, mf whose coefficients are rational
functions in ¢ and ¢. Writing (5.14) and (5.15) in terms of ¢~! and ¢, we conclude that

’.]

F(',mb,my,mh, ) (g, t1)  F(u',my, mh,my,v')(q, ¢ ")

o (1—-mbL)(1—mb)\ . (1—m})(1—mj)
Sym (‘”’W) Sym (_“/W)

For now, assume Proposition 1.3, which asserts that

. /(1*m/)(1*m,) _ S A A -
Sym <—v (1—q2*1)(1—t:; ) —F(v,mZ,m3,m1,0)(q,t 1).

We conclude that
F(U,7m,27m,37m/17u/)(q7 t_l) _ F(ulﬂmllvm/27mé7v,) ((Lt_l)
F(U/améamé>m,170) (qj:il) F(u/7m,1am/2amgao)(Qa til)

(5.16)

By definition, the expression F'(v, mg, ms, my, u) (q, til) is also symmetric under the exchange
of mg and mg; this symmetry and (5.16) imply Theorem 1.2.

Proposition 1.3 is obtained from the same procedure applied to Xo, with Kéhler parameters
as labeled in Figure 10. Let A be the two-dimensional partition assigned to the bounded vertical
edge of the diagram. Under the substitutions

my = —mi\t/q, me=-—mh\/t/q, u=1u'q/t,

the limit Z]’DT(XQ)“(“’T?’T?') as 73 > ro > 0> r; becomes

H (1—mig' ) (1 - méqitjfl) (1- m’lu’q”‘ltj) (1 — mbu'q"t1t7) (5.17)
(1= W™ 0) (1 = w1 ’
while the limit ZI/)T(XQ)O—(517827S3) as s9 > 0 > s1 > s3 becomes
(Z( NG I H - ;ttajl; Ei - Z}éii”)
A e
T (1= mhg ) (1 — mbg't Y (5.18)
.3

By Corollary 5.1, the series (5.17) and (5.18) are equal. We obtain the equality

(W) H (1 —mig®t702) (1 — mhg®t~2) | ~ Sym® (u/q(l —my)(1 - m’2)> ;

- DGA gt 1) (1 — =1 (—gbri—t2 (1—g)(1—¢)

here, we have also applied the u' = 0 specialization of the identity (5.13) to the series (5.18).
Both sides of this identity are power series in u/, m), m}, whose coefficients are rational functions
in ¢ and t¢.

It follows that

1—m))(1—ml
P!, ml iy mh, 0)(g,£7') = Sym® <u'< )l 7”2)),

(1-¢ (A -1

proving Proposition 1.3.
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6. Tautological bundles on S™

Let S be a complex projective smooth surface and £ be a line bundle on S. In this section, we
apply Theorem 1.2 and Proposition 1.3 to study the holomorphic Euler characteristics of certain
Schur functors of the tautological bundles £ on S,

6.1 Reduction to toric surfaces
Let m, y and z be formal parameters. Set
XA(S, L) = > 2 (=m)Px (S ALY Xy (S,£) = > 2y x (ST, Sym* LM
k>0 k,n>0
By the Hirzebruch-Riemann-Roch theorem, both xx and xsym are of the form (1.5).
By [EGLO1, Theorem 4.2], there exist universal series 4; € Q[m, z], for i = 1,...,4, such that

XA(S, £) = exp (c1(L£)* A1 + c1(L)e1(S) Az + c1(S)? As + c2(S) As) -

Set
2(8,£) = (a(LP e1(£)er(S), e1(S)ea(S) € 71
If v(S,L) = >, a;iv(Si, L;) for a; € Z, then

xXa (S, £) = [ (xa(Si, £0))% (6.1)

7
Analogous results hold for xgym.

We conclude that y and xsym can be determined for arbitrary (5, £) by their values on any
quadruple {(S;, £;) }i=1,....4 for which the four vectors v(S;, £;) are independent over Q. Any set
of generators {(S;, £;)} of the algebraic cobordism ring (see [LP09]) of surfaces equipped with a
line bundle will satisfy this condition. In particular, such (S;, £;) can be chosen to be toric.

6.2 Reduction to equivariant C2

Let S be a toric surface with the action of a two-dimensional algebraic torus diag(t1,t2) whose
fixed locus is a finite set of points, and let £ be an equivariant line bundle on S. Then, the series
XA (S, £) and xsym (S, £) can be read off from the equivariant geometry near the fixed locus. Let
{si} C S be the torus-fixed points, let U; be a toric chart centered at s;, let w;, and w;, denote
the tangent weights at s;, and let [; denote the torus weight of the fiber Ly;,.

