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1 Introduction

The principal goal of this paper is to study a special class of Lie superalgebras
which, in our opinion, plays the same role in the theory of Lie superalgebras
as the Kac-Moody Lie algebras play in the theory of Lie algebras. Since the
terminology is not completely uniform even in the case of Lie algebras, we
start with brief discussion of this case.

Given an arbitrary matrix A, one can define a contragredient Lie algebra
g (A) by generators and relations (see [2] or Section 2 for precise definition).
People are usually interested in the subclass of so called Kac-Moody Lie alge-
bras; by definition those are contragredient Lie algebras whose matrices satisfy
the conditions: a;; = 2, a;; € Z<o, and a;; = 0 implies a;; = 0. The main pro-
perty which distinguishes Kac-Moody Lie algebras among all contragredient
Lie algebras is the local nilpotency of generators in the adjoint representation.
That allows one to define the Weyl group and the notion of an integrable repre-
sentation whose character has a large group of symmetries. Finite-dimensional
semisimple Lie algebras and affine Lie algebras can be characterized as the
only Kac-Moody superalgebras which are of polynomial growth.

The first indication of usefulness of the notion of a contragredient Lie
superalgebra appeared in [1]: a significant part of the list of finite-dimensional
simple superalgebras is contragredient. Many properties of contragredient Lie
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algebras are shared by contragredient Lie superalgebras; one notable exception
is the uniqueness of representation: contragredient Lie superalgebras g (A) and
g (B) might be isomorphic even if A is essentially different from B.

Our understanding of contragredient Lie superalgebras advanced a lot in
the last three decades. In [10] Kac classified finite growth contragredient su-
peralgebras whose Cartan matrices do not have zeros on the diagonal. Su-
peralgebras of this class have the Weyl group and nice character formulas.
But this class does not cover all finite-dimensional simple contragredient Lie
superalgebras, and that makes one to look for further generalization.

Van de Leur in [8] studied a class of contragredient superalgebras with
symmetrizable matrices. The condition that A is symmetrizable is equivalent
to existence of an even invariant symmetric form on the superalgebra g (A).
He classified such superalgebras of finite growth; as in the usual case, those
superalgebras are either finite-dimensional, or central extensions of (twisted)
loop superalgebras (the latter are called affine superalgebras).

Representation theory of affine superalgebras has interesting applications
in physics and number theory (see [11] and [12]). (These applications are based
on conjectural character formulae for highest-weight representations; we prove
these formulae for algebras sl (1|n)(1) and osp (2|n)(1).)

In this paper we discuss some aspects of structure theory and representa-
tions of contragredient Lie superalgebras. In particular, we suggest a definition
of a Kac-Moody Lie superalgebra as a contragredient superalgebra with locally
nilpotent adx, and ady, for any choice of a set of contragredient generators
X;,Yi, h;. The observation that all finite-growth contragredient Lie superalge-
bras are in this class led to a classification of finite-growth contragredient Lie
superalgebras ([9]); this gives an evidence that such definition is reasonable.
Defined in this way, Kac-Moody superalgebras have a very interesting repla-
cement of the notion of Weyl group; it is not a group but a groupoid which
acts transitively on the set of all Cartan matrices describing the given algebra.
(This groupoid was the tool used in [9] to classify contragredient superalge-
bras of finite-growth; also see Section 7.) [9] also incorporates the classification
of Kac-Moody superalgebras with indecomposable Cartan matrices satisfying
certain nondegeneracy conditions; this classification was obtained by C. Hoyt
in her thesis [3].

In the first part of the paper we review the classification results mentioned
above, as well as develop the structure theory similar to [2]. The main new
result of this part is Theorem 4.14, which provides an algorithm listing all
Cartan matrices defining the same Kac-Moody superalgebra. This result is
parallel to the transitivity of the Weyl group action on the set of bases (see
[2] Proposition 5.9).

In Section 2 we define contragredient Lie superalgebras, introduce the no-
tions of admissibility and type, and apply restrictions of quasisimplicity and
regularity. The purpose of the restriction of quasisimplicity is, essentially, to
simplify the discussion; on one hand, the regularity is a key restriction requi-
red by methods of this paper; on the other hand, in the examples we know,



Kac-Moody superalgebras and integrability 3

similar results seems to hold without this restriction. In Section 3 odd reflec-
tions and Weyl groupoid for a contragredient Lie superalgebra g are defined.
We use odd reflections to construct a “large contragredient Lie subalgebra”
g (B) of g and to investigate the span of roots of g(B), as well as the cone
spanned by positive roots of g (B). In Section 4 we introduce notions of Kac—
Moody superalgebra, Weyl group, real and imaginary roots, and discuss some
geometric properties of roots of Kac-Moody superalgebras. Next, we provide
useful examples of quasisimple Kac-Moody superalgebras: in Section 5, of
rank 2, and in Section 6, what would turn out to be all quasisimple regu-
lar Kac-Moody Lie superalgebras. In Section 7 we collect together all known
classification results for contragredient Lie superalgebras. Section 8 contains
amplifications of several results from Sections 3 and 4. In Section 9 we revisit
the examples and provide a more detailed description of their structure.

In the rest of the paper we use the Weyl groupoid to study highest weight
representations of Kac-Moody superalgebras. The main results there are Co-
rollary 14.5 and Theorem 14.7, where we prove Kac-Wakimoto conjecture of
[11, 12] for completely integrable highest weight representations.

In Section 10 we define highest weight modules and integrable modules,
and classify integrable highest weight modules over regular quasisimple Kac—
Moody superalgebras. Section 11 collects results about highest weight repre-
sentations which are true for any quasisimple regular Kac-Moody superalge-
bra. In section 12 we study in detail highest weight representations for the
Lie superalgebras sl (1|n)(1), osp (2|2n)(1) and S (1,2,b). Those are the only
infinite-dimensional Kac-Moody superalgebras of finite growth which have
non-trivial integrable highest weight representations and a non-trivial Weyl
groupoid. The invariant symmetric form starts playing its role in Section 13;
this excludes S (1,2, b) from the discussion; here we obtain “the non-obvious”
results on geometry of odd reflections. Finally, in Section 14 the collected
information allows us to obtain character formulae for all highest weight in-
tegrable representations over sl (1|n)(1) and osp (2|2n)(1).

The first part of the paper is mostly a review of results obtained somewhere
else, we skip most technical proofs and refer the reader to the original papers.
In the second part all proofs are written down as most of results there are
new.

The author thanks I. Zakharevich for careful and belligerent reading of
a heap of versions of the manuscript and for providing innumerable useful
suggestions and comments. The author also thanks M. Gorelik for pointing
out defects in the initial version of the manuscript.

2 Basic definitions

Our ground field is C. By p (z) we denote the parity of an element x in a
vector superspace V = Vg @ V7.



4 Vera Serganova

Let I be a finite set of indices, p : I — Zg, and A = (a;;),4,j € I be a
matrix. Fix an even vector space b of dimension 2|I| — rk (A). It was shown
in [2] that one can choose linearly independent «; € §* and h; € h such
that «; (h;) = a,; for all 4,5 € I, and this choice is unique up to a linear
transformation of . Define a superalgebra g(A) by generators X;,Y;, i €
and h with relations

X =00 () X (1Y) =0 WY (XY =g =0
1

Here we assume that h € b, p(X;) =p (V) = p (9).

By g(A) (or g when the Cartan matrix is fixed) denote the quotient of
g (A4) by the (unique) maximal ideal which intersects b trivially. It is clear
that if B = DA for some invertible diagonal D, then g (B) = g (A). Indeed,
an isomorphism can be obtained by mapping h; and X; to d;;h; and di;X;
respectively. Therefore, without loss of generality, we may assume that a;; = 2
or 0. We call such matrices normalized.

The action of h on the Lie superalgebra g = g (A) is diagonalizable and
defines a root decomposition

g=beo@Pg., AcCh

acA

by linear independence of «;, every root space g,, is either purely even or purely
odd. Therefore one can define p : A — Zs by putting p (o) = 0 or 1 whenever
ga is even or odd respectively. By Ag and A; we denote the set of even and odd
roots respectively. The relations (1) imply that every root is a purely positive
or purely negative integer linear combination ), ; m;a;. According to this, we
call aToot positive or negative, and have the decomposition A = ATUA~. The
triangular decomposition is by definition the decomposition g =nT & hdn~,
where n* are subalgebras generated by X;,i € I, respectively Y;,i € I.

The roots «;,i € I, are called simple roots. Sometimes instead of a;; we
write aqng With a = a;, 8 = ay; likewise for X, Yy, hq instead of X;,Y;, h;.

Remark 2.1. Obviously, given a simple root o = ay;, one of the following pos-
sibilities holds:

1.if ane = 0 and p(a) = 0, then X,, Y, and h, generate a Heisenberg
subalgebra;

2.if ape = 0 and p («) = 1, then [X,, Xo] = [Ya,Ys] =0 and X, Y, and
he generate a subalgebra isomorphic to sl (1]1); in this case X2 = Y2 =0
in any representation of g (A4);

3.if ape = 2 and p(a) = 0, then X,, Y, and h, generate a subalgebra
isomorphic to sl (2);

4.if ape = 2 and p () = 1, then [X,, Xo] = [Ya, Yo] # 0, and X, Y, and
h« generate a (3]2)-dimensional subalgebra isomorphic to osp (1[2); in this
case 2a € A.
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Consider a simple root a. We call « isotropic iff aoq = 0, otherwise « is
called non-isotropic; a is called regular if for any other simple root 3, ang = 0
implies ag, = 0, otherwise a simple root is called singular.

A superalgebra g = g (A) has a natural Z-grading with 0-component being
b, 1-component being €, ; ga,. We say that g is of finite growth if the di-
mension of n-component grows not faster than a polynomial in n.

We say that A is admissible if ad, is locally nilpotent in g (A) for all € I.
In this case ady, is also locally nilpotent. One can check (see, for instance,
[9]) that A is admissible if and only if, after normalization, A satisfies the
following conditions:

1. If a;; = 0 and p (4) = 0, then a;; = 0 for any j € I;
2. If a3 = 2 and p(i) = 0, then a;; € Z<o for any j € I, i # j and
aij:0:>aji:0;
3. If a;; = 2 and p (i) = 1, then a;; € 2Z<o for any j € I, i # j and
aij:0:>aji:0;
Note that if a;; = 0 and p (i) = 1, there is no condition on the entries a;;.
We call g (A) quasisimple if for any ideal i C g (A) either i C h,ori+h =
g (A). This is equivalent to saying that every ideal of g(A) is either in the
center of g (A), or contains the commutator [g (A4), g (4)]. Recall that for usual
Kac-Moody Lie algebras, g (A) is quasisimple iff A is indecomposable; g (A) is
simple if, in addition, A is non-degenerate. For finite-dimensional Lie algebras
quasisimplicity is equivalent to simplicity, but in general this is not true. For
example, affine Lie algebras are quasisimple but not simple. In supercase even
finite-dimensional contragredient superalgebras can be quasisimple but not
simple (for example gl (n|n), see Section 6).
The following theorem is proven in [9].

Theorem 2.2. (Hoyt, Serganova) If g (A) is quasisimple and has finite growth,
then A is admissible.

One can describe an arbitrary contragredient Lie superalgebra as a se-
quence of extensions of quasisimple contragredient superalgebras and Heisen-
berg superalgebras 9(see [9] for details).

Lemma 2.3. If g (A) is quasisimple, then A is indecomposable and does not
have zero rows. In particular, for admissible A, a;; = 0 implies p (i) = 1, so
all simple isotropic roots are odd.

Proof. If after suitable permutation of indices A = B & C' is the sum of two
non-trivial blocks, then g (A) is a direct sum of ideals g (B) @ g (C). Hence A
must be indecomposable. If A has a zero row, i.e. a;; = 0 for some fixed ¢ € I
and all j € I, then it is not hard to see that [X;, b] + Ch; is an ideal in g (A4),
here b = h ® nT. Hence A can not have zero rows.

We call A regular if for any 4, j € I, a;; = 0 implies aj; = 0.
The following is a straightforward generalization of Proposition 1.7 in [2]
to the supercase.



6 Vera Serganova

Lemma 2.4. Let A be reqular. Then g (A) is quasisimple iff A is indecompo-
sable and not zero.

Denote by @ the lattice generated by A, and by Qg the lattice generated
by even roots Ap.

Theorem 2.5. If g (A) is quasisimple and Qo # Q, then either Q/Qo = Z or
Q/Qo = Zy. In the first case, g(A) has a Z-grading g(A) = g-1 D go D o1
such that go is the even part of g (A).

Proof. Consider the Q/Qq grading g (A) = ®i€Q/Q0 gi, where g; = @S(a):i fa,
s:Q — Q/Qp being the natural projection. Obviously, go = g5, and g; C g1
for any i # 0. Choose i € Q/Qo, i # 0. Let [ = g; ® [gi, 94| D g_s- We claim
that [ is an ideal of g. Indeed, [g;, g:] = [9—4, g—:] vanish if 27 # 0, and coincide
with [gi;gfi] if 20 = 0. For j ¢ {_ia Oai}a [gjagzl:i] =0, thus [gja [gi;gfi]] =0
by Jacobi identity; [go, [gi, 9—:]] C [gi, 9—i], again by Jacobi identity. Now qua-
sisimplicity of g(A) implies [ + h = g (A). Therefore g(A) = g; ® go ® g—i;
hence i is a generator of @Q/Qo.

If 20 = 0, then Q/Qo = Zsy. If 2i # 0, then g (A) has Z-grading with g;
being degree 1. Hence Q/Qo must be Z.

Following [1], we call g(A) of type I, if Q/Qo = Z, and of type 1T if
Q/Qo = Zs. In case when g (A) is finite dimensional and quasisimple, g (A)
is of type T if it is isomorphic to sl (m|n),m # n, gl (n|n), or osp (2|2n), and
of type II if it is isomorphic to osp (m|2n) with m # 2, G3 or Fy. For more
examples, see Corollary 7.4.

Remark 2.6. Tt is useful to note that if g (A) is of type I, then all its odd simple
roots are isotropic.

3 Odd reflections, Weyl groupoid and principal roots

A linearly independent set X of roots of a Lie superalgebra g (A) is a base if
one can find X3 € gg and Y € g_g for each 8 € X' such that Xg,Y3, € X,
and b generate g (A), and for any 3,y € X, 5 £~

(X5, Y;] = 0. (2)
If we put hg = [Xg, Yg], then Xg, Y3 and hg satisfy the relations

This induces a natural surjective mapping g(Ax) — g(A4), here Ay =
(B(hy)), B,y € X; since g(Ax) and g(A) have the same Cartan subalge-
bra B, the kernel must coincide with Ker g (Ax) — g (Ax). Therefore, g (A) is
isomorphic to g (Ax). The matrix Ay is called the Cartan matriz of a base
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Y. The original set IT = {«a;} is called a standard base. If g is a Kac-Moody
Lie algebra, then every base can be obtained from the standard one by the
Weyl group action (and, maybe, for infinite roots systems, by multiplication
by —1). It is crucial for our discussion that this is not true for superalgebras.

