Kaehlerian manifolds with constant scalar curvature
whose Bochner curvature tensor vanishes

By Kentaro YANo and Shigeru ISHIHARA

§1. Introduction

Let M be a Riemannian manifold of dimension =3 and of class C~.
We cover M by a system of coordinate neighborhoods {U; x*}, where here
and in the sequel the indices A, i, j, k,-+- run over the range {1,2,-:-, n}, and
denote by g4, V:, K;;" K;; and K the positive definite metric tensor, the
operator of covariant differentiation with respect to the Levi-Civita of
M connection, the curvature tensor, the Ricci tensor and the scalar cur-
vature respectively.

A conformally flat Riemannian manifold is characterized by the van-
ishing of the Weyl conformal curvature tensor

Cii' =K1+ 01 Cy—05Cri+Cr g 50— Cy" s

and the tensor
Clm' = Vlchi—VjCIci ’

where

Ryan proved

THEOREM Let M be a compact conformally flat Riemannian manifold
with constant scalar curvature. If the Ricci tensor is positive semi-definite,
then the simply connected Riemannian covering of M is one of

S*(c), RxS*Y(c) or E",

the real space forms of curvature c being denoted by S"(c) or E* depend-
ing on whether c is positive or zero. (See also Aubin [1], Goldberg [3],
Tani [6]).

He first proves that, in a conformally flat Riemannian manifold with
constant scalar curvature K, we have
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S A(Ra K™ = 5 g7, 7 (KaK*)

1
=——5 P+(;K) 7/ K™),

where
2n—1
n—1

P=nK/K/ K, —

1 3
lK’

n_

KK, K7+

and then that, if we denote by 4 (i=1,2, ---,n) the eigenvalues of K,;, then
we have

He then assumes that the Ricci tensor K;; is positive semi-definite and
shows that in this case we have P=0 on M.
Thus he obtains 4(K,,K**)=0, from which

P=O and V/Cqu;:O.

From these, he obtains the theorem quoted above. We can easily see
that the conclusion of the theorem also applies if the assumptions of com-

pactness and constant scalar curvature are replaced by local homogeneity
of M.

The main purpose of the present paper is to prove the following

theorem corresponding to that of Ryan, replacing the vanishing of the
Weyl conformal curvature tensor in a Riemannian manifold by that of the
Bochner curvature tensor in a Kaehlerian manifold.
TueoREM Let M be a Kaehlerian manifold of real dimension n with
constant scalar curvature whose Bochner curvature tensor vanishes and
whose Ricci tensor is positive semi-definite. If M is compact, then the
universal covering manifold is a complex projective spact CP™* or a com-
plex space C™*.

From the method of the proof we easily see that the conclusion of
the theorem is also valid if the assumptions of compactness and constant
scalar curvature are replaced by local homogeneity of M.

§ 2. Preliminaries

Let M be a Kaehlerian manifold of real dimension n and (g, F) its -
Kaehlerian structure. That is, ¢ is a Riemannian metric and F a complex
structure in M such that

thF¢89m=gﬁ, Vij,h:O,



Kaehlerian manifolds with constant scalar curvature 299

where g; and F;* are local components of g and F respectively. It is well
known that ‘
Fﬁ =F 7 Ot
is skew-symmetric.
As a complex analogue to the Weyl conformal curvature tensor,
Bochner (see also, Yano and Bochner [9]) introduced the following

curvature tensor in a Kaehlerian manifold : -

(2.1) B =K +0rLj—03 L+ L g— Ljh Ors

+F* My — F* My + M Fy— M Fy,
—2(M,; F+Fy; M),
where
1 t
Li=—3 g Kt apirgy Kowo L= Lud®,
1 1
(2.2 Mu=—LuF=— g Hut gy a) Ko

M," = M,,q*"*, Hje;’: —KjtFit-

Bochner introduced this curvature tensor using a complex local coor-
dinate system. We call this curvature tensor the Bochner curvature tensor.
The form (2.1) of the Bochner curvature tensor with respect to a real
coordinate system has been given by Tachibana (see also Yano [8]).