The torus action on S induces an action on S and, in particular, an action on Ui[n] for
each U;. The torus-fixed points of S are given by products [L; Zyi of torus-fixed ideal sheaves
Iy C Oy, with S|X| = n. At [[,Zy, the tangent space and the fiber of £"l have torus

characters
—by—bo
E T)\i(wil,wi2), E E liwil ’U)i2 5
i

i OeXt
respectively. Let O(I) denote the trivial bundle over C? twisted by a torus weight I, and set
xa(C%,0(1)) (wy, ws) to be the character of

Z Zn(_m)kX((CQ[”},Ako(l)[n]) 7

n,k=0

where a torus acts on C2? by scaling the coordinate axes by weights w1, ws. Define XSym ((Cz, (9(1))
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analogously. Equivariant localization on S implies

[Al
< —by, —b
XA (C2, O(l))(wl,wg) = . (1 — mlw; 'w, 2) ,
; A (T)\\/(wl,wg)) Dl_[@\
while equivariant localization on S implies
X (S, £) HxA (C%,0(L)) (wi, , wiy) -

The resulting identity is an equality of equivariant Euler characteristics. The nonequivariant
series is recovered by specializing ¢; = t5 = 1.

6.3 Exterior powers
Using Proposition 1.3, we compute x (S, £) for arbitrary S.

COROLLARY 6.1. For a projective surface S with line bundle L, we have

x(S1, Akl = (n —k iy >i<§;)s) - 1) (X(If))'

This result is a specialization of [Sca09, Theorem 5.2.1].

Proof. Let F be as defined in (1.7). Proposition 1.3 and (2.3) imply that

1 — l
XA(C2, (’)(l))(wl,wg) = F(zml ,0,0 0) (w1, wq) = Sym'( Zfl sl — )
ml’ (1—w1 )(1—w2 )
It suffices to check the corollary for toric S and equivariant £. Let {s;}, {w;,,w;,} and {l;}
be as in the previous section. Then, as equivariant series,

z— zml;
HXA C2 (wzuwm) = Sym <¥ (1 _ wi—ll) (1 B —1))' (6'2)

’U)l-2

By equivariant localization, the expression (6.2) specializes under t; =ty = 1 to

_ x(£)
Sy (x(05) — s (£) =
6.4 Symmetric powers
The author is not aware of a closed-form expression for the Euler characteristic of the kth
symmetric power of a tautological bundle in terms of k. Nonetheless, Theorem 1.2 and Proposition
1.3 can be applied to such symmetric powers.

We use Theorem 1.2 to rewrite xsym(S, L) as a fraction where the Segre variable y enters
the denominator in a controllable manner. Note that the series ygym(C?, O(1)) (w1, w2) can be
obtained by extracting all terms of the series F'(z,m,0,0,yl)(wi,w2) of equal z-degree and m-
degree. By Theorem 1.2, we have

F(z,m,0,0,0)(w;,ws)

F 0,0,yl = - F(yl,0,0 . 6.3
(z,m, y U,y )(U)l,U]Q) F(yl,0,0,m,O)(wl,wg) (y7 ,U,m, Z)(’LUl,'UJQ) ( )
By Proposition 1.3,
. zm — z
F(Z7m707070)(w17w2) = Sym ((1 weo )(1 1)> (64)
—wy —
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F(yl,0,0,m,0)(wy, ws) = sym-<(1 - _)léll _ 1)) (6.5)
By definition,
F(yl,0,0,m, 2) (w1, ws) = 3 (s)™ = mawy g (6.6)
o A(TY (wr,w2)) 525 z—w'{lwé’z

Let G(C?, O(1)) (w1, w2) denote the series obtained by first extracting the terms of (6.6) of equal
z-degree and m-degree, and then setting m = 1; we have

—b1,,,—bo

Al —zwy tw
6(€%,00)wn,uz) = Y- 1o OISR (6.7)
A

T)\\/(wl,wg)) Ole —W1 Wy

Consequently, extracting the terms of both sides of (6.3) of equal z-degree and m-degree, and
then setting m = 1, yields

z 4yl
wi')(1—w

Suppose that S is toric with equivariant line bundle £, and let {s;}, {w;,,w;,} and {l;} be
as in Section 6.2. Then

XSym(Sa L) = H XSym ((C27 O(li)) (wiy , wiy )

:Sym°<z(1_w§j;(yl >HG (C%,0()) (wiy , wiy) -

i

o (€4, 000) 1) = Sy (= 7 )(C 0 ).