Let X be a base, « € ¥, anq = 0 and p(«) = 1. For any 5 € X, define

7o (8) by

re (8) =0 if @ # 8 and anp = aga =0,
re (8) =0+« if anp # 0 or ags # 0.

Lemma 3.1. The set ro (X) = {ro (8) | B € X} is linearly independent. Mo-
reover, if o is regqular, then ro (X) is a base.

Proof. The linear independence of r,, (X) is obvious.
To prove the second statement, set

X*a = Loy Y*Ot = XOH XTaﬁ = [XOHXﬁ]’ }/Ta(ﬁ) = [YQ,YQ] (4)

for any 8 € X such that r,(8) = 8 + «. First, we have to check that
[Xra(ﬁ); YTQ(,Y)] =0ifB,y€ XY and B8 #£~. If 8,7 # «, then 1y, (B) — 1o (7) =
B—~orB—~vtad¢ A hence [Xra(g), YTQ(,Y)] =0. So assume that § = «a. A
simple calculation shows that if aay = aya =0, then [Y,,Y,] = [Xq, X ] = 0.
Therefore if 7o (7) = 7, then [X_,,Y;] = [¥o,Y,] =0. If ro () = v+ a, then

1
[X,a, Yra('y)] = [Yaa [Ya, Y’Y]] = 9 [[Yaa Ya] ’Y’Y] =0,
since [Yy, Y,] = 0. Similarly, one can deal with the case a = 7.
Now we have to check that h, X, (5 and Y, (g) generate g (A). Note that

if ro (B) = a + 3, then

1
= 3 (ha) [Ya, [XOHXﬁ]] = m [Xfa;Xra(ﬁ)] :

Similarly, Y3 = @ [Y,a, Y., (g)]. Hence every generator Xg,Ys, € X, can
be expressed in terms of X, (g, Y. (3)-

Remark 3.2. 1t is useful to write down the generators h, () of the reflected
base 74 (X)

hro3y = hg if aag = aga =0, hro(3) = aaphstagaha if aap # 0 or age # 0.

If « is singular, then r, (X) generates a subalgebra in g(A) (see Section 6,
examples D (2,1;0), S (1,2, +£1)).
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We see from Lemma 3.1 that, given a base X with the Cartan matrix Ax
and a regular isotropic odd root @ € X, one can construct another base X’
with the Cartan matrix Axs such that g (Ax) = g (As/). Using (4), one can
construct an isomorphism g (Ax) — g(Ax/); denote it by the same symbol
ro. We say that Ay is obtained from Ay and a base X’ is obtained from X
by an odd reflection with respect to a. If X' = r, (X) and X = rz (X’) one
can define a composition rgry : g (Ax) — g(Axr). It is clear from definition
of ro that r_,r, (X) = X

For any base IT denote by A* (IT) the set of positive (negative) roots with
respect to the base IT. If « € IT, then —a € ro, (IT) C AY (ro (I)).

Lemma 3.3. Let X = r, (II), where o € II is an odd isotropic regular root.
Then AT (IT) \ {a} = AT (X) < {—a}.

Proof. Assume y € A*(IT) \ {a}. Then v = >7,;_; mgf for some non-
negative integers mg, moreover, mg > 0 for at least one § # «. Note that
ro () = B + nga for some integer ng; hence

v = Z mgra (B8)+ | ma — Z mgng | o= Z mgra (8)+ Z mgng — Maq

fa fa fa fa

At least one of mg is positive, 3 # «, therefore v € AT (X). Hence A (IT)
{a} € AT (X) \ {—a}, and lemma follows by symmetry.

Definition 3.4. g (A) is called a regular contragredient superalgebra if any
A’ obtained from A by odd reflections is reqular.

Consider a category C, which has an object g (A) for every square matrix
A. A C-morphism f: g(A) — g(A’) is by definition an isomorphism of super-
algebras which maps a Cartan subalgebra of g (A) to the Cartan subalgebra
of g(A"). A Weyl groupoid C (A) of a contragredient superalgebra g (A) is a
connected component of C which contains g (A).

Let g (A) be a regular superalgebra. With each base X of g(A) we as-
sociate a Dynkin graph ['s, whose vertices are elements of X and « and [
are connected iff ang # 0. If one denotes even, odd non-isotropic and odd
isotropic roots by white, black and gray circles respectively, and writes aqg
and ag, above and under the edge joining o and 3, then one can reconstruct
the Cartan matrix of Ay from I's.

Definition 3.5. Call an even root o € Ay principal if there exists a base IT'
obtained from a standard base IT by odd reflections such that « or /2 belongs
to II'. Let B denote the set of all principal roots. For each 3 € B choose X3 €
93, Y3 € g_p, set hg = [Xp,Y3], and define the matric B = bog = B (ha),
a,pB e B.

Note that by Lemma 3.3 a positive even root remains positive for any base
obtained from II by odd reflections. Hence all principal roots are positive.

To ().
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Lemma 3.6. [X,,Y3] = daphg for any o, 5 € B.

Proof. 1t is sufficient to check that if a # 3, then o — 3 is not a root. Assume
that v = a — 3 is a root. Without loss of generality, one may assume that ~
is positive. Then oo = 3+ . Choose a base II’ such that a or «/2 belongs to
IT’, then « can not be a sum of two positive roots.

Generally speaking, B may be infinite. We define a contragredient Lie al-
gebra with infinite Cartan matrix as an inductive limit of usual contragredient
Lie algebras.

Let g’ denote the Lie subalgebra of g5 (A) generated by Xgz,Ys for all
principal (.

Lemma 3.7. There exist a subalgebra ¢ in the center of g(B) and a homo-
morphism q: g — g(B)/c which maps Xg to the corresponding generator of

g(B). Imq = [g(B),g(B)]/c.

Proof. Let X, Y5 be the generators of g (B). Lemma 3.6 implies that there
exists a surjective homomorphism s: [§(B),g(B)] — ¢ defined by s (Xg) =
X3, s (Yﬁ) = Yj. Since all principal roots are positive, one can find i in the
Cartan subalgebra of g(A) such that §(h) > 0 for all 8 € B. Hence g’ has
an R-grading such that gf = h N g, [g(B),s(B)] has the similar grading
and s is a homomorphism of R-graded Lie algebras. Then Ker s is a graded
ideal, in particular, Kers = m~ @ m® @ m™*, where m® lies in the Cartan
subalgebra of g (B), and m* are the positive (negative) graded components.
Since simple roots are not weights of m*, m® is central and [V, m*] C m*;
likewise [Xj, m~] C m~. Therefore, m~ @& m™ generates the ideal in g(B)
which intersects the Cartan subalgebra trivially. If p: g(B) — g (B) denotes
the natural projection, then m~™ @ m™ C Kerp. Let ¢ = p (mo), and p’ :
g(B)/mg — g(B)/c¢ be the surjection induced by p. Then ¢: g’ — g(B)/c
given by
¢(Xp)=p'(s7'Xp),  q(Ys)=p'(s7'Vp)

is well defined. It is straightforward to check that ¢ satisfies the conditions of
the lemma.

Remark 3.8. The subalgebra g’ is the best approximation to “the largest al-
most contragredient Lie subalgebra” of gz we can construct explicitly (com-
pare with Lemma 3.10). In many examples ¢ is an embedding and we suspect
that is so in general. It would be nice to prove it.

For any base X' consider a closed convex cone
ct(x) = {Zaaa|aa20}.
ack

Denote by C}; the intersection of C* (X) for all bases X’ obtained from IT by
odd reflections. By Lemma 3.3, C;; contains all positive even roots.
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Remark 3.9. Note that Lemma 3.1 used only the following relation of g (A)
which is not a relation in g (A4) : if aqgy = ayq = 0, then [X,, X,] = 0. Thus
one could redo our discussion for any quotient of g (A) in which these relations
hold.

Lemma 3.10. Assume that there are only finitely many X obtained from II
by odd reflections. Then CIJ; is the convex cone generated by principal roots.

Proof. We prove the statement by induction on the number of simple roots n.
Note that C;; is an intersection of simplicial cones, hence a closed convex set.
Let C (B) be the cone generated by principal roots; obviously C* (B) C C}:.
To prove inverse inclusion it suffices to show that the boundary of C;; belongs
to O (B). If vy is a point on the boundary of Cj;, then there is ¥ such that ~
lies on the boundary of C* (X); in other words, v belongs to one of the faces
of C* (X). Hence there exists a € X such that v = > pes{a) MpP for some
non-negative mg. Let € be the contragredient subalgebra of g with simple
roots X = X'\ {a} (as proven in [9], the corresponding X.,, Y-, h, generate a
subalgebra € which is contragredient; alternatively, one could use Remark 3.9,
and work with ¢ directly). Since odd reflections of X’ are induced by ones of
X,y € C;. By inductive assumption « is a non-negative linear combination
of principal roots of . Clearly, any principal root of £ is a principal root of g.
Thus v € C* (B).

Remark 3.11. We suspect that Lemma 3.10 is true without any finiteness as-
sumption.

Denote by Q' the sublattice of Qg generated by all principal roots.

Lemma 3.12. For any regular contragredient superalgebra g (A) with n simple
roots and indecomposable A, the rank of Q' is at least n — 1.

Proof. Choose a base IT of g (A), let I" be its graph. We say that a subgraph

Qi, ..., is a string if it is connected, the vertices a1 and oy are of valence
1 and odd, and all vertices g, ..., ar_1 are of valence 2 and even. We claim
that, for each string a1, ..., ag, either 2 (a1 + - - - 4+ ;) is principal for some

s < k,or a;+- - -+ is principal. Indeed, note that either «; is non-isotropic,
then 2¢ is principal, or « is isotropic, then 14, (@2) = @1+ a3 is an odd root.
Again either a; 4 a2 is non-isotropic, then 2 («; + aw) is principal, or a; 4+
is isotropic, then 74, +a, (@3) = a1 + a2 + ag is an odd root. Proceeding in
this manner, one gets either a principal root 2 (a3 + - - - 4+ ) for some s < k,
or a principal root oy + - - -+ ay. Since all even simple roots are principal, one
can see that for any odd roots o and 8 € II joined by a string, at least one of
2a and a+ 3 belongs to @’'. Consider all odd roots « such that 2 ¢ @Q’. Since
I' is connected, the sum or difference of any two of them is in Q’. Therefore
Q' generates a subspace of dimension at least n — 1. Hence the rank of Q' is
at least n — 1.
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4 Kac—Moody superalgebras

In this section we, finally, introduce the main character of our story.

Definition 4.1. g (A4) is a Kac-Moody superalgebra if any A’ obtained from
A by odd reflections is admissible.

Lemma 4.2. Let g (A) be a reqular Kac—Moody superalgebra. Then g (A) is a
direct sum of quasisimple reqular Kac—Moody superalgebras and even or odd
Heisenberg superalgebras.

Proof. Follows from Lemma 2.4.

Remark 4.3. Note that the theory of highest-weight representations of Hei-
senberg (super)algebras can be formulated in a very similar way to what
we do in this paper. For “typical” representations, the Weyl character for-
mula (22) holds. For “atypical” representations, the character can be easily
described. Therefore, although this paper concentrates on regular quasisimple
Kac-Moody superalgebras, one could easily rewrite the theory for all regular
Kac-Moody superalgebras.

We start with defining the Weyl group. Let g be a quasisimple Kac-Moody
superalgebra. Then an even simple root is not isotropic. Therefore, for any
principal root «, there exists an sl (2)-triple { X, € ga, ha € b, Ys € g_o}. De-
fine an even reflection ro : h* — h* by

ra () = p— p(ha)a.

Since the sl (2)-subalgebra spanned by {X,, ha, Yo} acts locally finitely on

g (A), ry is dual to the restriction of the automorphism exp adx,, exp ad_y, expadx

to h. Therefore r,, permutes the roots and maps a base to a base. If 3 is an
odd root such that 23 is principal, then we put rg = r,.

The group W generated by all even reflections is called the Weyl group of
g (4). The main difference between even and odd reflections is that an even
reflection depends only on a root and does not depend on a base to which the
root belongs. The following straightforward identity is very important:

wre (IT) = ry@yw (1) (5)

for a base I, a regular isotropic « € II and w € W.

Note that one can define exp adx,, exp ad_y, exp adx, for any even « such
that adx, and ady,, are locally nilpotent. We do not know any example where
a is not in the W-orbit of a simple root (in which case the corresponding
automorphism of h* is, obviously, in W).

Lemma 4.4. Let X = ro (II), where o € I is any root (even or odd). Then
AT () ~A{a,2a) = AT (D) N {—a, —2a}.

o
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Proof. The same as for Lemma 3.3.

Corollary 4.5. Let A be finite, II and II' be bases. Then II' can be obtained
from IT by even and odd reflections.

Proof. Assume IT # II'. There exists o € I N A~ (II'). Then
|AT (ro (I)) N A™ (IT) | < AT (II) N A™ (IT') .

Repeating this process, one can get IT” such that A* (II")N A~ (IT') = @.
But then IT"” = II.

Recall notations from Definition 3.5.

Lemma 4.6. If g is a quasisimple Kac-Moody Lie algebra, then B is a Cartan
matriz of a Kac-Moody Lie algebra.

Proof. By quasisimplicity of g, « (hs) # 0 for any o € B. We normalize h,, so
that a (hq) = 2. First, we have to show that a (hg) € Z< for any «, 8 € B,
a # (3. By definition of a Kac-Moody superalgebra, the adjoint action of slo-
subalgebra spanned by Xg € gg, hg € h, Yz € g_g on g is locally finite, and
X is a lowest vector, hence « (hg) € Z<.

Finally, o (hg) = 0 implies [ X3, X,] = 0, therefore 5 (h,) = 0.

Remark 4.7 Recall that the Serre’s relations in a Kac-Moody Lie algebra
g (B) are the relations

(adx,) "7 X, =0,  (ady,)' "7V, =0.

If B is symmetrizable, then Serre’s relations together with the “contragre-
dient” relations

[h’ Xﬁ] =p (h) X3, [h’ Yﬁ] =p (h) Y, [Xﬁ’ Y’Y] = 5ﬁ’>’hﬁ’ [ba b] =0

define the Kac-Moody Lie algebra g (B).

Since adx,, ady,, 8 € B, are locally nilpotent operators in g, Serre’s rela-
tions hold in g’. Thus, if B is symmetrizable, the homomorphism g constructed
in Lemma 3.7 is injective.

Remark 4.8. Later, in Section 9, we will see that for all quasisimple regular
Kac-Moody superalgebras the set B of principal roots is finite. It would be
interesting to obtain a proof avoiding use of the classification.