By a straightforward computation, we can prove

(2. 3) VtBkﬁt = _n(Vij,;—Viji) . )
When the Bochner curvature tensor vanishes, we have, from (2. 1),

1
n+4 [gthji_gthk¢+Kkhgﬂ—thgkfz;

+ Fon Hyu— Fyn Hy+ Hop Fyo— Hy Fe— 2(Hyy Fou+ Foy Ha) |

K
T (n+2) (n+4) [gkhgji_gjhgk¢+FkhFji

—ansz“ZijFu]

(2. 4) K/cjih -

for the covariant components K, ;,=K,; 9:» of the Riemannian curvature
tensor.

§ 3. Lemmas

In this section, we prove some lemmas which will be used in the
proof of the theorem.
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LEMMA 1. If the Bochner curvature tensor vanishes and the scalar
curvature is constant in a Kaehlerian manifold, then we have

(3- 1) VkKjt—VjK}cz=0,
that is, V. Ky is a symmetric tensor.
Proor This follows from (2. 3) and the definition of L.

"LEMMA 2. If the Bochner curvature tensor of a Kaehlerian manifold
vanishes and the manifold is an Einstein manifold, then the Kaehlerian
manifold is of constant holomorphic sectional curvature (see Tachibana [5]).

ProoF If the Bochner curvature tensor vanishes, we have, from (2. 1),
(3.2) K =—0Ly+05Lys— L 95+ L g
—‘FkhjiM"l‘ thMki_MkhFji‘f‘ Mth/ci + 2 (Mkszh_{_ F/chih) .
If the manifold is an Einstein space, we have

K K
Kn=—n‘gﬂ, Hje::?Fji’

and consequently we have, from (2. 2),

K K
" a2 90 M= gy P

Thus, substitutihg these into (3. 2), we find

L'ﬂ =

K
(3.3) K, = m[&i(m—aﬁ‘gu+F/c"Fj¢—Fj"FM—2FuF/‘],

which shows that the manifold is of constant holomorphic sectional
curvature.

LEMMA 3. In a Kaehlerian manifold of dimension n with constant
scalar curvature whose Bochner curvature tensor vanishes, we have

1 R 2(n+1)
n+4 [nK, KrK/- n+2

+(;Kin) (P K) .

Proor We first have

RS
2

(3.4) 5 A(KnK")= KK, K*+ K3]

A(Kn K™ = g7, [ (7 ,Ki) K*] = ¢4 (7.7, K) K+ (7, K0 T/ K®),

that is,

1

(3.5) 5 A(KaK?) =g VeV a Ky K"+, Kaa) (7 K*)



Kaehlerian manifolds with constant scalar curvature 301

where we have used (3.1) and K,,=K,,.
On the other hand, applylng the Ricci formula to Kn, we have

V/thKﬂ = VhV/cKﬁ—K/chj Kn:—KkM sz .
Substituting this into (3.5), we obtain

1
- 4 (Km KM) = gkj(Vh Vs Kji—Kkhjt Kn'—KkMt sz) K
+(V; Ko) 77 K,
that is,
(3.6) —;— 4K K" =K K K,!— K, i, K K7+ (V ; K,,) (77 K*),

where we have used (3.1) and K= const.
We now compute K ;K K#*. Using (2.4), we find

) 1 .
(3- 7) K“u.Kthﬂ = m[gthji—gjh]<ki+Kkh g —‘an Ore

—FyHy—Hy Fou—2(H,y Fo+ Foy Hy) | K K

K
T+ 2)(n+d) [962956— 90— FsnFrs

—2F; F,,)) K" K%,

On the other hand, we have the following equalities :

—F,,H ;K" K" =K, K, K*",
—H,,F,,K*K” =K, KK*,
—H,,F,,K* K" =K, K, K**,
—F,,H,,K* K" =K/K,K*,
—F;,F; K" K* = K ;K*,
—F,,F;,, K" K? = K ;; K*,

where we have used H,=—K,, F; and the identity

FF:K,,=K;;,
(see Yano [7]).