Set
<HG (2,0 wll,w12)> . (6.8)
ti=to=1
By equivariant localization, we conclude that
Xsym(S, £) = L G(S,L). (6.9)

(1 — z)X(OS)(l — y)X(E)
We apply (6.9). When x(Og) = 1, we have the following stability result.

COROLLARY 6.2. Let S be a projective surface with x(Og) = 1, and let L be a line bundle on S.
Then, for n > k, we have

(7, Sym# L) = (X(E) +k— 1) ;

k

in particular, the right-hand side does not depend on n.

Proof. It suffices to check the result for toric S and equivariant £. Fix k > 0, and set G(S, £)
to be the sum of all terms of G(S, L) of y-degree at most k. As any monomial in G(S, L) has
z-degree no larger than y-degree, we may write

k
Gr(S,£) = g;(S, L)+, (6.10)
j=0
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where g;(S,L) € Z[y](t1,t2). By (6.9), given any n > k, the z"y*-term of Xsym(S, L) is the
y*-term of the expression

1
W Zgj(5>£) = WGJQ(S,EHZ:l .

J=0

B

By (6.7), we have G(C?, O(l))(w1,ws)|.=1 = 1 for any T-weights I, w; and ws. Therefore,
Gr(S,L)|=1 = 1. O

When x(Og) # 1, the expressions (6.9) and (6.10) imply the following.

COROLLARY 6.3. For any k, the series > .-, z"x(S["},Symkﬁ["}) is the Laurent expansion of
a rational function in z with denominator (1 — z)X(Os),

We now compute the series xsym (S, £) up to y-degree 3. The same approach can be used for
any fixed degree in y.

COROLLARY 6.4. We have

X (S, Ogry) = (X(OS): . 1> ’ (o411
X(s[n]7£[n]) _ <X(Oi)j? - 2>X(£) , (6.12)
V(5, Sym?2 ) — (X(Oi)jf - 3>x(ﬁ®2) n (x(oi)j; - 3) (x(L;Jr 1> C(613)

(S, Sym? i) = (X(OS) +n— 3)x(£®3)

i (X(OS) +n— 4> (X(£®2)X(£) _ X(ﬁ®3 ® TSV))

N (x(O%:)JrZ% - 4> <X(£:))) + 2) . (6.14)

Proof. Tt again suffices to prove the result for toric S and equivariant L.
Computing the series G(C2, (’)(l)) of (6.7) explicitly up to y-degree 3, one obtains
G(C*%0(1))(t1,t2)
o Yl = 2) PP (2= 22) PP (2 — 2 (1 — 2 (7 5t
s (=) £ P02+ 6 | o
(-t -15")

Rewriting the right-hand side in terms of Euler characteristics of equivariant bundles over C2,
we have

G(C200)(t1,t2) = Sym* (—y(1 = 2)x(C%,OW) + (2 — 22)x(C% O()*?)

+ 9 (2 — 22) (x(C*, 0()®%) — 2x(C*, 0()** ® T(CQV))) + O(y4) )
(6.15)

where, on the right-hand side, a torus scales the coordinate axes of C2 by t; and t,.
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By (6.8), (6.15) and equivariant localization, we conclude that
G(S,£) = Sym® (—y(1 = 2)x(S, £) + v (= = 22)x (5, £7?)
+ 47 (2 — 2 (X(S.£%) — 2x(S,£5 @ TS)) ) + O(y")
_ ( 1—y >X(ﬁ) <1_Zzy2)x(£®2) (1_22y3>x(£®3) (1_22y3>x(ﬁ®3®7~9v) . O(y4) |
1—2zy 1—2y? 1—2y3 1— 233

The corollary then follows from (6.9). O

The individual cohomology groups of bundles Sym*£™ have also been studied in connec-
tion with the strange duality conjecture for P2. Namely, equation (6.12) is shown in [EGLO1,
Proposition 5.6(ii)], and (6.13), (6.14) are consequences of [Scal5, Theorem 5.25]. In the cases
when n = 2 or 3, equation (6.13) is also a consequence of [Dan04, Theorems 1.1 and 1.2]. The

approach of this section can also be used to determine values X(S’ [, Symkﬁ[ln} ®D52), as studied
in [Dan04, Scal5]; here, given a line bundle £ on S, the line bundle D, denotes the pullback
under the Hilbert-Chow morphism of the bundle £2"/&" on Sym™S.