Remark 4.9. As the preceding remark shows, the group W is manifestly fini-
tely generated. Later the fact that we restrict our attention to (a finite set of)
principal roots leads to an effective criterion of integrability of a weight (see
Theorem 10.5).

On the other hand, the group W is also “sufficiently large”. Indeed, there
are the following indications:
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1. it induces the “even” Weyl group when reduced to the “even contragre-
dient part” g (B) of g (Corollary 4.10);

2. when character formula for integrable infinite-dimensional highest weight
irreducible representations is known for weights in general position, it
coincides with Weyl character formula (Corollary 14.5).

Corollary 4.10. Let g be a quasisimple Kac-Moody superalgebra. Then the
Weyl group W is isomorphic to the Weyl group of g (B).

Define real and imaginary roots following [2]. A root « is real iff there
exists a base IT’ obtained from IT by even and odd reflections such that one
of a or /2 belongs to II’. By definition, a principal root is real. If « is not
real, then we call it ¢maginary.

Lemma 4.11. (a) The set of real roots is W -invariant.
(b) If v is real, then go is one-dimensional.
(c) If a is a real odd isotropic root, then ma € A implies m = +1.
(d) If « is a real odd non-isotropic root, then ma € A impliesm = £1, +2.
(e) If a is an even real root, then ma € A implies m = +1,+1/2.

Proof. W-invariance follows from the fact that if IT is a base, then w (II) is a
base. The other statements easily follow from the fact that a belongs to some
base I and Remark 2.1 .

Denote by Dj; the intersection of CT (X) for all X obtained from IT by
even and odd reflections. It follows from (5) that

Df = () w(Cf).
weWw

Corollary 4.12. If o is an imaginary root, then o or —a belongs to DE.

Proof. Assume that « is a positive root, and « ¢ DE. By definition a €
C* (I), but since o ¢ Dy, there exists some base II’ obtained from II by
even and odd reflection such that o ¢ C* (II'). Write IT' = ry ...rs (II), and
choose i such that « € Ct (riy1...7s (1)) and « ¢ C* (r;...75 ({I)). Then
Lemma 4.4 implies r; = r,, hence a or o/2 € r;41...75(IT). Thus « is real.
Similarly for o being a negative root.

Corollary 4.13. If A is finite, then every root is real; therefore g is finite-
dimensional.

Proof. By Corollary 4.5, every base can be obtained from a standard base IT
by even and odd reflections. In particular, —IT can be obtained from IT in this
way. Therefore D, = {0}. Now the statement follows from Corollary 4.12.

Theorem 4.14. Let g (A) and g(A") be regular quasisimple Kac-Moody su-
peralgebras which belong to the same connected component of C. Then A’ is
obtained from A by a composition of odd reflections, permutation of indices,
and multiplication by an invertible diagonal matriz.

This theorem will be proven in Section 8. (See Remark 8.4.)
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5 Regular Kac—-Moody superalgebras with two simple
roots

It is easy to classify rank 2 regular quasisimple Kac-Moody superalgebras.
We assume that a superalgebra g (A) has at least one simple isotropic root;
otherwise, by definition, there is no restrictions on a matrix A (except the
admissibility conditions).

Theorem 5.1. (/9]) Let g (A) be a regular quasisimple Kac-Moody superal-
gebra with 2 simple roots such that at least one root is isotropic. Then g is
isomorphic to one of the following

N . B 01
1.g_sl(1|2),A—< O) with p (1) =0, or (1()),
2. g~osp(3]2), A— (2 ‘02> with p(1) =0, or p(1) = 1.

Proof. If g has a base with two isotropic roots, then, without loss of generality,

one may assume that A = 1) (since multiplication by a diagonal matrix

0
10
does not change the algebra). The reflection with respect to as gives af = a1+

s, 0y = —as, by = by + h, hy = s (see Remark 3.2). Hence A’ = G _01>_

Now assume that g has a base with one non-isotropic odd root «; and
one isotropic odd root ag. One may assume without loss of generality that

A= (2 2b> for some negative integer b. Again by Remark 3.2, the reflection

10
Tas glVes o) = agtag, b = —ag, b = ﬁhﬁ-%hg (after normalization),
h% = ha. Since o (h}) € Z<o, we obtain f+—22l’b € Z<y, which is possible only if

b=—-1.

Finally assume that g has a base with one even root and one isotropic
root. In this case the odd reflection will move the base to one of the above
cases. Hence theorem is proven.

The following hereditary principle is obvious but very important. If A is
a Cartan matrix of some regular Kac-Moody superalgebra, then any main
minor of A is also a Cartan matrix of some regular Kac-Moody superalgebra.

Corollary 5.2. Let A be a Cartan matriz of a quasisimple regular Kac—Moody
superalgebra. If o is an even simple root and 3 is an isotropic root, then
aap = 0,—1 or =2. If a is an odd non-isotropic root and (3 is an isotropic
root, then aqng =0 or —2.

6 Examples of regular quasisimple superalgebras

Finite-dimensional superalgebras. Finite-dimensional quasisimple Kac—-Moody
superalgebras were classified in [1]. In most cases, they have non-degenerate
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Cartan matrices. However the superalgebra gl(n|n) is quasisimple, but not
simple, and its Cartan matrix has corank 1. (To get the simple superalgebra
psl (n|n) one should factor the commutator sl (n|n) = [gl (n|n), gl (n|n)] by the
center consisting of scalar matrices). For example, the superalgebra gl (2]2) has
the following Cartan matrices

2-10 010 010
10 -1]), 10-1}, ~12-1
0-1 2 010 010

Another unusual example in this class is a family D (2, 1; a) depending on
the parameter a. If we start with the matrix

2-10
10 a
0-12

with a # 0, —1, then reflection r,, transforms it to the matrix

0 1-1-—a
1 0 a ,
-1y g

and the odd reflections of the latter matrix give the matrices of D (2,1; —1 — a)
and D (2, 1;,-1-— %) (after suitable permutations of indices). Thus, the group
Ss3 generated by a — %, and a — —1 — a acts on the space of parameters,
and the points on the same orbit of this action correspond to isomorphic
superalgebras. Hence one can describe the moduli space of such algebras as
CP! {0, —1, 0o} modulo the above S3-action. The cases a = 0, —1, oo corres-
pond to a non-regular Kac-Moody superalgebra. For instance, if a = 0, then
the singular odd reflection r,, maps the generators into an ideal isomorphic to
psl(2]2). It is not hard to show that D (2,1;0) is isomorphic to the algebra of
all derivations of psl (2]2), and D (2, 1;0)/ psl (2|2) 2 sl (2). Another 3-element
Ss-orbit {a =1,-2, —%} corresponds to the algebra osp (4/2).

All Cartan matrices of regular finite-dimensional quasisimple Kac-Moody
superalgebras are symmetrizable, hence they have non-degenerate invariant
bilinear symmetric forms. Furthermore, A is a finite set, hence any root is
real. Principal roots are the simple roots of g’ = [gg, g5)-

Affine Kac—Moody superalgebras. Let s be a finite-dimensional simple
Lie superalgebra from the previous class (so s # gl(n|n)), (-,-) be a non-
degenerate invariant symmetric form on s. Define an infinite dimensional su-
peralgebra s(1) as

s®Ct,t7'] ®CD & CK,

here D, K are even elements and the bracket is defined by
(XethYot]=[XY]@t"" + ki (X,Y)K,
[D,K] =0, [D, X @t"] = kX & t".
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It is not difficult to show (as in the Lie algebra case) that s(1) is a regu-
lar quasisimple Kac-Moody superalgebra. To construct the set of generators
choose some generators Xi,..., X, Y1,...,Y, of s, and add Xy = =z ® t,
Yy = y @t~ where = is a lowest weight vector, and y is a highest weight
vector in the adjoint module.

Quasisimplicity follows from simplicity of s. Regularity follows from exis-
tence of an invariant symmetric form defined by

(X@th Y et) =(X,Y) 0k, (D,K) =1,

(K, X®t") = (D,X®t") =(D,D) = (K,K) = 0. ™

Indeed, existence of the form implies that every Cartan matrix is symmetri-
zable, therefore there is no singular roots.

Now let us define the affinization of gl(n|n). Let s = psl(n|n) be the
quotient of sl (n|n) by the center, for simplicity of s we need n > 2. Then s(!)
is defined as

s®Clt,t7'| & CD®CK & CD' & CK',

the bracket with additional even elements D’ and K’ is given by
D', X @ tF] = (1—(—1)p(x>)X®tk, [K', X @] =0,
(XethYet] =X, Y]ot" + ki1 (X,Y) K + 0 1 tr[X, Y] K,

here tr is the usual trace (not the supertrace), which is not zero only if both
X and Y are odd. The Cartan matrix of affine superalgebra psl (n|n)(1) has
corank 2, therefore psl (n|n)(1) is a regular quasisimple Kac-Moody superal-
gebra with two dimensional center. For example, one of Cartan matrices of
psl (212)" is

010 -1

10-10

010 -1

10-10

What follows is applicable for any finite-dimensional simple s. To describe
the roots of 5(1), define § € h* by conditions 6 (h;) = 0, § (D) = 1. Denote by
A° the roots of 5. Then the roots of g are of the form a+kd with k € Z, a € A°,
or k6 with k € Z~{0}. The standard base IT = {ay, ..., a,} is obtained from
the standard base {aq, ..., a,} of s by adding the root ag = 6 + J, where 6 is
the lowest root of s.

Twisted affine superalgebras. Choose an automorphism ¢ of s of finite order
p, which preserves the invariant form on s. Let € be a p-th primitive root of
1. One can extend the action of ¢ on s() by

6 (X ©tt) = ko (X)ath, ¢(D)=D, (K)=K.

Then 5% is defined as the set of elements fixed by ¢. It was proven in [5]
that the construction does not depend on €, and if two automorphisms are
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in the same connected component of Auts, then the corresponding algebras
are isomorphic. Up to isomorphism, there are the following twisted affine
superalgebras: (p) sl (m|n)(2) if mn is even, (m,n) # (2,2); (p)sl (m|n)(4) if
mn is odd; osp (2m|2n)(2 ; the upper index denotes the minimal possible order
of an automorphism. In the case of twisting of psl (n|n) the corank of a Cartan
matrix is 1, and the center is one-dimensional. For example,

2 =20
-1 01
0 —22

with parity functions (0,1,0) or (1,1,1) is a Cartan matrix of psl (3|3)(4). All
twisted affine superalgebras are regular quasisimple Kac-Moody superalge-
bras.

A base in a twisted affine superalgebra can be obtained by the following
procedure. Define a Z,-grading s = s’ & s' @ --- @ sP~! by

" ={ses|p(s)=¢e"s}.

In all cases ¢ can be chosen so that s° is a simple finite-dimensional superal-
gebra, ' is an irreducible s°-module and s" +s' generates s. For example, for
(p) sl (m[2n)?, 5% = osp (m|2n), s* is a unique non-trivial irreducible subquo-
tient of the symmetric square of the standard (m|2n)-dimensional s’-module;
for (p)sl (2m + 1)2n + 1)™, 6% = osp (2m + 1|2n), and s' is the standard mo-
dule with inverted parity; for osp (2m|2n)®, s® = osp (2m — 1|2n), s! is the
standard module.

Let A° be the set of roots of s° and A7 denote the set of weights of s/
with respect to a Cartan subalgebra of s°. The roots of s(P) are of the form
a+kd, with o € AY| k € j+pZ, and ké with k € pZ~ {0}. The standard base
I = {ao,...,a,} can be obtained from a base {a1,...,a,} of s by adding
the weight ag = 0 + §, where 0 is the lowest weight of s!.

Finally, let us mention that the condition that ¢ preserves the invariant
form on s is non-trivial. For example, an automorphism 7 of psl (n|n) such
that 7 (é g) = (g i) does not preserve the invariant form on psl (n|n),
and psl (n|n)" is not contragredient. It also explains why the Lie superalgebra
psl (2]2) does not have a twisted affinization. The subgroup of automorphisms
of psl (2]2) preserving the invariant form is connected due to existence of non-
trivial derivations, see above example for D (2, 1;0).

A strange twisted affine superalgebra. The Lie superalgebra s = ¢ (n) C
psl (n|n) is the subalgebra of all elements fixed by the automorphism = defi-
ned above. The superalgebra ¢ (n) is simple for n > 3. The involution ¢ such
that ¢ (z) = (—1)"”) 2 does not belong to the connected component of unity

in Aut g (n). Although the Lie superalgebras ¢ (n) and ¢ (n)(l) are not contra-
gredient, twisting by ¢ gives a regular quasisimple Kac-Moody superalgebra
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which we denote by ¢ (n)(2). As a vector space ¢ (n)(2) is isomorphic to
so@C[t5t %] @s;@tC[t*,t?] @ CK & CD

with D = t% and K being a central element. For any =,y € s, the commutator
is defined by the formula

[z@t™ y@t"] = [2,y] @ ™" + 8,0 (1= (=1)") tr (zy) K.

A Cartan matrix of ¢ (n)(2) has size n x n. Identify the set of indices with the
abelian group Z,. Fix a parity function p: Z,, — {0, 1} so that the number of
odd indices is odd. Set a;; =01if j # 4 or ¢ £ 1 (modulo n); set

Qi = 2, amil = —1 lfp (’L) = 0, Qi = 0, a“qu = —1, am-,l = 1 lfp (’L) = 1

The graph of this Cartan matrix is a cycle with odd number of isotropic ver-
tices. Any two such Cartan matrices are related by a chain of odd reflections;
it is a simple exercise to check that they are not symmetrizable. The corank
of a Cartan matrix is 1.

Roots of g = ¢ (n)(2) are of the form a + md, where « is a root of sl (n)
and m € Z or md with m € Z ~ {0}. The parity of a root equals the parity of
m.

Non-symmetrizable superalgebra S (1,2;b). This superalgebra appears in
the list of conformal superalgebras classified by Kac and van de Leur [7]. By
definition, it is the Kac-Moody superalgebra with Cartan matrix

0 b1-0b
—b 0 1+5b
-1-1 2

and parity (1,1,0). Obviously, S (1,2;b) = S(1,2;-b). If b = 0, then the
matrix is a matrix of gl (2|2); if b = —1, 1, the matrix has singular roots. In
all other cases the odd reflection 74, transforms the matrix of S (1,2;b) to
the matrix of S (1,2; 1+ b). Hence an isomorphism S (1,2;b) = S (1,2; 14 b).
The moduli space of S (1,2;b) can be identified with CP!/G where G is the
subgroup of PGL (2,Z) generated by <_01 (1)> and (é 1) A Cartan matrix
of S(1,2;b) has corank 1, hence the algebra has one-dimensional center. The
Lie superalgebra S (1,2;b) is a quasisimple Kac-Moody superalgebra. It is
regular if b ¢ Z.