If we substitute these six equalities into (3.7), we have

1 2(n+1 1
Kanko k0= [k 202 ki o210

Thus substituting this equation into (3.6), we have (3. 4).
LEmMa 4. (Ryan [4]) In a Riemannian manifold of dimension n, for
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2n—1

(3. 8) P=nK; K K, — =1 KK, K%+ po K3,
we have
: 1
(3.9) P=—=3 2 4(4—2;) (k—2),
n—1 3 &

where WS AhZ---<2, are eigenvalues of the Ricci tensor K.
Proor First we have

. ;k 27; (Z'z - 'lj) ('2?1 - zlc) = . ;}: [&3 - Ziz 21"‘ '212 zlc + Zz‘ lj Z/l:]
= .;Z/c [K,SK.,"K,’-—K,sK“lj—-K,aK”,?k

+ K2;4:]
= Zk] KK, K,'— KK, K*—nK, K*2,
+K?%2,],
that is,
(3' 10) ?;%_.:k'zi (15 - '21) (Zi - Zlc) = n’ Kts Ksr Krt - ZnKKts K*+ K3,

Next we have
’;’Zj: A(l— ;) = ;j,‘ [A3—2222;+ 2, 2]
= g} [KSK,"K,'—2K,;,K”2,+ Ki],
that is,
(3.11) F‘;‘ A(— A, =nKK; K,'— KK, K*.

From (3. 10) and (3. 11), we have
Z Z Zi(li—'zj) (’zi_llc)
t j*k
=2 25(27:"‘21) (zi_zk)_ 2 (lz""'zj)z
4,4,k 4,7
=nn—1)K/K;/K,'—(2n—1)KK;;K*+ K?,
which proves (3.9).
LEMMA 5. In a Riemannian manifold of dimension n, for

(n+1)

(3.12) Q=nKs K Ki—2 250 KK, Ko+

1 3
n+2K’

we have

(3. 13) Q=P+ 4= 1?)’7(171 2 K(( K,—X gﬂ) ( kK gﬂ) _

n n
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Proor Computing Q— P, we have

2(n+1)

Q—P= [nK,“K;‘Kr’— 0

1
KK ;K7 + mK‘q’]

—[nK,’K:K,,‘— an—1 g K — K3]

n—1 n—1
3nK K?
= n—1)(n+2) [K”Kﬂ— n ]
3InK K . K
= =) (12 (Kﬁ“?z“"ﬁ)(’{j “n‘gﬂ>’

which proves

LEMMA 6. In a Riemannian manifold whose Ricci tensor is positive

semi-definite, we have P=0.
ProoF By the assumption, we have 0<2, <4, < - £4,. Take arbitrarily

three indices 7,7 and %k such that i<j<k Then we have
Zi(li—lj) (2/3_‘2/‘)"!‘2}(23—25) (Zj—l,c)+l,c(2;c-—2¢) (1/5—15)
= lg(lz—"zj) (XQ—Z;C) + (2]"—/2/‘;)2 (2} + Zk""li) _2_ 0.
Thus we have, using (3.9), P=0.

§4. Proof of the theorem

Assume that, in a Kaehlerian manifold M of dimension n, the scalar
curvature is constant, the Bochner curvature tensor vanishes and the Ricci
tensor is positive semi-definite. Then we have K=0, and consequently, by
Lemmas 3, 5 and 6, we have

1
2
__ 1 3nK } X K ﬂ)]
T n+4 [P+ (n—1)(n+2) (K”— n g”)(Kz_ n 9
+(V,;K;) (PP K™ =0.
Therefore, if we assume that M is compact, then we have 4(K,,K**)
=0, from which and (4.1), if K+#0, we have

K
(4. 2) Kj,;:7gﬁ,

(4.1) 4(K,, K™)

that is, M is an Einstein manifold. Thus, by Lemma 2, the Kaehlerian
manifold M is of constant holomorphic sectional curvature.
If K=0, then we have
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21=12= ce ='2n=0
because of 4 =4=---=2,=0 and consequently
Kﬁ = 0 5

from which

Lﬂ=0, Mﬂ:O.

Thus, the Bochner curvature tensor being zero, the curvature tensor
K., vanishes, and consequently the Kaehlerian manifold M is of zero
curvature.

Thus the universal covering manifold of M is a complex projective
space CP™? or a complex space C™2. Thus the theorem stated at the end
of the introduction has been completely proved.
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