6.5 Rank two vector bundles on S

As for line bundles, any rank r vector bundle V on S has an associated rank rn tautological
vector bundle VI on S whose fiber over Y € S is HO(Oy @ V).

Let V denote a rank two vector bundle on S. Set

xa(S, V) = Z z”(—m)kx(S[”},AkV[”]) .

n,k>0

Again, there is no apparent concise closed formula for x4 (.5,V), but Theorem 1.2 can be used
to compute the series up to any fixed degree in m.

COROLLARY 6.5. For a projective surface S with rank two vector bundle V, we have

X (81, i) = (X(Oi)jln - 2>X(V) | .10
s - (4073 (07 (409 -3) o
V(S0 ABylnl)y — (X(Oi)_*g - 4> <X(3V)> + <X(Osn)_+§ - 4) (XV)X(A%V) = x (V& AV)) .

Proof. The argument of Sections 6.1 and 6.2 also applies to series of the form (1.5) when £
is replaced by a higher-rank vector bundle. In particular, the series x(S,V) is determined for
arbitrary (9,V) by its values at toric S and equivariant V.

Given torus weights I1, [ and an action on C? such that the coordinate axes are scaled by
weights wq, we, set

XA (C20(L) @ O@y)) (w,w) = S 2(=m)*x (€)™, AF (o) & 0(12))™) . (6.17)
n,k>0

Then

1

XA (C2,0(L) & Os)) (1, t2) = F (zmll, _—

ml
0.1 y) (t1,2)ly0 (6.18)
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Note that the specialization y = 0 on the right-hand side is well defined. By Theorem 1.2,

1 ml
707 TQa y> (tla t2)

F (zmll, —
ml1

F (zmll, v ,0, "ZQ,O) (tl,t2)F < mly 1

,0,,Zml1> (tl,tg). (619)
F (y’ =20, ml1 O) (t1,t2) y mh

By Proposition 1.3, we have

F <Zml17 miy 707 77;12 ) 0) (tlth)

F(y, mly |, ih,o) (t1,t2)

. ° le
oy ((1 (- t;)) S

Note that

{ 1 l (Al 1— mLt_blt_ln 1— Zt_blt_b2
F (%mQ,O,,zmll) (t1,t2) :Z (mls) ( Gttty ) ( L)
Y X

mi; ATy AL (1 — zmlit; "t 2)

(6.21)

In particular, each factor on the right-hand side of (6.19) is well defined under the specialization
y = 0, and only finitely many terms of (6.21) contribute to any fixed degree in m.

Expanding up to degree 3 in m yields

F <y, mylz,o, mlll,zmll) (tl,tg)‘
- <m(1 — )l +m (1(1—5);11)12( 1+_n;2(1)_ 2)22(1y + 12)11z2> vomY).  (622)
Combining (6.20) and (6.22), we conclude that
XA (C%,0(L) & O(l)) (t1, t2)
— Sym® (zx((CQ, 0) — max(C2, 0(l) ® O(ly)) + m2(1 — 2)2x(C2, A*(O(11) @ O(ly)))
+m(1 — 2)22x(C2, (O(l) ® O(lz)) @ A2(O(ly) & 0(12)))) +0(m*),

y=0

where, on the right-hand side, a torus scales the coordinate axes of C? by ¢; and t.
Equivariant localization implies that
1— XO) 71— 22\ XAPV) /g 33N X(VEATY)
(1—2)xOs) \ ' 1—2zm 1— 22m3

for all toric S and equivariant V. Note that (6.16) (and the same statement for V of arbitrary
rank) also follows from (6.12). O

It would be interesting if this paper’s techniques could be applied to study Schur functors of
other bundles over the Hilbert scheme of points on a surface and moduli of higher-rank sheaves.
Examples of interest include the determinants of tautological bundles associated with higher-
rank vector bundles (which appear in the “Verlinde series” studied in [Joh20, MOP19]), tangent
and cotangent bundles (which are relevant to the monopole branches of Vafa-Witten invariants
studied in [Tho20]) and the Procesi bundle on the Hilbert scheme of points on C2.
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