Realization of S (1,2;b). Consider a supercommutative algebra R =
C [t, t=1 &, 52] with an even generator ¢ and two odd generators &1, 2. Denote
by W (1,2) the Lie superalgebra of derivations of R, in other words W (1, 2)
is the superspace of all linear maps d : R — R such that

d(fg) =d(f) g+ (~DPD"D fd(g).
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An element d € W (1,2) can be written as

0 0
o T os

for some f, f1, fo € R. It is easy to see that the subset of all d € W (1,2)
satisfying the condition

-1, Of @ (0fi | Of2\ _
bft 1 “+ E — (_1>;D (8—51 —+ a—§2> = COnSt,

form a subalgebra S, of W (1,2). Let E = {18%1 + {28%2. Then adg is a
diagonalizable operator in S, which defines the grading

Sb = (Sb),l S (Sb)o 5% (Sb)l S (Sb)Qa

f +f1

such that (5})2 =0forb¢Z, (S‘b)Q = C{lﬁgfb% for b € Z. Define
Sy, = (Sb),l D (Sb)o D (Sb)l .
One can see that S is an ideal in S, when b € Z.

The commutator [Sp, Sp] is simple and has codimension 1 in Sp. It consists
of all derivations d € Sp satisfying the condition

bt + 0L _ (L@ (% 4 %) _

ot 351 852
Set,
X ai b§1§2t7 5 + 52 ot 51 852
Yi=(b+1) 515235 +§1taw Y2—t 965 52851
= (0+1) gl +18,  ho=bgk +&ak + 15, b 51 o8 — a6

Then X;,Y;, hi, i = 1,2,3, generate [Sp, Sp] if b # 0. They satisfy the rela-
tions (1) with Cartan matrix S (1,2;b). The contragredient Lie superalgebra
S (1,2;b) can be obtained from S, by a suitable central extension.

Divide the fist row of the Cartan matrix S (1,2;b) by b and the second by

—b, let a = %. Then the renormalized matrix

0 1 -1—a
1 0 -1+4a
-1-1 2

clearly is a deformation of a Cartan matrix of the affine superalgebra sl (1 |2)(1).
Thus, S(1,2,00) 2= sl (1|2)(1). The roots and the root multiplicities of
S (1,2;b) are the same as the roots and the root multiplicities of sl (1|2)(1).
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The family Q* (I, m, n). This family was discovered by C. Hoyt (see [3]). To
define it let us classify 3 x 3 matrices with zeros on the diagonal and non-zeros
anywhere else, which define regular quasisimple Kac-Moody superalgebras.
Using multiplication by a diagonal matrix, any such matrix can be reduced

to the form
Oal

100
clO

The odd reflection r,, transforms it to the matrix (parity= (1,0, 0))

0 a 1
-1 2 1+b+1
-11+a+1 2

The latter matrix must be admissible, therefore a—l—%, b—i—% € Z«g- Application
of two other odd reflections produces one more condition ¢ + % € Z<o. The

matrix B is
2 l4+b+i14b4+12

l+a+i 2 1+a++
I+c+31+c+ 2

If all non-diagonal entries of B are zero, g (A) belongs to the family D (2, 1; a)
of finite-dimensional superalgebras defined above. If all of them equal —1, A is
of type ¢ (3)(2). It was shown in [3] that for any three k,l,m € Z>1, klm > 1,
there exist two solutions of the system

—_ =

1+a+l:—h 1+b+l:—L l4ctr=—m
c a b
one with —1 < a, b, ¢ < 0 and one with a,b, ¢ < —1. We denote the correspon-
ding superalgebras Q* (k,1,m) and Q™ (k, I, m) respectively.
In conclusion, let us note that all superalgebras listed above are quasi-
simple and regular except D (2, 1;0), which is not regular and not quasisimple,
and S (1,2;b) with b € Z, which is quasisimple but not regular.

7 Classification results

Quasisimple finite-dimensional contragredient superalgebras were listed by
V. Kac in [1]. The reader can find there the description of root systems and
Cartan matrices.

The Kac-Moody superalgebras without isotropic simple roots and of finite
growth were also classified by V. Kac in [10]. They are all affine or twisted af-
fine superalgebras (automatically symmetrizable). This result was generalized
by Van de Leur [8] as follows.
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Theorem 7.1. (Van de Leur) Any finite-growth contragredient superalgebra
with an indecomposable symmetrizable Cartan matrix is isomorphic to a finite-
dimensional superalgebra, its affinization, or its twisted affinization.

It is not difficult to see that the property of a contragredient superalgebra
to have finite growth does not depend on a choice of a base (Cartan ma-
trix). Thus, by Theorem 2.2, any finite growth contragredient superalgebra
is a Kac-Moody superalgebra; therefore hereditary principle (Corollary 5.2)
is applicable to the Cartan matrices (the original one, and those obtained by
odd reflections). That was used in [9] to obtain the following result.

Theorem 7.2. (Hoyt, Serganova) A non-symmetrizable quasisimple superal-
gebra of finite growth is isomorphic to q (n)(2) or S(1,2;b).

In fact, [9] contains classification of all finite-growth contragredient super-
algebras (without assumption of quasisimplicity), we do not formulate it here,
since it is rather technical.

In [3] C. Hoyt classified all quasisimple regular Kac-Moody superalgebras.

Theorem 7.3. (C. Hoyt) Any quasisimple reqular Kac-Moody superalgebra
with at least one isotropic simple root is isomorphic to a finite-dimensional
Kac—Moody superalgebra, its affinization or twisted affinization, q (n)(2), S(1,2;b)
with b & 7, or QF (k,1,m).

Corollary 7.4. A quasisimple reqular Kac—Moody superalgebra of type I is
isomorphic to one of the following list:

1.sl(m|n) with1 <m < n;
2. gl (n|n) with n > 2;

3. osp (2]2n) withn > 2;

4.8l (m|n)(1) with 1 <m < n;
5. psl (n|n)(1) with n > 2;

6. osp (2|2n)(1) with n > 2;
7.5(1,2;b) with b ¢ Z.

8 Applications of classification results

In this section we prove some general results about regular quasisimple Kac—
Moody superalgebras. We use the classification (see Theorem 7.3). It would
be very desirable to obtain proofs without use of classification; unfortunately
we were unable to do so. First, we can “improve” Lemma 3.12.

Lemma 8.1. For any quasisimple reqular Kac-Moody superalgebra g, the lat-
tice Q' has a finite index in Qq.
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Proof. As follows from the proof of Lemma 3.12, for any odd roots a and
B € II joined by a string, 2a 4+ 28 € Q'. If I contains an odd root a such
that 2 € Q' (for example, if « is non-isotropic), then 24 € Q' for any root
3, hence the rank of Q' is n. If I' contains a cycle with exactly three isotropic
vertices a1, g, a3, then 2q; + 205 € Q' implies 4o; € @', hence the rank of
Q' is also n.

One can see from the classification that the only regular quasisimple Kac—
Moody superalgebras which have no base with non-isotropic odd roots are
sl (m|n), gl (m|m), osp (2m|2n), D (2,1;a), F (4), their affinizations, S (1, 2; a),
q (m)(l), or QF (k,1,m). The superalgebras of type II in this list are osp (2m|2n)
withm > 2, D (2,1;a), F (4), their affinizations, ¢ (m)(2), or QF (k,1,m); they
all have a graph I" with a 3-cycle of isotropic vertices. Therefore if g has type
I1, the rank of Q' is n (the same as the rank of Q). Thus [Qo : Q'] is finite. If
g is of type I the rank of @’ is n — 1 (again the same as the @g). Hence again
[Qo : Q'] is finite. The lemma is proven.

Lemma 8.2. Let g(A) be a reqular quasisimple Kac—Moody superalgebra.
Then at least one of the conditions below is true:

(a) A does not have zeros on the diagonal;

(b) g (A) is finite-dimensional;

(c) There exists a finite set S C h* and 6 € A such that A C Zé + S;

(d) g (A) is isomorphic to Q* (k,1,m).

Proof. Suppose (a) and (b) do not hold. Then, by Theorem 7.1 and Theo-
rem 7.3, g (A) is (twisted) affine, S (1,2;b), ¢ (n)(2), or Q% (k,1,m). In the first
three cases (c) holds, as follows from the description of roots in Section 6.

Theorem 8.3. Let II and II' be two bases of a quasisimple reqular Kac—
Moody superalgebra g. Then II' or —II' can be obtained from II by even and
odd reflections.

Proof. We already proved the statement for finite-dimensional g in Corol-
lary 4.5. In fact, its proof implies that in general, it suffices to prove that
either AT (IT) N A~ (II") or AT (IT) N A (IT') is finite.

Assume first that g satisfies (¢) from Lemma 8.2. Choose h, ' € § such that
a(h)=1forany o € I, and 8 (k') = 1 for any 8 € II'. Then v (h),~v (k') #
0 for any root v € A, in particular, 6 (h),d (k') # 0. Suppose ¢ (h) > 0
and (') > 0. We claim that A* (IT) N A~ (II') is finite. Indeed, let C be
the maximum of {|s(h)|,|s(h')||s € S}. Let « € AT (II) N A~ (II). Since
a = md + s for some s € S, the conditions a(h) > 0, a(h') < 0 imply
|m| < C. Thus there are only finitely many « in A" (IT)NA~ (II').If § (h) > 0,
5 (') <0, then AT (IT) N A~ (II') is finite by similar argument.

Now let g satisfy (a) or (d). Then the matrix B is indecomposable, and
the conditions of Lemma 3.10 hold (in the first case B is obtained from A by
dividing all odd rows by 2 and multiplying all odd columns by 2, in the second
case it follows from the direct computation done in Section 6). Moreover,
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Lemma 3.10 implies that Dj; = (), i w (CT (B)). It was shown in [2], Lemma
5.8, that the set of rays spanned by positive imaginary roots of g (B) is dense
in DE in any metric topology. We choose this metric so that the roots of I’
form an orthonormal basis in Q.

First, we claim that for any base IT’, either DE, or —DE is contained in
C* (IT"). Indeed, if this is not true, there exists h € b such that a (k) > 1 for
all « € II" and vy (h) = 0 for some v € D},. Since the set of rays spanned by
positive imaginary roots of g (B) is dense in DE, one can choose a sequence
B; of positive imaginary roots of g (B) such that |gz| approaches I% But each
B is a root of g, hence B; = >° ¢ ;;y Miaa where all m;, are non-negative (or

i(h i
S
with the assumption v (k) = 0.

Without loss of generality, one may assume that D}, ¢ C+ (II') (if ne-
cessary one can use —II' instead of II'). Let us prove that in this case
AT (IT)N A~ (IT') is finite. Assume the opposite. Then one can find an infinite
sequence of roots aq,...,qp, - € AT (II)N A~ (II'). Let + be a limit point

(e771

of the sequence e By Lemma 4.4, after any chain of reflections 71 ...7ry in-

non-positive). Therefore < —1, and we obtain contradiction

finitely many of a; remain in A% (rq ...7 (I)). Hence v € Dj;. On the other
hand, v € —Ct ({T"). Contradiction.

Remark 8.4. Theorem 8.3 implies Theorem 4.14.

9 Description of g (B) and g’ in examples

Let us recall (see [1]) that if s is a simple classical Lie superalgebra with a

non-degenerate even invariant symmetric form, then s5 is either semi-simple,

or reductive with one-dimensional center. Every such s is contragredient.
Now let us consider the case of (twisted) affine superalgebras.

Theorem 9.1. Let s be a simple classical Lie superalgebra with non-degenerate
even invariant symmetric form (-,-), g = s(1), [s5,55] = 51 @ - @ s, be the
sum of simple ideals s1,...,5k, q¢: ¢ — g(B)/c be as defined in Lemma 3.7.
Then

(a)g(B)=s" & - @s;

(b)dimc=k— 1, Kerq =0;

(c) If sg is semisimple, then go = ¢’ © CD. If s5 has one-dimensional
center Ce, then g5 = (¢ +1) ®CD and ¢’ Ni = CK, where i is the subalgebra
generated by c @ t*. In particular, Ay (g) = A (g (B)).

(d) Let K1, ..., Ky denote the canonical central elements of 5%1), ceey 51(:)’
(+,-); denote the Killing form on s; and (x,y) = b; (x,y), for x,y € s;, then

c:{a1K1+~~~+akKk|Zaibi:()}. (8)

(e) Ao (g) = A(g') = A(g(B)), and imaginary roots are roots of the form
md, where m € Z ~ {0}.



24 Vera Serganova

Proof. (a) follows from the fact that even roots of g are the same as the roots

of 551) @-- '@51(:)- This fact can be also used to prove (c). Indeed, (g5), = 9,
for any even root « of the form a® + ma with a® € Aq (s), and

(80)ms = bs @™, @5 = Dse) @™,

where bs, ;) are Cartan subalgebras of s and [s, s] respectively. If sq is
semisimple, then s = b5 ) and g, 5 = (80),,s- If 55 is not semisimple, then

(80) s = Oms ®C(c@t™),

and hence gg =g’ +1i.

Next we will prove (d). Pick up elements z1 ®t, ..., 7,®t, y1 @t~ L, ... yp ®
t~! such that x;,y; belong to the Cartan subalgebra of s;, (z;, ;) = 1. Let K;
be the images of K; under the natural projection g (B) — g (B)/c. Then

q(K) = q([{El ®t,yi ®t71]) = (xuyz)l Ki = —Ki.

Thus, ¢ is generated by biKl - binj, that implies (d).

To prove (b) note that dime = k — 1 by (d) and Ker ¢ = 0 since g (B) is
symmetizable (see Remark 4.7); this implies A (g') = A (g (B)).

Roots of i coincide with roots of h ® tZ; this implies A (g) = A (g'). Since
Weyl groups of g (B) and g coincide, even real roots of g coincide with real
roots of g (B). Thus the required description of real even roots follows from
the theory of affine Lie algebras, see [2]. The absence of odd imaginary roots
is not used in this paper; note only that it follows easily from the fact that
the Weyl group of g (B) acts transitively on the subset of isotropic and on the
subset of non-isotropic odd roots in the set Ay + Z§ of odd roots of g. The
latter fact can be checked case by case (see [11] for details); therefore all odd
roots are real.

Remark 9.2. Observe that if g = 51 then k = 1 only for s = sl(1|n),
osp (1|2n) or osp (2|2n).

Ezample 9.3. Let s = D (2,1;a). Then
sg=sl(2)@sl(2)asl(2), gB) 2s1@P a2 es2),

and ¢ is spanned by Ky — aK; and (1 + a) K7 + K3, where K1, Ky and K3
are the standard central elements of the components in g (B) isomorphic to

s1(2)V. In this case gg = g’ & CD.

Corollary 9.4. In notations of Theorem 9.1 let k = 2. Then ¢ is spanned by
Ky +uKs for some positive rational u.

Proof. Follows from the fact that b;, by are rational and have different signs.
The latter fact can be found in [1].
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Below we list g (B) for all twisted affine superalgebras.

g 8(B)

sl (1]2n)@ n>2 sl (2n)®

sl (22n)? n>2 s1(2)M @ sl (2n)@
(P)sl(m2n)®, m>3n>2 sl (m)® @ sl (2n)@
sl(2m +1/2)@ m>1 sl2m+ 1)@ @ (2)™
sl(12n+ 1), n>1 sl(2n + 1)@

@) sl@m+12n+1)® n>m>1 slem+ 1) sl (2n+1)®
osp (2|2n)(2) , n>1 sp (2n)(1)
@) (1) 1)

osp (4]2n)*" | n>1 s1(2)" & sp(2n)

osp (2m|2n)(2) , m>3,n>1 0 (2m)(2) @ sp (2n)(1)

Remark 9.5. From this table one can see that g (B) is either (twisted) affine
Lie algebra, or a direct sum of two (twisted) affine Lie algebras. In the former
case ¢ = 0, and in the latter case ¢ is one dimensional, and generated by
K + uKs; here by K7 and K5 we denote the canonical central elements of
(twisted) affine superalgebras which appear as direct summands of g (B), and
u is an appropriate positive rational number.

It is not difficult to see that g5 = g’ ® CD for the twisted affinization of
osp (2m|2n), m > 2, and of psl (n|n), n > 3. If g is the twisted affinization of
sl(m|n) with m # n, or osp (2|2n), then gg = (¢’ + 1) ®CD, ing’ = CK, here
i is generated by c®t?**! for k € Z if the order of the twisting automorphism
is 2, and by ¢ ® t***+2 for k € Z if the order of the twisting automorphism is
4 (as before, ¢ denotes a central element of s3).

Strange twisted affine superalgebra q(n)(2). g(B) =4l (n)(l), ¢ coincides
with the center of sl (n)(l), the homomorphism ¢ : ¢’ — g (B)/c is injective,

and
gi=9 ®CD ®CK. (9)
Non-symmetrizable superalgebra S (1,2;b), b ¢ Z. To describe gg, one has to

use the realization S, = S (1,2;b)/CK, here K denotes a central element of
S(1,2;b). It is a straightforward calculation that

Sy, = Ct% (&) [Sb, Sb] ,
and [Sy, Splp is a semidirect sum of the subalgebra £ spanned by tm% +
(m+b) "' E, and the ideal g//CK spanned by ¢™ 3, i, ,cijéige with
c11 + c22 = 0. Note that £ is isomorphic to the algebra of derivations of
C[t,t7], and g'/CK is isomorphic to the loop algebra sl (2) @ C [t,t7}].
Going to the central extension g = S (1,2;b) of S, one obtains

~ 0 ~
go=L+g ®Ct, g/@(Ctg%slﬁ)(l), LNg =CK,
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here L is isomorphic to the Virasoro algebra.

The family QF (I, m,n). Due to the lack of an explicit description, we
can say only few things about the roots and the structure of g and g (B) for
g = Q* (I, m,n). For example, we would like to find out what are multiplicities
of imaginary roots of these algebras, but we did not succeed yet.

Let a1, as, as be the base with three isotropic roots, then there are three
linearly independent principal roots 81 = as+as, f2 = a1 +as, 83 = a1 +as.
Since [@ : Q'] = 2 and [@ : Qo] = 2, one has Qo = Q'. Note that the matrix
B

2 —k —k
-1 2 -l

-m —-m 2

has a negative determinant (as easily follows from the condition k,I,m > 1
and klm > 1). Therefore g (B) is a simple Kac-Moody Lie algebra of indefinite
type. In this case we do not know if ¢ is injective.

10 Integrable modules and highest weight modules

Let g = g (A) be a regular Kac-Moody superalgebra with a standard base II.
A g-module M is called a weight module if h acts semisimply on M, in other
words M has a weight decomposition

M:@M#, M,={me M|hm=p(h)m,Vh € b},
neh*

and dim M,, < oo for all 1 € h*. The set
P (M) = {ic b | M, 0}

is called the set of weights of M. The formal character ch M of M is defined
by the formula
chM= Y dimM,e".
peEP(M)

A module M is integrable if M is a weight module, and Xz and Yz act
locally nilpotently on M for every principal root 8 of g. Note that if « is
isotropic, then X2 = 0, hence X, acts locally nilpotently on any module. If
B is a principal root, then exp Xsexp (—Yg)exp X3 is a well defined linear
operator on an integrable module M. Thus the Weyl group W of g acts on
M, therefore ch M is W-invariant. This implies also that X, and Y, act
locally nilpotently on M for any real root «. By definition of a Kac-Moody
superalgebra, its adjoint module is integrable.

Our next step is to define the category O of highest weight modules.

Define a Verma module M (\) with the highest weight A as the induced
module U (g) ®y ) C (A), where b = h @ nt, C'()) is a one-dimensional b-
module with generator v such that hv = A\ (k) v, Xqv = 0 for all simple roots
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a. A vector v is called a highest vector of M (A). Any quotient V' of M (X)
is an indecomposable module generated by the image of v under the natural
projection M (A\) — V.

The following lemma can be proven exactly as in the Lie algebra case.

Lemma 10.1. Let m («) = dim g,

I+ (1+e™)
_ pA_@€4y
(a) ch M (\) =e HaeAg(lfefa)m(a) .

(b) M (X) has a unique irreducible quotient which we denote by L (\).

m(a)

The category O is a full subcategory of the category of g-modules, whose
objects are weight modules M such that P (M) C (J_; P (M (u;)) for some
finite set {p1,...,us} € b*.

In what follows we will often need to change the base II to a base X by
odd reflections. So we will write n}, by, Ox, Mx (\) and Lyx (\) if we mean
the corresponding object for a non-standard base. If the subindex is omitted,
then X' = II.

Lemma 10.2. Let Y’ is obtained from 3 by an odd reflection r,.

(a) Mx: (X) and Lx: (N\) are objects of Osx;.

(b) If)\(ha) 75 0, then ME/ ()\ - Oz) = MZ ()\), and LE/ ()\ - Oz) = LE ()\)

(c) Let A(hy) = 0, then Lx:(N) =2 Ly (N\). If p = CY, @ b, then the
b-module structure on C (X) and C (A — «) extends uniquely to a p-module
structure, and the following exact sequences hold

0—U(g) ®up) C(A—a)— Ms (A\) — U(g) ®up) C(A) — 0,
0—=U(g) ®up) C(A) = Mg (A—a) = U(g) @up) C(A—a) — 0.

Proof. The first statement of the lemma follows from the identity
ChME/ ()\ - a) = ChMZ ()\) y

which is a straightforward consequence of Lemma 10.1 (a).

Now prove (b). Let v be a highest vector of My (A). Slightly abusing
notations, we denote the image of v in Ly (A) by v. A simple calculation
shows that Y,v is nf, -invariant. If A (hs) # 0, then X,Y,v is proportional to
v with a non-zero coeflicient. Hence

MZ ()\) = U(g) ®U(bz/) ((CYQ’U) = ME/ ()\ — Oz), and LE/ ()\ — a) = LZ ()\) .

To show (c), assume that A (h,) = 0. Then Y,v generates a proper submo-
dule in My (A). Therefore Yo,v = 0 in Ly (A), thus v is a highest vector with
respect to both ¥ and X’. Hence Lxs () & Ly (A). Finally, note that the
submodule of My () generated by Y, v is isomorphic to U (g) ®y () C (A — @)
(indeed, choose a subalgebra m C n~ of codimension one, such that g = m®p.
Then U (n™) =U (m)@U (m) Yy, hence U (g) Yov = U (m) Y,v). That implies
the first exact sequence. The second follows by symmetry.
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Corollary 10.3. If X is obtained from II by odd reflections, then Ox, = Oz .

Remark 10.4. Corollary 10.3 guarantees that the category O does not change
if we change a base by odd reflection. In what follows we omit subindex in the
notation for category O.

A weight )\ is called integrable if L ()\) is an integrable module. One can
use Lemma 10.2 to describe integrable weights: it implies that for any X
obtained from IT by odd reflections there is exactly one weight Ay such that
L ()\) = Ly ()\2)

Theorem 10.5. Let g be a regular quasisimple Kac—Moody superalgebra. A
weight A is integrable iff for any principal root B and any X obtained from IT
by odd reflections such that 3 € X, the condition Ax (hg) € Z>q holds. If it
holds for one X such that B € X, then it holds for any X such that 3 € X.

Proof. If X is integrable, then Yj acts locally nilpotently on Ly (Ax) = L (\);
in particular, sufficiently large power of Y3 annihilates a highest vector vy of
Ls; (As). The standard sl (2)-calculation implies that Ax (hg) € Z>o.

On the other hand, if Ax (hs) € Zso, then Y,7""*ug = 0. Since
Ly (\) = U(g)vs, and ady, is locally nilpotent on U (g), Y3 acts locally
nilpotently on Ly (A).

If the condition Ax; (hg) € Z>( holds for one X containing 3, then Yj is
locally nilpotent; hence the condition holds for any other X' containing 3.

Hence, in absence of odd reflections,

Corollary 10.6. Let g be a regular Kac—Moody superalgebra without isotropic
simple roots. Then X is integrable iff A (ha) € Z>q for any even simple root
a, and A (hy) € 2Z>q for any odd simple root a.

Indeed, if o is odd, then hq/2 is hg for 8 = 2a € B.

Since B is finite (see Remark 4.8), Theorem 10.5 is an explicit test for
integrability. Using it, one can recover the description of integrable weights
given in [1] for finite-dimensional g (see appendix in [13]). Let us illustrate
the method with examples.

Ezample 10.7. Let g = D (2,1;a); choose the base II = {a1, a2, a3} such
that all simple roots are isotropic. All principle roots are [, = g + as,
B2 = a1 +as and B3 = a1 + ag. They are linearly independent. Therefore one
can parameterize A by setting A = (c1, ¢2, ¢3), where ¢ = A (hg,), c2 = A (hg,)
and c3 = A (hg,). Using Remark 3.2 one gets

h2+ah3 h h1+ah3
:7, ﬁ -_————

h =
B a 2 a+1

. hg, = hy + ha. (10)

Let £y = rq, (IT), k =1,2,3.If A (hy) # 0, then



Kac-Moody superalgebras and integrability 29
Ao, =A—ar=(c1+1,ca—1,c3—1).
Hence co, ¢35 € Z~g. If A(h2) # 0, then
As, =A—as=(c1 —1,coa+1,c3—1)

and hence ¢; € Z~o. We do not have to make the third odd reflection rq,
since Xy = {—a1, B2, 03} and Yo = {1, —aw, f5} contain already all principal
roots. By symmetry, if A (h;), A (h;) # 0 for some ¢ # j, then ¢1, ¢z, ¢35 € Zsy.
On the other hand if A(h;) = A(h;) = 0 for some ¢ # j, then two odd
reflections do not change A and hence ¢, ¢z, c3 € Z>g. Thus, A = (¢1, ¢z, ¢3) is
integrable iff ¢1, 2, c3 € Z>( and, in addition, one of the following conditions
hold

1. ¢1,¢2,c3 > 0
2.c1=(a+1)ca+ c3 =0;

3. co = —acy + c3 = 0;
4.c3=—aci + (a+1)cy =0.

Note that for A # 0 the conditions (2) — (4) imply a € Q. Thus, there are
more integrable weights for rational a than for irrational a.

Now, do similar calculations for Q¥ (k, 1, m), which also has a base with
all isotropic roots.

Ezample 10.8. Let g = Q% (m, k,1). Again IT = {1, as, a3}, the principal
roots are 31 = as+as, B2 = a;+asz and f3 = a1 +as. Since the principal roots
are linearly independent, we again can use parameterization A = (c1, ¢z, ¢3),
where ¢1 = A (hg,), c2 = A (hg,) and c¢3 = A (hg,). It is easy to check that

hgg :E—th, hgl :@—th, hg2 = @—Fhl. (11)
a b c

We notice that, as in the previous example, integrability implies ¢; € Zx>( for
i = 1,2, 3. Moreover, if at least for two h;, hj, A(h;) and A(h;) # 0, then
€1, C2, 3 € Zso. Assume that A (h1) = A (he) = 0. Then by (11), ¢1 = A (hg),
cac = A (hg). It was shown in [3] that a,b,c ¢ Q. Hence ¢; = ¢2 = ¢3 = 0.
Similarly, A (h1) = A (hg) = 0 and A (hg) = A (he) = 0 imply A = 0. Thus, all
integrable weights are (c1, c2,c3) € Z3, and 0.

The following theorem was proven in [11] for untwisted affine superalge-
bras. Other cases were done in [3].

Theorem 10.9. Let g = ¢ (n)(2), (p) sl (m|n)(1) or (p)sl (m|n)(2) with m,n >
2, osp (m|2n)(1) or 0sp (m|2n)(2) withm > 3, Ggl) or F4(1); then any integrable
module L () is one-dimensional and trivial over [g, g].
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Proof. Let g=g¢q (n)(2). As follows from Section 9,
g ®CD =5l (n)V /e

where ¢ is the center of sl (n)(l). Thus, A is an integrable highest weight of
sl (n)(l) with zero central charge. A non-trivial integrable highest weight mo-

dule over an affine Lie algebra must have a positive central charge (see [2]).
Therefore A (hg) = 0 for all principal 5. Recall from (9) that

h=EPChs & CK&CD,  bhNg.g) = ) Chs & CK.
BeB peB

We claim next that A (K) = 0.

Indeed, choose a base IT = {ay, ..., oy} such that a4 is odd (automatically
isotropic), and «; is even for any i > 2 (and therefore principal); the Dynkin
diagram is a loop, so «; is connected with as and «,. Let X' = r,, (IT). A
direct calculation shows that the subspace of h spanned by hg (for principal
() has codimension 1 in the space spanned by h,, @ € A, and K and h,, are
not in this subspace. (This does not contradict algebra being of type II, since
in absence of duality this does not relate to geometry of {hg | 8 € B} C §.) If
A(K) # 0, then A (hq,) # 0, therefore Ay, = A—a1. Note that then Ax (hy,) #
0 for «; connected with a1 in I'y. But Ax (hg) = 0 for any principal 8.
Contradiction. Thus A (h N [g, g]) = 0, hence L (\) is one-dimensional.

For other superalgebras in the list g (B) is a sum of two or three com-
ponents. If there are two components, i.e. g # D (2, l;a)(l), one can use
Corollary 9.4 or Remark 9.5, g¢' = [g(B),g(B)]/¢c, where ¢ is spanned by
K; + uKs for some positive u. Since L () is integrable over g, the g'-
submodule Ly (A\) C L (A) generated by a highest vector is a highest weight
g’-integrable module. Therefore it is a g (B)-integrable module, and thus K;
and K5 have non-negative eigenvalues (see [2]). But K + uK5 acts by zero
on L (), therefore both K; and K are zero. That implies A (hg) = 0 for any
principal 8 and, by the same argument as for ¢ (n)(2), A(hN[g,g]) =0, and
L ()) is one-dimensional.

In the case D (2, 1; a)(l) we have again ¢’ 2 [g(B), g (B)]/c. The submo-
dule Ly (X) is the g (B)-module Lg(p) (1£); here p is an integrable weight for
g (B) such that u (¢) = 0. The description of ¢ in Example 9.3 implies

p(K2) =ap(Ky);  p(K3)=—(1+a)p(Kr); w(Ki) € Z>o;

therefore p (K;) = 0. Apply representations theory of affine Lie algebras again;
hence Lg(p) (1) is one-dimensional, and A (hg) = 0 for all principal 3. Since
hg generate h N [g, g], as above, L (X) is one-dimensional.

The above theorem, Theorem 7.1 and Theorem 7.3 imply the following
corollary.
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Corollary 10.10. Let g be an infinite-dimensional quasisimple reqular Kac—
Moody superalgebra, and g has infinite-dimensional integrable highest weight
(€]

modules. Then g has no simple isotropic roots, or g is isomorphic to sl (1|n)

osp (212n)M, S (1,2:b) or Q* (k,1,m).

We describe the set of integrable weights for sl (1|n)(1), osp (2|2n)(1),
S (1,2;b) in Section 12 (Q* (m, k, 1) is done in Example 10.8).

Remark 10.11. Theorem 10.9 shows that most affine superalgebras do not have
interesting integrable highest weight representation. [11] and [12] propose a
weaker condition of integrability by requiring integrability over one of the com-
ponents of g (B) and a finite-dimensional part of another component. These
papers contain a conjecture about character formulae of such representations;
these formulae have interesting applications in number theory and combina-
torics. Although we do not discuss here partially integrable modules, we will
prove the Kac-Wakimoto conjecture for sl (1|n)(1) and osp (2|2n)(1) in Theo-
rem 14.7 (in this case k = 1, hence their condition of integrability coincides
with our condition).

11 General properties of category O

Throughout this section g = g(A) is a regular quasisimple Kac-Moody su-
peralgebra with the standard base II. Here we investigate properties of the
category O which we need to calculate characters, and which are valid in the
context of such g.

Let p = pr be any element of h* satisfying the condition

a’OLOL
h,a = —
p(ha) 5

for all o € II; the choice of p is unique unless A is degenerate. When X' is
obtained from II by odd reflections, define

px =p+ Z p.
BEAT(IT)NA—(X)
Lemma 11.1. Let X be a base obtained from II by odd reflections. Then
ps (ha) = *5> for any o € X.

Proof. It is sufficient to check that if X" = rg (X) for some isotropic § € X,

rg(a)( by (a
then px; (hy) = @ for any o € X implies px (hry(a)) = M Note
that, by Lemma 4.4, ps» = px + a. The statement can be checked by a direct
calculation, which is not trivial only if 3 (o) = @ + 5. Then, by Remark 3.2,
h/aJrﬁ =« (hﬁ) ha + 3 (ha) hﬁ, SO
a(hg) a(ha) (a+ B, ha+s)

ps (has) = 20 4 () B (ha) =~
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Remark 11.2. It is convenient to reformulate Lemma 10.2 in the following way.
Let X' = r, (X) for an odd isotropic o € X. If (A + p, he) # 0, then

Asr + psr = Ap + ps. (12)
If (A + p, ho) = 0, then
Asr + psr = Ax + px + . (13)

A weight A € b* is called typical if (A+ p, ho) # 0 for any real isotropic
root a. (12) implies that if A is typical, then Ax+py is invariant with respect to
odd reflections. Hence the notion of typicality can be defined for an irreducible
highest weight module L (\) independently of a choice of a base, i.e., if A is
typical, then Ay is typical.

If A is symmetrizable, then g admits an invariant symmetric non-degenerate
even form (-,-); this form induces an isomorphism 7 : h — h* such that
N (ha) = (i‘i‘l) for every real even root a. If v is a real isotropic root, then

1 (ha) is proportional to «. In this case the typicality condition can be re-
written as (A + p, ) # 0 for any real isotropic root «. Note also that in this
case (12) and (13) imply that for any X’ obtained from X by odd reflections

Az +ps A+ pxr) = Az +pz, As +px). (14)

The following statement can be found in [11]; it is a straightforward genera-
lization of the corresponding statement for Lie algebras.

Lemma 11.3. Let g be a Kac-Moody superalgebra with an invariant non-
degenerate symmetric even form. For each o € AT, letel, ... e be a basis
in G, fi, ..., f32 be the dual basis in g_q, Ui,...,ur and ut,...,u" be dual

bases in . The operator
Q=227 (p)+2 Y Y fiel,
acAt

is well-defined on any module from the category O and commutes with the
action of g. £2 acts on M (\) as a scalar operator with eigenvalue (A + 2p, \).

For any base X' introduce a partial order on h* by putting

w<s A iff A—p= Z Mo
a€AT(S)

for some mq € Z>o. For the standard base II, we omit the subindex in <j.

The next three statements below are straightforward generalizations of the
similar statements for Kac-Moody Lie algebras (which can be found in [2]).
The proofs are omitted.
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Lemma 11.4. Let g be an arbitrary Kac-Moody superalgebra, M € O and
v € h*. There exists a filtration

0=F"(M)CF*(M)c F*(M)C---CFs(M)=M

and a subset of indices J such that F* (M)/F' (M) = L(X\;) for every
i € J and for every p > v, p & |, ;P (FI(M)/FI=1(M)). For every
A > v, define the multiplicity [M : L()ﬁ] as #{i | \i = A}. The multiplicity
[M : L(N)] depends neither on a choice of filtration, nor on v < A. Hence
[M : L(N)] is well defined for any A.

Lemma 11.5. (a) [M (A\): L(\)] = 1;

(b) [M (A): L(p)] >0 implies A > p;

(c) If g has an invariant form (-,-), then [M (\): L(p)] > 0 implies
A+pA+p)=(u+p p+p).

Corollary 11.6. Let V £ 0 be a quotient of M (). There is a unique way to
write the character of V' as an (infinite) linear combination

chV = Za#chM(,u).

PEA

Furthermore, ay =1, and if T = {p | a, # 0}, then for any pn € T there are
Vvi,...,v; €T such that

[M(A):L(v1)] >0, [M(v):L(e)]>0, ..., [M(v):L(u)]>0.
If g has an invariant form (-, ), then all u € T satisfy the additional condition
A+pAtp)=(+pp+p).

Lemma 11.7. Let X be obtained from II by odd reflections. Then [M (X) : L (u)] =
[Mz (A +p—px) : L(p)] for any p.

Proof. Sufficient to check that [Mx (A) : L ()] = [Ms (A + pxr — px) = L ()]
for any p if X' = r,, (X). In this case it follows directly from Lemma 10.2 (b)
and (c).

Corollary 11.8. Let V' be a subquotient of M (X). For any weight p of V. and
any X obtained from II by odd reflections, p+ ps <s A+ p.

Proof. If v is a weight of M (), then p is a weight of My (A4 p — px)

Corollary 11.9. If [M (\) : L ()] > 0, then ps + px <5 A+ p for any X
obtained from II by odd reflections.

Proof. It [M (\) : L (p)] > 0, then [Ms (A+p—px): L(p)] >0.But L(p) =
Ly (ux). Hence py is a weight of Ms (A + p — px). Now the statement follows
from the previous Corollary.
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12 Lie superalgebras sl (1|n)®, osp (2|2n)®* and
S(1,2;b)

In this section g is sl (1|n)(1), osp (2|2n)(1), or S(1,2;b)(b ¢ Z). The impor-
tance of these particular Lie superalgebras for our discussion is that that they
are the only finite growth regular quasisimple Kac-Moody superalgebras with
isotropic roots which have non-trivial integrable modules, and it is easy to
describe all bases obtained by odd reflections.

Ifg=sl (1|n)(1) or S(1,2;b), a graph of any base is a cycle of length n+ 1
with exactly two isotropic roots (which are neighbors); here n = 2 for the
case of S (1,2;b). If g = osp (2]2n), then we will see that all possible Dynkin
graphs are

®
0=>0—++—0—QRQ—Q—0—--+—0<=0, |
®

Here we write ® instead of gray nodes.

For some of our calculation we need an explicit description of roots of
g. One can choose linearly independent €,¢1,...,&,,0 € h* so that the even
roots of sl (1|n)(1) are g; —&; +md, m € Z, i # j, and md, m € Z ~ {0}; odd
roots of sl (1|n)(1) are £ (e +¢;) +md, m € Z. If g = osp (2|2n)(1), then the
even roots of g are +¢; £¢; +md, £2¢; + md, m € Z, and mé, m € Z~ {0};
odd roots of g are +¢ +¢; +md, m € Z. Finally, the roots of S (2, 1;b) are the
same as the roots of sl ( 1|2)(1), as it was explained in Section 6.

For the standard base in case of sl (1|n)(1) (or S(1,2;b)) choose

II={e1—¢€2,...,6n-1—€n,en+6e,—c—e1+0};
for osp (2|2n)(1) choose
IT={-2e1,61—€9,...,6n—1—En,En+&6En—€+0}.
Since g is of type I, it has a grading g_1 @ go @ g1; it is

Ag)) ={e+e+md}, ifg=sl(1n)™ or S(1,2;b),
Algy) = {e+e +md}, ifg=osp(22n)",

and A(g_1) = —A(g1). This grading induces a Z-grading on the root lattice
e=-Pe. (15)
i€z

Set _ _
o=, @ =< (16)

>0 <0
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This grading induces the decomposition
AF = A% (g1) U AT (g-1).

The standard base IT has exactly two isotropic roots, one in A% (g;), and
one in A* (g_1). The corresponding vertices in I';r are connected, and each of
them is connected with one even vertex (the latter might be the same for both
isotropic vertices). These properties also hold for any base X; indeed, the set
of diagrams described in the beginning of the section is invariant w.r.t. any
odd reflection, and contains a diagram of II. In particular, every base X has
two isotropic roots, moreover

[ZNnA(-1)|=12nA(g)]| =1 (17)

Let
”yleEﬂA(g,l), alezﬁA(gl).

The set B of principal roots coincides with the set of even simple roots of X
taken together with a; + ~1; indeed, the latter set is preserved by both odd
reflections. In particular, B is linearly independent. Define an infinite sequence

{ar} € A(g1) by

s € ey (D) NA(G)s ooes Qs € Tap - Te (5) 0 A (g1),
Similarly, define {71} € A(g_1) by

Y2 €7y (E)NMA(g-1)y ooy Va1 €Ty (B)NA(g1),

Let N=nifg= sl(1|n)(1), N = 2n for g = osp (2|2n)(1). Using the explicit
description of roots, one can see that ag N — ar = Yk+N — Yk = 0; moreover,
Yo = —anp1_k+0if k< N.Ifg=sl(1jn)"), and ¥ = 1T,

a1 =¢€p+€, Qa=¢én_1+te, ..., Qp=2¢1+¢;
If g = osp (22n)"), ¥ = IT, then
oy =¢&p+e, ..., ap=¢€1+t¢E Qpy1=-€1+¢& ..., Qa, = —&yFE.

Unless stated otherwise «; and ~y; are for X' = II.

It follows from (17) that every base X' which can be obtained from IT
by odd reflection is either rq, ...7rq, (II), Or 7oy, ...7, (II) for some k& > 0.
Moreover, every odd root is real and isotropic, and

AJr(gl):{O[l,...,Ozk,...}, AJr(g,l):{"yl,...,’yk,...}.

Imaginary even roots are (by Theorem 9.1) {md | m € Z ~ {0}}.
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Lemma 12.1. Let a; and ~y; be isotropic roots of X, and v € Q' N CT (X).
Then

"y:ial—Fngﬂ, ifi >0, ”y:—i"yl—FZmQﬂ, if 1 <0,
pgeB pgeB

for some mg € Z>q; the representation is unique.

Proof. Uniqueness is obvious. Express v as a linear combination of simple
roots

Y =n1y1 + neay + Z mgf.

peEBNY
Note that ¢ = no — ny. If 4 > 0, one can write it as v = ia; + ny (1 +aq) +
Y pesnz maB. I i < 0, one can write it as v = —iy + na(n +a1) +
BeBNE mgf3.

Since v1 + a1 € B, this finishes the proof.

Lemma 12.2. Let k > 0. Then

Q"N () Ct (ra,...ra, (1)) = 2, Q N CH(ry,...ry, (I)) = 2.
s>k s>k
Proof. Let v € Q* NNy CT (T, -..7a, (IT)). By Lemma 12.1 (applied to
Y =ra, . Tay (II)) -
v =0, + Z mgﬁ,
peB
for every s > k. Let 35 = as41 — ag; note that G5 € B. Then

mytt =my if B # B, mytt =my —i if §=f,.

Since mj > 0 for all § € B and all s > k, ¢ < 0. Contradiction.
The proof of the second statement is similar.

Lemma 12.3. Let [M (\) : L(u)] > 0. Then there exists a base X obtained
from II by odd reflections, and numbers mg € Z>q such that

)\+p—u2—P2:Zmﬁﬁ.
peB

Proof. Let v = A+ p — pux — px. By Corollary 11.9, 0 <y 5 for any X
obtained from IT by odd reflections. Let X' = r, (X) for some odd o € X.
Then by (12) and (13)

vz =7z if (s +po,ha) #0, vz =7z —a if (us+pz,ha) =0.
(18)

Suppose that vx, € Q1 for some X, and v5, € Q~ for some Y. Since Xy
and X are connected by odd reflections, and every odd root « is in Q*?, there
exists X such that vs € QU. In this case the statement is true by Lemma 12.1.



Kac-Moody superalgebras and integrability 37

Now assume that v5 € QT for all X. Then one can find i > 0 and k > 0
such that ., ., (1) € Q" for all s > k. Hence, by (18),

Vrag-..ra, (IT) = FYTQS/ ey (I =

for all s, 8" > k. Thus v € Q" N5, C* (ra, .. .7a, (IT)), which is impossible
by Lemma 12.2. Similarly, the case when vy € @~ for all X' is impossible.

Lemma 12.4. Let A € h*. Lx (N) is integrable iff (A + px, hg) € Zsq for any
B € BNX, and one of the following two conditions holds:

1. <)\ +p2,hal+'yl> € Z>0)
2. (A +px,ha,) = <)\—|—p2,h71> =0.

Proof. There is only one 8 € B~ II. To check the conditions of Theorem 10.5
make an odd reflection r,,. The details are left to the reader.

Remark 12.5. Call p € b* regular if (i, hg) # 0 for any even real root 3. As
follows from the lemma above, if Ly ()) is integrable, then A + px is regular
iff the first condition holds.

Lemma 12.6. Let Lx; (\) be integrable, \+ px be not regular, and A (hg) # 0
at least for one B € B. Then one can find a base X' obtained from X by odd
reflections such that Ly (X\) =2 Ly (N), and A+ pxs is regular. Moreover, one
can choose this base X' equal to ro, ...74, (X), and find w € W such that

AMpsr = AMpstnt+ o+ =w (A +p — ko), (-1)" = (=1, w(oy) = =Y.

The choice of k is unique.

Proof. If A+ px is not regular, then (A + px, ha,) = (A + px, hy,) = 0. Let
X = Ty ...7Ty, (). We claim that Lx, () is not isomorphic to Ly () at
least for one k. Indeed, otherwise (\,7;) = 0 for all 4, but that would imply
(A, hg) =0 for all 8 € B. Choose the last k such that Lx;, (A\) and Lx (\) are
isomorphic. Then

Apo. =A+ps+7 4+ (X psis hypyy ) # 0.

By Remark 12.5 applied to X' = Xy, A + px, must be regular. Next consider
even roots

fr=a1+m, Be=7v—-7, -y Bk=7%—Vk-1.
Note that for any ¢ < k, 8,41 € B~ X;, and that
<)‘+p2+ﬁyl+"'+%’hﬁi+1>:O'

Furthermore, rg, , (i+1) = s (recall 9 = —a). Therefore

Apstm+-twm=rg A +ps+m+ ot o1+ -1) =15, A+ ps +m +

TBr_17 Bk ()\‘FPL’ +"Yl+"'+3’yk*2):'..:Tﬁl"'rﬁk ()‘+p2+k70)-

. ._|_2~)/k71) —
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Remark 12.7. Recall that g’ ® CD is isomorphic to g (B) which is sl (n)(l) for
g=sl(1n)W, s1(2)M for g = 5 (1,2;b), and sp (2n)!) for g = osp (2/2n)1V).
Principal roots B form a base of g’. Let

C={peb”|n(hs) € Lo, B € B}.

It follows from Lemma 12.4, that if Ly (A) is integrable, then A\ € C. We need
two following facts about affine Weyl group action, see [2]. If A € C, then
w(A) = A= 3 5c5mpp for some mg € Zxo. If pu(hg) € Z for all § € B and
w(K) > 0, then Wy intersects C' in exactly one point.

Consider the ring R of all formal expressions uep Cue' for all P satisfying
the condition

there is a finite set L C §* such that P C L — Z Z>pa. (19)
aell

It is not difficult to check that indeed such R is a commutative ring without
zero divisors. Let R’ be a subring satisfying the additional condition that (19)
holds for w (P) for any w € W. Then R’ enjoys the natural action of W; this
action preserves multiplication and addition. For an arbitrary p € h* and X
obtained from IT by odd reflections, define

—px —aym(a)
e [lacafm I +e) Z (—1)" e,

Us (n) = —
[ocazs A —e) @ wew

It is an immediate calculation that for any X’ obtained from X' by odd reflec-
tions and for any w € W

Us (p) =Usr (), Us(w(p)=(-1)"Us (1) (20)

Hence one can drop the index X in Us (u).
Assume now that g € C. Then w (u) < p and hence Uy, (i) € R. It easily
follows from Lemma 10.1 (a) that

U= 3 (~1)" ch M (w () — p). (21)

weWw

If e¥ appears in ch M (k) with non-zero coefficient, then v < k. Therefore, if
e’ appears in U (p) with non-zero coefficient, then v < w (u) — p < p — p.

Lemma 12.8. If v is regular and integrable, then U (u) € R'. Moreover,
w (U (1) =U (p) for any w e W.

Proof. Let py € b* be such that pg (hg) = “4* for all 3 € B, and let p1 = po—p.
Introduce the expressions
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DO — ePo H (1 _ e—a)m(a), Dl — P H (1 + e,Oé)mb(oz) '
acAf acAf
Then

-1 _1)W ew(m)
DRI

weW
Note that A(g’) = Ao, and the multiplicity of kd in g’ is m (kd) — 1 (see
Theorem 9.1 (c), the case of s with one-dimensional center)

U (1)

o0

Dy=D [J (1—-e),

n=1

where Dy, the corresponding expression for the Lie subalgebra g’ + . The

expression
> wew (—1)" ew®
S == ;
(1) o

gives a character of the simple integrable module over Kac-Moody Lie algebra
g’ + b with highest weight p— po (see [2]). (Note that regularity and integrabi-
lity of p implies u — pg € C.) Therefore S (u) is W-invariant, and S () € R’.
On the other hand, [[7,1/(1 — e "°) is W-invariant, since W4 = §. The-
refore, it is sufficient to show that D; is W-invariant. One has to check that
rg(D1) = D for all 8 € B; assume first that § € II; then p; (hg) = 0,
so rg (p1) = p1; moreover, by Lemma 4.4, rg permutes roots of A. Hence
T3 (Dl) = Dl. Ifﬂ ¢ H, then

f=m+a, p(hg) =0, p1(hs) =1, 15 (p1) = p1=F = pr—a1-m.
Furthermore, since 8 = a3 + 71,
rg() =-m,  rg(n)=—a,

therefore rgry, = r_q,73 by (5), which implies that r3 permutes the roots of
AT~ {a1, 71} Hence

T3 (epl (1 + e*al) (1 + e*’)’l)) =P T (14 ) (14 €M) = e’ (1 + e*al) (1 + e*’h) ,

s ] Qre)™™@= I Qe

QGAT\{al,’yl} QGAT\{al,’yl}
That finishes the proof.

Remark 12.9. 1t is useful to note that D; is not only W-invariant, but also
independent of a choice of X'. In other words,

Dy = ePo—r= H (1 + e*a)
acAf (D)

for any X obtained from II by odd reflections.
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13 Lie superalgebras sl (1|n)®, osp (2|2n)®

) )

From now on we assume that g is sl (1|n)(1 or osp (2|2n)

Lemma 13.1. There exists an invariant symmetric even form on g such that
the corresponding form on @ X @ is semi-positive, takes integer values, and
(o, @) > 0 for any even real root o.

Proof. Just use the form in (7). The positivity conditions follow from those
on sl (1|n) and osp (2|2n).

Remark 13.2. One can normalize an invariant form on g so that the corres-
ponding form on h* satisfies the relations

(e,e) =—1, (&i,¢5) = dij, (e,e1) = (¢,0) = (g4,0) = 0.

One can see that (§,Q) = 0. On the other hand, (A, §) = A(K) for any
A € b*. In the case of sl (1|n)(1), all real even roots have the same length.
If g = osp (2|2n)(1) with n > 2, then (38, 3) = 2 for a short real even root,
and (8, 3) = 4 for a long real even root. Since 1 (hg) = %, given an inte-
grable weight A, we have (A + p, 3) € Z for any real even short root 3, and
(A + p, B) € 2Z for any real even long root 5. Moreover, (p,6) = N — 1 for
sl (1), (p,8) = N for osp (2]2n)™.

For a convenience of the reader, let us recall the properties of weights we
use in what follows (we reformulate them here using the invariant form). A is
regular if (X, 8) # 0 for any even real §; \ is typical if (A + p, 8) # 0 for any
real isotropic 3; A is integrable if L ()\) is an integrable module.

Lemma 13.3. Let pu € b* be reqular and (u,d) # 0. Then there is at most
one a € AT such that (1, ) = 0.

Proof. Let a,y € Al and a # 7. By a direct inspection of the list of roots, one
can check that either a4+, or a— is an even root 3. So if (u, a) = (u,y) =0,
then (u, 3) = 0. Contradiction, since every 3 is either real or md.

Lemma 13.4. Let II be now an arbitrary base, v € h* be such that v (hg) €
Zxq forall B € B, X' be obtained from II by odd reflections. Then (vs, + px, hg) €
Zsq for any B € BNII, and (vs; + ps, hg) € Z>_1 for f € BNII.

Proof. First, observe that Y is locally nilpotent on L (v) for any 5 € BN II.
Since Ly (vx) = Ly (v), then (vs, hg) € Z>( for any 8 € BN II. Note also
that px (hg) =1if f € BNX, and px (hg) = 0if 8 € B~ X. Hence it suffices
to consider the case § = a1 +v1 € BN II.

Let g = =1, [lo = II, II, = 7, - . .Ta, (II). We will prove the statement
for ¥ = IIj, (for ¥ =r., ...r,, (IT) the proof is similar). Let \* = vy, + pp,.,
AP = (A, @;). Let k be such that A¥=1 (hg) > 0, A¥ (hg) < 0; let s > k be
the minimal such that asy1 — as = ap1 — ag (it exists since g1 — @y is
N-periodic). Note that 8 = a1 — «p.
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Lemma 13.5. One has \¥ = 0, a1 —ap = 3, \F = AL AR (hg) =
Nt (hg) = - = A1 (hg) = ~1.

Proof. By inspection of the formulae for roots, and by (12) and (13),

a;(hg) =—-1if =041 —a;, ai(hg)=1if f=0a; —a;—1, a;(hg)=0 otherwise;
M= af ATt 20, M =Mt 4a, if AT =0.

Therefore, \f = 0; ag1—ag = 3, since ay, (hg) < 0 (by A¥ (hg) < A*=1(hg));
this implies A} ; < 0, thus A¥** = X\*. Moreover, A* (hg) = AT (hg) = -+ =
A1 (hg) = —1, because ay (hg) =0, k+2 <t < s, and ay (hg) = —1.

Since a;+n = «; + §, one has )\f+N = M4+ M, here M = (v+p,9).
Moreover, (v,0) > 0 (since 0 is a positive root of g(B)), thus M > (p,0);
therefore M > N — 1if g =sl(1jn)V, M > N if g = osp (2/2n)V).

Lemma 13.6. One has \¥ —\§ > s—k—2+(8,8)/2. Fork+2 <i<s—1,
one has (a;, as) = —1.

Proof. We prove it case-by-case. Let g = sl (1|n)(1); hence N = n. In this case
1 — o = oy — oy iff i = j mod N. Therefore, s = k + N. It is enough
to note that (aj,a;) = —1if i # j mod N, \F —\¥ = M > s—k -1, and
(8,8) = 2.

Let g = osp (2|2n)(1); hence N = 2n. Then o1 —oy = a1 — o iff i = 5
mod N or ¢ +j = 2p mod N; here p is the smallest 0 < p < n such that
apt1 — ¢ is a long root. Moreover, (aj,a;) = —1ifi # j, i +j # 2p+1
mod N.

If p=0, then (6,8) =4,n |k, s=k+ N, and M > s — k imply what is
needed.

Now assume p > 0; then

k=0 modN, s=2p modN, or k=2p modN, s=0 modN.

Since (3, 8) = 2, what remains to prove is A\¥ — \¥ > s — k — 1. Note that

for t between k and s, the only long root among a;11 — oy is one with ¢t =

r € (k4 5)/2. We already know that \f, | — M = —(8,8)/2 = —1, and

Ay — AP > 1fort # k,s mod N. Note that \*,; — A\F > 2; indeed, 3’ =
ar41 — @y is a long root, 8’ # B, thus p, (hg) =1, and (pg,., 3') = 2. Hence
)\’;—)\ﬁ > s —k — 1 indeed.

Since \* = )xk+ozi1 +- - +ay, forsome k+1 < iy <ig <--- <i; <s,and
(s, arg) = 0, at most s—k—2 terms a;, can contribute to (A* — A*, a,); hence
AS—AF > — (s — k — 2). Therefore A§ = (A3 — A5)+ (X = AF) > (3,8)/2 > 0.

Either A*=1 = X%, or A*~1 = \* — a; since (as, o) = 0, one can conclude
As71 > 0. Therefore A* = A\*~1, hence A\* (hg) = —1.

Lemma 13.7. If \$ > 1+ (3,8)/2, then Xt = \® for any t > s.
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Proof. By induction in t, it is enough to show that A\ > 1 for any ¢ > s. Since
Ay = AP+ M > A\¥ it is enough to consider ¢ < s+ N. Since A’ (hg) > 0
for 3 # 3, one has )‘§'+1 - )\E- > 0 unless oj41 — @j = apy1 — ag; as shown
at the beginning of the proof, the inequalities are strict for ¢ = k, s. Hence,

A may decrease only after j such that a;11 — a; = 3, and the decrease is

(8,8)/2.

By inspection, unless g = osp (2|2n)(1) and 3 is a short root, there are at
most one such value of j per an interval of length N. Otherwise, there are two
such values, they are not adjacent, and the decrease in each such value is by
(6,8)/2 = 1. Now strict increase at other values implies A§ > 1.

Therefore, if \$ > 1+ (8,5)/2, then (X', hg) = —1 for any ¢ > k. On the
other hand, if A] = (3, 3)/2, then A, = AJ+(N%,3) = (1 4+ X (hg)) (B,0)/2 =
0; hence A*T! = A* + as41. Since agy1 (hg) = 1, this implies A*T! (hg) = 0.
In any case, this implies that if A (hg) < 0 for to <t < ¢y, then X' (hg) = —1
(indeed, taking ¢y the minimal possible with the given ¢;, we may assume
to = k).

This finishes the proof of Lemma 13.4.

Lemma 13.8. Let A\, € h*, A(hg) > 0, p(hg) > 0 for any 5 € B, and
A= =723 gepmpB for some mg € L>o. If (A\,A) = (i, 1), then A = p.

Proof. We use the fact that all principal roots have positive square (see Re-
mark 13.2).

AN = (i) = A+ mA—p) = (| A+p, Y mgh| =0.
peB

But (A +p, ) = @ (X + i, hg) is positive. Hence all mg = 0.

14 On affine character formulae

Let g be a regular Kac-Moody superalgebra with a fixed base II and Cartan
matrix A; let A be an integrable weight. For a symmetrizable matrix A without
zeros on diagonal, the character is described by the famous Weyl character
formula

chL(\)=U(A+p), (22)

which was proven by Kac, see [10]. The proof is a straightforward generali-
zation of his proof in Lie algebra case (see, for example, [2]); it is based on
existence of the Casimir element corresponding to the invariant form.

If g is a finite-dimensional Kac—Moody superalgebra, (22) holds for a typi-
cal weight. It was also proven by Kac [6], but the proof is more complicated.
One has to use either Shapovalov form, or a complete description of the center
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of the universal enveloping algebra U (g). The reason why a simpler proof from
[2] does not work is existence of real roots of non-positive square of length.

In this section we provide a generalization of these results to some infinite-
dimensional algebras, as well as to the case of atypical weights: we calculate
the characters of all simple integrable highest weight modules over sl (1 |2n)(1),
and over osp (2|2n)(1). We use the invariant form, odd reflections and the fact
that the defect of sl (1|2n)(1) and osp (2|2n)(1) is 1. Recall that the defect is
the maximal number of linearly independent pairwise orthogonal real isotropic
roots; defect is 1 iff for any real isotropic o and 7 one of a &« is a root
(compare 13.3). Our proof is an adaptation of the Bernstein—Leites proof of
character formula for sl (1|n), see [14]. Since in our case the defect is 1, our
formulae are easier than those for general finite-dimensional superalgebras
(see [4, 15]).

In what follows we assume g = sl (1|n)(1) or osp (2|2n)(1), and we use the
same notations as in the previous section.

Let Ly (A) be an integrable simple g-module, and A + px; be regular. Let
v be a highest vector of My (A). For any principal root § put k (A, 3) =
(A+ px, hg). For B € X, define vg = Y;()"ﬁ)v. Ifpé¢ X ie, 8=a+m for
isotropic aq,v1 € X, then, by regularity of A+ ps;, one can choose o € {1, 71}
such that (A, a) = (A + px, a) # 0; define vg as Y;()"ﬁ)Yav. Let Vx (A) be the
quotient of My (\) by the submodule generated by vg, 8 € B.

Lemma 14.1. Let Ly (\) be an integrable simple g-module, and A + ps be
regular. Then Vx (X) is an integrable g-module, and A—a1, \—y1 € P (Vx (N)).

Proof. Let © be the image of v under the natural projection Mx (A) — Vx (A).
Then Y;()"ﬁ)ﬁ =0 for any § € X' N B. Since v generates Vx (A), Y3 is locally

nilpotent on Vyx () for any g € X NB. If § € B\ X, we have Y;()"ﬁ)Yafz =0.
But Xo,Y,0 = A (hq) 0, therefore Y, o generates Vx (X), and Yj is also locally
nilpotent if 8 € B~ X. Thus, Vx ()\) is integrable.

Denote by pg the weight of vg. To show that A — a1, A —v € P (Vx (A))
it is sufficient to check that A — a1, A — 1 are not weights of a submodule
generated by vg for each 8 € B. If € ¥, then vs is ni--invariant, so U (g) vg =
U (ng) vg, and obviously the inequalities A —a; <z pg, A—v1 <x pg do not
hold. Therefore A — a1, A —v1 ¢ P (U (ng) vg). If 8 € B\ X, consider X/ =
ro (¥) and note that vg is nf,-invariant. In this case U (g)vg = U (ny,) vg.
Assume without loss of generality that « = 1. Then the inequality A—a; <s-
pp never holds, and A — v <5 pg holds only if k(X,8) = 1. But then
g =A—oa1—f=A—201 —m,and A — v = pug + 209 ¢ P(U(ng,)vﬁ)
since —ay € Y’ is isotropic. Therefore A — a3, A — 71 ¢ P (U (ng/) vg).

One can immediately see that Vy (\) is the maximal integrable quotient
of My (\). The following lemma can be proven exactly as Lemma 10.2 (b).
Therefore we omit the proof.
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Lemma 14.2. If A\ + p is reqular, X is obtained from II by odd reflections,
and As + ps = A+ p, then Vs (Ax) = Viz (N).

Recall that Asx 4+ px; = A+ p holds when Ay is obtained from A by a chain
of “typical” reflections.

Lemma 14.3. Let Ly (\) be integrable, A+ px be regular. If X is typical, then
Ve (A) =Ls(\). If AN+ ps,a) =0 for a simple isotropic root o« € X, then
there is a short exact sequence of g-modules

0—-Lys(A—a)—=Vs(A\)—=Ls(\)— 0.

Proof. Let [Vs (A\): Ly (p)] > 0. Since Vg (\) is integrable, Ly (u) is in-
tegrable. Hence p is an integrable weight. By Lemma 12.3, A + px =
1+ psr + Y se mpl for some mg € Zxo, some X' obtained from X by
odd reflections, and p' such that Ly (1) = Ly (1'). Since

(W +psp +psr) = (u+ps,p+ps) = (A +ps, A+ px),

Lemma 13.8 and regularity of A + px imply A+ px = ¢/ + pxr.
Without loss of generality, one may assume that X’ = rq, ...7rq, (). Then

WA ps =p+ps+ oy, o+ a, (23)

for some 1 <iy < --- < i, <k such (,u—|—p2—|—al-l—|—~~~—|—aij,aij+l) =0 for
all j < r. In particular, r = 0 or (A + px, ;) = 0. If X is typical, the latter
case is impossible; hence p = A, therefore Vs (A\) = Ly (A).

Assume that X is atypical. Since A + px is regular, by Lemma 13.3, there
is only one « such that (A + px, ) = 0; hence r = 0, or « = v;,.. Since @ € X,
and X contains only two isotropic simple roots «; and -, either « = «a or
a = ;. Therefore, either A =y, or a =, = a3 and A = p+ a.

Thus [Vx (A): Ly (¢)] > 0 implies p € {A\, A — a}. It remains to show
that [Vx (A) : Ly (A — a)] = 1. Since the multiplicity of A — a in My (A) is
1, [Ve (A) : Ly (A — )] < 1. On the other hand, notice that Y,o € Vx (A) is
not zero (by Lemma 14.1) and generates a submodule with the highest weight
A — «a (see the proof of Lemma 10.2). Hence [Vx (M) : Ly (A — )] = 1.

The next step is to check that (22) holds if we replace Ly (A) by Vx ().
Theorem 14.4. Let A\ be integrable, A\ + px be regular. Then
chVs (\)=U A+ px).

Proof. First, we note that, by regularity, there is only one o € A} such that
(A + ps,a) = 0. Without loss of generality, one may assume that @ € X
(if necessary, one can change X' to X' by “typical” odd reflections so that
Vsr A+ psr — px) 2 Vs (A), o € X as in Lemma 14.2).

By Corollary 11.6,
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ch Ve (N) =D axch Mg (k), ax#0.
wkeT

Since Vyx (M) is integrable, ch Vy (A) is W-invariant. Therefore

ch Ve (N)-U A +ps) = be’ =Y anch Mg (k)= Y (—1)" ch My (w (A + ps) — ps)
veF keT weWw

is W-invariant. We assume that b, # 0 for any v € F. Assume that
the Theorem does not hold. Then F' is non-empty. Not that F is a W-
invariant set. Pick up a maximal v € F. First, maximality of v implies that
veTUW(A+ps)—ps). Furthermore, 73 (v) > v for any § € B such
that v (hg) < 0; hence v (hg) € Z>¢. In particular, v # w (A + px) — px,
because w (A + px) —px € C only when w = 1 and, obviously, A ¢ F' (see Re-
mark 12.7). Recall that by Corollary 11.6, there exist vq,...,vx € T, vy # v,
such that

[ME ()\) Ly (I/l)] > 0, [ME (I/l) : Ly (VQ)] > O, [ME (I/k) Ly (I/)] > 0.

We claim that vy = w(A+ px) — px for some w € W. Indeed, v < vy,
therefore vy, ¢ F; since vy € T and ch Vs (A\) — U (A + px) does not contain
the term My (vg) with non-zero coefficient,

Vk+P2:w()\+p2):)\+p2—ng5,
peB

for some mj € Z>o (see Remark 12.7). On the other hand, by Lemma 12.3,

o=t
peB

for some base X’ obtained from X by odd reflections, v’ such that Ly (1) &
Ly (v) and some mj; € Z>o. As a result

1/—|—p2/:)\—|—p2—2mﬁ6, mﬁGZZO.
geB

By Lemma 13.4, (V' 4 pxr, hg) > 0 for all 3 € BN X and (V' + pxr, hg) > —1

for 8 € BN\X. Since A+py isregular and )X is integrable, (A + px + V' + px/, B) >
Oforall g € BNX,and (A + px + v + ps+, 8) > 0for § € B\X. The condition
A+ ps, A+ px) = (V' + psr, v + ps) implies ()\ +ps +V + py, ZﬁGB mﬁﬂ) =
0.

If AN ps+v +ps,8) >0for B € BN X, then v/ 4 pxr = A+ px.
Then, as in the proof of Lemma 14.3, one can show that v = A — a, but we
already proved that the weight A — o has multiplicity one in Vx (X), as well
asin U (A + px). Hence v # X — a.
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Therefore, (A + px +v' + pxr,8) = 0 for § € B~ X; thus mg = 0 for
B e BNXY, and (A + px,hg) = 1, (V" + psr, hg) = —1 (hence mg = 1) for
B € B~ X. Therefore, v’ + psy = rg (A + px) = A+ px — 3. Without loss of
generality, assume that X' = r,, ...7q, (¥). Then

rs(A+pz) =V +ps =v+psto + o

Assume r # 0; then (rg(A+px),®;,.) = 0. By our assumption in the
beginning of the proof, there are only two possibilities: (A + px, 1) = 0
or (A+px,m) = 0. The first case is impossible, because then we have

rg(a1) = —m, (rg(A+px),71) = 0, and by regularity of rg(A+ px),
a;, = 71. In the second case, we have «; = a; and

v=A—0p—o.
Since (px, B) = 0,
v (hs) = A (hg) — B (hs) — an (ha) = 1 =2 = 2 (a1, B)/ (B, 8) = -2,
and that contradicts the condition rg () < wv.

Corollary 14.5. For any typical integrable \ the character of L (\) is given
by (22).

Corollary 14.6. Let Lx (\) be integrable, and A+ px be reqular. Assume that
(A + ps,a) =0 for some isotropic a € X. Then

ch Ly ()\)+ChL2 ()\—Oé) = U()\‘FPZ‘)

Theorem 14.7. Let \ be an atypical integrable weight, I be such that X\ + p
is regular, and there exists an isotropic o € II such that (A + p,a) = 0. Then

D wew ()" w (e)\ﬂ) 14217& )

hL(\) = 24
chL() 5 (24)
Proof. Without loss of generality, assume that a = a3 = —y. We start
with constructing a sequence (A;, X, k (i), where X =, o ...r [T, i is a

weight such that ()\1- + pzi,”yk(i)) =0, and \; + pyx, is regular. This sequence
is defined uniquely by the following rule:

L. ()\05 EO) k (0)) = ()\5 Ha 0)7

2. A1 = A+ ey

3. Elqu = El', k (’L + 1) =k (’L) if )\i+1 + pPx; is regular;

4. if \jy1+py; is not regular, set, using Lemma 12.6, X1 =1y, ) oo Ty (X))
such that Ly, (X\i+1) = Ly, (Ait1), and Aip1 + px,,, is regular.
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These rules ensure that ()\1- + Pz, ”yk(i)) =0 and \; + px, is regular.
Now define

1 w . Dy
xi =chLys, (\), Pi = D_O Z (1) w (6)\1+P2i 14+ e’)’k(i)) ’
weW

(The quotients are taken in R’; obviously, they make sense.) The series
converges by the same reasons as for the series for U. We want to show that
Xi = @i; they are both elements of R.

Our next step is to prove the identity

vi+oir1=UN+px,).

If ;11 = X, then the identity is straightforward. Otherwise, by Lemma 12.6
(Wlth M= Ei, E/ = Elqu, A= )\1‘+1, k=s— 1)

Aiv1+ o5 =9 N1 +ps + (5= D) =9 (N + om0+ %)) »

where s is the positive integer such that A; +ps, +#yx(;) is not regular for any
1<t <s; and g € W is such that yyi11) = g (V) and (—1)7 = (—=1)**.
Thus, we obtain

Yitpiy1 = x Z (1) w (e)‘iﬂ’zi D — + eI(Zitpz; +5’Yk(i))7Dl )
Dy &, 1+ e 1+ e9(m@)

ZwGW (_1)10 w (eAi“l’PEi + (_1)5+1 eNiTPE; 5V 71+31k(i) )

Dy
D s—1 s—1
B D_1 (=" w (Z e/\ﬁpzﬁm(i)) =D Ui+ ps + ) -
0 wew t=0 t=0

However, A\;+px, +tvi(;) is not regular forall 1 <t < s. Hence U ()\1- + ps, + tﬂyk(i)) =
0, t > 0; we obtain the desired identity.
Now recall that by Corollary 14.6 the similar identity holds for x;:

Xi + Xi+1 =U (N + px,) -
Therefore we can conclude that there exists @ € R such that
Xi =i+ (-1)'®.

We want to show now that @ = 0. It suffices to prove that for every v € h*
the monomial e appears with non-zero coefficient only in finitely many ¢;
and in finitely many x;. We claim that if e” appears in x; (or ¢;) with non-
zero coefficient, then v <y, \;. For yx; it follows from the fact that v must
be a weight of Ly, (A;). To check this in case of ¢;, note that every term
which appears in ¢; appears in the expression for U (\; + px,), so the same
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argument as for U works. Recall the Z-grading on @ defined in (15), (16). The
condition v <y, \; can be rewritten in the form (see Lemma 12.1 for IT = X)

Ai — V= —miVr) + Z m%ﬂ, if N, —veQr,
peB

Ai =V =M Vr(i)+1 + Z méﬂ, ifN-rve@,
peB
here m;, mjz € Zxo. Note that if \; € @/, then A\jy; € Q7~'. Hence for
sufficiently large ¢ only the second case is possible. Then

Ait1 =V = MiVk(i)+1 T V(i) + Z mgﬁ'
BeB

Now rewrite it in a suitable form

Aig1—v = (m; + 1)”Yk(i+1)+1+z m%ﬁ*'mi (Ve(iy+1 — Ye(i+1)+1) +(Ve@) — Ve(i+1)+1) -
peB

However, V()41 — Yr(i+1)+1 18 either zero or a negative real root, vy —
Vk(i+1)+1 18 always a negative even root. Thus

Zm?lSZm%—l.

peB peB

Hence, for sufficiently large i, Y BeB m% becomes negative, therefore v <5, A;
does not hold. Theorem is proven.

Remark 14.8. Under conditions of Theorem 14.7, it is not hard to show that
the complex

i+1
with arrows defined by Corollary 14.6 is a resolution of L ().

Kac and Wakimoto call a representation with highest weight satisfying the
condition of Theorem 14.7 tame. Character formula (24) coincides with Kac—
Wakimoto conjectural formula in [12] in case g = sl(1|n)(1) or osp (2|2n)(1).
On the other hand, using Lemma 12.6, one can construct a chain of odd re-
flections transforming any atypical integrable weight (except weights of one-
dimensional representations) to a weight satisfying the conditions of the last
theorem. Therefore, we found character formulae for all integrable simple hi-
ghest weight modules for sl (1|n)(1) and osp (2|2n)(1). It seems possible that
using Shapovalov form calculated in [16] as a substitute for a missing invariant
symmetric form, one can obtain similar formulae for S (1, 2;b).
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